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DETERMINISTIC OPTIMAL POLICIES FOR
MARKOV CONTROL PROCESSES
WITH PATHWISE CONSTRAINTS

Abstract. This paper deals with discrete-time Markov control processes
in Borel spaces with unbounded rewards. Under suitable hypotheses, we
show that a randomized stationary policy is optimal for a certain expected
constrained problem (ECP) if and only if it is optimal for the correspond-
ing pathwise constrained problem (pathwise CP). Moreover, we show that a
certain parametric family of unconstrained optimality equations yields con-
vergence properties that lead to an approximation scheme which allows us
to obtain constrained optimal policies as the limit of unconstrained deter-
ministic optimal policies. In addition, we give sufficient conditions for the
existence of deterministic policies that solve these constrained problems.

1. Introduction. This paper is about discrete-time Markov control pro-
cesses (MCPs) in Borel spaces. Our problem is to maximize a pathwise long-
run average reward subject to a constraint on a similar pathwise cost. To
this end, we consider a corresponding expected average reward and average
cost, and show that a stationary policy (either randomized or deterministic)
is optimal for the expected constrained problem (ECP) if and only if it is
optimal for the pathwise constrained problem (pathwise CP). Moreover, we
show that a certain parametric family of unconstrained optimality equations
yields convergence properties that lead to an approximation scheme which
allows us to obtain constrained optimal policies as the limit of unconstrained
deterministic optimal policies. Furthermore, we give sufficient conditions for
the existence of deterministic stationary policies that yield, under suitable
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assumptions, practical ways to solve our constrained problem. These results
are clearly illustrated with a linear system-quadratic reward/cost (or LQ
system).

Constrained MCPs form an important class of stochastic control prob-
lems with applications in many areas, including mathematical economics,
signal processing, queueing systems, epidemic processes, etc.; see, for in-
stance, [2), 3, B [7, 8, @9, 10, 13 14, 20}, 21], 26l 28| 29, B0, B1] as well as the
books [I] and [25] for MCPs with ezpected average rewards/costs and/or
countable (possibly finite) state space. The paper by Dufour and Stock-
bridge [9] considers constrained control problems for a class of continuous-
time Markov control problems with discounted cost criteria. The approach
in that paper is to use an equivalent linear programming formulation. The
linear programming formulation has also been used for discrete-time MCPs;
see for instance [I] and [I4]. Moreover, most of the literature on constrained
MCPs focuses on finding conditions for the existence of randomized optimal
policies, as opposed to deterministic optimal policies. From the viewpoint
of applications and for computational purposes, however, it is convenient to
find conditions for the existence of deterministic (rather than randomized)
optimal policies. In this paper we give conditions ensuring the existence
of deterministic optimal policies for a class of constrained MCPs; see, for
instance, Theorem below.

We should also mention Chen and Feinberg [6], Chang [4], and Iyer and
Hemachandra [I9]. A common feature of those works is that all of them
concern MCPs with discounted criteria and finite state spaces.

Among the few exceptions dealing with pathwise constraints we can men-
tion the papers [28], 29, 13| [30] and our works [23] 24].

In [23], we obtain the existence of optimal policies for a long-run pathwise
(that is, sample-path) average reward subject to constraints on a long-run
pathwise average cost. To do this, we give conditions that guarantee the
existence of randomized stationary optimal policies for an average reward
MCP with expected constraints, and then we show that these policies are
optimal for the problem with pathwise constraints. Moreover, in [23] we
show that the pathwise constrained problem can be solved by a parametric
family of nonconstrained ones depending on a parameter A < 0. The present
paper is a sequel to [23].

In [24], we apply the results obtained in the present work. As we re-
marked above, Theorem below establishes the existence of deterministic
optimal policies for our pathwise CP. These deterministic policies, however,
may have an arbitrarily bad behavior for large, but finite lengths of times.
To solve this deficiency, in [24] we use the variance minimization problem
as a sensitive criterion for the deterministic optimal policies. Thus, under
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suitable assumptions, we show that within the class of deterministic station-
ary optimal policies for the pathwise CP, there exists one with a minimal
limiting average variance (see, for instance, [24, Theorem 3.13]).

We present here three main results that deepen and extend the results in
[23]. First, Theorem proves that the ECP is “essentially” equivalent to
the pathwise CP, in particular, we show that a randomized stationary pol-
icy is optimal for the ECP if and only if it is optimal for the pathwise CP.
Second, we consider the optimal values p(A) for the parametric family of
unconstrained problems depending on A < 0. We show that the existence
of a deterministic stationary optimal policy for the pathwise CP is directly
related by the existence of critical points for the mapping A +— p(A). More-
over, Theorem gives several characterizations for a deterministic sta-
tionary policy to be optimal for the pathwise CP. Third, both Theorems [4.§]
and give approximation schemes to obtain randomized constrained opti-
mal policies as the limit of unconstrained deterministic optimal policies. To
obtain these results we essentially follow the outline presented by Beutler
and Ross [2] for finite-state finite-action MCPs, which consists in using con-
vergence properties of the parametric family of the unconstrained optimality
equations. In short, we extend the results in [2] to MCPs with uncountable
Borel spaces.

The remainder of the paper is organized as follows. In Section 2 we recall
the basic components of a Markov control model, and state some of our main
assumptions. Section 3 summarizes some facts on the expected constrained
problem (ECP). In Section 4 we consider the pathwise constrained problem
(pathwise CP) and introduce our main results, Theorems and
The proof of these results is presented in Section 5. Finally, a LQ system in
Section 6 illustrates our results.

2. The control model. Let (X, A, {A(x) : z € X}, Q,r,c) be adiscrete
time Markov control model with state space X and control (or action) set A,
both assumed to be separable metric spaces with Borel o-algebras B(X)
and B(A), respectively. For each x € X there is a nonempty set A(x) in B(A)
which represents the set of feasible actions in the state x. The set

(1) K:={(z,a):x€X,a € A(z)}

is assumed to be a Borel subset of X x A. The transition law () is a stochastic
kernel on X given K. The one-stage reward r and the one-stage cost ¢ are
real-valued measurable functions on K. We interpret r as a reward to be
maximized with the restriction that the cost ¢ does not exceed (in a suitably
defined sense) a given value.

