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ON THE SOLUTION AND APPLICATIONS OF
GENERALIZED EQUATIONS USING NEWTON’S METHOD

Abstract. We provide local and semilocal convergence results for New-
ton’s method when used to solve generalized equations. Using Lipschitz as
well as center-Lipschitz conditions on the operators involved instead of just
Lipschitz conditions we show that our Newton—Kantorovich hypotheses are
weaker than earlier sufficient conditions for the convergence of Newton’s
method. In the semilocal case we provide finer error bounds and a better
information on the location of the solution. In the local case we can pro-
vide a larger convergence radius. Our results apply to generalized equations
involving single as well as multivalued operators, which include variational
inequalities, nonlinear complementarity problems and nonsmooth convex
minimization problems.

1. Introduction. In this study we are concerned with the problem of
approximating a locally unique solution z* of the generalized equation

(1) F(z)+ G(z) >0,

where F': Do C D C H — H is a continuous operator which is Fréchet-

differentiable at each point of the interior Dy of a closed convex subset D

of a Hilbert space H with values in H, and G is a multivalued maximal

monotone operator from H into H (to be made precise later) [3], [9], [10].
The generalized Newton iteration

(2) Fl(zpn)(@nt1) + G(@nt1) 3 F'(an)(@n) — Flan)  (n>0)

has already been used to generate a sequence approximating x*. In partic-
ular Uko [11], [12] has provided local and semilocal convergence results for
method (2) as well as a procedure for the computation of the inner-iterative
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procedures for the computation of the generalized iterates x,, (n > 0). This
way he extended the classical Newton—Kantorovich results nonsmooth gen-
eralized equations. His results extend earlier work on nonsmooth equations
[5], [7], [9], [10]. As in the classical cases Uko used Lipschitz differentiability
conditions on F’ and the maximality properties of G.

Here using a combination of center-Lipschitz and Lipschitz conditions
we provide local and semilocal convergence results for method (2) with the
following advantages over earlier works and in particular [12]:

(a) our results hold whenever the corresponding ones in [12] hold but not
vice versa;

(b) in the semilocal case our Newton—Kantorovich hypotheses sufficient
for the convergence of (2) are weaker than the corresponding one
in [12];

(c) our error bounds on the distances ||z,4+1 — zy|, ||n — *|| are finer
and the information on the location of the solution x* more precise;

(d) in the local case and under weaker hypotheses our convergence radius
can be larger. This observation is very important in computational
mathematics (see also Remark 3).

Examples of special cases of (1) can be found in [1]-[3], [7]-[15] and the
references there.

2. Semilocal analysis of method (2). Throughout this section we
assume that

(3) 1F(z) = F'(y)ll < qllz =y,
(4) |F'(z) — F'(zo)ll < qollz — ol
for all x,y € Dy and some fixed x¢ € Dy. Moreover, GG is a nonempty subset
of H x H so that there exists a > 0 such that
(5) [z,9] € G and [v,w] € G = (w—y,v—2z) > aljz —v|?
and which is not contained in any larger subset of H x H.
We will use Lemma 2.2 from [12, p. 256]:

LEMMA 1. Let G be a mazimal monotone operator satisfying (5), and
let M be a bounded linear operator from H into H. If there exists ¢ € R
such that ¢ > —a, and

(6) (M(x),z) > c||z||* for all z € H,
then for any b € H there exists a unique z € H such that
(7) M(z)+ G(z) >b.

We provide the following result on majorizing sequences:
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LEMMA 2. Assume that there exist parameters L, Lo,n > 0 with Ly < L,
and ¢ € [0, 1] such that

(8) hs = (0Lo + L)n < 6.
Then the sequence {t,} (n > 0) given by

L(thrl - tn)2

(9) to=0, t1=mn, tn+2=tn+1+2( n > 0)

1 — Lotn41) N

is nondecreasing, bounded above by t** = 2n/(2 — 0) and converges to some
t* such that

(10) 0<t* <t
Moreover, the following error bounds hold for all n > 0:

0 ) n+1
(11) 0<tnis —tpt1 < 2 (tnt1 —tn) < <§> 7.

