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ARBITRAGE FOR SIMPLE STRATEGIES

Abstract. Various aspects of arbitrage on finite horizon continuous time
markets using simple strategies consisting of a finite number of transactions
are studied. Special attention is devoted to transactions without shortselling,
in which we are not allowed to borrow assets. The markets without or with
proportional transaction costs are considered. Necessary and sufficient con-
ditions for absence of arbitrage are shown.

1. Introduction. Consider a market consisting of d risky assets with the
prices given by an R%valued adapted process X = (Xt)te[O,T] with strictly
positive components, and of a bank account. We will assume for simplic-
ity that the bank interest rate is equal to zero and we shall use the nota-
tion X; = (1, X;) € R¥! for t € [0,7], where 1 stands for a unit amount
in a bank account. Let (£2,F, P,F = (F),cj0,77) be a filtered probability
space satisfying the usual conditions, i.e. the filtration (F)ico7) is right
continuous, and Fy contains all the P-null sets of F. Assume that the set
of trading dates is a set of F-stopping times {7; : ¢ = 1,...,n} such that
0< <--- <7, =T and n > 2. We admit only a finite number of trans-
actions over a finite time horizon 7', which is bounded by a deterministic
number n > 2. In other words every admissible strategy should consist of a
finite number of transactions, and for every strategy there is a determinis-
tic integer n > 2 which bounds the number of transactions. Let the vector
0; = (zi,yi) = (25,9}, ..., yd) € R¥HL be the position of the investor after
transactions at time 7;, where x; is the position in a bank account and yf
is the number of jth risky assets held in the portfolio. We allow yg to have
an arbitrary sign (a negative quantity means shortselling), and assume it is
Fr,-measurable, i.e. determined using information available at time 7;. The
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value of the portfolio at time ¢ is modeled by the process

n—1 d n—1 d
Z ZertX Tm‘z+1] Z-TzX (TiyTit1] ) + Z Zyzj'XgX(Ti,TiH](t)?
i=1 j=0 i=1 j=1

where for 7; = 7,41 the interval (74, 7;41] is understood to consist of the point
7; = Ti+1 only. Then the random variable

n—1 d n—1 d

J J
E E 05 ( nﬂ/\t n/\t E E ?Jz nH/\t Xn-/\t)
i=1 =0 i=1 j=1

models the gain or loss of our portfolio at time ¢. Consequently, the gain (or
loss) (Y - X)r over the whole time period [0, 7] is equal to

n—1 d
(1.1) Y- X)p:=> > yl(X),, — X))

i=1 j=1
We start with the following definition:

DEFINITION 1.1. We call an R%-valued process Y = (Y2)iejo,r) & simple
investment strategy if there exists a positive integer n > 2 and a sequence of
F-stopping times 0 < 73 < --- <7, =T such that

n—1
(12) Y, = Zin(Ti,Ti+1}(t>a
=1

where y; € R? are Fr,-measurable random vectors.

The class of such strategies will be denoted by Sr. Note that a simple
strategy may consist of a random number of transactions over the time hori-
zon T', but this number should be bounded by a deterministic constant. In
this case we are allowed to have multiple transactions at time T and conse-
quently we may restrict ourselves to a deterministic number of transactions.

We now restrict our investment strategies to the following class of simple
strategies over time horizon T' without shortselling:

DEFINITION 1.2. We call an R%valued process Y = (Yi)iejo,r) a simple
investment strategy without shortselling if Y € Sy and y; € R? are nonneg-
ative J.,-measurable random vectors.

The set of simple investment strategies without shortselling is denoted
by S; .

DEFINITION 1.3. We say that X admits a simple arbitrage strategy if
there exists Y € Sy with the properties

(1.3) (Y-X)pr >0 P-ae. and P{Y -X)r>0}>0.
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Otherwise we say for brevity that X satisfies condition (AA) (absence of
arbitrage over simple strategies).

DEFINITION 1.4. We say that X admits a simple arbitrage strategy with-
out shortselling if there exists Y € S;f such that holds. Otherwise
we say that X satisfies condition (AA™) (absence of arbitrage over simple
strategies without shortselling).

In what follows we shall consider conditions (AA) or (AA™) for simple
strategies only. Furthermore everywhere in the paper the terminal time 7' is
assumed to be fixed.

Part of the paper is devoted to a finite horizon continuous time financial
market with proportional transaction costs. Assume that investing in the jth
assets an amount I/ we have to pay a portion of M (M € (0, 1)) as transaction
costs so that in fact we have to spend (1 + M)I7. Similarly, selling the jth
assets for an amount m’ we only obtain (1 — u/)m/ with p/ € (0,1). Assume
that the set of trading dates is a set of stopping times {7; : i = 1,...,n}
such that 0 < 7 < --- < 7, =T and n > 2. Consequently, each trading
strategy consists of transactions whose number is bounded by a deterministic
constant n (which may depend on the strategy). We assume furthermore that
at terminal time 7" we may have multiple transactions so that practically
we shall study investments with a deterministic number of transactions. In
our approach the investor positions are measured in “physical” units. Let
(xi,yil, e yf) € R4 be the position of the investor after transactions at
time 7;, which consists of x;, the amount in the bank account, and “physical”
quantities yf in the jth risky assets for j = 1,...,d respectively. Denoting
by (Ayi )T, (Ayi )~ the number of assets with which we increase or decrease
the jth assets position at time 7; (given by (Ayf)Jr = (yi - yf_l)Jr and
(Ayzj )T = (yi - yg_l)_) we obtain the following formula for the investment
position (x4, y},...,yd) at time 7; (after transactions):

( d % %
zi =m0+ Y [(L=)) Y (Ayl) "X, = (L4+X) Y (Ay)) xS, |,
j=1 k=1 k=1

7
v =+ Y Ayl

(1.4) 1

7
vl =i+ > Ay,
k=1

with the initial position (xo,yg,. - ., yd).
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DEFINITION 1.5. We call an R%valued process Y = (Yi)iejo,r) @ simple
vestment strategy with transaction costs if there exists a positive integer
n > 2 and a sequence of F-stopping times 0 < 71 < --- < 7, =T such that

Z YiX( TZ,T,L+1] + Yn—1X (71— 1,Tn)(t) + YnX{T} (t)a

where y; € RY are Fr,-measurable random vectors.

The class of such simple strategies will be denoted by Br. As above,
(Tkey Tkt1] = {7k41} for 7, = 741, and additionally (7, 7k+1) = {7k+1}
whenever 7, = 711 =T.

DEFINITION 1.6. We call an R%valued process Y = (Yi)iejo,r) a simple

investment strategy without shortselling if Y € Bp and y] > 0 for any
i=1,...,n,j =1,...,d. The set of simple investment strategies without
shortselling is denoted by B;F.

Define the evaluation function

(1.5)  Rez,yt, ..., 0" —:C+Z (1 — )P XT — (1+ M) () X]]
and set
(16) Gt = {(‘r?yla s ayd) € Rd+1 : Rt(l’,yl, c 'ayd) > 0}

Note that if (x,',...,y?) € Gy we are able to repay possible debts in the
bank account or risky asset accounts. In other words G is the set of all
nonnegative positions. The set —G, is of the form

-Gy = {(=, yl, oy e R+ Ry(—x,—y', ..., _yd) > 0}
- {HZ L+ V)W) X — (1= w)(v))X]) < 0}

and is the set of all p051t10ns which can be achieved starting from zero.

In the case of models with transaction costs the concept of arbitrage
admits various natural generalizations. We say that we have a weak arbi-
trage at time T if starting from the position (0,...,0) at time 0 we enter
at time T the set of nonnegative positions a.s. and with positive probability
the position (z,,%.,...,5%) # (0,...,0). Denote by AT (r,...,7,) the set
of all positions which can be achieved at time T starting at time 0 from
the position (0,...,0) with the use of simple strategies with transaction
times 0 <7 < --- <7, =T. Clearly AT(r,...,7,) = Yo LY(-G,,, Fr),
where the sum stands for the algebraic sum and L°(—G,, Fy,) is the class
of F;,-measurable random variables taking values in —G, (in the case with-
out shortselling an analog of this equality does not hold). Moreover, AT =
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Unen UO<71<-‘~<T,LET AT(ry,...,7,) is the class of all positions which can be
achieved at time T starting from (0, ...,0) and using simple strategies.

DEFINITION 1.7. We say that there is a weak arbitrage opportunity if
(WA) AT A 19(Gr, Fr) # {0},
If there is no weak arbitrage we have strict absence of arbitrage:

DEFINITION 1.8. We say that there is strict absence of arbitrage if

(AAY) AT N LGy, Fr) = {0}.
In the case of a model without transaction costs this definition coincides
with the classical one. If starting from the position (0,...,0) we get at time

T the position (2, ¥}, ..., y?) such that
Ry(zn,yt, ... y%) >0 P-ae., P{Rp(zn,yt,...,y%) >0} >0,

we say that we have a strict arbitrage opportunity. Using the definition of
the set G we can say that we enter the set G a.s. and int G with positive
probability. If there is no strict arbitrage we have weak absence of arbitrage:

DEFINITION 1.9. We say that there is weak absence of arbitrage if
(AAy) AT N LGy, Fr) c L°(0Gr, Fr).
LEMMA 1.10. The following conditions are equivalent:
(i) AT N LY%Gr, Fr) C LY0Gr, Fr), i.e. (AAy) holds.
(i) AT N LORE™, Fr) = {0}.