The class of measurable functions f : X — A such that f(z) is in A(z)
for every z € X is denoted by F, and we suppose that it is nonempty. Let
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& be the set of stochastic kernels ¢ on A given X for which p(A(z)|x) =1
for all z € X.

Control policies. For every n = 0,1,..., let H, be the family of ad-
missible histories up to time n; that is, Hy := X, and H, := K" x X

if n > 1. A control policy is a sequence m = {m,} of stochastic kernels
T, on A given H,, such that m,(A(zy,)|h,) = 1 for every n-history h, =
(x0, a0,y Tn—1,an-1,2y) in H,. The class of all policies is denoted by II.

Moreover, a policy m = {m,} is said to be a

(a) randomized stationary policy if there exists a stochastic kernel ¢ € @
such that 7, (-|hn) = @(-|zy) for all h, € H, and n =0,1,...;

(b) deterministic stationary policy if there exists f € F such that m,(-|hy,)
is the Dirac measure at f(z,) € A(x,) for all h, € H,, and n =
0,1,....

Following a standard convention, we identify ¢ with the class of ran-
domized stationary policies and F with the class of deterministic stationary
policies. Therefore, we have

FcocClIl

Given ¢ € @, we will use the following notation:

@2 @)= | rea)pldae),  cp(@) = | ele,a) p(dale),
A A
(3) Qu12) == | Q(1z,a) ¢(dalx)
A

for all x € X. Moreover, the n-step transition probabilities are denoted
by Qf, with Q}p(|:1:) = Qu(-|r) and Qg(-|x) := 0y, the Dirac measure
concentrated at the initial state . We can write )7, recursively as

(4) QL(|x) = | Qu(ly) Qp (dylz), n>1.

X

In particular, for a deterministic policy f € F, formulas — become
ri(z) =r(z, f(2), cplx) =clz, f(x), Qs(|x)=Q(|z, f()).

Let (£2, F) be the (canonical) measurable space consisting of the sample
space {2 := (X x A)* and its product o-algebra F. Then for each policy
7 € II and initial state x € X, a stochastic process {(zp,a,)} and a proba-
bility measure P are defined on ({2, F) in a canonical way, where z,, and
an represent the state and control at time n, n = 0,1,.... The expectation
operator with respect to P is denoted by E7.
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Given m € I, x € X, and n = 1,2,..., we define the n-stage pathwise
reward and the n-stage expected reward as
n—1
Sp(m,x) = Zr(:ﬂk,ak) and J,(m, z) = EI[Sy(m, )],
k=0

respectively. Replacing the reward function r with the cost ¢ we obtain the
definition of S¢ (7, z) and J., (7, x).

DEFINITION 2.1. The (long-run) pathwise average reward and the (long-
run) expected average reward are given by

o1 .1
S(m,x) -:lﬂgfgsn(ﬁ’x) and J(m, x):= I%Hi)gfﬁ,]n(ﬂ,:x),

respectively. Similarly, the pathwise average cost and the expected average
cost are respectively defined as

1 1
Se(m,x) == limsup —S. (7, z) and J(m, x) :=limsup —J. (7, x).
n—oo N n—oo N

Observe that J(m,z) (and S(m,x)) is defined as a “liminf”, whereas
Je(m,z) (and Sc(m,x)) is a “limsup”. This is because according to standard
conventions, the function r is interpreted as a reward-per-stage function,
whereas the function c is a cost-per-stage.

We will introduce four sets of hypotheses. The first one, Assumption 2.2}
consists of standard continuity-compactness conditions (see, for instance,
[12, 16), 17, 27]), together with a growth condition (bl) on the one-step
reward r and the one-step cost ¢, and the Lyapunov-like condition (b3).

ASSUMPTION 2.2. For every state x € X:
(a) A(x) is a compact subset of A;
(b) there exists a measurable function W > 1 on X, a bounded measur-

able function b > 0, and nonnegative constants r1, c1, and 3, with
8 < 1, such that

(b1) |r(z,a)| < W (z), |c(z,a)| < c1W(z) V(z,a) € K;
(b2) {x W(y) Q(dy|z, a) is continuous in a € A(x); and
(b3) SX W (y) Q(dy|z,a) < W (x) 4+ b(x) for every x € X.
To state our second set of hypotheses, we will use the following notation,
where W is the function in Assumption 2.2(b): By (X) denotes the normed

linear space of measurable functions v on X with a finite W-norm ||ul|w,
which is defined as

(5) [ullw := sup [u(z)|/W (z).
zeX

In this case we say that u is W-bounded. Similarly, we say that a function
v : K — R belongs to By (K) if = supgeca(y) [v(2,a)| is in By (X). In
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particular, by Assumption 2.2b1), r(z,a) and c(z,a) are both in By (K).
We write
p(w) ==\ u(y) p(dy),
X
whenever the integral is well defined.

The next set of hypotheses guarantees that the MCP has a nice “stable”
behavior uniformly in &.

ASSUMPTION 2.3. For each randomized stationary policy ¢ € ®:

(a) (W-geometric ergodicity) There exists a (necessarily unique) proba-

bility measure ji, on X such that (with Qfo as in *)

| u()Q(dyla) — po(w)| < ullw B! W ()

X
for every t = 0,1,..., u € By (X), and x € X, where R > 0 and
0 < p <1 are constants independent of .

(b) (Irreducibility) There exists a o-finite measure v on B(X) with re-
spect to which Q, is v-irreducible, which means that if B € B(X)
is such that v(B) > 0, then for every x € X there exists t > 0 for
which Q',(Blx) > 0.

REMARK 2.4. For a discussion of Assumption 2.3, see Remark 2.4 in [23].