Proof. The result clearly holds if either d, L or n is zero. Assume 6, L, n
# 0. We must show that for all n > 0,

(12) L(tn-i-l — tn) + 5L0tn+1 <4, tnt1 —tn >0, 1— Lotp41 > 0.

Estimate (11) then follows immediately from (9) and (12). We use induction
on n. For n = 0 we have

L(ty —tg) + 0Lty = Ln+6Lon <6, t1 >ty, 1—Lon>0
by (8). But then (9) gives
0<ty—t1 < g(tl—to).
Assume (11) and (12) hold for all n < k + 1. Then
(13)  L(tgpt2 — tg1) + 0Lotgto

k+1
(s

+46Lo [tl + g (ti —to) + (g)Q(tl —to) +...+ (§>k+l(t1 - to)]

5\ Bt 1— (5/2)k+2
< Ln<§> +dLon -5/ (_/5/)2

ml3) ()]
() -50-6) I
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By (8) and (13) it suffices to show

k+1 k+2
o8 2 (D) v

or
2 5 k+2 5 k+1
L 1—(= —1l<pi= (2
ol s (- (3) )y (3) |
or
Lo62 s\ FH
- — = <
25 (5) ]=o
or
Lo62
<

which is true by the choice of §. Hence, the first estimate in (12) holds for
all n > 0. We must also show that

te <t
For k£ =0,1,2 we have

to=0<t", ti=n<t", fHrsnton=-——n<tT

It follows from (11) that for all £ > 0,

1) 1) 1)
thro < tpi1+ 2 (tor1 — ti) <t + 2 (ty —tp—1) + 3 (tht1 — t)

1) 1) 1)
<. <t +- (tl—to 4 (tk — th—1) +§(tk+1_tk)

2
f“a“(i) *()

5 5 2 5 k+1
e (3 e ()
1 (8/2)F2 2.
=15z "TSa—gn=t

Moreover, we have

(15)

| >

L”<1

(by (8)). Hence, the sequence {t,} is bounded above by t**. It also follows
from (9) that {¢,} is nondecreasing and so it converges to some t* satisfy-
ing (10).

That completes the proof of Lemma 2. =
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REMARK 1. It follows immediately from the proof of Lemma 2 that con-
dition (8) can be replaced by the weaker

L052 2L07]
<L <1
2—-6- 7 2=-6"7
We present the main semilocal convergence theorem for method (2) using
Lipschitz conditions (3) and center-Lipschitz conditions (4).

THEOREM 1. Let F and G satisfy (3), (4) and (5), (6) respectively, for
M = F'(x). For xg € Dy assume there exists yo € H such that G(zq) 3 yo
and ||F(zo) 4+ yol| < bo for by > 0. Moreover suppose (8) holds for

(8) hs <9,

J€10,2).

qo q bo
16 Lo=—2— —¢, L= _ ,
( ) 0 CO—FCL’ o c, CO—FCL’ n co+a
and
(17) U(zo,t*) ={z € X : |z —z0| <t*} C D.

Then the sequence {xy} (n>0) generated by generalized Newton’s method (2)
is well defined, remains in U(zo,t*) for all n > 0, and converges to a unique
solution x* of equation (1) in U(xo,t*). Moreover the following error bounds

hold for all n > 0:

(18) [Zn41 — Tnll < tpt1 — tn,
(19) [an — 2| < t° —tn,
where {t,} is given by (9).
Proof. We use induction on k£ =0,1,2,... to show:
(20) € U(zo,t*),
(21) gt — ol < e — s
(22)  U(xpyr, t* —trg1) C U(zg, t* — t1,),
(23)  3Jyr € H such that y;, € G(xg),
(24)  3bg > 0 such that ||F(zx) + vkl < bg,
(25)  Jep > —a such that (F/(x)(z),z) > cxl|z|? for all z € H.