Proof. Since Riﬂ NIG7 = {0} the implication (i)=-(ii) holds true. Sup-
pose now that (i) does not hold. Then there exists Y € Br, e.g. there exists
n > 2, a sequence of F-stopping times 0 < 7 < --- <7, =T and sequences
of R%valued random vectors v, . ..,y such that

(znsyt, ... yd) € LGy, Fr) P-ae., P{(zn,yt,...,y?) €intGr} > 0.
Then we can construct the following simple strategy Y € By

(Ag)™ = (Ay))~ and (Ag)T = (Ay)) fori=1,....n—1;j=1,...,d;
(AL = (Al ™ + W) Xpyiney fori=1,....d;

(AT = Ayt + (W) Xpycy fori=1.....d,
which means that at time 7" we liquidate the asset account. Clearly

(Zns Gns -+ 0n) € LO(RYT, Fr)
and
{@n, yns - ¥) € it G} € {(Tn, Gns -+ Tn) # 0},

so (ii) does not hold. m
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Consequently we have
COROLLARY 1.11. There is a strict arbitrage opportunity if
T 0 /mpd+1
(SA) AT A LRI, Fr) # {0},

We can also characterize weak and strict absence of arbitrage using strate-
gies without shortselling. Let Aip_ be the set of all positions which can be
achieved at time 7T starting at time O from the position (0,...,0) using
simple strategies without shortselling. Denote
(1.7) Gri={(z,y",...,y") e RxRL: Ry(x,y',...,y%) > 0}.

DEFINITION 1.12. We say that there is a weak arbitrage opportunity with-
out shortselling if

(WA™) AT A LOGr, Fr) # {0},

DEFINITION 1.13. We say that there is a strict arbitrage opportunity
without shortselling if
(SA™) AT N LORE?, Fr) # {0}

DEFINITION 1.14. We say that there is strict absence of arbitrage without
shortselling if
(AAT) AL N LY(Gr, Fr) = {0},

DEFINITION 1.15. We say that there is weak absence of arbitrage without
shortselling if
(AAY) AT A LORE, Fr) = {0},

Clearly Gp = {(z,y",...,y?) € R x Rff_ DX+ 2?21(1 — ,uj)ij% > 0}.
In other words, X admits a weak arbitrage opportunity with respect to the
class of simple strategies without shortselling if there exists Y € B;C such
that (zp, y}” ..., y%) satisfies

xn—i-z 1— )yl X7, >0 P-ae., P{(zn,y.,...,y%) #0} > 0.

Analogously, a simple investment strategy Y € B; with the final position
(2, 9L, ..., y%) such that

a;n—i-Zl— Yl X1 >0 Poace., {azn—l—Zl— y,JlXJ>O}>O

is a strict arbltrage opportunity with respect to the class of simple strategies
without shortselling.

In this paper we formulate a series of necessary and sufficient conditions
for absence of arbitrage in markets without or with proportional transaction
costs using simple strategies with or without shortselling. There are two
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reasons for the interest in transactions using simple strategies. First of all,
this is the only feasible class of investment strategies. Secondly, this class
allows us to get rid of the restrictive assumption that the asset price process
is a semimartingale (for more details see [7]). In this paper we are mainly
interested in strategies without shortselling, since in many financial markets
shortselling is restricted or even forbidden.

The paper consists of two sections devoted to markets without or with
transaction costs respectively. In Section 2 we extend and modify results of
[2], [7] and [1]. In particular, we introduce certain conditions (a) and (b) and
their various equivalent forms, which are satisfied in the case of absence of
arbitrage (AA) and absence of arbitrage without shortselling (AA™) for one-
dimensional markets (with only one risky asset). We also give two conditions
(c) and (d) which characterize (AA) and (AA™) in the multidimensional case
(with d > 1 risky assets). We complete Section 2 with a modification of Ka-
banov and Stricker’s result from [9], which allows a general supermartingale
characterization of (AA™).

Markets with proportional transaction costs (studied in Section 3) are
more difficult. We cannot restrict ourselves to two transaction dates as in the
case without transactions costs, which is shown by two illustrative examples.
Following [13] we introduce condition (S) under which we show (AA,,) for
d = 1 and extend this to the multidimensional case. The main contribu-
tions in that section are theorems in which we introduce conditions (D) and
(D?) which guarantee (AA{) for one and multidimensional cases. We com-
plete Section 3 by recalling some results of Kabanov, Rasonyi, Stricker and
Grigoriev and formulating them in the embedded discrete time market ap-
proach. We also point out that similar characterizations for markets without
shortselling are not available.

2. Markets without transaction costs

2.1. Preliminary results. The following lemma shows that there is
no difference between an arbitrage opportunity with respect to the class of
simple investment strategies and arbitrage opportunities for strategies with
two transaction times only. Therefore absence of arbitrage can be reduced
to the two transactions problem (see also Lemma 1 in [7]).

LEMMA 2.1. The process X admits a simple arbitrage strategy if and only
if there exists an investment strategy G € St of the form G = gX(g,,5,) Such
that g(Xy, — X5,) > 0 P-a.e. and P{g(X,, — Xo,) > 0} > 0.

Proof. Sufficiency: It is clear that an investment strategy G € St of the
form above satisfies P{(G - X)r >0} =1 and P{(G- X)r > 0} > 0,s0 X
admits a simple arbitrage strategy.
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Necessity: Assume that there exists a simple strategy Y = ZZ 1 YiX(
such that (Y - X)r > 0 P-a.e. and P{(Y - X)r > 0} > 0. Define

T3 ,7_1-&-1}

k::min{lE{1,...,n—1}:P{iyi(XTiﬂ—Xn) 20}:

andP{Zyz- s — )>0}>0}.

Note that k is well-defined because we assume that the arbitrage strategy is
given by Y. If k = 1 then y1 (X5, — X;,) > 0 P-a.e. and y1 (X5, — X7,) >0
with positive probability. Take o; = 7; for ¢ = 1,2 and g = y1; then the
condition holds true. So we assume k£ > 1. From the definition of k£ we have
either

k—1 k—1
> Ui(Xn = Xn) <0 Pae, or P pilXe,, — X;) <0} >0,
=1 =1

We first consider the case P{X:Z 1 yz(XTi+1 —X;,) <0} >0. Let

= {iyi(Xnﬂ - Xr) < 0}'
=1

Note that A € F;, and on the set A we have

0< Zyi(XTi+1 - XTi) = Zyi(XTiJrl - XTi) + yk(XTk+l - XTk)

< yk(X’T'k-H - XTk)'

This means that P{yx(X,,,, — X)) > 0} > P(A) > 0. Taking g = yrxa
and stopping times 01 = Tk, 02 = Tp+1 We get the given condition. Assume
next that S5 'yi(Xr,, — Xr,) < 0 P-ace.; then Sk w(X X)) <

Ti+1l =
yr(Xs,,, — X5,) P-a.e. By the definition of k,
P{yp(Xs, ., — X7,) >0} =1 and P{yp(Xr, — X5,) >0} >0.
We now take g = yr, 01 = Tk, 02 = Tiy 1. ®

LEMMA 2.2. The process X admits a simple arbitrage strateqy without
shortselling if and only if there exists G € S; of the form G' = gX (o, 0,] Such
that (X, — X4,) >0 P-a.e. and P{g(X,, — X5,) > 0} > 0.

Proof. The proof is analogous to that of Lemma .

We list without proofs two simple lemmas and a corollary which will be
used later.
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LEMMA 2.3. If X > 0 almost surely and P(C) > 0 for C = {X > 0},
then E(X | F) >0 on C\ N, where N is some null set.

LEMMA 2.4. The following conditions are equivalent:
(i) P(B|F)>0 P-a.e;

(i) P(ANB) >0 for any A € F with P(A) > 0.

COROLLARY 2.5. Let B, C, D be any events. Suppose that either
P(B | F) >0 P-a.e. and P(C | F) > 0 P-a.e., or P(D | F) =1 P-a.e.
Then for any A € F with P(A) > 0, either P(ANB) > 0 and P(ANC) > 0,
or P(AND) = P(A).

2.2. One-dimensional characterizations. In this section we consider
a market with one risky asset with price process {Xt}te[o,T] and a bank
account with X = 1 for ¢ € [0,7]. We provide conditions for absence of
arbitrage over simple strategies with or without shortselling.

We begin with a lemma, which gives a necessary and sufficient condition
for absence of arbitrage over the class Sr. This is a slightly modified version
of Lemma 1 from [7].

LEMMA 2.6. The process X satisfies condition (AA) (over simple strate-
gies) if and only if for any two stopping times 71 < 10 < T and for any
A € F;, with P(A) > 0 we have either

PAN{X,,— X, >0})>0 and PAN{X, —X,; <0})>0,
or X;, = X7 a.s. on A.

Proof. Necessity: Assume X does not admit an arbitrage opportunity
with respect to the class Sp. Let 71 < 70 < T be two stopping times and
A € F;, with P(A) > 0. Suppose to the contrary that either

P(AN{Xn, —X;, >0}) =0 and P(AN{Xy, # X,}) >0,
or
P(AN{Xn —X;, <0}) =0 and P(AN{Xy, # X, }) > 0.