In particular, by Assumptions [2.3|(a) and [2.2(b3), we have

(7) (W) <b/(1— ) < o0 Vg ed,

with b = sup,cx b(x). Moreover, by (), J (¢, z) and J.(¢, ) in Definition 2.1]
are constant (that is, do not depend on the initial state z), and satisfy

(6)

‘ 1 n—1
J(p,x) = lim ~Ef kzor(ka,ak) = p(rg) =t g(¢)
(where g comes from “gain”, which is another standard name for “average
reward” [26], [27]), and

n—1
1
— i e — —
Je(p,z) = lim —E7 kEO c(k, ar) = Hp(cp) =t gel)-

In the following assumption we strengthen the growth condition on the
reward function r and the cost function ¢ in Assumption [2.2{(b1).

ASSUMPTION 2.5. There exist positive constants ro and co such that
r(z,a)* <roW(z) and c(x,a)® < csW(x) VY(z,a) € K.

Actually, since W > 1, Assumption implies Assumption (bl).
In the remainder of this paper we consider the function

w(z) =/ W(zx) VaelX.
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We also require the following assumption.
ASSUMPTION 2.6.

(a) The transition law Q is strongly continuous on K, that is, the map-
ping
(z,0) = | v(y) Q(dy|x, a)
X
is continuous on K for every measurable bounded function v on X.
(b) The cost function c is lower semicontinuous (l.s.c.) on K.
(¢) The reward function r is upper semicontinuous (u.s.c.) on K.
(d) The function w, seen as a function (z,a) — w(x) on K, is continu-
ous. Moreover, w is a so-called moment function on K, that is, there
exists a nondecreasing sequence of compact sets K, T K such that

T}LH;oinf{w(x) t(x,a) ¢ Ky} = 0.

REMARK 2.7. In Assumption 2.6(b), we omit the restrictive condition
on the cost fuction ¢ imposed in [23 Assumption 3.3(b)], which establishes
that ¢ is nonnegative. Nonnegativity of ¢ was crucial to prove that the set
') in below is compact in the w-weak topology (see, for instance,
[23, Section 5] and [22] Lemma 5.2.2]). Here, if we assume the ls.c. of ¢ in
addition to Assumptions and (d) above, we can get the same results
obtained in [23].

3. MCPs with expected constraints. In this section we summarize
some facts from [22] 23] on MCPs with expected constraints. These results
are used in Section 4 to state our main results.

By Assumption [2.6(b) and Remark we can define
(8)  Oumin :=min | cp(Y)pp(dy) and  Omax = sup | c,(y)pp(dy),
ped X PED X

which are finite numbers. To avoid trivial situations, we will consider a
constraint constant € such that

(9) emin < 9 < Qmax-

Let J(mw,x) and J.(m,2) be the long-run expected averages in Defini-
tion and let 6 be a constant as in @ Then the expected constrained
problem (ECP) is:

(10) maximize J(m,x)
(11) subject to: m € IT and J.(m,z) < 0 Vo € X.

DEFINITION 3.1. A policy m € II is said to be feasible for the ECP
if it satisfies the constraints in , that is, Je(m,z) < 6 for all x in X.
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Moreover, a feasible policy 7* is called optimal for the ECP f if
J(m,x) < J(m*, x) for every feasible .

The following proposition states the existence of an optimal policy for the
ECP f. Furthermore, it establishes the existence of a solution to the
average reward optimality equation (AROE) in Proposition below.
For a proof of the proposition see [23, Theorem 5.2] or [22, Theorem 5.3.1].

PROPOSITION 3.2. Suppose that Assumptions and [2.6] are
satisfied. Then:

(i) There exist Ag < 0, a constant V(0) which depends on 6, and h €
By (X) such that the AROE

(12)  V(0)+h(x) = agf(};) [r(m, a)+ (e(x,a)—0)- Ag+ S h(y) Q(dy|z, a)}
X

holds for every x € X.
(ii) There exists a randomized stationary policy ¢* € @ that attains the
mazximum in the right-side of (12)), i.e.,

(13) V(0) + h(z) = roe () + (e () — 0) - Ao + | h(y) Qe (dy|)
X

for all x € X, and ¢* is optimal for the ECP 7. Moreowver,
the following “orthogonality” property (using the notation in the Re-

ma,rk is satisfied:

(14) (ge(¥") = 0) - Ao = 0,
which together with gives
(15) V(0) = per(ree) = g(¢"),

that is, V (0) is the optimal value for the ECP (L0)—(L1])).

An optimal policy ¢* € @ for the ECP satisfying the AROE is called
a canonical policy for the ECP.

Proposition shows that the ECP f induces a nonconstrained
problem depending on a real number Ay < 0, which is unknown. The next

result shows that the ECP can be solved by means of a parametric family
of AROEs (see, for instance, [23, Theorem 5.3]) or [22] Theorem 5.4.1]).

PROPOSITION 3.3. Suppose that the hypotheses of Proposition are
satisfied, and consider the ECP 7. For each real number A <0, let
(p(A),ha) € R x By (X) be a solution to the AROE

(16)  p(A)+hatw) = mac |r(r, )+ (clz,a) ~0)- A+ | haly) Ayl a)
X
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for every x € X. Then

(17) V() = min p(4).

4. MCPs with pathwise constraints: main results. Let 8 € R be as
in @[} With the notation in Definition |[2.1| we want to maximize the pathwise
average reward S(m, z) over the set of all policies 7w € I satisfying, for every
initial state x € X, the following constraint on the pathwise average cost:

Se(m,z) <6 Pl-a.s.
Hence, we can explicitly state our pathwise CP as follows:

(18) maximize S(7, x)
(19) subject to: m € IT and S.(m,z) < 6 Pl-a.s. Vx € X.

A policy 7w € II is said to be feasible for the pathwise CP if it satisfies .

Let ¢ € @ be an arbitrary randomized stationary policy, and let g(yp)
and g.(¢) be as in Remark Using the strong law of large numbers for
Markov chains it can be shown that, for every x € X,

S(p,x)= lim —er Tk) ), Se(p,z)= lim —Z% Tr) (p)

n—oo n—oo

Pf-a.s. This fact is used in the following definition.