The assertions (20), (23)—(25) are true if k& = 0 by the hypotheses of the
theorem. It then follows from (25) and Lemma 1 that there exists a unique
x1 € H satisfying (2). By (5), (6), (9), (16) and (2) we obtain in turn

allz1 — zo||* + (yo + F(zo) — F'(z0)(z0 — 71), 21 — o) <0,
hence
(26)  allzy — ol + (F'(w0) (21 — x0), 21 — m0) < (—F(z0) — yo, 21 — T0),
and so
(27) o1 — zoll < a0 = —X— =, — 1,
co+a
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For every z € U(x1,t* — t1),
(28) [z = zoll < ||z = @1 + lzr — 2ol <" =t + 11 =17 — o,

which implies z € U(zg, t* — to). It follows from (27) and (28) that (21) and
(22) hold for £ = 0. Given they hold for n = 0, ...,k and again using (25)
and Lemma 1 we conclude that there exists a unique z;11 € H satisfying (2),

et
(29) g1 — ol <Y llwi — il

i=1
k1
< Z(tz —ti—1) = tp1 — to = tpr <17,

i=1

(30) g + 0(zks1 — 2x) — zoll < te +0(tkyr —te) <t 0 €[0,1].
Hence (20) holds if k is replaced by k + 1. As in (26) we obtain in turn

allwpr1 — zel* + (W + F(ar) = F'(20) (@5 — Tg1), Tigr — ) <0,
SO
(31)  allwrir — anl® + (F'(@r) (@rr1 — 1), 1 — k)

< (—F(@k) — Yk, Tht1 — k),

and thus
(32) [2kr1 — 2l < o1 — e

That is, (21) and (22) hold with k replaced by k + 1.
By (4) and (29) we get

(33) |F'(2p+1) — F'(20)]] < qol|@k+1 — ol < ot
Set,
(34) Ck+1 = Co — qotk-

Then by hypothesis (8) we get

(35) Ck+1 > —a.

Therefore

(36)  (F'(z0)(2)—F'(z41)(2), 2) < | F'(wo) = F'(wps) | 2] < qotill]|?

for all x € H. Hence (25) holds with k replaced by k + 1.
Define

(37) ki1 = —F(xr) = F'(2) (g1 — 1)
Then (23) holds by (7) and



Generalized equations and Newton’s method 235

(38)  1F(zk+1) + yprall < |1 F (k1) — Flop) — F(zp) (@1 — i)
1

‘ S [F'(xr, + 0(zpy1 — 2x)) — F'(2p)]| (241 — 1) dtH

0
< % [Tht1 — zk]|* = b,
where
(39) s (k> 0)
ap = .
F cr+a -

Thus for every z € U(xjy1,t* — tr41), we have

(40) Iz = il <z = zpall + [Jensr —
<t —tpgr g — e = — 1y
That is,
(41) z € Uz, t* — t1).
The induction for (20)—(25) is now complete.
Lemma 2 implies that {¢,,} is a Cauchy sequence. By (9) and (32) it

follows that {z,} is also a Cauchy sequence, and so it converges to some
x* € U(xp,t*) (since U(xo,t*) is a closed set). By letting m — oo in

k4+m—1 k+m—1
(42)  zprm =2l < D lwivn — @l <D (v — ) = team — b
i=k i=k

we obtain (19). Moreover, since limy_, o 211 = * and
lim [F () (s — 1) — Fag)] = ~F (&),

G(xrs1) 3 F'(x)(pg1 — xx) — Fla),

it follows that G(z*) > —F(x*). Hence z* is a solution of (1).
Finally, to show uniqueness in Ul(zo,t*), assume there exists a solution
y* € U(xo,t*). Then we obtain

allzrsr = y* 1P + (F' (@) (@re1 = y°) w1 — )
<(F(y") = F(zp) = F'(zr)(y" — ), 21 — ¥7)
or equivalently (as in (31))

(43) s =37l < g7

q * (|12 *
— ||z — < |lxp —
ck+a)||k y*l1F < |lze —y7l

(since m\\xk —y*|| < 1 by (8)). Hence we get z* = limj_,oc 2, = y*.

