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ASYMPTOTICS OF UTILITY FROM TERMINAL WEALTH
FOR PARTIALLY OBSERVED PORTFOLIOS

Abstract. We study the asymptotical behaviour of expected utility from
terminal wealth on a market in which asset prices depend on economic factors
that are unobserved or observed with delay.

1. Introduction. In this paper we consider a discrete time market con-
sisting of a bank account with interest rate for simplicity equal to 0 and a
risky asset with price S(n) at time n. We shall assume that the asset price,
which is observed, depends on an unobserved or partially observed Markov
process of economic factors (x,) on a Polish space E with transition op-
erator P, which is Feller, i.e., it transforms the set of continuous bounded
functions into itself. Let X" = o{x;,i < n} and Y" = o{S(4),7 < n}, and
let B(E) denote the set of Borel subsets of E. We assume that
(1.1) P{xpi1 € A| X", Y"} = P(xy, A)

P-a.e. for A € B(E). Let

S(n)
S(n—1)
We shall assume the asset price S(0) at time 0 is deterministic, and therefore
Y™ = o{ry,i < n}. The dynamics of r,, depends on economic factors in the
following way:
(1.3) P{ro1 € B X" Y™} = | q(@ni1, 7, y) v(dy)

B

P-a.e. for B € B((0,00)), where v € P((0,00)), the set of probability mea-

sures on (0,00), and ¢ > 0 is a bounded continuous function. Since we would
like to have formula (1.3|) valid also for n = 0 we assume that we know

(1.2) T i=
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the initial value ry of the dynamics r,. At each time n we choose, based on
available observation, the portion b, of capital invested in the risky asset.
Since we do not admit shortselling or shortborrowing, our control parameter
by, at time n should take values from S = [0, 1]. Starting with initial wealth
Wy the wealth W, at time n is given by the formula

(1.4) Wy =Wp1(1 —bp—1 +bp_1my) forn>1.

Our problem is to determine the asymptotics of the optimal utility from
terminal wealth, i.e. of sup,,) E{U(Wr)}, where U is one of the following
utility functions: U(W) = In W, U(W) = W with o € (0,1), or U(W) =
1 — W~ with a > 0. In other words we are looking for a A such that for
large T' > 0,

(1.5) sup E{U(Wr)} ~ U(eM),
(bn)

where ~ means the same order. This way the problem leads to a suitable
infinite time horizon control problem, where A plays the role of an optimal
value of a suitable long run cost functional. This problem has been studied
intensively with complete observation for the logarithmic utility function
under the name of the Kelly capital growth investment criterion (see [6]
and the references therein). A similar problem with transaction costs was
considered in [4] and in [10], where additionally the power utility function
was also studied. A risk sensitive portfolio problem with partial observation
of economic factors was studied for a general discrete time model in [9].

In this paper we characterize the asymptotics of the logarithmic and
negative power utility functions for a discrete time model with unobserved
economic factors and then study the asymptotics of the logarithmic, negative
and positive power utility functions in the case of delay in the observation of
economic factors. Solutions to both asymptotical problems, i.e., the problems
with partial or with delayed observation, seem to be new. The study of the
growth optimal portfolio with unobserved economic factors strongly relies
on the recent result of [I1] on ergodicity of hidden Markov processes.

2. Ergodicity of hidden Markov processes. We shall assume that
the portion b,, € S of the capital invested in the asset at time n is adapted
only to Y, i.e. we observe the asset prices and our information about the
economic factors (x,) comes from the observation of (S(n)). By it is
clear that the pair (7, x,) forms a Markov process. Given the initial law p of
the Markov process (z,,) define the following sequence of random measures:
mo(A) = p(A) and

SA q(z,rn,rn+1)P(7rn,dz) N(rn77'n+177rn>(A)

(2.1) Tnt1(A) = SE q(z, 7, rny1) Py, dz) - N(rmrn—i-hﬂ—n)(E)
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for A € B(E) where P(my,, A) = {, P(x, A) m,(dz), defining moreover im-
plicitly random measures N (7, 7n41,7n)(-) € M(E), where M (E) is the set
of finite measures on E. One can easily prove (see e.g. [8, proof of Lemma
1.1.1])

LEMMA 2.1. The process m, defined in (2.1) is a representation of the
conditional probability
(2.2) m(A) = P{z, € A|Y"}
for A € B(E), P-a.e., and the pair (ry,m,) forms a Markov process with
transition operator I1.