Without loss of generality we can assume that the first case holds. It follows
that X, < X7, on A and P(AN{X;, # X5, }) > 0. Then —xaX(r,,] € St
is an arbitrage strategy for X, a contradiction to absence of arbitrage.

Sufficiency: Assume the second equivalent condition in Lemma [2.6] is
satisfied, but X does admit a simple arbitrage strategy. By Lemma [2.1] there
is G € St of the form G = gx (4, 4,] Such that g(Xs, — Xy,) > 0 P-a.e. and
P(g(Xyy — X5,) > 0) > 0. Let B={g(Xy, — Xo,) >0} and 41 = {g > 0}
€ Fr, Ay = {g < 0} € F,. Note that P(g # 0) > 0, since otherwise
9(Xsy, — Xoy) = 0 P-ace., contrary to P(g(X,, — Xs,) > 0) > 0. Since
P(B) > 0 we have either P(BN A1) > 0 or P(BN Az) > 0. We need to
reach a contradiction in both cases.
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If P(BN Ap) > 0 then clearly P(A;) > 0 and by our assumption either
P(A; N { Xy, — Xy, > 0}) > 0 and P(A; N {Xy, — X, < 0}) > 0, or
X,, = Xy, on A;. On the other hand, since P(B N A;) > 0 then P(A; N
{Xs, # X5, }) > 0 and therefore we have P(A; N {X,, — X5, > 0}) > 0
and P(A1 N{X,, — X5, <0}) > 0. But then g(X,, — X5,) <0 on A; with
positive probability, which contradicts P(g(Xs, — X5,) > 0) = 1.

If P(BN Az) > 0 we come to a contradiction analogously. m

Using Corollary [2.5] we show the following implication:

COROLLARY 2.7. Suppose that for any two stopping times 71 < 70 < T
either

P(X;,— X, >0| Fp)>0 P-a.e. and P(Xp—X, <0|F.,)>0 P-a.ec.,

or

PX,, =X, |F)=1 P-ae
Then X satisfies condition (AA).

Proof. From Corollary we know that for any A € F with P(A) > 0
either P(AN{X,, — X; >0}) >0and P(AN{X,, — X, <0}) >0, or
P(AN{X,, = X }) = P(A), which in view of Lemma [2.6| implies (AA). u

The next lemma provides an absence of arbitrage characterization in the
case of shortsale restrictions (compare with Proposition 3 in [2]).

LEMMA 2.8. The process X satisfies condition (AA™1) (over simple stra-
tegies without shortselling) if and only if for any two stopping times 71 < T
< T and for any A € Fr, with P(A) > 0 we have either P(AN{X,;, — X,
<0}) >0, or X;, = X,, as. on A.

Proof. Necessity: Assume X satisfies (AAT). Let 71 < 79 < T be stop-
ping times and A € F, with P(A) > 0 such that P(A N {X,, — X,
< 0}) = 0 and P(AN{X;, # X,}) > 0. Then X,, > X, on A and
P(AN{X;, > X7, }) > 0. This means that xx( € Sf is an arbitrage
strategy for X, a contradiction.

Sufficiency: Assume that for any two stopping times 71 < 70 < T and for
any A € F;, with P(A) > 0 we have either P(AN{X,, — X, <0}) >0 or
X;, = X, as.on A, but X admits an arbitrage opportunity with respect to
the class ij. By Lemma , there exists G € S;E of the form G = gx (o 0]
such that g(X,, — X4, ) > 0 P-a.e. and P(g(Xy, — X5,) > 0) > 0. Clearly the
set B = {g > 0} has positive probability and B € F,,. Since g(X,, — Xo,)
> 0 P-a.e. we have X;, — X, > 0 a.s. on B. Observe that X,, — X5, > 0
with positive probability on B, since otherwise ¢(Xs, — X5,) <0 a.s. on B.
Since ¢(Xs, — X5,) > 0 P-a.e., we see that ¢(X,, — X5,) = 0 a.s. on B
and by the definition of B, g(X,, — X5,) = 0 a.s. on B€. This contradicts
P(g9(Xs, — Xsy) > 0) > 0. Hence, we have shown that X,, — X, > 0 a.s.

T1,72]
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on B and X,, — X,, > 0 with positive probability on B. In other words,
P(BN{Xs,— X, <0}) =0and P(BN{X,, # Xy, }) > 0, which contradicts
our assumption. m

COROLLARY 2.9. If for any two stopping times 1 < 1o < T either
PX;, — X, <0| F,) >0o0r P(Xs, = Xs, | Fr,) = 1 P-a.e., then
X satisfies condition (AA™T).

Proof. We use the same arguments as in the proof of Corollary 2.7 =

LEMMA 2.10. If for any stopping time T < T either P(Vye(r) @ X7 >
X | Fr) > 0 0or P(Vieprr) 2 Xo = Xy | Fr) = 1 P-a.e., then X satisfies
condition (AAT).

Proof. Let o, T be stopping times such that ¢ < 7 < T. By the assump-
tion we have either P(Vic(o7) 1 Xo > Xy | Fo) >0 0or P(Vicor : Xo = Xt |
Fs) =1 P-a.e. Observe that {Vic(o7) : Xo > Xi} C {X; > X;} and hence
P(X,—X;>0|F,) >0o0r P(X, = X; | F») = 1 P-a.e. Consequently,
Corollary gives absence of arbitrage over simple strategies without short-
selling. =

2.3. Sticky type conditions. Let us recall the definition of stickiness
from [6] and the definition of condition (x) from [2] for a given finite horizon
T > 0.

DEFINITION 2.11. We say that a progressively measurable process X is
sticky with respect to the filtration F and the probability measure P if for
all € > 0 and all stopping times 7 such that P(7 < T') > 0 we have

P( sup | X, — X <6,’7’<T) > 0.
te[r,T]
DEFINITION 2.12. We say that an adapted cadlag process X satisfies
condition (x) with respect to the filtration F if for any stopping time 7 such
that 7 < T a.s. and any A € F; with P(A) > 0 we have

P(A N {tei[rTlfT](Xt ~X,) > —e}) >0

for any € > 0.

REMARK 2.13. It is worth pointing out that by Lemma [2.4] condition
(%) is equivalent to a condition (a) defined below. We say that an adapted
cadlag process X satisfies condition (a) with respect to the filtration F if for
any stopping time 7 with 7 < T a.s. and any € > 0 we have

P( inf (X;— X,) > —¢ ‘ ]-"T) >0 Pae

te[r,T]
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LEMMA 2.14. Assume X is an adapted cadlag process. If X is sticky with
respect to the filtration F and the probability measure P, then X satisfies
condition (x).

Proof. Let T be any stopping time with 7 < T a.s. and A be any set from
Fr with P(A) > 0. Define

A,y [ T(w) forwe A,
(w)_{T for w ¢ A.

Note that 74 is a stopping time with respect to the filtration F and if TA(w)
< T, then w € A, so we have

{ sup |X; — Xi| <, TA<T} CAO{ sup |X; — Xy <e}

te[r,T] te[r,T]
for any € > 0. We have to show that P(A N {sup,c[. 7 [Xr — Xi| <€}) > 0.
Consider two cases: P(14 < T) > 0 and P(t4 < T) = 0. If P(r4 < T) > 0,
then since X is sticky we have P({sup;c|, 11 |X7 — Xi| < e, 74 < T}) >0,
which implies that P(AN {sup;cf, 77 | Xr — Xi| < €}) > 0. Now if P(r4 < T)
=0, then 74 =T a.s. and 7 = T a.s., 0 P(AN{supepr ) | Xr — Xi < €}) =
P(A) > 0. Note that

Aﬁ{ sup | X, — Xy <e} CAﬂ{ inf (Xy—X;)> —e},

te[r,T) te[r,T]
so P(AN{infycfr (X — X7) > —€}) > 0. m
LEMMA 2.15. All martingales satisfy condition (*).

Proof. Assume X is a martingale and X does not satisfy condition (x).
Then there is a stopping time 7 < T a.s. and A € F, with P(A) > 0 such
that P(A N {inf;cfr7(Xy — X7) > —€}) = 0 for some e > 0. Therefore
infieprm(Xe — X7) < —eas.on A Let o =inf{t >7: X; < X; —¢e}fon A
and ¢ = 7 on the complement of A. Observe that ¢ is a stopping time and
o < T a.s. Since X is a martingale we have F(X, | F;) = X, and

E(XU | ]:7') < XAE(XT — € | ‘FT) + XACE(XT | fT) = XA(XT - 5) + xac X5
This implies that X, < X, — € on A, the required contradiction. m

2.4. Absence of arbitrage over simple strategies. The following
lemma shows that property (a) (defined in Remark [2.13]) is a necessary con-
dition for absence of arbitrage over simple strategies.

LEMMA 2.16. Let X be an adapted cadlag process. If X satisfies condition
(AA), then it satisfies condition (a).