That completes the proof of Theorem 1. m
REMARK 2. Note that ¢t* can be replaced by 2n/(2 — §) in condition (17).
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REMARK 3. To compare our Theorem 1 with earlier ones, in particular
with Theorem 2.11 of [12], we define the scalar function p by

L
(44) p(s) = ) 5% — 5+ ao,
where L is given by (16). Uko’s Newton-Kantorovich hypothesis (see (2.14)

n [12]) becomes

(45) h=2Lay <1,
whereas ours for 6 = 1 reduces to

(46) hi = (L+ Lg)ag < 1.
But in general

(47) Ly < L.

Hence (45) always implies (46) but not vice versa unless L = L. If strict
inequality holds in (47) then (46) may hold but not (45). In Example 3
that follows we show that L/Ly may be arbitrarily large. Moreover define a
sequence {s,} by

L2
58, — Sp T a
(48) Snp1 = o0+ 2 50 =0 (n20),
n
and set
(49) s* = lim s,.
n—oo
Then it is known [3], [6] that
% 1-— vV 1-— 2L0a0
(50) st = ,
L
L 2
p(sn) _ 5(sn—5n-1)

51 — 8y = — = >1
(51 T T T (5n) 1—Ls, (n21),
L x 2

5 - 1 n
(52) § sy = 2 (5" — sn) R (0> 0).

1—Ls, — L2ntl
Uko essentially showed error bounds (18) and (19) with the sequence {s,}
and point s* replacing {t,} and t* respectively.

That is, for all n > 0,
(18), Hxn—‘rl - .anH S Sn+1 — Sn,
(19) |xn — ™| < s — sp.

We show that our error bounds are finer and the location of the solution
¥ more precise:

PROPOSITION 1. Under the hypotheses of Theorem 1 (for £y < £) and
(45) the following error bounds hold:

(53) tn+1 < Sp+1 (n > 1),
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(54) byl —tn < Spt1— Sn (n>1),
(55) tr—t, <s*—s, (n>0),
(56) tt < s*,
2n—1 1 - €17
(57) 0<tpy1—th <a® (Spr1—8n) (n>1), a= €1[0,1),
1-— fo’l’}
(58) 0<t' —t, <a® (s—s,) (n>1).

Moreover, t, = s, (n>0) if £=1{p.

Proof. We use induction on n to show (53) and (54) first. For n = 0 in
(9) we obtain

2 2

In In
_ — <
PN =50 ) = 20— )

=53 — 51
and so
to < S9.
Assume that
ter1 < Ska1,  thy1 —te < Sgr1— sk (K<n+1).
Using (9) and (48) we get

Sthyr —t1)? E(spy1 — sp)?
1 —Llotir 1 — sy

thyo — tpp1 = = Sg+2 — Sk+1-

For m > 0, we obtain
(59) tk-i—m — 1k
< (thm = thgm—1) + (Fkrm—1 = thpm—2) + ... + (trg1 — tr)

< (Sktm — Sktm—1) + (Sk4m—1 — Skm—2) + .-+ (Sk41 — Sk)

< Sk4m — Sk-
By letting m — oo in (59) we obtain (55). For n =1 in (55) we get (56).
Finally, (57) and (58) follow easily from (9) and (48). Note also that (57)
holds as a strict inequality if n > 2.
That completes the proof of Proposition 1. =

REMARK 4. We now complete this section with three numerical examples
when G = 0 on D. In the first one, hypothesis (45) fails whereas (46) holds.
In the second example, we show that estimates (18), (19) compare favorably
with (18)’, (19)’, respectively. In the third one, we show that L/Lg can be
arbitrarily large.