DEFINITION 4.1. Let ¢* € @ be a feasible policy for the pathwise CP,
i.e., gc(¢*) < 6. Then ¢* is said to be optimal for the pathwise CP f
if for each feasible 7w € Il we have

S(m,x) < g(e*) Pr-as.

If ¢* is an optimal policy for the problem 7, then we define the
optimal value of the pathwise CP as V*(0) := g(¢*).

The following result establishes the existence of optimal policies for the
pathwise CP — (see, for instance, [23, Theorem 3.4]) or [22 The-
orem 5.5.2]).

PROPOSITION 4.2. Suppose that Assumptions and[2.6] hold.
Then:

(i) There exists an optimal policy ¢* € ® for the pathwise CP 7.
In particular, g.(¢*) < 0 and g(¢*) = V*(0), with V*(0) as in
Definition [4.1].

(ii) There exist Ay < 0 and h € By(X) such that the average reward
optimality equation (AROE)



194 A. F. Mendoza-Pérez and O. Hernandez-Lerma

(20) V(O +hlx) = max [r(w,a)+ (e(r,a) =) Ao + | hly) Qdylr,a)]
a x X
=1+ (@) + (e (@) = 0) - Ao+ | h(y) Qpr (dyl2)
X
holds for every x € X. Furthermore, we have the “orthogonality”
property

(21) (9e(#™) = 0) - Ag = 0.
(iii) For each A <0, let (p(A),hs) € R x By (X) be a solution to the
AROFE
p(A)+ha(e) = max vl @)+ (clw @) ~0)- A | ha(y) Qdylz, )
a x X
for every x € X. Then V*() = V(6) = mina<g p(A), with V(0) as
in Proposition [3.2|i) and Proposition [3.3]

We can now state our first main result, which is proved in Section 5. In
this result we establish that a (randomized) stationary policy is optimal for

the pathwise CP f if and only if it is optimal for the ECP 7,

i.e., the pathwise CP is, under our assumptions, “essentially” equivalent to
the ECP.

NOTATION. Let @, C P be the class of randomized stationary optimal
policies for the ECP 7, and Peecp the subclass of Pecp, of canonical
policies for the ECP.

Moreover, let Fecp, C Pecp be the class of deterministic stationary optimal
policies for the ECP, and Feeep C F the subclass of @eecp of deterministic
stationary canonical policies for the ECP.

THEOREM 4.3. Suppose that Assumptions and 2.6] are sat-
isfied.
(a) Let V(0) be as in Proposition 3.2, Then, for each feasible policy

m € II for the pathwise CP —, and for each initial state
T € X,

(22) V() > S(m,z) PJ-a.s.

Moreover, V(0) is the optimal value for the pathwise CP (18)—(19),
i.e., V(0) = V*(0). Furthermore, if € Pecp s an optimal policy for
the ECP f, then it s an optimal policy for the pathwise CP

(8)-E9D-

(b) Conwversely, let o € @ be an optimal policy for the pathwise CP
—. Then @ is an optimal policy for the ECP — satis-



Deterministic optimal policies 195

fying
(23) [9e(#) = 0] - Ao = 0.
In addition, there exists an optimal policy ¢* € Peecp for the ECP
f satisfying Proposition (ii) and such that
P(|z) = " (x)  pg-as.,
and 50 iz = [y .

REMARK 4.4. (i) Part (b) of Theorem includes, of course, the case
in which @ is in fact a deterministic policy.

(ii) Denoting by @, C @ the class of randomized stationary optimal
policies for the pathwise (sample-path) CP 7, we may rewrite the
statements in Theorem [1.3|a),(b) as

@ecp = @scp .

Similarly, if we denote by Fo, C Pscp the subclass of deterministic stationary
optimal policies for the pathwise CP 7, then

Fecp = Fscp .

Theorems [1.8 and [£.9] below give sufficient conditions to guarantee that
Fecp is a nonempty set.

Finally, thanks to Theorem we can identify the ECP and the path-
wise CP. Hence, we will refer to these equivalent problems as the constrained
problem (CP).

To state our second main result, we will use the following notation.

Let W be as in Assumption w := /W, and B(K) the Borel o-algebra
on K; see . We denote by P, (K) the set of probability measures iz on
B(K) such that

| w(z) A(d(z, ) < oo.

K
This set is supposed to be endowed with the w-weak topology [I1, Ap-
pendix A.5], i.e., the smallest topology for which the mapping

i \vdg
K
on P, (K) is continuous for every v € C(K), where Cy,(K) is the linear
subspace of By, (K) that consists of the continuous functions on K. With
this topology P, (K) is separable and metrizable.

For every ¢ € &, let pu, be as in Assumption (a), and define i, €
Pu(K) as

fip(B x C) := | o(Clz) py(dx) VB e B(X), C € B(A).
B
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The set of all these measures is denoted by I, i.e.,

(24) I':={p, : p € o} C Pu(K).
Moreover, for each 6 € (Omin, Omax), With Opin and Opax as in @, let
(25) ) = {ﬁeF: gcdage}.

K

It can be verified that I" and I'(f) both are convex sets. Furthermore, after
some calculations (see [22, Lemma 5.2.2] for details) and using Prokhorov’s
theorem [I1, Appendix A.5] it follows that I" and I'() are both compact
sets in the w-weak topology.

For each A < 0 let r4(z,a) := r(z,a) + (c(z,a) — 0) - A. Then, given a
stationary policy ¢ € @, define

(26) Ga(p) = Lip(ra).

On the other hand, by our continuity and compactness conditions in
Assumptions|2.2land well-known measurable selection theorems (see [15]
Appendix D], for instance) give the existence of a stationary deterministic
policy f4 € F (not necessarily unique) such that, for every z € X, the action
fa(z) € A(z) attains the maximum on the right-hand side of (16). By the
Axiom of Choice, for each A < 0, we take one of those fj.