Proof (see proof in [2]). Assume X does not admit a simple arbitrage
strategy and X does not satisfy (a). Then there is a stopping time 7 with



Arbitrage for simple strategies 391

7 < T as. and € > 0 such that P(inf,c, r)(X; — X7) > —€ | F7) = 0 with
positive probability. Let
Aa={p( i (X;-X;)>—c|F) =0},
A2l (e = X0) > = | 7] = 0]

Then clearly A € F; and P(A) > 0. So P(AN{inf,c; r)(Xi—X7) > —€}) =0
and

(2.1) inf (X; —X;) < —e on A with probability one.
te[r,T)
Define
- { T onA,
T =
T on A°

Since A € F, T is a stopping time. If we define o = inf{t > 7 : X; — X;
< —€/2} then since X has right continuous paths, X, — Xz < —¢/2 on
A with probability one. Moreover o < T almost surely on A: otherwise
X; — Xz > —¢/2 on A with positive probability for any ¢ € [T, T], contrary
to . This means that X5z — Xz < 0 on A, so x4(Xs — X7) < 0 almost
surely and P(xa(Xs — X7) < 0) > 0 for

- { o on A,
0’ g
T on A°.

In other words, the investment strategy —xax(z5) is an arbitrage strategy
in St, which contradicts our assumption (note that 7 =7 on A). =

LEMMA 2.17. Let X be an adapted cadlag positive process. Then the fol-
lowing statements are equivalent:

(i) For any stopping time T with T < T a.s. and for any € > 0 we have

P<tel[2,fT}(Xt - X;) > —€ ]-"T> >0 P-a.e.

(ii) For any € > 0 and for any two stopping times 11 < 179 < T we have
P(X;, — X, >—€|F) >0 P-ae.
(iii) For any 6 > 0 and for any two stopping times 71 < 79 < T we have
P(X.,/X:, >1-6|F,) >0 P-ae
Proof. (1)=-(ii). Assume X satisfies (i). Let 71, 72 be two stopping times
with 71 <7 < T a.s. Note that

{tel[f_llf’T](Xt ~ X)) > —e} C{Xp, — Xp, > —¢}

for any given € > 0. Hence 0 < P(inf;ci,, 11(Xt — X7y) > —€ | Fry) <
P(X;, — X;, > —e| Fr,) and X satisfies (ii).

(ii)=(i). Assume X satisfies (ii) but not (i). Then by Lemma [2.4] there
is a stopping time 7 with 74 < T a.s. and A € F;, with P(4) > 0 such
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that P(A N {infcr, 7(Xy — Xr) > —€}) = 0 for some € > 0. Consequently,
infye(r, (Xt — X7y) < —€ on A with probability one. If we define 7 =
inf{s > 7 : Xy < X, — €} AT then since X has right continuous paths,
X, — X7 < —€eon A. Thus P(AN{X,, — X, > —€}) = 0, contradicting (ii).

(il)=(iii). Let 7 < 72 a.s. be two stopping times with 7o < T, A € F,
with P(A) > 0, and § > 0. Since X, takes values in (0,00) and P(A) > 0,
for sufficiently large M € N the event B = AN{1/M < X, < M} € F,,
has positive probability. As the function f(z) = Inz is nondecreasing and
uniformly continuous on [1/M, M], for any given v > 0 there exists € > 0
such that whenever z —y > —e and z,y € [1/M, M] then Inz —Iny > —.
Hence for any given v > 0 there exists € > 0 such that

Bn{X;,, —X; >—€e CBN{lnX, —InX; >-—~v}.

Since the function g(x) = exp(z)—1 is continuous and nondecreasing, for any
given ¢ > 0 there exists v > 0 such that for z > —v we have exp(z)—1 > —9.
Note that g(In X, —In X ) = X,/ X, — 1, so for a given § > 0 there exists
~ > 0 such that

Bn{lnX, —InX,, > -} C BN{X,,/X-, >1- 5}
Consequently, for any given § > 0 there exists ¢ > 0 such that
(2.2) BNn{X;, — X, > —¢} C BN{X,,/X; >1-4}.
Since X satisfies (ii) and B € F;, has positive probability, we have

P(BN{X,;, — X; > —¢€}) > 0.

The inclusion implies that also P(BN{X,,/X; > 1-46}) > 0 and
since B C A we get P(AN{X,,/X; > 1—¢}) > 0. Thus we have shown
that for any two stopping times 7 < 7 < 7T and for any A € F;, such that
P(A) > 0 we have

P(AN{X,, /X, >1-46})>0
for any 6 > 0. We can now conclude from Lemma [2.4] that
P(X:;,/Xr >1-0|F) >0 P-ae.

(iii)=-(ii). In view of Lemma 2.4 we need to show that for any stopping
times 71 < 7o < T and for any A € F, with P(A) > 0, we have P(A N
{Xr, — X7, > —€}) > 0 for any € > 0. Let B, = {X,, < a}. Then clearly
B, € F; and P(B,) /' 1 as a — oo. This implies that, for sufficiently
large a € R, the event AN B, € F,, has positive probability. Since X
satisfies (iii), Lemma [2.4] again yields

P(ANB,N{X;,/X; >1-46})>0
for any 0 > 0. Since AN B, N{X,, /X, >1—-6} C An{X,, — X;, > —da},
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we have

P(AN{X,;, — X, > —da}) >0,
and it is sufficient to take d = €/a. m

Summing up, we have three conditions which are necessary for the ab-
sence of arbitrage over simple strategies. The following lemma shows that
condition (a) (and any of the previous conditions) is necessary and suffi-
cient for the absence of arbitrage over simple strategies for nonnegative local
martingales.

THEOREM 2.18. Assume X is a nonnegative cadlag process that admits
an equivalent local martingale measure Q. Then X satisfies condition (AA)
if and only if X satisfies condition (a).

This result is borrowed from Proposition 1 in [2]. We use the same tech-

nique with some simplifications.

Proof. Sufficiency: Assume X satisfies (a) and admits a simple arbitrage
strategy. We may apply Corollary [2.7)to find two stopping times 71 < 75 < T
such that either

PX;,—X;>0|F,)=1 and P(X,, — X, >0|F,)>0, P-ae.,
or
P(X, — X, <0|F)=1 and P(Xs — Xr, <0|Fy) >0, P-ac.

Without loss of generality we can assume that the second case holds. It
follows that X, < X, almost surely and P(X,, — X, < 0) > 0. Since X
is a cadlag process, it follows that inf;cjg7) X is almost surely finite and
P(infyer, m(Xe — X)) > —n) /1 as n — oo. Then

JI0 X finf ey 7y (Xe =Xy ) >y = 1

and by the dominated convergence theorem for conditional expectation we
obtain

lim E(X{infte[Tl,T](Xt*X-rl)>*T]} | FTl) =1

n—0o0

Clearly P(X,; < M) /1 as M — oo. So letting

Anty = {P(tei[?lfﬂ(Xt ~ X)) > - ] Fr) >0} 0 {X, < M}

we have

(2.3) P(AypyN{X:, — X7 <0}) >0

for M, n sufficiently large. Define the following two stopping times:
5 sl ifCUGAMJ], 5 T2 ifWEAM,ny
TENT fwe Ay, 0T ifwé Ay,
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Let 7 = inf{t > 7 : Xy > M +n+ 1} A 7. We claim that if 7 = 7
almost surely on Ay, then xa,,, (X: — X7,) is bounded in [r1, 72]. Indeed,
if 7 = 7o, then Xy < M +n+1 for t € [11,72). Moreover, X, < M and
also X7, < M a.s. on Ay, and X is a nonnegative process, hence —M <
XAnsn (Xt — Xr) <M+n+1fort € [r, ). The boundedness implies that
the local martingale xa,,, (Xt — X,) is a martingale and Eq(xa,,, (Xt —
X7) | Fr,) = 0. This means that Q(Ay, N {X7, — Xr, < 0}) = 0 and
clearly P(An, N{X:, — X7, <0}) =0, which contradicts (2.3). So we may
assume that the event Ajr, N {7 < 72} has positive probability. Note that
Apg T < T2} € Fr, because Ayry € Fry C Fr and clearly {7 < 72} € F-.
Since X is cadlag, X; > M +n+1on Ay, N {7 < 7o} and since X, < M
on Ay, we have

AM,n N {7‘ < 7:2} N {XTQ —X; > —77}
CAunN{r <R}n{M—-(M+n+1)> —n}.
Hence P(Apry N {7 < 72} N{X,, — X7 > —n}) = 0, from which in view of
the inclusion

{ inf X;—X;>-n} C{Xn,— X, > -n},
te[r,T]
it follows that
P(A n{r<r m{ inf X, — X, > — }):0.
M {T 72} telnglyT] t n
We now show that

P(tei[I;fT] Xi— X, > —) ‘ ]-"T> =0 on Ay, N{r <l

which contradicts condition (a). Indeed, otherwise E (X{infte[T 1 X=X, >} |
Fr) > 0on Ay, N {7 < T2} with positive probability and clearly

XAng y{r < B (Xfintoe gy Xi— X, >} | Fr) >0
with positive probability. Then, since the event Ay, N {7 < 72} belongs
to F;, we have
P(AM,n N{r<mln { inf X, — X, > —n}) >0,
te[r,T)
a contradiction.
Necessity: Apply Lemma [2.16] =

Note that the existence of an equivalent local martingale measure is not
equivalent to absence of arbitrage over simple strategies. The following ex-
ample, given in [3], exhibits a nonnegative local martingale that admits an
arbitrage opportunity in Sp.

d
d

EXAMPLE 2.19. Let (B¢)¢>0 be a Brownian motion with By

=1 an
let 7 = inf{t > 0 : By = 0}. Define Xy = Biay(tr/2)ar for t < 1 an
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X1 = B; = 0. Then X is a nonnegative local martingale. The strategy H
of the form H = —1x() yields an arbitrage opportunity: (H - X); = 1
a.s. and (H - X)o = 0 a.s. Clearly X; does not satisfy (a) since for 7 = 0
and T' = 1, inf;¢[o 1](X: — Xo) = —1. Notice that the simple strategy is not
a tame strategy (since X; can take arbitrarily large values before reaching
zero), so that we are not able to use the general arbitrage theory developed
by F. Delbaen and W. Schachermayer (see [4]).