EXAMPLE 1. Let H =R, D = [v2 — 1,v/2 + 1], 29 = V2 and define a
function F on D by

3/2
(60) F(z) = %af”’ - (27 - .23).
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Using (3)—(6) we obtain
a=0, ¢c=2, ap=.23, L=24142136, Lo=1.914213562,

(61) h = 2Lag = 1.1105383 > 1,
and by (8) for 6 =1,
(62) (L + Lo)ag = 995538247 < 1.

That is, there is no guarantee that Newton’s method {x,} starting at z
converges to a solution z* of equation F'(x) = 0, since (45) is violated. How-
ever since (62) holds, Theorem 1 guarantees the convergence of Newton’s
method to z* = 1.614507018.

EXAMPLE 2. Let H =R, 29 = 1.3, D = [xg — 21, 29 + 2] and define a
function F on D by

(63) F(z) = 3(2* - 1).
As in Example 1 we obtain
ap = .236094674, L =2.097265501, Lo = 1.817863519,
h =2Ln = .990306428 < 1,
hi = (L+ Lo)n =.92434111 <1  (for 6 = 1),
t* =.369677842, " = .429866445.

That is, we provide a better information on the location of the solution x*
since

(64) Ul(zo,t*) C U(xg, s*).
3)

Moreover using (2) and (63) we can tabulate the following results:

Comparison table

Tn Estimates (18) Estimates (19) Estimates (18)" Estimates (19)
z1 = 1.0639053254  .236094674 .133583172 .236094674 193771771
zo = 1.0037617275  .102400629 .031182539 .115780708 .0779910691
zz = 1.0000140800 .028585756 .002596783 .053649732 024342893
x4 = 1.0000000002  .002575575 .000021208 .020186667 .004156226

n=>5 .000021207 .000000001 .003987206 .00016902

n==~6 .000000001 0 .000166761 .000002259

EXAMPLE 3. Let H = R, o = 0 and define a function F on R (G = 0)
by
F(x) = bpz + by + basin eb3®
where b;, i = 0,1, 2, 3, are given parameters. It can easily be seen that for b3
large and be sufficiently small, L/Ly may be arbitrarily large. That is, (46)
may be satisfied but not (45).
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3. Local analysis for method (2). Throughout this section we assume
that

(65) |F'(z) — F'(z*)|| < l||z — 2*|| for all z € Dy.
We can show the following local result for method (2):

THEOREM 2. Let G be a maximal monotone operator satisfying (5). Sup-
pose (6) holds for M = F'(x*) and the generalized equation (1) has a solution
x* in Do such that

(66) U(m*,r*) C Dy,
where
(67) = ﬂ(cw—c).

Then the sequence {zn} (n > 0) generated by generalized Newton’s method
(2) is well defined, remains in U(z*,r*) for all n > 0, and converges to x*
provided that xo € U(x*,r*).

Moreover the following error bounds hold for all n > 0:

_ ek < ek 2
63) o=l < gy o
69 1 — 2| < n—2||* < dod > 1),
(69) lans =21l < gy bon — 2 S o (n21)
where

2 4 —z*

(70) dy = (a+c €||x0 x ||)7
(71) d = |lao — 2]l dy ™.

Proof. We first establish the existence of solution z;. Using (6) and (65)
we obtain in turn for all z € H
(72) ([F'(2") = F'(wo)](2), x) < | F'(2") = F'(xo) |l |||
< llzo — 2|l |||

SO
cllz]|* = fllzo — 2| [|]|* < (F'(x0)(2), z),

that is,

(73) (¢ = Ellzo — 2*[]l]* < (F'(z0) (), 2).

It follows by the choice of zg that

(74) —Ll|zg — z*|| > —a.

