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LONG TIME EXISTENCE OF REGULAR SOLUTIONS TO
3D NAVIER-STOKES EQUATIONS COUPLED WITH
HEAT CONVECTION

Abstract. We prove long time existence of regular solutions to the Navier—
Stokes equations coupled with the heat equation. We consider the system in
a non-axially symmetric cylinder, with the slip boundary conditions for the
Navier—Stokes equations, and the Neumann condition for the heat equation.
The long time existence is possible because the derivatives, with respect
to the variable along the axis of the cylinder, of the initial velocity, initial
temperature and external force are assumed to be sufficiently small in the
Lo norms. We prove the existence of solutions such that the velocity and
temperature belong to W2 (2 x (0,T)), where o > 5/3. The existence is
proved by using the Leray—Schauder fixed point theorem.

1. Introduction. We consider the following problem:

vi+v-Vo—divT(v,p) =a@)f in 2T =02x(0,T),

dive =0 in 27,
01+v-V0—3A0 =0 in T,

(1.1) D) Toa=0, a=1,2 on ST = 8% (0,T),
n-v=0 on ST,
n-VO=0 on ST,
V|t=0 = vo, Oli=0 = 0o in 2,
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where 2 C R3 is a cylindrical domain, S = 002, v = (vi(z, ), va(x, 1), v3(z, 1))
€ R3 is the velocity of the fluid motion, p = p(x,t) € R! the pressure,
0 = 0(x,t) € Ry the temperature, f = (fi(z,t), f2(z,t), f3(x,t)) € R3 the
external force field, n is the unit outward normal vector to the boundary .S,
Ta, @ = 1,2, are tangent vectors to S and the dot denotes the scalar product
in R3. We define the stress tensor by

T(v,p) = vD(v) — pl,

where v is the constant viscosity coefficient, I is the unit matrix and D(v) is
the dilatation tensor of the form

D(v) = {viz; + Vja; }ij=123-

Finally s is a positive heat conductivity coefficient.
By = = (x1,72,73) we denote the Cartesian coordinates, 2 C R? is a
cylindrical type domain parallel to the 3 axis with arbitrary cross section.

We assume that S = 51U .Ss, where S is the part of the boundary which
is parallel to the x5 axis and 59 is perpendicular to that axis. More precisely,

Sy = {x € R®: pg(z1,12) = ¢y, —b < 23 < b},
Sy = {x € R®: py(z1,12) < ¢4, T3 equals either —b or b},

where b, ¢, are given positive numbers and ¢o(z1,x2) describes a sufficiently
smooth closed curve in the plane x3 = const. We can assume 71 = (711, 712, 0)
79 = (0,0,1) and 7 = (712, —711,0) on Sj.

We assume o € C?(R, ) and 27 satisfies the weak I-horn condition, where
[l =1(2,2,2,1) (see |2, Ch. 2, Sect. 8]). The horn condition is an important
element of the proofs of the imbedding theorems for anisotropic Sobolev
spaces used in this paper. Moreover we assume {2 is not axially symmetric.

Now we formulate the main result of this paper. Let g = f,, h = v 4,,
q =Pz, V=045, x = (rotv)s, F' = (rot f)3. Assume that ||0o| 1 (o) < oo.

Define

a:[0,00) = [0,00), a(z) =sup{la(y)| + |/ (y)| + o"(y)] : [y| < x}

and ¢; = a(]|fp]|z., ). Moreover assume that 5/3 < 0 < 00, 5/3 < ¢ < o0,
5/0—5/0c <1and fort<T:

Locllgllna,tin65(2) T crcoll fll Lo o,t505(2)) + Ll F I Lo 0,416 5(02))
+ el fsll Lot 5(52)) + IR0l o () + ([P0l La2) + X0l 22 (2)
+ 03(01||f||L2(o,t;L6/5(Q)) + [[voll Ly (2)) + ¥ (co) < k1 < oo,

2. 1l pa0,6525(02)) < K2 < 0o,

3. Loty + llvoll a2y < ks < oo,

4. cl”f”Loo(Q’/)eccikgkl+61H9HLU((F)+HﬁOng—Q/U(Q)"i_ 1holl -2/ () <
ky < o0,
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5. c1llgllLao.:Lg5 (@) T tllfsllLa(0.6:2 5(50)) + R0l a(2) + ([P0l o) <
d < oo,

6. cleHLo’(Qt) + HUOHWL?*WQ(_Q) + HHOHWg*?/Q(Q) < ks < o0,

where ¢g is the constant from Lemma 2.4, 1(cp) is an increasing function
(see Lemma 3.3 in [§]) and k1, ..., ks are given constants. Assume

feLy (2T, geLy (2T, vyeW2 ().