Below we give another example of a nonnegative process that admits an
equivalent local martingale measure, but has a simple arbitrage strategy.

EXAMPLE 2.20. Let y(0) = 1 and P{y(n) = 2""'} = P{y(n) = -2~}
=1/2 forn = 1,2,.... Let 2(t) = Z?:oy(i) for K <t < k + 1. Define
X; = z(tan(tw/2)AT) for t < 1 and Xy = 2(7) with 7 = inf{¢t > 0: 2(¢) = 0}.
The arbitrage strategy is given by H = —1x( ). Clearly (H - X); =1 as.
and (H - X)o =0 a.s.

REMARK 2.21. The examples above show that without (a), absence of
arbitrage may not hold. It would be interesting to find a condition weaker
than (a) which together with the existence of an equivalent local martingale
measure implies (AA).

2.5. Absence of arbitrage over simple strategies without short-
selling. We now give necessary conditions for the absence of arbitrage over
simple strategies with shortsale restrictions.

DEFINITION 2.22. We say that an adapted cadlag process X satisfies
condition (b) with respect to the filtration F if for any € > 0 and any stopping
time 7 such that 7 < T a.s. we have

P( sup (X: — X;) <e
te[r,T)

.7-"T> >0 P-ae.

REMARK 2.23. Condition (b) is weaker than stickiness. The proof is the
same as that of Lemma 2.4 with an obvious modification: it suffices to
change the last display of the proof to

Am{tes[lig"]|XT_Xt’ <e} CAm{teS[lig“](Xt_XT) <e}

and apply Lemma

LEMMA 2.24. Let X be an adapted cadlag positive process. Then the fol-
lowing statements are equivalent:

(i) For any stopping time T with 7 < T a.s. and for any € > 0 we have

P( sup (X; — X;) <e ‘ J’:T> >0 P-a.e.
te([r,T]
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(ii) For any € > 0 and for any two stopping times 71 < 19 < T we have
P(X;, — X, <e€|F,) >0 P-ae.
(iii) For any 6 > 0 and for any two stopping times 71 < 19 < T we have
P(X., /X <1+4+0|F,)>0 P-ae.

Proof. One can use similar arguments to those in the proof of Lemma
217 =

LEMMA 2.25. Let X be an adapted cadlag process. If X satisfies condition
(AA™), then it satisfies condition (b).

Proof. Assume X satisfies (AA™T) but not (b). Then there is a stopping
time 7 with 7 < T a.s. and € > 0 such that P(sup,c[ (Xt — Xr) <e€| F7)
= 0 with positive probability. Define

A= {P(tes[lﬂl-g“](Xt - X;)<e

F)=0}erF.

Then E(XAX{SUpte[T 7)(Xi—X-)<e} | ) = 0 almost surely. Hence P(A N
{SuPte[r,T] (X: — X;) < €}) =0 and since

T e

we obtain

(2.4) inf (X;— X;) < —e on A with probability one.
te[r,T]

Let 7 =7 on A and 7 =T on A°. Then 7 is a stopping time since A € F.
Define 0 = inf{t > 7 : Xz — X; < —¢/2}. Clearly o is a stopping time, and
since X is cadlag, Xz — X, < —e€/2 on A with probability one. We claim
that ¢ < T almost surely on A. Indeed, otherwise P({oc > T} N A) > 0, so
P({X7 — X; > —¢/2} N A) > 0 for any ¢ € [7,T], which contradicts (2.4).
Finally, we define the stopping time & = 0 on A and & =T on A°. Then we
have x4(Xs — X3) > 0 almost surely and P(xa(Xs — X3) > 0) > 0. Hence
XAX(7,5) s an arbitrage strategy. Note that xaX (7,5 € Sj'f , which contradicts
(AAT). =

LEMMA 2.26. Let X be a nonnegative cadlag process. If there exists an
equivalent probability measure Q such that X is a Q-supermartingale, then
X satisfies (AAT).

Proof. Assume that X admits a simple arbitrage strategy without short-
selling. Then by Lemma there exists G € S;f of the form G = gX(o,,0y)
such that g(X,, — X5,) > 0 P-a.e. and P{g(X,, — X5,) > 0} > 0. Since
G € S:JF , g is a nonnegative random variable, hence X,, — X,, > 0 P al-
most everywhere and clearly EQ(XU2 — Xo, | Foy) = 0. Moreover o1 < 09
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are bounded stopping times and X is a @-supermartingale, so by the op-
tional sampling theorem we have Eg(X,, — X5, | Fo,) < 0. This means
that Eg(Xs, — Xo, | Foy) = 0 and X,, — X5, > 0 Q-a.e., which contradicts
P{g(Xs, — X5,) >0} >0. m

REMARK 2.27. We remark that existence of a local martingale measure
implies (AA™) but not (AA) (it is well known, see e.g. [11}, 1.5.19(ii)], that a
nonnegative local martingale is a supermartingale, which means that if there
exists an equivalent probability measure () such that a nonnegative process
X is a Q-local martingale, then X is a Q-supermartingale; as we showed in
Examples the existence of an equivalent local martingale measure
does not imply (AA)).

2.6. Multidimensional characterization. In this section we extend
the absence of arbitrage characterization to the case of a market that consists
of a bank account and several risky assets (d > 1). First, we introduce
a sufficient condition for absence of arbitrage over simple strategies with
shortsale restrictions.

DEFINITION 2.28. We say that an adapted cadlag process X satisfies
condition (c) with respect to the filtration F if for any two stopping times
71 < 19 < T we have

P((N{xS, < X2} \ Fn) >0 Pae,
Jje€J
where J = {j € {1,...,d} : P(X, # X | F.,) > 0 with positive proba-
bility}.
LEMMA 2.29. Let X be an adapted cadlag process. If X satisfies condi-
tion (c), then it satisfies condition (AA™).

Proof. Assume that X admits a simple arbitrage strategy without short-
selling. We may apply Lemmato find G = (G',...,G%) € S of the form
G? =g’ X(7,,7,] Such that E?:l ¢ (X4,—X1,) > 0 P-a.e. and P(Z;l:l g (X2, —
X2) > 0) > 0. Then there exists k € {1,...,d} such that P({gF > 0}
N{XF % XF1) > 0. Indeed, otherwise P({g" = 0} U{XF = XF1}) =1
for all k € {1,...,d} and 2?21 ¢’ (X4, — X1,) = 0 almost surely. Note that
it P({g" > 0} N (X5 # XE}) > 0 then P({g" > 0} 0 {XE # XE} |
Fr,) > 0 with positive probability and because {g* > 0} € F,, it follows
that P(X* 2 X% | F,) > 0 with positive probability, which means that
k € J. We now show that

P({gk > 0} m]@{xg el ) —: P(B) > 0.



398 A. Rygiel and L. Stettner

Since X satisfies condition (c) and {g¥ > 0} € F,,, we have P({gF > 0} N
ﬂjeJ{XZQ < X2} | Fr) > 0 on {¢g* > 0}, which implies that P(B) > 0.
If j ¢ J, then P(XZ, # XL, | Fr,) = 0 almost surely, so XZ, = X7 almost
surely and

d

i—1 jeJ

Moreover, we have g*(X* — Xk ) < 0 as. on B and ¢(XL, — X)) <0as.
on B for j € J. It follows that

D P, - XL) = g"(Xp, - X5 + )9 (XL, - X)) <.

jeJ jeJ

Jk

So P(Z?Zl ¢ (X, — X1) < 0) > P(B) > 0 and we get a contradiction to
Z;l:l ¢/ (X%, — X2,) > 0 almost surely. m

We now give a sufficient condition for absence of arbitrage over St.

DEFINITION 2.30. We say that an adapted cadlag process X satisfies
condition (d) with respect to the filtration F if for any two stopping times
1 < 179 < T we have

" kl_)[e{o 1}dP(]Q{(_1)kj (ng - X%) > 0} ‘ .7:71) >0 P-ae.,
1,--,ka) €40,

where J = {j € {1,...,d} : P(XJ, # XJ | Fr,) > 0 with positive proba-
bility}.

LEMMA 2.31. Let X be an adapted cadlag process. If X satisfies condi-
tion (d), then it satisfies condition (AA).