Notice that when studying the optimal asymptotics of the utility
from terminal wealth, it is important that the pair (7, 7, ) is a non-controlled
Markov process.

Let A (w) = H?;ol q(7iy1(w),7i(w), mi11(w)) and let PO be a probability
measure such that the restrictions P‘% and P, of PO and P respectively to
the o-field X" vV Y™ satisfy the formula Py, (dw) = An(w)ﬂ%(dw). We have

(see [8, proof of Lemma 1.1.8])

LEMMA 2.2. Under PY, (r,) is i.i.d. with law v independent of (z,),
and () is Markov with transition operator P(x,dz’).

For A € B(E) let
(23) Nn(ra Tly.ooyTny, 77)(‘4) = N(Tn—la Tn, Nn—l(ra Ty -5 Tn—1, n))(A)

with Ny = N defined in (2.1]).
From [I| Lemma 4] we obtain

LEMMA 2.3. The transition operator II of the pair (ry,m,) and its iter-
ations are respectively of the form

(2.4) HOF(r,p) = Ep{F(r1,m)} = E°{SF(r1, N(r,r1, 1))}
and
(2.5) II"F(r,p) = Epp{F(rn,m™)} = EYSF(rp, Ny(ryre, ..., 7n, 1)}
for any bounded Borel function F : (0,00) X P(E) — R, with SF(r,() :=
C(E)F(r,¢/C(E)) for ¢ € M(E).

We introduce the following assumption:

(A) there is a probability measure ¢ € P(E x (0,00)) such that

P{(zyp,rn) € -} = ¢(-) in variation norm as n — oo.

This assumption is clearly satisfied for a wide family of ergodic processes
called positive aperiodic Harris processes (see Theorem 13.3.1 of [7]). From
[11] we have
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THEOREM 2.4. Under (A) there is a unique invariant measure ¢ for the
pair (rp, 7)), and II"™ converges to @ in variation norm as n — 0o.

REMARK 2.5. If the convergence in (A) is replaced by convergence in
the weak topology then we may have more invariant measures for the pair
(rn, m), as is shown in [I3]|. The long standing problem of filling the gap
in the famous paper [5] has been partially solved in [12] and [I]. It is still
an open problem to clarify what we should add to the weak convergence of
P{(zn,m) € -} to ¢(-) as n — oo to get a unique invariant measure @ for
the pair (ry, m,).

Using Theorem we can characterize the optimal asymptotics of the
logarithmic utility function. We have

PROPOSITION 2.6. Under (A), assuming that

[e.e]

() L=sup sup sup ‘ S Sln(l—b—i—by)q(m’,r, y) P(z,dx") v(dy)| < oo
r€Ere(0,00) b€[0,1] ' o &

and that for all e > 0, C' compact in E and Cy compact in (0,00) there exists
K compact in (0,00) X E such that

(2.6) sup sup sup S IIn(1 — b+ by)|g(z’,r,y) P(z,dx") v(dy) < e,
zeCreCi beS Ke
we have
1
2. li —F{l =\
27 A Il =4,
where
(2.8) A= | F(b(r,n),rn) &(dr,dy)
(0,00)xP(E)
with

F(b,r,n) = S S S In(1 — b+ by)q(2,r,y) v(dy) P(z,dz’) n(dx)
E E (0,00)

and b(r,n) = argmaxycg F(b,7,1). Purthermore an optimal control is of the
form by = b(ry, m;).