THEOREM 1.1. Let the above assumptions hold. Assume that d is suffi-
ciently small (see [5, Main Theorem|). Then there exists a strong solution
(v,p,0) to (1.1) such that v,0 € Wa'' (27), Vp € L,(2T), h,9 € W2 (027),
Vq € L,(027).

The result follows by applying the methods developed in [6] to the more
complicated system (1.1). However, the proof of existence is now much clearer
than in [6], because the mapping ¢ is constructed in a simpler way. This,
however, needs more regularity. Therefore in this paper we prove the exis-
tence of much more regular solutions than in [6].

Problem (1.1) in the case of inflow-outflow was generalized in [3, 4].
Papers [3, 4] base on [I3], where the inflow-outflow problem was considered
for the Navier—Stokes equations in a cylindrical pipe.

2. Preliminaries. The notation used in this paper is the same as in [8]
Sect. 2.1]. The definition of weak solution is introduced in [8, Sect. 2.2]. Now
we recall some important results employed in this paper.

LEMMA 2.1 (see [12], Korn inequality). Assume that
(2.1) Eq(v) = HD(U)||%2(Q) <oo, wv-nlg=0, divv=0.

If £2 is not axially symmetric there exists a constant ¢, independent of v such
that

(2.2) [oll3ps ) < cEalv).

If 2 is axially symmetric, n = (—x2,21,0), o = SQ v-ndzx, then there exists
a constant ¢ independent of v such that

(2.3) [0[l31 0y < c(Ba(v) + |af?).
Let us consider the problem
hy—divT(h,q) = f in 27,
divh =0 in 27,
(2.4) fi-h=0, n-D(h) -7, =0, a=1,2, onS7,
hi=0, i=1,2, h3z =0 on ST,

hli—o = ho in 2.



234 J. Socata and W. M. Zajaczkowski

THEOREM 2.2. Let f € Ly(27), h(0) € W2 2/P(2), S; € C2, i = 1,2,
1 < p < oo. Then there exists a solution to problem (2.4) such that h €
w07, Vq e L,(27) and there exists a constant ¢ depending on S and
p such that

(2.5) hlly 2 ory + 1Vl @r) < elllfllz @) + holly2-2rm g))-

The proof follows from considerations in [5, Ch. 4].
Let us consider the problem

vy —divT(v,q) = f in 27,
dive =0 in 27,
(2.6) -
n-v=0, n-Dw) 7o =0, a=1,2, on S,
U‘tzo = 0 in 2.

THEOREM 2.3. Let f € Ly(27), vy € Wp?_wp(()), S; e C?%i=1,2,
1 < p < oo. Then there exists a solution to problem (2.6) such that v €
WS’I(QT), Vp € Ly(2T) and there exists a constant ¢ depending on S and
p such that

(2.7) 1wz @ry + IVallL,@ry < el fll,or) + Tvolly2-2m )
The proof is similar to the proof from [IJ.

LEMMA 2.4 (see [8, Lemma 2.3|). Assume that vg € La(2), 0y € Loo(12),
f € La(0,T; Lgs5(12)), T < oo. Assume that §2 is not azially symmetric.
Assume that there exist constants 0, 0% such that 0, < 6* and

0. <Op(x) <0, xecl

Then there exists a weak solution to problem (1.1) such that (v,0) € V@ (£21)
x V(2T), 0 € Loo(27) and

(2.8) 0. <O(x,t) <0*, (x,t)c 2T,
and there exist positive constants c, cy independent of v and 6 such that

(29)  [ellvgiar) < elalboll o @)1 fllLo0.iLe 502 + (W0l Lo2)) < co,
(2.10) 191y () < cllfollLy() < co.

REMARK 2.5. If 6(0) > 0, then 6(¢) > 0 for ¢t > 0.