Hence by Lemma 1, 21 exists, and solves (1). By (5) we obtain

al|zy — a*|]* < (F(a*) = F(x0) — F'(x0)(21 — x9), 21 — 2¥)
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so that
(75)  allzy —2*||* + (F'(20) (21 — &*), 21 — 27)
<(F(z*) — F(x0) — F'(z0)(z" — m0), 21 — %)
or equivalently
* g *
(a+ ol =27 < 5 flwo — 2717,
which shows (68), 1 € U(z*,r*), and in particular
(76) o1 = 2] < o - 2°].
Assume zy, € U(x*,7%), xy solves (1) and
(77) o — 2*|| < lwo — 2™ (k=1).
As in (74) we get in turn
([F'(z") = F'(zp)](2),2) < |F'(2") = F'(xp)|| 2] < €lla™ — gl |2,
SO
(F'(2")(2), 2) = (F'(zx) (), ) < l|zo — ™| ]
and hence
(¢ = Lllzo — 2*N]|* < (F'(zx)(2), ),
which establishes the existence of x,1. Moreover by (5) we get
al|lzpyr —2*|? < (F(2*) = Fag) — F'(ax) (2p1 — 2x), Tppn — 27),
that is,
allzepr — ) + (F/(zp) (@p41 — 2°), Tppn — 2°)
< (F(2") = F(ay) — F'(ap)(@" — 2k), Tp41 — 27)
and so /
(a+c—tllzo = 2" D]rry = 2l < 5l = 27|,
which shows (69), x4+ € U(x*,r*), and limy_, o zp = z*.
That completes the proof of Theorem 2. m

REMARK 5. A local result similar to Theorem 2 is given in [12, Thm. 2.5]
where the following conditions, stronger and more difficult to verify, are used:
(78) |F(z) = F'(y)l| < yllz —yll  for all 2 € Dy,

(79)  there exists ¢; > —a such that (F'(2)(z),z) > c1|z||?

forall x € H, z € Dy.
The coercivity condition (79) which implies F’(z)~! exists for all x € Dy is
rather strong, and may not hold in many problems occurring in applications.

Note also that it is possible to obtain a larger convergence radius despite
the fact that we use weaker conditions (see, e.g., Example 4 that follows).
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REMARK 6. As noted in [1]-[3], [4], [11]-[15] the local results obtained
here can be used for projection methods such as Arnoldi’s, the general-
ized minimum residual method (GMRES), the generalized conjugate resid-
ual method (GCR), for combined Newton/finite-difference projection meth-
ods, in connection with the mesh independence principle in order to de-
velop the most efficient mesh refinement strategies, variational inequalities,
nonlinear complementarity problems and nonsmooth convex minimization
problems.

REMARK 7. The local results obtained here can also be used to solve
equations of the form (1), where F’ satisfies the autonomous differential
equation [3], [6]:

(80) F'(z) = T(F(x)),
where T': H — H is a known continuous operator. Since F'(z*) = T'(F(x*))

= T(0), we can apply the results obtained here without actually knowing
the solution z* of equation (1).

EXAMPLE 4. Let H =R, D =U(0,1), G = 0 on D, and define F by

(81) F(z) =¢" — 1.
Then it can easily be seen that we can set T'(z) = x + 1 in (80). We obtain
z? z"
(82) Flo) = F(a") =e" —l=2+ 0+ .+ + ...
! n!
T ‘,L.nfl .
:<1+5+...+ oy +...)(:1:—33),

and for x € U(0,1),
(83) 17/ (2) = F'(a")]| < (e = 1)l — 2™]].

That is, £ = e — 1. Moreover a = 0 and by (79), ¢; = 1. Hence using (67) we

get

2
84 = ———— = .387984471.
(84) g 3(e—1)

By (78) and (79) we obtain v = e and ¢; = e~ 1. It follows from Theorem 2.5
in [12] that

2

(85) Ty =— = .270670566.
e

Furthermore the convergence radius by Rheinboldt [8] is given by
2

86 = — = .245252961.

(86) TR= 3

We conclude that
(87) rr <ry <r’.
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Hence our results provide a wider choice of initial guesses zg than before.
This observation is important in computational mathematics (see also Re-
mark 6). Moreover, since ¢ < y our error bounds on the distances ||z, —x*||
are more precise than the ones using only condition (78) as in [12].

[10]
[11]
[12]
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