REMARK 4.5. By standard dynamic programming results (see, for in-
stance, [16], Section 10.3]), the function A +— p(A) = GA(fa) is well defined
and does not depend on the particular choice of fj. Furthermore, let ¢ € @
be arbitrary; then implies

p(A) + ha(@) > ro(x) + (cp(z) = 0) - A+ | ha(y) Qu(dylz)
X

for all 2 € X. Integrating both sides of this inequality with respect to p,
we have

(27) p(A) > Galy) Vo€ b,
Next, we introduce
(28) v = sup{A < 0: g.(fa) < 0}.

According to Lemma below, ~ defined in is finite. Notice that
—oo < v <0.

Proposition [3.2] establishes the existence of an optimal policy for our CP.
Our second purpose is to use the parametric family of unconstrained opti-
mization problems to obtain this optimal policy as a function of the
running parameter A (see Theorems and below).

We state the following assumptions.

ASSUMPTION 4.6. The cost function c is continuous on K.
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ASSUMPTION 4.7. Let v be defined in . Then
—o00 < v <O0.

THEOREM 4.8. Suppose that Assumptions[2.2], 2.3] 2.5 and[2.6] are sat-
isfied.

(a) Suppose that there exists A <0 and ¢ €  satisfying

(29) 9:(%) =0 and Ga(®) = p(A).
Then @ is an optimal policy for the CP. Hence,
A) = mi = .
(30) p(4) = min p(A) = V(0)
Moreover, if ge(fa) = 0 (with fa as in Remark [L.5), then f solves
the CP.
(b) Assume that A p(A) is differentiable at a point A < 0. Then
dp
1 —(A) = g —0.
(31) 98 (1) = gu(12) 0

In particular, if A < 0 is a critical point of p(-), then f is an optimal
policy for the CP, and p(-) attains a minimum in A satisfying .
In this case, we can identify Ay in Proposition with A < 0.

(c) Suppose that there exists A < 0 such that p(-) is differentiable at A.
Then the following statements are equivalents:

(1) fa solves the CP;
(2) A is a critical point of p(+);
(3) ge(fa) = 0.
(d) In addition, assume that the mapping A — g.(fa) is continuous on
(—00,0). Then the function p(-) is differentiable on (—oc,0).
Recall the definition of v, which is used again in the following the-

orem.

THEOREM 4.9. Suppose that Assumptions[2.2] and [.7]

hold. Then there exist two sequences of negative numbers {A,}, {A,} such
that Ay, T v and Ay | vy, satisfying:

(i) The corresponding sequences of measures {iy, } and {ji, } con-
verge on Py, (K), with respect to the w-weak topology, toward mea-
sures [y, and [iy, i I, with o1, 92 € @ such that

(32) ge(p1) <0 and gc(p2) >0,

and

(33) Gw(éol) = G’Y(SOZ) = p(v)-
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(ii) There exist a randomized stationary policy ¢* € @ and a number
qo € [0, 1] such that

Her = Qoligy + (1= qo)lpy,  and  ge(¢™) = 0.
Hence, the policy p* € @ is optimal for the CP. Moreover, the func-
tion A — p(A) attains a minimum at 7y, i.e.,

p(v) = in p(A) =V (0).

(ili) In addition, suppose that p(-) is differentiable at y. Then f, solves
the CP. In particular, vy is a critical point of p(-), and g.(f,) = 6.
In this case, we can identify Ay in Proposition [3.2] with v < 0.

(iv) If Assumption[d.7] fails to hold, then @1 € ® satisfying and
for~ =0 is an optimal policy for the CP. In particular, if g.(fo) < 0,
then fy is an optimal policy for the CP.

A

5. Proof of Theorems Throughout this section suppose
that Assumptions 2.2} 2.3} 2.5 and [2.6] hold.

Proof of Theorem[4.5 (a) The inequality in follows from the proof
of Theorem 3.4(i) in [23].

Now, suppose that ¢ is an optimal policy for the ECP f. By
and Remark we have
(34) 9(@) =V(0) and g.(p) <.
From [23, Remark [2.4{iv)], together with and (34), we see that @ is
optimal for the pathwise CP (L8)—(L19)), and V(6) is the optimal value, that
is, V(0) = V*(0).

(b) Let ¢ be an optimal policy for the pathwise CP (18)—(19). By (a),
V() is the optimal value for the pathwise CP. Thus
(35) 9(@) =V(0) and g.(p) <0.
Furthermore, by Remark [2.4] again,

J(@,z)=V(0) and J.(p,x) <6l VaeX.

So, @ is also an optimal policy for the ECP —. Hence, the rest of the
proof of (b) is the same as the proof of Theorem 5.2(ii) in [23]. =

To prove Theorems 4.8 and we need the following lemmas.
LEMMA 5.1. For each A <0 and every real numbern such that A+n <0,
(36) - 1ge(fa) = 0] = Gary(fa) = p(4) < p(A+1) = p(4)
< p(A+n) = Galfaty) =1 [9c(fatn) — 0.
As a consequence:

(i) gc(fa) and g(fa) are nondecreasing functions of the parameter A.
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(i1) If ge(fa) <0, then p(+) is nonincreasing on (—oo, A]. If g.(fa) > 0,
then p(-) is nondecreasing on [A,0].
(iii) p(-) is continuous in A < 0.
Proof. Consider A < 0 and 7n a real number such that A + 7 < 0. From
the AROE , with A + 7 in lieu of A, we obtain

p(A+ ) + hasy(z) = ra(z,a) + (c(w,a) = 0) -0+ | hasy(y) Qdylz, a)
X

for all (x,a) € K. Hence,
p(A+n) + hary(x) = ra(z, fa(z)) + (c(, fa(x)) = 0) -7

+ | hasn(y) Qdylz, fa(x))
X

for all x € X. Integrating both sides with respect to ps,, we obtain

(37) p(A+n) = p(A) + (ge(fa) = ) -1 = Gan(fa)-
Now, from in Remark

(38) p(A) > Ga(faty)-

Moreover

(39) p(A+n) = Galfarn) = Gasg(farn) — Galfarg) = (9e(fasn) —0) -1

Combining , and , we obtain the inequalities in .