Proof. Note first that

T—1
E{lmWr} =Wy + > E{In(1 - b; + bris1)}.
=0
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Furthermore
E{ln(l — bz‘ + bimﬂ)}

= E{ S S In(1 — b; + by)q(2',ri,y) v(dy) P(x;, d:c')}
E (0,00)
= E{ S S S In(1 — b; + by)q(z’, 7, y) v(dy) P(x,dz’) m(da:)}
E E (0,00)
= E{F(bl, T, 7T1)}
and by (I) the function F' is bounded. By (2.6) the condition (5.1) (see
Appendix) is satisfied, and using Proposition we obtain the existence of
a continuous selector b. Consequently, b; of the form b(r;, ;) is an optimal
control maximizing E{ln(1l — b; + b;ri+1)} at time 7. Since we practically
maximize each term of ZZT;()I E{ln(1 — b; + b;ri4+1)}, and by Theorem

E{F(b(ri,mi),r,m)} =\ F(b(r,n),r,n) &(dr, dn)
(0,00)xP(E)
as i — oo, we finally obtain ([2.7)), which completes the proof. m

3. Asymptotics of negative power utility functions. In this section
we consider the case of the negative power utility function U(W) = 1-W ™,
with a > 0. Maximizing the expected utility from terminal wealth in this
case we minimize

-1 T-1
(3.1) E{ [T —oi+ bmﬂ)_a} - E{ I e—acmﬂ,bi)}
=0 i=0
with G(r,b) = In(1 — b+ br). Consequently, we are looking for A such that
T-1
3.2 —aAT inf B 1—b; +birg) @b
(3.2) € 8! { g( + biTit1) }

The cost functional on the right hand side of is close to the risk
sensitive cost functional studied in [9]. We consider first the discounted risk
sensitive control problem consisting in minimizing, for given 8 € (0,1) and
v € (0, 1], the cost functional

(3:3) JZ(ba)) = B TT(1 = bi + biriy1) 7] = B{ [[e-o# O},
=0 i=0

Let

(3.4) w?(r,n, ) = int T2 ((bn)).

We have



450 1.. Stettner

THEOREM 3.1. Under the assumption (I) of Proposition the function
w?® defined in (3.4) is a solution to the Bellman equation

o0

(3.5) w?(r,n,7) = jnf § =@ S0y, N(r, y,m), v8) v(dy),
0

with the operator S defined in Lemma and wP takes values in the interval
(0,1] and is bounded away from 0 (i.e. there is an a > 0 such that w® > a).
Moreover the mapping P(E) 3 n — wP(r,n,7) is concave.

Proof. Define an operator T' on bounded measurable functions w on

(0,00) x P(E) x (0,1) by the formula

Tw(r,n,v) = inf | e WD Sw(y, N(r,y,m),v8) v(dy).
0

Letting b = 0 it is clear that T'1(r,n,v) < 1. The operator 1" is monotone
and therefore the sequence T"1(r,n,) is nonincreasing and nonnegative.
Moreover one can show that T™1(r,n,~) is the optimal value of the cost
functional E{J[}_,e"*#"7¢r+100} " Consequently, T"1(r,7,) has a limit
w?(r,n,7), and this limit is also a solution to .

We now show the concavity of the mapping P(E) > n — w’(r,n,7).

Since
o0

T1(r,n,7) = inf | eV UOIN (g, 0)(B) v(dy),
0

the mapping n — T'1(r,n,7) is concave as the infimum of linear functions.
By Lemma 2 of [2] the mapping M(E) > ¢ — ST1(r,(,) is also concave.
Consequently, the mapping P(E) > n — ST?1(r,n,v) is concave and by
induction for each n the mapping P(E) > n — ST™1(r,n,) is concave and
the same is true for the limit function w?.