3. Existence. For £,1,0,0 > 1 define

1w, )l mery = vl e mwi @) + 100w (2)

+ Hv7$3HLOO(O,T;Wg(Q)) + 0@3HLOO(O,T;W§1(Q))7
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M(2T) ={(v,0) : |(v,0)|| p(ary < 0},
1w, O)llniery = Iollwz o) + 10llwz1 or)
+ lvas w2 ory + 10,2521 or),
N(2T) = {(v,0) : [|(v,0) || xr(ary < 0}
LEMMA 3.1.

L (M1, m(ery) is a Banach space.

2. (NM(27), |l |xeer)) is a Banach space.

3. Null pmeary < cllully(ory for u e N(2T) and the imbedding N (27) C
M(0T) is compact for 0 <1, 5/0—3/n< 1,0 <&, 5/0 -3/ < 1.

Let us consider the problems

vy —divT(v,p) = =A[v- Vo + a(0) f],
dive =0,

(3:1) v-i|g =0, n-D@) Tals=0, a=1,2,
v|t=0 = vo
and
0 — A0 = =\ - V0,
(3.2) n-Vé|s =0,

8]i=0 = 6o,

where A € [0,1] is a parameter and @, 6 are treated as given functions. We
will assume that o € C%(R).

LEMMA 3.2. Assume that
(2,0) e M(2T), 3<n< oo,
feL,(T), 1<p<oo,
vo € WE2e(02),
S, eC? i=1,2, 5/o—3/n<1, o<n.
Then there exists a unique solution to problem (3.1) such that
ve WP 02") C Lo (0, T; W, (12))

and

10l e 0, mw2(2)) < cllvllypzagor

< (@, 034 ar) + Aalell (B D) pr)IF I yom) + Ivolly2-2/0 ()
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Proof. We have
18- Vil < ol om V5l om) < ol o rawacen

< o3, 0) |12 r)
and ~ ~
10:(0) fll L, 27y < alell®llroo,7wa @) I1f | 2,21
< a(el @,0) | peor) I 1l m)-
By Theorem 2.2 the proof is complete. »
LEMMA 3.3. Assume that
3<n<oo, l<p<oo, o<mn, 5b/loe—3/n<1,
(3,0) € M(2T), 6 € WE*e(0).
Then there exists a unique solution to problem (3.2) such that
0 € W2 (027) C Loo(0,T; W, (£2))
and
10120z < ellfllzrory < Q@ O34 ar) + 100lly2-2reg)-
Proof. We have
13- V||, r) < HﬁHLOO(QT)HVéHLn(QT)
< C”{’HLOO(O,T;W,}(Q))||0~HL00(0,T;W7%(Q)) < el (@, 0) |3 oy

Then we argue as for Theorem 9.1 in [5, Ch. 4, Sect. 9] (see also [9, Theorem
17]). =

LEMMA 3.4. Let
(0,0) e M(2T), 3<f<o0, 3<n<oo,
feL, (1), geL,(27), 1<o<oo (whereg= fu,),
o<n, S;eC? i=12 o< 5lo—3/E<1.

Let v, p be a unique solution to problem (3.1). Let h = v y,, ¢ = P z,. Assume
ho € W2™27(Q). Then

h € WP (02") C Loo(0, T; W (82))
and
HhHLoo(o,T;Wg(Q)) < c”h”WUQ’I(QT)
< (A3, 0)[34(or) + Aalell (@, 0) | a1 (@, 0) | ageomy Il Lo 2y
+ Xa(e]| (@, 0) | aery)llgl o, or) + 1holly2-2/2 )
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Proof. The function h is a solution of the following problem:

hy—divT(h,q) = \[=0-Vh —h-Vi+ap(0)of + a(f)g] in 27,

divh =0 in 27,
n-h=0, 2-Dh) -7a=0, a=1,2, on ST,
hi=0, i=1,2, h3z, =0 on ST,
hli—o = ho in (2,

where h = 0 4y, ¥ = 0 4,. We have
13- Vhllz, oy < clldll @IVl Lo o)
< C||?7||Loo(o,T;W,;(n))HiL||Loo(o,T;W§1(Q)) < el (@,0) |3y
and
I Vol 1, ory < cllbllror)IVEll L, o
< el o2 @) 1l st (21) < ell@,0) g,
Next
leo(O)0f |1, ory < calellbllr.omm3 @)1 Lo mweon I £ll, o)
< ca(cl|(®,0) || peary) 1@, 0) | e 11 I 2 )

and B B
(09l L, 2y < alellOll oo w9l L, @r)
< a(ell(®,0) | pmeer)) 19l Lo or)-
By Theorem 2.1 the proof is complete. m