Now we prove (i)—(iii). From (36)), we see that gc(f1) is nondecreasing in
the parameter A.

On the other hand, from the first inequality in , we find that if
ge(fa) < 0 and n <0, then 0 < 7 [ge(fa) — 0] < p(A +n) — p(4), which
implies that p(-) is nonincreasing on (—oo, A). Similarly, if g.(f1) > € and
n > 0, by the same inequality we have p(A) < p(A+n) with n > 0, i.e., p(+)
is nondecreasing on [A, 0]. Thus, we have proved (ii).

Next, we prove that g(f4) is nondecreasing. For a contradiction, suppose
that g(f4) is not nondecreasing. Hence, there exist A < 0 and 1 < 0 such
that g(f1) < g(fa+n). By the first part of (i), g.(f1) is nondecreasing. So,
9e(fa+n) < ge(fa). Thus, we have the contradiction (see above)

p(A) = g(fa) + (0elFa) = 0)- A < g(Fasn) + (Gelfarn) — 6) - A = Galfiary):
Finally, (iii) is a direct consequence of ([36]). =
The following lemma proves that + defined in is a finite number.
LEMMA 5.2. There exists A < 0 such that g.(fa) < 0. Moreover:

(a) ~v is a finite number such that —oo < v < 0.
(b) Assume A<O0. If A<~, then g.(fa) <0. If A>~, then g.(fa) > 0.
(c) p(v) =ming<o p(4) = V(0).
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Proof. By contradiction, assume that g.(f4) > 6 for all A < 0. From
Lemma [5.1{i), g(f4) is nondecreasing. Thus

(40) p(A) = g(fa) + (9e(fa) = 0) - A < p(0)  VA<O.

On the other hand, from the definition of i, = min e gc(¢), and 6 in @,
there exists ¢ € @ such that g.(p) < 0. Defining 0 := 0 — g.(¢) > 0, we have

Galp) = g(p) + (ge(p) —0) - A=g(p) —6-A4 VALO.

Hence, limg—, o G4(¢) = co. This limit and in Remark imply the
existence of A < 0 such that

p(0) < Galp) < p(4),
which contradicts . Now we prove the “moreover” part:
(a) From the first part of this proof and the definition of « in , we
find that —oco < v < 0.
(b) This part follows from the definition of v in (28], and the fact that
9c(f4) is nondecreasing in the parameter A <0 (see Lemma 1{(1)).
(c) From (b), and Lemma [5.1ii)—(iii), we have

p(A) = p(y) VA<~y and p(A4)=p(y) VA>~.
These inequalities imply that p(v) = min,<g p(A). Furthermore, from Propo-
sition [3.3, V(0) =
Proof of Theorem (a) Let A < 0 and ¢ € & satisfy (29)). In par-
ticular, ¢ is a feasible policy for the ECP 7, and by it follows
that
9(p) = Ga(®) = p(4) = Galp) Ve e

Since GA(¢) > g(p) for each feasible policy ¢ € @ for the CP 7,
Proposition and the latter inequality imply that @ is an optimal policy
for the CP. Now, from in Proposition 3.3} V() = p(A) = minx<g p(\).
In particular, if g.(f1) = 6, then since p(A) = Ga(fa), we see that f4 is
an optimal policy for the CP.
(b) Assuming that p(-) is differentiable at A < 0, from the first inequality
in we obtain, for each n > 0,

A+n)—p(A A—n)—p(A
gelfa) =0 < AEENZLE) g g () - 0> AEZD L)
Taking the limit as 7 — 0, we obtain (31)).
On the other hand, if A < 0 is a critical point of p(-), then from we
have g.(f1) = 0. Hence, from (a), f, solves the CP.
(c) This is a direct consequence of (a) and (b).

(d) Suppose that the function A — g.(f4) is continuous on the interval
(—00,0). From in Lemma we deduce that the continuous function
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A — p(A) is differentiable with continuous derivative
dp
dA

Proof of Theorem . (i) From Assumption we can consider two
sequences {A,} and {4, } of negative numbers satisfying A, 1 v and A, | .
Now, since I' is a compact (separable) metric space with respect to the
w-weak topology [11, Appendix 5], each sequence in I" has a subsequence
which converges in I'. Thus, we can assume that the sequences {jif, } and
{#ig,, } converge in P,(K) with respect to the w-weak topology, to some
measures fl,, and f,, in I', with ¢1, @2 € .

From Lemma [5.2|(b), we have g.(fa,) < 6 for all n, and g.(fa,) > 6
for all v. By Assumption the cost function c is continuous on K, and
S0 90(901) = limy, 00 gc(f/ln) < 0 and 90(4)02) = lim, o0 gc(f/l,,) > 0, yield-
ing .

Next we prove . From the upper semicontinuity of r (see Assump-
tion (C)), and the continuity of ¢, we find that 7 := r+(c—6) - is upper
semicontinuous on K. Thus, the mapping i — {7, dfi € R on P,(K)
is u.s.c. on P, (K) with respect to the w-weak topology (see, for instance,
[22, Lemma 5.2.5]). Now, since {fiy, } converges to the measure fi,,,

(A) = go(fa) — 0, VYA<O. m

(1) lmsupG,(fa,) = lmsupfig,, () < i, () = G o0)

By Assumption bl), combined with of Remark the definition
of Opnin and O ax In , and in Lemma we see that
(An - 7) ' [QC(f'y> - 9] < :O(An) - G’y(f/ln) < (An - 7) : [Hmin - 9]
Thus,

(42) lim [p(4,) — Gy (£,)] = 0.

n—o0

Since p(-) is continuous, (42) implies p(y) = lim, o0 G~(f4, ). Hence,
yields p(v) < G4(¢1). On the other hand, gives G~ (p1) < p(7). There-
fore p(v) = G4(¢1). In a similar way we can prove that p(y) = G~(p2).