To show that w? is bounded away from 0 we use the Jensen inequality:
E{e P00 | YTy > exp{B{-aB"yG(riy1,b:) | Y'}}

> exp{—apisup sup sup | | | Gy, b)a(a,ry) Pla da') v(dy)|}
r€Ere(0,00) b€[0,1] ' o

and by (I) we obtain
(3.6) w’(r,n,7) 2 e EE

Consequently, w? is bounded away from 0 and is an optimal value of the

cost functional (3.3)). m
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We now impose the following assumptions:

(BI1) sup sup sup M =g < 00,
r,r'€(0,00) zEE ye(0,00) Q(x 7! y)
P(x,A)
B2 sup su < 00.
( ) z,z’ »’IE)E Ap P( A) -r
We have
PROPOSITION 3.2. Under (B1), (B2) and (I) we have
1
(3.7) Sw(y, N(r,y,n),7v8) > ESw’B(y,N(T’,y,n’)mﬁ)
for r,y € (0,00) and n,n’ € P(E). Furthermore
B
il o N=(o -1 w” (r,n,7) _ N /
(3.8) (@, m)p(n',m)~" < Bl ) < q(r,m)p(n,m)
with
_ P(n,A) _ q(z,7,y)
/ 9 / P
p(n,n') =sup ———= and q(r,r') = sup e
( ) A P(nlvA) ( z€E, ye(0,00) Q(x77‘/7y)

Proof. By (B1) and (B2) for A € B(E), r,7’,y € (0,00) and 1,7’ € P(E)

we have

Ny, ) (A) = Valzr',y) POr' dz) < @\ q(z,7,9) P(, dz2)

I
I —

A
<pq\ a(z,r,y) P(n,dz) = pgN (r,y,m)(A).
A
Therefore N (r,y,m) — (pq) ' N(r',y,n’) € M(E) and whenever pg > 1,

d(r, v’ y,mn') == 1_(1)11\7(7“, y,n) — (pq) "Ny, ')

is a nontrivial measure from M (E). When pg = 1, since p > 1 and ¢ > 1
we have a trivial case for which is clearly satisfied. Therefore we can
restrict ourselves to pg > 1. Then by concavity of P(E) 3 ¢ — Sw”(y,,v8),
which follows from Lemma 2 of [2] (or the proof of Theorem [3.1)), we obtain

1
SwP(y, N(r,y,n),v8) > ];q_SwB(y,N(T',y, 1),78)
+ (1 — (pg) " HSw’ (y,d(r,r’, y,m, '), vB)
1
> —SwP(y, N(',y,1),75),

pq
which completes the proof of (3.7]). Moreover

N y,n') < qt',r)p(n',n)N(r,y,m)
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and by similar arguments to those above

1
S B S
W Ny ) 2 S g )

and therefore from (3.5)) we obtain

Swﬁ(y, N(T,7 Y, 77/)’ 75)1

w(r,ny) 1
wl(r' ', y) Bl ma(r’r)
Replacing r by 7’ and 1 by ' we immediately obtain the second part of

BS). =

REMARK 3.3. One could try to use the same method for the power utility
function U(W) = W with a € (0,1). However, then an analog of the
function w? is convex in 1 and consequently we do not obtain , which is
crucial in the proof of Theorem based on a vanishing discount argument.

In what follows we fix 7 € P(E) and 7 € (0,00) and define

B B(F. 7
8 L w (7"’7777) d B L w (7"77%’)’)
ve\r,n,Y) = - - al RK\Y) ' = —F%—F>7-
)= ) )= i 7,40)
Then from (3.5) we have
(89)  v7(rm Al (y) = inf | emCEN G0 (y, N (r, ), 78) v(dy).
0

The following estimates will be important:
COROLLARY 3.4. We have
(3.10) e < kP(v) < pq.

Proof. Since by Jensen’s inequality

w? (7, 1,v8) < wP(F,7,7)",

using (3.6)) we obtain
w7 (y) = w (7, 7)' 7 = e Th

From (3.3),
B ( N(T7 Y, 77)
"N(r,y,n)(E)’
and therefore from (3.5)),

< pqu’ (7,7,75),
from which the second part of (3.10) follows. =
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We impose a further assumption:

(C1) p(n,n) — 0 when ' = n in the weak topology of P(F), and
q(r,r’) — 0 when 1’ — r.