LEMMA 3.5. Assume that 3 <n <o00,1 <o <o0,0<mn,5/c-3/§<1,
3<E<00,0<E (0,0) € M(2T). Let 0 be a unique solution to problem

(3.2). Let 9 =0 4,. Assume that ¥(0) € Wﬁ‘z/"((z). Then
9 € WPHRT) C Loo(0,T5; WL (12))
and
Hw|Lw(0,T;Wg(Q)) < CWHW}l(QT) < C(AH(@’é)”?M(QT) + Hﬁ(O)HWU%Z/U(Q))-
Proof. The function ¥ is a solution of the problem
0y — xA0 = -\Nh-VO+5-VI] in 027
n-Vio=0 on ST,
¥9=0 on ST,
V]i=0 = Yo in £2,
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where 0 = éyxg. We have

1h-V0l1,, (or)y <Al 1. (o) IVOl 1, 0m) §C||B||LOO(O,T;W£1(Q))HéHLOO(O,T;W,}(O))
SC”(@@)H?\/((QT)

and
Hf)'V@HLU(QT) <9l (om) |’V7§HL§(QT) SCH@HLOO(O,T;Wg(Q))H@HLOO(O,T;WQ(Q))
SCH@;é)H?\A(QT)'

Then we argue as for Theorem 9.1 in [5, Ch. 4, Sect. 9] (see also [9, Theorem
17]). =

From Lemmas 3.1-3.5 it follows that if (7,0) € M(£27), then there exists
a unique solution (v, @) to problems (3.1)—(3.2) such that (v,0) € M(027T).

To prove the existence of solutions to problem (1.1) we apply the Leray—
Schauder fixed point theorem (see [7), [10] 11]). Therefore we introduce the
mapping ¢ : [0, 1] x M(27) = M(2T), (\,2,0) — ¢(\,0,0) = (v,6), where
(v,0) is a solution to problems (3.1)—(3.2).

For A = 0 we have the existence of a unique solution. For A = 1 every
fixed point is a solution to problem (1.1).

LEMMA 3.6. Let the assumptions of Lemmas 3.2-3.5 be satisfied. Then
the mappings ¢(A, ) : M(QT) — M(2T), X € [0,1], are completely contin-
Uous.

Proof. By Lemmas 3.1-3.5 the mappings ¢(A, -), A € [0, 1], are compact.
It follows that bounded sets in M(027) are transformed into bounded sets in
M(02T). Let (9;,0;) € M(02T), i = 1,2, be two given elements. Then (v;, 6;),
1 = 1,2, are solutions to the problems
vit — div T(vi, pi) = =0 - VI + o(6:) ),
(3.3) (j.iV v; = 0,7 .
n-D(v)-Tls =0, n-v|sg=0,
Vilt=0 = vo, i=1,2,
and
0ir — 32 A0; = —\i; - V0;,
(3.4) n-Vois =0,
9i|t:0 =0y, i=1,2.
To show continuity we introduce the differences

(3.5) V=vi—vy, P=pi—p, T=01—0,
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which are solutions to the problems

Vi — divT(V, P) = =A\[V - Vi + 02 - VV + (a(61) — a(82)) f]

divV =0,
(3.6) - ~ B
V.nlsg =0, n-D(V)-7[s=0,
V|t:0 - 07
and
Ti — AT = AV - V6, + 5y - VT],
(3.7) n-VTls =0,

7d|if=0 = 07

where V = & — ¥y, T = 01 — 0. In view of [6] and [10, 1] we have

3:8)  MWVllyz1ory + I Tlly21 or
< IVl @) IVOLlL,om) + 12l 1 (2 IV V | 1, 02
+ ca(max{||01[|7. . cor), 102/l 2. cory DI TN pow 2y I £ | 0
+ ||772HLOO(QT)||V7-HLQ(QT) + HVHLN(QT)Hvél||LQ(QT)]
< C(HVHM(QT) + Hﬂ’/vt((ﬂ))

Let h; = Viasy G = Dixs v, = 91‘7953, ill = 17@;,;3, le = éw%. The functions
hi,¥;, 1 = 1,2, are solutions to the following problems:

hiy — div T(hi, q;) = —A[hi - V& + 0; - Vhi + ap(0:)0:f + a(8)g]  in 27T,

divh; =0 in 27,
n-hi=0, 7-Dh) 7o, a=1,2, i=1,2, on ST,
hij =0, i=1,2, j=1,2, on ST,
hizey =0, i=1,2, on ST,
hilt=0 = ho in 2
and

Oig — #N0; = —A[hi - VO + 7 - V9] in 027,

n-Vi; =0 on Sifu
9, =0 on S;‘F,
Yilt=0 = Yo in 2.