Proof. Assume that X admits a simple arbitrage strategy and satis-
fies (d). As proved in Lemma there is an investment strategy G =
(GY,...,G% € Sy of the form G7 = ng(n,Tz} such that Z?Zl g(XI, - Xx1)
> 0 P-a.e. and P(Z?Zl ¢/ (X2, — X2) > 0) > 0. Note that, as in the proof
of Lemma , the inequality P(Z?Zl ¢ (X1, — X1) > 0) > 0 implies the
existence of k € {1,...,d} such that P({g" # 0} N {XF # Xk}) > 0.
Without loss of generality, we can assume P(A) > 0, where A = {g* > 0}
N{XE # Xk} It is clear that

P U N 0sgzo) =1

(kl,...,kd)é{o,l}d jEJ\{k‘}
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Therefore we can assume that there are (I1,...,13) € {0,1}% such that
P(Aﬁ N (Db > 0}) > 0.
j€\{k}

Let B = {g" > 0} N Njep iy {(=1)"¢7 > 0}. Then B € Fy, and P(B N
{X% # XE1}) > 0. It can be shown using the same arguments as in Lem-
ma that k € J. From condition (d), we have

P( ({(-D)b(XZ, - X7) <0} ) Fﬁ) >0 P-ae.
Jj€J
Hence E(XBXﬂjGJ{(fl)li (x4, ~X7,)<0} | F7,) > 0, which implies that

P(B A{XE <xErn () {(=Db(xd, - X3) < 0}) > 0.
j€\{k}
Letting C = BN {X} < Xk} n ﬂjej{(—l)li(Xﬁ2 — XJ,) < 0} we have
g"(XE —XF)<0as. onC and ¢ (X2, — X1) <0as. on C for j € J\{k}.
Moreover, from the definition of J we infer that if j ¢ J then P(X7, = X7, |
Fr,) = 1 almost surely, so X7, = X, a.s. and

d
ZQJ(X% - X7J-1) = Zg](Xﬁg - ‘X‘?j)
j=1 jeJ

Finally, on C' we have

d
S g, - X3,) = H(XE, - X5) + 3 (X3, - X2,) <.
j=1 jeJ
J#k
Hence P(Z?Zl ¢ (XL, — X1) < 0) > P(C) > 0, again contradicting the fact
that E?:l ¢/ (X%, — X2,) > 0 almost surely.

2.7. Embedded discrete time market characterization. The re-
sults in this section are based on the proof of the Dalang—Morton—Willinger
theorem for a discrete-time model given in [9]. Directly from this theorem
we obtain the following characterization for absence of arbitrage over simple
strategies.

THEOREM 2.32. The process X satisfies condition (AA) if and only if for
any positive integer n > 2 and any sequence of stopping times 0 < 7 < --- <
o = T there exists an equivalent martingale measure Q such that (X)) is
a QQ-martingale.

The following theorem is an adaptation of Kabanov and Stricker’s tech-
nique (see Theorem 1 in [9]) to the case of shortsale restrictions. Consider
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the case T = 1. Let X = (X, X1) be an (Fy, F1)-adapted R?-valued process
and let AX" = Xi — X} Let K = {£: & =% N'AX' N € P}, where
P is the set of predictable nonnegative processes and Ai" =K-— Lg{. By flf
we denote the closure of Al+ in probability.

THEOREM 2.33. Assume (AA™T) for T = 1. Then the following conditions
are equivalent:
(i) AT NLY ={0}; )
(ii) AT NLY = {0} and AT = Af;
(it) A7 (L = {o};
(iv) there is a probability measure Q ~ P with dQ/dP € L* such that
X is a Q-supermartingale.

Proof. (i)=>(ii). We have to show that Aj is closed in probability. Sup-
pose that Ele NiIAX'—r, — ¢ P-a.e., where N! is Fy-measurable nonneg-
ative and 7, € LY. Let £2; = {liminf |N,| < co}. On (2; (by Lemma 2 in [9])
there is a random sequence ny(w) such that N}, (w) — N*(w) for all w. Then
necessarily r,, = Z;.i:l NflkAXi — (p, tends a.s. to Zle NIAX'— (=7
> 0 and therefore ( € Al as. On 2 = {liminf |N,| = oo} we define
Gn = N,/|N,| and h,, = r,/|N,|. Note that G,, € S?!, where S?~! de-
notes the unit sphere in R?, and we may (as in the proof of Theorem 1 in [J])
find Fp-measurable nonnegative Gy, such that G, (w) is a convergent sub-
sequence of Gy (w) for every w. Since Z?Zl G{AXY — h, — 0 we obtain
S GIAXT = h, where Gi(w) = lim Gy, (w), which (in view of (AAT))
means that Z?Zl G'AX? = 0. Note that there exists a partition of 25 into
disjoint subsets (25 € Fo such that G* # 0 on §25. Let 3, = mingiy N, /G*
on §25. Now we can define the sequence ]\7% = N! — B,G" with the prop-
erties: Y% NIAX? = S NIAX? and Ni > 0 for i = 1,...,d. This
procedure leads to elimination of nonzero components of the sequence N,
so by iteration we can construct the desired sequence.

(i)=(iii). Trivial.

(iii)=(iv) and (iv)=-(i). We proceed in the same way as in the proof of
Theorem 1 in [9]. =

REMARK 2.34. In the original paper the time horizon 7' > 1 was consid-
ered. Here we adapt their techniques only in the case T' = 1. For T' > 1 their
procedure does not seem to work in the case of shortselling.

COROLLARY 2.35. (AA™) in discrete time is equivalent to existence of
an equivalent supermartingale measure Q.

Proof. To construct an equivalent supermartingale measure ) we use
induction on T'. For T' = 1 Theorem [2.33] applies. Suppose that there is an
equivalent probability measure @', defined on Fr, such that dQ'/dP € L>®
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and (X;)L is a Q'-supermartingale, i.e. Xi,..., X7 € L'(£2, Fr,Q') and
Egi(Xep1 | Ft) £ Xy fort = 1,...,T — 1. Theorem applied to the
probability space (£2, F1, Q') gives us a probability measure Q ~ Q' with
dQ/dQ' € L> such that Eqg(X; | Fo) < Xo. Define Q on Fr by

dQ _ dQ dQ

dP  dQ! dP’
Then since dQ/dQ" is bounded and JFj-measurable we have

EQ(Xt+1 ’.Ft) SXt fOI“tZ l. =
We are now ready to state the main result of this section:

THEOREM 2.36. The process X satisfies condition (AA™) if and only if
for any integer n > 2 and any sequence of stopping times 0 < 11 < -+ <
Tn = T there exists an equivalent supermartingale measure @ such that (X))
is a Q-supermartingale.

3. Markets with proportional transaction costs

3.1. Problems and illustrative examples. Note that absence of ar-
bitrage over one period and absence of arbitrage over a multiperiod are not
equivalent in the case of proportional transaction costs. The following ex-
ample gives a deterministic process that satisfies weak absence of arbitrage
without shortselling (AA{) over any single period and has a strict arbitrage
opportunity over the whole period.

ExaMpPLE 3.1. Consider the deterministic model with 7" = 2, S5y = 1,

S; =2 and Sy = 3. Assume A, i € (0, 1) are such that

1+ A
(3.1) T € (2,3).
We first show that S admits a strict arbitrage opportunity without short-
selling. Consider the investment of buying p%)\ assets and borrowing —1 from
the bank account at time ¢ = 0 with no change of portfolio at time ¢t = 1,
so (Axg, Ayy) = (—1,1_,%\) € LY(—Go, Fo) and (Azy,Ayr) = (Axa, Ayo)
= (0,0). Then (x2,y2) = (—1, HLA) = Z?:O(Axi,Ay,-) € A? and if IJ%)\ >
ﬁ then (z2,y2) € LO(int G2, F2). But since % < 3 by we get the
required inequality.

We now prove (AAY)) over the single period 0 <« 1. Let (x1,y1) =
(Ao, Ayo) + (Azy1, Ayy) be a position such that (z1,y1) € AL NLO(Gy, Fy).
We have to show that (z1,y1) € LY(0Gq, F1). Shortsale restrictions imply
that y; > 0 and Ayg > 0, hence as (x1,v1) € L°(G1, F1) and (Azg, Ayo) €
LY(—Go, Fo) we get 1 > Q(%flu) and Ay < =2Z0 Moreover implies

1+A
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that =8%0 < —AZo (note that Azg < 0), so we have Ayy <

Tt = 2(1-p) Then

( )
—I1 A
<y < =0
2= == 20
from which it follows that Ay, > ( ) On the other hand we know that
(Azy, Ay1) € L°(—G1, Fr), so Ay; < ﬁ Consequently, Ay; = 2(16‘”;)
and y; = 2(_17?#), which implies that (z1,y1) € L°(0G1, Fi).

We finish by proving (AAY) over the single period 1 <+ 2. We assume that
at time 1 we make an investment starting from (0,0) borrowing —Az; from
the bank account and buying Ay assets. Take any (x9,y2) = (Ax1, Ayy) +
(Azo, Ays) € A2 N LY(Ga, F2) such that Ay; > 0 and y2 > 0. Then yo >

—L2 - and Ay < (1A+>\) By using we have 2_(A7ml < Az (we know

3(1—p) 1+A) = 3(1-p)
that Az; < 0), hence

+ Ayla

—T9 —Azy
2 <y ——b
3(1—p) 3(1—p)
which means Ay, > 3_(1A_$i). But (Azz,Ays) € LO(—Ga, F2), so Ays <
3_(1A_Ilf). Consequently, Ay, = 3_(1A_$lf) and yo = 3(_17”_”2/0, which means that
(z2,1y2) € LY(0G2, F2) (i.e. (AAY) holds over 1« 2).