We have

THEOREM 3.5. Under (B1), (B2), (I) and (C1), for every v > 0 there is
A7) and a continuous bounded function (r,n) — v(r,n,v) such that

o0

(3.11) v(r,n,’y)efa/\(’y) = gn‘fg S efavG(y’b)SU(?J,N(ﬂya77)=7) v(dy)
€
0

and
T—1

-1
= 1 —Ini _h e —ay
A7) Th_r)réo T lngth{ | | (1 —b; +birit1) },

so that \(1) is the optimal asymptotics of the negative power utility function
and the optimal control is of the form b; = b(r;, m;,1) fori=0,1,..., where
b is a continuous selector for which the infimum on the right hand side of

(3-11) with v =1 is attained.

Proof. By (C1) and (3.8) the family {v”(r,n,7) : B € (0,1), v > 0} is
bounded and equicontinuous so that by Ascoli-Arzela theorem and
we have the following convergences of suitable subsequences (with 3, — 1) :
P (rm,v85) — v;(r,n) uniformly in 7, 7 on compact sets and x"r (v35)
— k; as n — o0o. Choosing further subsequences (using again Proposition
and Corollary we find a subsequence j,, — oo such that v;  (r,7) —
v(r,n,) uniformly in r and 7 on compact subsets and x;,, — e~ Con-
sequently, from (3.9) we obtain (3.11)). The mapping (r,n) — v(r,n,v) is
continuous. Since e~®¢Wb) = (1 — b + by)~*7 is a strictly convex function
of b, the function

o0
b | e W0 Su(y, N(r,y,m),v) v(dy)
0
is also strictly convex, and by a version of Proposition for strictly con-
vex functions we obtain the existence of a continuous (in r and 7) selec-
tor b(r,n,\). The optimality of A(1) and of the control b(r;,m;, 1) follows
from [2]. m

4. Asymptotics of utility from terminal wealth for models with
delayed observation. In this section we assume that economic factors are
observed with a fixed delay k, i.e. at time n + k we know the value of x,, but
we do not know x,; for ¢ > 0. Define the following sequence of measures
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for A € B(E):
N(Tn-i-k—l? T'n+k, ﬁﬁlllgfl) (A)
N(Tn—i-k—l? T'n+k; frﬁ;]lgfl) (E)

with #0(A) = §4(x,), and the operator N defined in (2.1). Recalling that
X" = o{x;;i <n} and Y™ = o{r;;i < n+ k} we have (see the proof of
Lemma 1.1.1 in [§])

LEMMA 4.1. For A € B(E) we have
(4.2) fr i (A) = Plwng, € A X" YFY
P-a.e. and

(4.1) 7 (4) =

_ Nk(Tn, Tn+1y-- s Tn+k; (5;5”)(./4)
Ni(Tny Tog1y -« s Trbks Oz, ) (E)

= Mk(rn, Trtly- -y Ptk Tn) (A)

with operator N defined in , and 6, the Dirac measure at x.
For A € B(E) let

(4.4)  amMRA)

(4.3) ik (A)

n+1
o SA Nk:fl(rn—i-h Tn42y - -« s 'ntk> 52)(E)Q(Za Tn, rn—i—l) P(.Tn, dz)
Nk(rm T’I’L"‘l? e 7Tn+k7 61'7L)(E)
= M(Tn,Tnt1y -« s Tnaks Tn) (A).

We have (see again the proof of Lemma 1.1.1 in [§])
LEMMA 4.2. For A € B(E),
(4.5) TR (A) = Plag € AL X", YHRY
P-a.e.
In the next lemma we markovianize our problem:

LEMMA 4.3. The (k + 2)-tuple (Tn, Tn,Tnt1, .- Tntk) forms a Markov
process with transition operator P defined tmplicitly as follows:

(46> E[f(xn—‘rlv Tn+1,Tn4+2,- - - 7Tn+k+1) | Xn7 YnJrk]

(o]
= S S f(Z,T'n+17. ")Tn+k7y) Q(Jj/uTn—l-kuy)
EO

E
. P(Mk,l(rnﬂ, ey Taaks 2), d2)) v(dy) My (Tn, Tty - - Tk Tn ) (d2)
[o@)
= S S f(’z?,r?’b-i-l? v 7Tn+k7y) P(xn7rnarn+17 LI 7rn+k7 dy7d2)
EO

- Pf(xn7rn7rn+17 ... 7rn+k)‘
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Given nice ergodic properties of the processes (zy) and (ry), the kth
iteration P* of the operator P inherits ergodic properties. Namely, we have

PROPOSITION 4.4. Under (B1), (B2) the operator P is uniformly ergodic,
i.e., its iterations uniformly approximate a unique invariant measure V.