We introduce the differences

H=h—hy, Q=q—q, R=1v1-17
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which are solutions to the problems

H;—divT(H,Q) = —A[H -V, +hy-VV +V -Vhy 4+ 0y - VH

+ (ag(01) — ag(02))01f + ap(B2) R f

+ (a(f1) — a(f2))g in 7,

divH =0 in 27,

i-H=0, n-DH) 7o =0, a=1,2, on ST,

Hij=0, j=1,2, H3y,, =0 on ST,

Hli—o=0 in {2,
and

Ri—#AR=—\NH -V +hy - VT +V -V +5-VR] in 27,

n-VR=0 on ST,
R=0 on SQT,
R|t—o =0 in {2,

where H = hi — hy, R = 0, — ¥5. In view of [6] and [10, 1I] we have

1H]

and

w21 (o) + 1 Bllwzr ar)
< Il H o @) V0L, 07y + 12l 1 (0 IV V | 1, 0
+ HVHLOO(QT)HViU”LE(QT) + H172||LOO(QT)||Vg||L5(QT)]
+ c(max{ |01l 7. cor), 102/l 2. cory DI T pow @y 191l 1o (0 1 £ 1 £ 20y
+ (1021l oy | Rl oo comy 1 £ 2, 2y
+ a(max{||01 ]| 1 o7y, 192]l 1. (ory DI T N £ 2y 9l 2, 07
+ I H o) VO, or) + B2l 1 0y IV T L1, 0
+ IVl @) I VOl 0ry + 182l 0n) VRl Lo (o))
< eIV, Tllmeory)
from (3.8) and Lemma 3.1 we obtain ||(V, T)||pery < cll(V, T)llmcar)-

Hence continuity of ¢ follows. This concludes the proof. =

for

LEMMA 3.7. Let the assumptions of Lemmas 3.2-3.5 be satisfied. Then
every bounded subset Mo of M(£27), the family of maps

o(,9,0) : [0,1] = M(2T),  (,0) € Mo,

18 uniformly equicontinuous.

Proof. Let (17,9) € Mo, A € [0,1], ¢ = 1,2, Ay > A2 and let v;, 0; be

solutions to the problems
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Vit — div ’]T(vi,pi) = —)\Z‘(f} -Vo + Oé(@)f),
divv; =0,

n-D(v)-Tls =0, n-vlg=0,

'Uz"t:O = 0, 7 = 1,2,

and

Oy — 2 AO; = — N0 - V4,
n- V9i|s =0,
Oilt=0 = 0o, i=1,2.
To show uniform equicontinuity we introduce the differences
V=uvi—vy, P=pi—p T=0—-0

which are solutions to the problems

Vi —divT(V, P) = —(A1 = A2)(0- VU + a(0) f),

divV =0,
n-DV) -7ls=0, n-V|g=0,
Vo =0
and .
Ti— #xAT = —(A1 — X\2)0- V0,
n-VT|s =0,
Tlt=o = 0.

In view of Lemmas 3.2-3.3,

39 IVllworwi@) + 1Tl worws @) < (= 2118, 0) |30
+ (A1 — )\2)a(CH(7~)7é)HM(QT))”fHLG(QT))-
Let h; = v; g4, ¥; = 0; z,. We introduce the differences
H="hy —hy, R=191—199,
which satisfy H = V,,, R = T ,. In view of Lemmas 3.4 and 3.5,

(3-10) M H L comwicey T 1B Lorwie) < el - ) 1(B, 0) | pary
+ (O = A2)a(ell5. D)L aacr)l 3-8 Lor 1 oo
+ (A = A)a(el|(@,0) | mar) 9l 2, (2r))-

From (3.9) and (3.10) the uniform equicontinuity of ¢(-,,6) follows.

Proof of Theorem 1.1. In view of the above considerations and [8, Main
Theorem| the assumptions of the Leray—Schauder fixed point theorem are
satisfied. Hence Theorem 1.1 is proved. m
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