Another example shows that the study of arbitrage using the strategies
without shortselling cannot be restricted to one period (as in the case without
transaction costs).

EXAMPLE 3.2. Let T =2and Sg =1, 51 = S(](l +§1), Sy = Sl(l +52),
where &1, & > —1 almost surely. Assume that

(i) 1+¢& < H)‘ with positive probability,

(i) %(1 - 5) g 1+ & P-a.e., where § > 0 is such that (1 —§)% > ;&

+ Ay%

1+)\
We claim that there is no strict arbitrage over periods 0+ 1land 1+« 2.
It is sufficient to show that the position of the form ( 1 ) € A is not an

1+>\’ then
liquidating it at time ¢ = 1 we find that —1-+1=£ e £(14&1) > 0 P-a.s. whenever
1+& < 1+’\ , which is not satisfied (by (i)). Consider the whole period; let
again rg = —1 Yo =

) 1+,\
arbitrage opportunity. In fact, if at ¢ = 0 we have zog = —1, yo =

1+>\’ then liquidating the p081t10n at time ¢ = 2 (with

no change of portfolio at time ¢ = 1) we find that —14 -4 Tx(1+&)(1+&) > 0
is satisfied when (14 &;)(1 4+ &) > 1+)‘ , which holds when (1 — §)% > L%\‘

3.2. Sticky type conditions. Let Y = (Y)g(o,7) € Br, where

Zyzx (7] () F Yn1X(_1,m) (E) + Yn X1y (1)
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for some integer n > 2 and a sequence of F-stopping times 0 < 77 < ---
< 1, =T. The value process generated by the simple strategy Y is given by

n—1

d
(3.2) W%V:Z[ny I.-X AJZXJ yl —yl_)"
j=1

WS XL ) - N X, — i )X,

where y/ = 0 for all j =1,...,d. The term Z?:ﬂ)\j S XLyl —yl )+
S X% (yi - yg_l)_] corresponds to the cost of trading. The liquidation
cost at the end of trading equals Z?zl[)\j (yn)~ X4, + 1/ (yh) T X4,]. Observe
that WY = Ry(xn,yl,...,yd), so we can now reformulate the definition of
strict absence of arbitrage. We say that we have a strict arbitrage opportunity
with respect to the class of simple strategies (resp. simple strategies with-

out shortselling) if there exists a simple investment strategy Y € Bp (resp.
Y € B}) with the properties

(3.3) WY >0 P-a.e. and P(WY >0) > 0.
We start with the case d = 1.

DEFINITION 3.3. We say that an adapted cadlag process X satisfies con-
dition (S) with respect to the filtration I if for any stopping time 7 < T and
any € > 0 we have

P( sup
T<t<T

In the next lemma we show that condition (S) is sufficient for weak
absence of arbitrage at time 7". This result is based on Proposition 1 in [13].

It

<€

.FT> >0 P-ae.

PROPOSITION 3.4. If the adapted cadlag process X satisfies condition (S),
then there is no strict arbitrage at time T (i.e. (AAy) holds).

Proof. Assume Y = (Y3)ico,r) € Br is an arbitrage strategy. Then the

value process WY satisfies WY > 0 P-a.e. and P{W} > 0} > 0. Let 0 =
min{i € {1,...,n} : y; # 0}. Since P{W.X >0} > 0, the event A = {7, <T}
has positive probability. Observe that on the set A € F, we can write

n+1 n+1

W%/ = Zyi(XTHI - XTi) - )‘ZXTi (Z/i - yi—l)+ - /’LZXTi(yi - %‘—1)77

where 7,11 =T, yo = 0 and y, 11 = 0. If we denote Xn = X;, — X, , then
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n n ~ n ~ n+1 ~ n+1 ~
Zyi(XTiJrl - XTZ) = ZinTiJrl - Z.%Xn = Z yileTi - Zy’LXTZ
=0 =0 =0 i=o+1 =0

n+1 _
= Z(yifl — i) X,
=0
Hence
n+1 _ n+1 n+1
Wy = Z [(yi—l — i) X, — A ZX” (yi —yi—1)T — MZX%' (yi —yie1)” |-
=0 =0 i=0
Note that

(i1 = y) Xr, = AXr (i —yi )T — 01X, (yi — vi1) ™
== —yi-) [+ N Xr, = Xo ]+ (yi — yim1) " [(1— ) X, — X, ]
for all i € {1,...,n+ 1}. It follows that

n+1 n+1
Wr = Z(yz' —yi-1) [(L=p) X, — X7, | - Z(yi —yim) T+ N X, — X )

Since X satisfies condition (S), the event

In

B =AnN { sup
To <t<T

-

has positive probability for any € > 0. Observe that on B¢,
L _ X, _ 1
T+x X, 1—p
whenever € < min{In(1 + X), ln(ﬁ)} Moreover, on A there is i € {o,...,
n + 1} such that (y; —yi—1)” # 0 or (y; — yi—1)" # 0 (by the definition
of A and o). Therefore W}/ < 0 on B¢, which contradicts the assumption
P{WY>0}=1.n

REMARK 3.5. Under (S) we also have (AAY) (clearly, if there is a strict
arbitrage opportunity without shortselling, then there is a strict arbitrage).

To

foralli e {o,...,n+ 1}

REMARK 3.6. Under (b) we also have (AAY) (absence of arbitrage with-
out transaction costs implies weak absence of arbitrage: observe that
n—1
W}/ < Zyi<X7'i+l - XTi) =Y - X)r,
i=1
soif Y € By satisfies ([3.3)), then the simple strategy ¥ = St YiX(ri,ria] ()
is an arbitrage opportunity without shortselling).
The following lemma has important consequences for characterization of
weak absence of arbitrage under shortsale restrictions.



Arbitrage for simple strategies 405

LEMMA 3.7. Let &, &1, ...,&, be a sequence of nonnegative random vari-
ables on a probability space (£2,F,P), and no,n1,...,Mn be a sequence of
nonnegative random variables with n, = 0. Then

N {0 =g < T +N&} S {Weg o (h0, - 7) < 0},

ZvJE{Oavn}
1<j

where A\, € (0,1) and

Weo 1,mten (105 -+ 710) Zm 1(& — &) Anofo—ZA )t

—Zu —0im1) & — n16n

form > 2 and
Weoe1(m0,m1) = m0(§1 — &0) — Mmoo — pmoéa-

Proof. We use induction on n. First we prove the statement for n = 1.
Since 19 > 0 we have

Weo.e1 (0,m) = mo[(1 — )& — (14 A)éo] <0

on the set {(1 — p)&1 < (1 + A)&}. Now suppose that the assertion holds
true for k£ — 1. Observe that

Weo 605115 -5 m1) = 10[(1 4+ N)EX fny5m01 + (1= 1)E1X 1 <no}]

k—2
—no(L+ N0 + D mil(1+ Né&t1Xnsrsny + (1= WE 41X {misa<nit)
=1
k-2
= w1+ Néixmsniy + (1= 0EX mi<ni_iy]
=1

+ k-1 [(1 = )& — (14 N1 X{ne_15me o} — (1 = 11X {1 <mp_o})-
We consider first the process We, ¢, ¢, (0,715 - - -, M) X {ng=n}- Clearly

Weoer, 60 (M0, M1, ank)X{no:m} = Weo ta,60 (m, .- 777k)X{770:771}

and

N {O-wg<a+narc [ {0-w& < @T+N&},

i,jE{IO,....,k} i,jG{O,‘...,ﬂ}\{l}
1<)
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so by the inductive hypothesis we have

(3.4) N {0-wg<@+1&}

1,5 E{0,..k}
i<
" C {W£07£17~~7£k <n07 7717 e 7nk‘)X{770:7]1} < 0}

The next step is to consider the process

Weo 1, (105115 -+ M) X {p <o} = X{n1<no}{770[(1 — )& — (14 AN)éo]
+m[(1+ N&X{pn>nmy + (1 — WX <))

k—2
—m(l—pé + Z ni[(1+ A)€Z+1X{771+l>m} +(1 M)§i+lx{77i+1<77i}]
=2
k—2
- Z ni[(l + )‘)giX{m>m71} + (1 - u)giX{ni<m71}]
1=2

[ = 1€ = (1 NE1X e 2y — (1= €1 Xmr<me_] -

Note that

nol(1 — p)&r — (1 4+ A)go] <ml(1 — p)&r — (1 + A)éo]
on the set {(1 — )& < (L+ XN)é} N{m < no}, from which it follows that

WEnglymvﬁk (7707 M- 777k)X{171<770} < X{n1<n0}{_771(1 + )\)fo
+ (1 + NEX{ponm) + (1 = WX (p<m)]

k—2
+ Z mil(1+ )\)fi+1X{Tli+1>m} +(1- M)§i+1x{ni+1<7]i}]
=2

- Z 771 1+ )‘ fZX{m>m 1} + ( M)fiX{nKm_l}]

+ nk—l[(]‘ - M)fk - (]' + )‘)fk—IX{nk,1>nk,2} - (]‘ - M)fk—lX{nk,1<nk72}]}.