Proof. We show first that the operator P**1 is uniformly ergodic. Note

that for a bounded Borel measurable function f on E x (0, 00)**! we have
4.7  PMYLf(e, i, k)
= E{f(Tnthk+1: "otk 1s Tntht2s - - - Tntok+1) [ X7 Yn+k}-
Furthermore
(4.8)  E{f(Tntk+1, Tntk1, Tnrkt2s - - - Tt 2kt1) | Xn+k, Yn+k}
[e.o] [e.o]
= |V D ey By g (@, y W), y)
EO0 EO0

v(dy)P(z, dz)g(z™M, y,y D) (dyD) P(2®), dzV)
. Q(x(k+1) y T'n+ks y(k+1))y(dy(k+1))P(1‘n+k’ dx(k+1)>

and therefore

(4.9) E{f($n+k+1, Pkl Tkt 2s - - s Tn2kr1) | X7 YR
E0 E 0

w(dy) PV, d)q(2 D,y @,y ) (dy ™) P(a?, dx“))

- q(@ gy D) (dy D) PR da D).

Consequently, under (B1) and (B2) we have

(4.10) sup sup
AEB(Ex(0,00)k+1) (z,r,rl ... rk) (2,7,7L,...,F*)EE X (0,00)k+1
Pz, r,rt, .. 7k A) —P(z, 7,7, .. 7 A) < 1,
which by part (b) of Section 5.5 in [3] implies uniform ergodicity of P*+1,

i.e. the iterations of the operator P**! approximate uniformly an invariant
measure ¥. Therefore denoting by [z] the integer part of = we have

Pnf — Pn—[ki](k-‘rl) (Pk+1)[k+1]f N Pn—[ki](k-‘rl)w(f) _ W(f)

as n — 00, which shows uniqueness of the invariant measure ¥ and completes
the proof. =

We can now summarize our results for the logarithmic utility function.
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PROPOSITION 4.5. Under (B1), (B2) and (1), for the logarithmic utility
function the optimal growth rate X\ is of the form
(4.11) A= S S In(1 —b(z,r,r D, )y
Ex(0,00)k+1 0
+ b(z, T, r ,T(k))y) P(x,r,r(1),..., r®) dy, E)
W (dz,dr, dr(l), e dr(k)),
where W is the unique invariant measure of the operator P, and b is the

unique continuous selector for which the following supremum is attained:
oo

(4.12) sup S (1 = b+ by) P(wi, 14, 7iv1, -+, Tiks Ay, E).
beS |
Furthermore the optimal control is of the form by = IN)(a:Z, TiyTidly -« Titk)-

Proof. We have P-a.e.
(4.13)  sup E[In(1 — b+ brpyps1) | X™ Y]

beS
(o]
= sup | In(1 = b+ by)N (rusx, . 7op ) (B) v(dy)
bes |
o]
= 2u}5) S In(1 —b+by)P(xn, mn, "ntis - oy Futk, dy, E).
€0

By Proposition there exists a continuous selector b for which the supre-
mum in is attained. By (I) the last term of is a bounded function
of (T, TnyTn+1, -+ - Tntk), SO that by uniform ergodicity of P (using Propo-
sition we obtain the form of X\. The form of the optimal control
immediately follows from (4.12)) and (4.13)). =

We now consider the cases with multiplicative functionals, i.e. first when
UW) =W®* with a € (0,1) and then U(W) = 1 — W™ with o > 0. We
use the vanishing discount approach in a similar way to Section 3. Consider
first the discounted control problem for 8 € (0,1) and ~ € (0, 1],