(ii) The function
q+ q9:(p1) + (1 = @)ge(p2) = (qhip, + (1 — @)lig,)(c) Vg €ER

is continuous on R. By (32)), there exists go € [0, 1] such that goge(p1) +
(I — q0)gc(p2) = 6. On the other hand, since I' is a convex set we have
qofte, + (1 — qo)fiy, € I'. Hence, there exists ¢* such that

(43) ﬁs@* = QOﬁm + (1 - QO)ﬁsaz-
Thus,
(44) 9e(*) = Hyp=(c) = 0.
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From (33)) we have
(45) GH(9") = Hg+(ry) = @G~ (1) + (1 = q0) G~ (2) = p(7)-
Hence, by and , it follows that ¢* satisfies in Theorem

Therefore, ¢* is an optimal policy for the CP. Furthermore, from Lem-
ma [5.2fc) or by Theorem we obtain V(0) = p(y) = mins<g p(A).

(iii) Assume that p(-) is differentiable at ~. From (ii), p(-) attains a
minimum in v < 0. Hence, v is a critical point of p(-). From Theorem [4.§|b),
ge(fy) = 0 and f, solves the CP.

(iv) If Assumption fails to hold then from Lemma [5.2)(a) we obtain
v = 0. By Lemma[5.1](ii), p(-) is nonincreasing on (—oo, 0], thus

(46) p(0) = minp(A4) = V(0).
As in the proof of (i), there exists ¢ € @ such that
(47) gelpr) <0 and  Go(p1) = p(0).

Hence, noting that g(p1) = Go(¢1), from and ([47), we have
ge(p1) <0 and  g(p1) = V().

Thus, 7 is an optimal policy for the CP.
Finally, if g.(fo) < 0, then fp is an admissible policy for the ECP
f. From , g(fo) = p(0) = ming<gp(4) = V(0), and so fy is

an optimal policy for the CP. =

6. A LQ system. In this section we present a linear-quadratic system
that satisfies all the hypotheses of Theorems and
Consider the linear system

(48) Trr1 = kixe + koay + 21, t=0,1,...,

with state space X := R and positive coefficients ki, ko. The control set is
A =R, and the set of admissible controls in each state x is the interval

(49) A(z) i= [=ha||/ kg, kr|2|/ ko]

The disturbances z; in (48) are i.i.d. random variables with values in Z := R,
and have zero mean and finite variance, that is,

(50) E(z)=0 and o?:= E(2?) < cc.

To complete the description of our constrained control model we introduce
the quadratic reward-per-stage function

(51) r(z,a) := e — (raz? +r0a?)  Y(x,a) € K,
with positive coefficients e, r1, and ro, and the cost-per-stage function

(52) c(z,a) == c12° + a®  V(x,a) € K,
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with positive coefficients c1, co. We also define
(53) W(x) :=exp[C|z|]] VzeX,
with ¢ > 2. Moreover, let § > 0 be such that

(s <log(C/2+1),
which implies

8= z(exp[(ﬂ <l

With this 8, Assumption (b3) holds. On the other hand, observe that
2, ¢? are functions in By (K), and W > 1. Moreover, w := /W is contin-
uous on K and it is a moment function on K. Hence, Assumptions
and [2.6] hold.

As in [I8], Section 5], we will suppose the following.

ASSUMPTION 6.1. 0 < k3 < 1/2.

ASSUMPTION 6.2. The i.i.d. disturbances z; have a common density d,
which is a continuous bounded function supported on S := [—8§, §]. Moreover,
there exists a positive number € such that d(s) > € for all s € S.

Let Sy := [0, §], and let 7" be the Lebesgue measure on X = R. We define
(54)  Uz,a):=1s,(z) V(z,a) e K and v(B):=eY(BNSy) VB e B(X).
Then the LQ system (48)—(52) satisfies Lemmas 4.4-4.9 in [23]. Hence, we
obtain the following.

PROPOSITION 6.3. Under Assumptions and the LQ system
f satisfies Assumptions and .
PROPOSITION 6.4. Suppose that Assumptions [6.1] and [6.2] hold. Then:
(i) The LQ system f has a constrained optimal policy. More-

over, for each A < 0 let (p(A),ha) € R x By (X) be a solution to
the AROE

(55) ha(2) +p(4) = sup |ra(.a) + | ha(y) Q(dylz,a)|.
acA(x) X

with ra(z,a) := 71 (A)2? +r2(A)a+b, where r;i(A) == A-c;—r; <0,
i=1,2, and b:=e—A-0. Then the constrained optimal value V(6)

satisfies
(56) V(0) = min p(4).
(ii) The function A — p(A) is differentiable on (—oo,0) with
dp
—(A) = — A .

Furthermore, if A <0, the following conditions are equivalent:
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(1) fa solves the CP;
(2) A is a critical point of p(-);
(3) ge(fa) = 0.
Thus, if A < 0 satisfies some of the conditions (1), (2) or (3), then
p() attains a minimum in A such that p(A) = V(6) = miny<g p(A).
(i) Assume that v := sup{A < 0: g.(fa) < 0} < 0. Then p(-) attains
a minimum at 7y, and so 7y is a critical point of p(-). In this case,
fy satisfies gc(fy) = 6 and solves the CP.
(iv) If gc(fo) < 0, then fy is an optimal policy for the CP.

To prove Proposition we need the following result which is a slight
variation of Lemma 6.5 in [14].

LEMMA 6.5. LetAf be a constant, and let f € F be a_deterministic policy
given by f(x) := —fx for all x € X. Furthermore, let k := k1 — kaf, where
k1, ks are the coefficients in . Suppose that |k| < 1. Then, for all x € X,

n—1

(57) 9(f) = liminf 1EfZ7"f (1) = e — (11 + raf2)o?/(1 — k?),
n—1
(58) 9ge(f) = limsup 1EfZCf (z1) = (e1 4 e2f?)0? /(1 — &),

with v and ¢ as defined in and , respectively.
Proof. Replacing a; in with a; := f(ay) = —fxt, we obtain
xp = (k1 — k’Qf)xtfl faa=knia4+zma VE=1,2,....
By an induction procedure, for all t =1,2,...,
Ty = k?tl‘o + Z ]{}]thlfj.
§=0

From this relation, we obtain
Ef(2?) = K22 + 02(1 — ) /(1 — k).
This yields

nl nl

f 1 f o2 /(1 — 12
(59) h?rln_)solép ZE (z2) = hnrgmf ZE (z2) /(1 — k).
Since a = f(z) = — fx, we
(60) re(z) =e—(r1+ rof?)a?  and cr(x) = (1 + o f?)a?

for all x € X. Finally, inserting in we obtain and . "
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Proof of Proposition (i) From Proposition the assumptions in
Propositions and Theorem [4.3| are satisfied. Hence, (i) follows from
these results.