Observe that the right hand side represents We, ¢, ¢, (71, ..., m%) on the set
{m < mo} and hence

ﬂ {1 =& <A+ N&}

ivje{oz'“vk}
i<j

CA{Weo 1 (10,105 - )X <o} < Weo oo (05 -+ 5 ) X {m <o} }
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By the induction hypothesis we have

N {(1=)& < A+ NE&} C {Wep o, (1, - i) < 0F,
1,7€{0, k}\{1}

1<)

which means that

35 ) {0-wg<@+N6}
ije{l,...k}

1<J
C{Weo g1 (10,015 - - )X g <o} < O}

Now we turn to the process We, e, e, (10,115 -+ - M) X >mo}- Let | =
max{s : 71 < -+ < Ms—1}. We remark that [ is well defined because we
assumed that ng,n, ..., 7, are nonnegative random variables and 7, = 0.
Clearly,

Weo it (10 M- - -, nk)X{m>n0}
-2

= X{m>no}{ Z Nil(1+ A)&it1 — (1 + A&
1=0

+ 0y [ = )& — L+ A&,
+ 77[[(1 + A)£[+1X{77f+1>77i} + (1 - M)€[+1X{n[+1<n[} - (]‘ - ,U«)ﬁf]
k—2

+ Z mil(1+ A)§i+lx{77i+l>77i} +(1 - M)€i+lx{77i+l<77i}]
i=I+1
k—2

- Z 771[(1 + )‘)fiX{m>m‘_1} + (1 - .U)fz'X{m-<m_1}]
i=l+1

on the set {I =1} for some [ € {1,...,k}. Since
N[ = )& = L+ )& ] <nml(1 = ) — 1+ A&y
on the set {I =1} N{(1 - )& < (1+ A&} we have

Weo &1, (110,110, -« - M) X o >0} X 1=y
-2
< X{m>no}X{z:i}{ D mil(1+ Néirn — (1+ 28]
=0
+ {1+ NE X, mny + (1= & X, <y — (L+ X&)
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T
no

ni[(1+ A)€i+1X{W¢+1>m} + (1 - ﬂ)§i+1X{Tli+1<m}}
1

+
]

J’_

?er
N

- ni[(l + A)gix{ni>77i—l} + (1 - M)éix{ﬁi<77i—l}]
1

||l
F

+ nk—l[(]‘ - M)fk - (]' + )\)é-k—lx{nk,1>1’]k,2} - (]‘ - M)fk—lX{nk,1<nk72}]}.

This means that

W10 (11051105 - < s M) X oy >0} X 121y
< W€07‘"7§Z_1)£l'+1’~-,§k (7707 cee 777[_27 77[) ey nk)X{n1>n0}X{l:l~}
on ﬂi,je{o,...,k},iq{(l — )& < (1+ A&} and by induction we have

(36) (N {1-w&<@+28}

C{AWeo 1,0 (005 715+ s M) Xy 5o} X iy < 03
Summing up, we have shown (by (3.4)—(3.6)) that

ﬂ {(1 — /,L)f] < (1 + A)éz} C {W£0,§1,...,§k (77077717 s Jlk) < O}’

1,7€{0,....k}
1<j

which proves the lemma. =

DEFINITION 3.8. We say that a process X satisfies condition (D) with
respect to the filtration F if for any stopping times 0 <7 < --- <7, =T
we have

P = w)Xs, < (141X, }) > 0.
1<j

THEOREM 3.9. If X is a process satisfying condition (D), then it satisfies

(AAY) (weak absence of arbitrage without shortselling).

Proof. Apply Lemma to the sequence of nonnegative random vari-
ables
Xoyy Xogy oo Xo 1, Xo), X

n+1

where 7, = 7,41 = T, and the sequence of nonnegative random variables
Y1y Yn+1,
where yp+1 =0. =

We now define the multidimensional extension of condition (S) and show
that it is sufficient for weak absence of arbitrage for a multi-asset model (see
Proposition 1 in [13]).
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DEFINITION 3.10. We say that an adapted cadlag process X satisfies
condition (S%) with respect to the filtration I if for any stopping time 7 < T
and any € > 0 we have

d
P sup
(N2,

PROPOSITION 3.11. If the adapted cadlag process X satisfies condition
(S%), then it satisfies (AAy) (no strict arbitrage).

XJ
In =Lt
X}

< e} ‘ ]:T> >0 P-ae.

Proof. The idea of the proof is the same as for the case d = 1. Suppose
to the contrary that there is a strategy Y = (Yi);ejo,r) € Br such that

WY >0 P-ae. and P{W} >0} > 0. Let 0 = min{i € {1,...,n}: yf #0,
j=1,...,d}. Since P{W} > 0} > 0, the event A = {7, < T} has positive
probability. Note that on the set A € F., we can write

Wy = Z (Zyz Do - XD)
n+1 n+1

— M ZX%(yf — yfj_l)+ - Z X%(?/Z - yzj—1)7>v
i=0 =0

where 7,41 =T, yg =0 and yZLH =0for j =1,...,d. As observed in the
proof of Lemma [3.4] the value process can be expressed by

WE =303~y )T - )X, - X
j=1 i=c

n+1

—Z —yl 1) 1+ M)XI —Xﬁa]]

®

has positive probability for any e > 0. Note that on B¢, (1 — /) XL < XI,
and (1+ M)XZ > X! forallie {o,...,n+1}, j € {1,...,d} whenever
e < min{In(1 + X), ln(1 “])} Moreover on A there are i € {a ,n—+1}
and j € {1,...,d} such that (yl - yi_l) # 0 or (yl - yi_l) #0 (by the
definition of A and o). Therefore W < 0 on B¢, which contradicts the
assumption P{WY >0} =1. u

Since X satisfies condition (S?), the event

Xj
In —L

d
:Aﬁﬂ{ sup b

=1 \Te<t<T
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As an extension of Theorem to the multidimensional case, we give a
sufficient condition for weak absence of arbitrage with shortsale restrictions.

DEFINITION 3.12. We say that a process X satisfies condition (D?%) with
respect to the filtration F if for any stopping times 0 <7 < --- <7, =T

we have ;
P( M- w)XE <1+ AJ’)X%}) > 0.
1=li<k

THEOREM 3.13. If X is a process satisfying condition (D), then it sat-
isfies (AAY) (weak absence of arbitrage without shortselling).

Proof. Assume Y = (Yi),c(0,1]) € B is an arbitrage strategy. Then the
value process generated by Y with shortsales restrictions, given by

W%/:Z[Zyl 7'+1_ ) Xj +)‘]ZXJ _y'L 1)

Jj=1 =1
- ujZX%(yi —yl )T —wyXi |,

where 7, = 7,41 = T, satisfies W > 0 P-a.e. and P{W} > 0} > 0. Note
that

Y _ J J
Wr = Z X2, e X, X3 (Yis - Yng1)s
—

Tn+1

and by Lemma

d
N N {Q-w)X) <1+ N)x2)
j=like{l,..n}

i<k

Cﬂ{ X3, x5 l(y{a--«ayi+1)<0}.

717 ) T7L7

As X satisfies (D?), we have P(ﬂj:l{WX%’M,in+1 l,... ,yf;b_i_l) < 0})>0.
Hence the set {WWX < 0} has positive probability, contrary to WX > 0
almost surely. =
3.3. Embedded discrete time market approach. The positive dual
cone of a cone G C R¥! is defined as
G* = {v e R : (v,w) >0 for all w € G}.

Denote by ME(G* \ {0}) the set of martingales Z = (Z;)_, such that
Zy € LO(Gy \ {0}, F) for all t =0,...,T.
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For a discrete time model, [5] and [12] give criteria for (AAy) in the
two-dimensional case.

THEOREM 3.14. Let d = 1. Then (AAy) holds iff
Mg (GT\{0}) # 0.

Let us recall the result of [10] about the characterization of (AAg) in a
discrete time model.

THEOREM 3.15. (AAy) holds iff there exists Z € ME (G*\{0}) such that
Zp € LO(int G%, Fr).

REMARK 3.16. Note that in the case of shortsale restrictions similar
criteria do not seem to be true. It is therefore an open problem to find a
proper equivalent characterization for absence of arbitrage on the market
without shortselling and with proportional transaction costs.

Let 0 <71 <--- <71, =T be a sequence of stopping times and denote
by Myr  71(G*\ {0}) the set of martingales Z = (Z;,) such that Z,, €
Lo(Gx \ {0}, Fr,) for all i = 1,...,n. Using Theorems and we

obtain

THEOREM 3.17. Let d = 1. Then AT N LY(R?, Fr) = {0} if and only
if Mir o3 (G*\{0}) # O for any integer n > 2 and for any sequence of
stopping times 0 <1 <--- <1, =T.

TureorREM 3.18. AT N LO(Gr, Fr) = {0} if and only if for any integer
n > 2 and for any sequence of stopping times 0 < 1 < --- < 71, =T there
exists Z € My, . 1(G*\{0}) such that Zp € LP(int G, Fr).
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