(4.14) Tt (b)) = E[H(l — byi + bk—i—ﬂ’k—&-i—‘rl)aﬁi’q
=0
— E{ H ea/Bi'YG(Tk+i+1abk+i)}
=0

with G(r,b) = In(1 — b+ br). Let
(4.15) wP(z,r, 71, ... Ty y) = sup JOT ((br))-

LT ey T
(bn)
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We shall assume that

(1) Lp:= sup sup Ex rry o {(1 — b4 brgg1)*} < oo.
(z,m,71,-..,7k)EEX (0,00)k+1 bES

We have

PROPOSITION 4.6. Under the assumption (I11) function w® defined in
(4.15) is a bounded solution, with values in (1,00), to the Bellman equation

o0

(4.16)  wP(z,r, 1, ..., y) = sup S G (:b)
beS 0

’ wﬁ(xlv 5Tk Y, WB)Q('TC T'n+ks y) P(’frfLJrk? dﬂf/) V(dy)
with 7~r2+k defined in 1’

Proof. By Jensen’s inequality

(4.17)  E[(1 = bpys + begiririzt)*? ]
< (B(1 = bpegi + brpirngirn)°])* Y < L7

Define the operator T by the right hand side of (4.16]) on bounded functions
won E x (0,00)k 1 x (0,1]:

[e.9]

Tw(x,r,r1,...,7,Y) = Sup S G W:h)
beS 0

: 'Uj(l',, Ty s Ty Y, ’75)(](1‘/, T'n+k, y) P(ﬁ-'r]{‘i—&-k? dl‘,) V(dy)

Clearly letting b = 0 we have T'1 > 1 and therefore 7"1 is nondecreasing
and bounded by (4.17). Furthermore 7™1 is an optimal value of the cost
functional

n—1
E{ H eaﬁifyG(rk+i+1 Dkt4) }
=0

and the limit w? of the sequence T™1 is a solution to (4.16). =

Now we fix z € E, 7,71,...,7 € (0,00) and define
B
3 _w (T, 71y Ty )
v (5577",7“17---,7“13,7)- wﬁ(f,F,Fl,...,Fk,’yy
ﬁ - — — —
wP (T, 7,T1,...,Tk,

Cowh(z, T, Ty B)
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From (4.16)) we then have

o0

(4.18)  P(a,rr1,. o, )P (1) = sup | e ¢ WD)
beS 0

' Uﬁ($l7 Ty 5Tk Y, Wﬁ)q(lja T'n+ks y) P(ﬁ-fb—q—kv dl',) V(dy)

and letting  — 1 and choosing subsequences we obtain

THEOREM 4.7. Under (B1), (B2), (C1) and (I1) there is A and a con-
tinuous bounded function v such that

(4.19)  w(z, 7,71, . .., 7)€
o0
= sup S S GO (2 r, e y) Pla,ryr, . T, dy, d2)
beS § 1
and

T-1

. 1 o
A= Tlgrolo T ?;i}; lnE[ Z1_!)(1 — biti + bpriThriv1) },

i.e. A is the optimal asymptotics of the power utility function. Furthermore
the optimal strategy is of the form biix = b(xi,ri,Tit1,-..,Tivk), where b
18 a continuous function for which the supremum on the right hand side of

(4.19) is attained.
Proof. Note that undeHCU and (I1), w® = T*+'w? with T defined in
4.6

the proof of Proposition |4.6| is a continuous function. Consequently, v° is

continuous as well. By (B1) and (B2), v” is uniformly (in 3) bounded from

1—8)-2
below and from above by a positive constant. By (4.17)), x?(v) > Lg Rhsr

= L]. Since v” is bounded (from below and from above by a positive con-
stant), by there is a convergent subsequence 3, — 1 such that for
fixed v € (0, 1] the sequence x°" () converges to 0 < x(y) < co. By (C1) the
functions v are equicontinuous in 3 so that using the Ascoli-Arzela theorem
there is a subsequence of (3,) (not relabelled) and a continuous function v
such that v%(z,r,ry, ..., r8,v) = v(x,r,r1,...,7,7) as n — oo uniformly
in (z,7,71,...,7%) from compact subsets of E x (0,00)¥!. Letting v = 1 we
obtain (4.19) with A = L1nk(1). The existence of a continuous selector b
follows from Proposition below. The optimality of A and the form of the
optimal strategy b follow directly from 1j and the boundedness of v. m