(ii) In [18, Section 5] it is proved, under Assumptions and that
p(A) in the AROE (55]) has the form

(61) p(A) = b— vy(A)o?,

with o as in , and vy(A) is the unique positive solution to the quadratic
(Riccati) equation

(62)  K3uo(A)? + [k3r1(A) + kira(A) — ra(A)]vo(A) — r1(A)ra(A) = 0.
Hence, from the fact that r;(A) < 0, for i = 1,2, we deduce that vy(A) is

strictly positive, and depends continuously on A. Moreover, for all x € X
we define

(63) fa(w):=—fo(A)z with fo(A) == (k3vo(A) — r2(A)) " kikavo(A),
and
(64) ha(z) := —vo(A)z?

Notice that J/”E)(A) depends continuously on the parameter A. Since ry(A) <0,
we have |fa(x)| < ki/ka|z|, and so fi(x) € A(z) for all z € X, that is, fa
is in F. Then, by a direct calculation we can show that (ha, fa,p(A)) is a
canonical triplet that satisfies the AROE .
On the other hand, by in Lemma we obtain
9e(fa) = (e1 + e2fo(4)?)o? /(1 = k(4)?)
with E(/l) =k — kgﬁ)(/l). From Assumption [6.1]it follows that \E(A)| <L
Thus, g.(fa) is continuous in the parameter A on the interval (—oo,0).
By Theorem [4.§b),(d), p(-) is differentiable on (—o0,0) with continuous
derivative
dp A) = -0 vVA<O
(1) = gel ) <0,
The rest of the statements in (ii) are direct consequences of The-
orem [£.8(a),(c).
(iii) This follows from Theorem [4.9(iii).
(iv) This follows from Theorem [4.9(iv). u

Case 1. Now we analyze a particular case in which the reward-per-
stage function and the cost-per-stage function satisfy r1 = ro and
€1 = co, respectively, and moreover ko = 1 in . For this case, we will
find the optimal value and the optimal policy for the LQ model above, with
expected and pathwise constraints.

Note that

(65) r1(A) = ro(A) VYA <O0.
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By , the positive solution of is
k2 +\/ki+4
5 .

Inserting these values in and using the definition of the constant b, we
obtain the explicit form of p(A):

(67) p(A) =e— (0%k) -1+ [(0%k) - c1 — 0]4,

(66) ”U()(A) = —krq (/1) with k=

which is the equation of a straight line with slope (02k) - ¢; — . Because we
need to choose 6 satisfying the relation , we will impose the following
assumption:

(68) (0%k) - c1 < 6.
Under this condition, we have

— 3 — 3 — 2 . 2 . —
(69)  VI(6) = minp(4) = min(e — (07k) - 11 + [(07k) - c1 = 0]4)

=e— (o%k) -1 = p(0).
Thus, the minimum is attained at A = 0, and V(0) = p(0). Furthermore,
inserting A = 0 in and , we obtain
(70) fol@) = —for with fo:=

for all x € X.

Recalling that r; = r9, ¢1 = ¢9, and ko = 1, we have ]/k\\ =ki/(1+k) <1,
with & = k1 —ﬁ) and k as in . By 1' in Lemma a direct calculation
yields g.(fo) = (02k)c;. Hence, from (68) and Proposition (iv), fo is

an optimal policy for the CP. Finally, by in Lemma we obtain
g(fo) = e — (0%k)ry, which coincides with the value of V'(6) in (69).

kkq
1+ k&’

Case 2. Consider the LQ system — with the following numerical
special case. Suppose that the reward-per-stage function and the cost-
per-stage function (52)) satisfy r1 = 1,70 = 2, e = 10, and ¢; = ¢3 = 1,
respectively. Moreover, assume that k; = 1/3, ko = 1 in , 6 :=191/180
and 02 =1 in .

In this particular case, solving the Riccati equation , and inserting
the corresponding value in , we obtain

(7T1)  p(A) = (187 — 18.14 — /32542 — 9584 + 697)/18 VA < 0.
We consider the critical points of p(-). The unique negative critical point is

Ay = —0.38767819.. ..
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By Proposition [6.4{ii), f4, solves the CP. Moreover, p(-) attains at Aq its
minimum value, which is also the optimal value for the constrained problem,
that is,

V(0) = p(Ag) = 8.921767464 ... with 6 = 191/180.

In addition
vo = vo(Ap) = 1.48960217.. ..

By and , we have
fag(x) = —for VreR, with fo=0.12806246. ..,

and
h(x) = ha,(z) = —voz?.

By a straigthforward calculation, we can check that (V' (6), fa,, k) is a canon-
ical triplet that satisfies the AROE in Proposition On the other
hand, Proposition [6.4(ii) establishes that g(f1,) = V(6) and gc(fa,) = 6.
We can also verify the latter equalities from Lemma Indeed, by a direct
calculation, we obtain

9(fa,) =8.9217674 ... and g.(f4,) = 1.061111... = 191/180.

So, the constrained problem is solved.

REMARK 6.6. Proposition [6.4{(ii)—(iii) gives us different methods to ob-
tain f4 which solves the constrained problem. For example, we can find Ag
in Case 2 above as the root of the equation

gc(f /1) =0,
which can be easily verified.

Another way is calculating the constant v = sup{A < 0 : g.(f1) < 6}
< 0. If vy <0, then f, solves the CP.
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