In the case of the negative power utility function we first minimize the
discounted cost functional for 8 € (0,1) and ~ € (0, 1],
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[e.e]

(420) jxﬁ;,m,...,rh((bn)) = E[H(l — by + bk+z"l“k+i+1)_aﬂi’y}
=0
= E{ H e~ B VG (Thtit1,bh+i) }7
=0

and characterize
(4.21) @’ (z,r, 1, ... v, y) = inf JOT ((bp)).-

(b ) Zy1T1,--5Tk
By analogy to Theorem Proposition [£.6] and Theorem [4.7 one can prove

PROPOSITION 4.8. Under the assumption (1) the function w” defined in
(4.15) is a bounded solution, with values in (0,1], to the Bellman equation

o0

(4.22) u_J’B(:n, TyT1,...,Tk,7y) = inf S e GWb)
beS o

: wﬁ(xlu ry s TkyY, VB)Q(:E/) Tn+k» y) P(ﬁ-rk;-i-ka dxl) V<dy)
with 7}712-1-19 defined in 1'

THEOREM 4.9. Under (B1), (B2), (C1) and (I) there is A and a contin-
uwous bounded function v such that

(4.23) oz, 71, .. TR)e”
[o¢]
= inf S S e_“G(%b)@(z,rl, eyt y) Pzyryry, .o rg, dy, dz)
beS
0E
and

T-1

.o —1 —a
A= i o ot BT b+ evareri) ™)

=0
i.e. A 1s the optimal asymptotics of the negative power utility function. Fur-
thermore the optimal strategy is of the form b x = b(xi, 74, 7it1, -+ Titk),

where b is a continuous function for which the infimum on the right hand

side of (4.23)) is attained.

5. Appendix. We formulate here a continuous selection theorem which
is frequently used in this paper.

PROPOSITION 5.1. Let G be a Polish space, (0,00) > u — f(u) € R
be strictly concave and G 3 z — Q(z,-) € P((0,00)) be weakly continuous.
Suppose that the following tightness property is satisfied: for all e > 0 and C
compact in G there exists K compact in (0,00) such that

(5.1) sup sup S |f(1—=b+by)| Q(z,dy) <e.
zeC beS Ke
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Then g(z) = supyes F(z,b) is continuous, where F(z,b) = {° f(1 — b+
by) Q(z,dy), and there is a unique continuous function z — b(z) € S such
that g(z) = F(z,b(z)).

Proof. Let z, — z and b, — b as n — oo. For a given ¢ > 0 and
C = {z,21,2,...} we choose a compact set K C (0,00) for which (5.1))
holds. Then

[P (zsbn) = F(2.0)] < 26+ | [F(1 = b+ by) = f(1 = ba + bay)| Q(zn, dy)
K

| 1200+ 0y) Qs ) — Q= dy))|
K

=2 +al +a2,

and since f as a concave function is continuous, al — 0 as n — co. Choosing
K such that its boundary 0K is a continuity point of the measure Q(z,-), i.e.
Q(z,0K) = 0, we also obtain a2 — 0 as n — oo. Consequently, the mapping
(z,b) — F(z,b) is continuous, and clearly z +— g(z) is continuous. Since f
is strictly concave, for each z € G the mapping b — F(z,b) is also strictly
concave, so that there is only one b(z) € S for which g(z) = F'(z,b(z)). Since
Zn — z as n — oo, we have g(z) = F(z,b(z)) = F(z,b), where b is any
limit of a converging subsequence of (b(z,)). By strict concavity b(z) = b
and therefore b(zy,) — b(2). =

REMARK 5.2. A suitable version of Proposition is true for a strictly
convex function f with sup replaced by inf; we obtain it immediately using
the fact that — f is then a strictly concave function.
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