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INTEGRAL REPRESENTATIONS OF RISK FUNCTIONS
FOR BASKET DERIVATIVES

Abstract. The risk minimizing problem E[I((H — X7™)*)] 5 min in
the multidimensional Black—Scholes framework is studied. Specific formulas
for the minimal risk function and the cost reduction function for basket
derivatives are shown. Explicit integral representations for the risk functions
for [(x) = x and I(x) = aP, with p > 1 for digital, quantos, outperformance
and spread options are derived.

1. Introduction. The paper is devoted to the stochastic control prob-
lem arising in the risk analysis of financial markets. Let H be a random
variable representing future random payoff which is traded on the market.
Denote by p(H) its price determined by the no arbitrage method. If the ini-
tial capital = of the writer exceeds p(H ) then he is able to hedge H perfectly,
i.e. he can follow some trading strategy m such that the wealth process at
the final time is greater than H, i.e.

P(X&™ > H) =1.

If x < p(H) then the above equality fails for each 7 and as a consequence
shortfall risk appears. The aim of the trader is to find a strategy which
is optimal in some sense. Let [ : [0,00) — [0,00) be a loss function which
describes the attitude of the trader to hedging losses. The goal is to minimize

(1.1) E[l((H - X77)")].

This problem was studied with various model settings in many papers. The
ones mentioned below do not form a complete list. Existence of the optimal
strategy for the case when [(x) = x in a complete market with the stock

prices modeled by diffusion processes was shown in [3]. These results were
generalized to incomplete markets in [2] where existence of solution with the
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use of dual methods was shown. Existence of the optimal strategy in a general
semimartingale model was shown in [9]. In [5] two aspects of the problem
are studied. The first is, as above, to find the minimal value of which
will be denoted here by @) (z) and called the minimal risk function. The
second aspect is to minimize the initial costs when is smaller than or
equal to v. The corresponding cost minimizing function is denoted by @é(v).
Proposition 3.1 and Theorem 3.2 of [5] provide a description of the solution
to the first problem in a general semimartingale framework and Section 7
in [5] shows its relation to the solution of the second problem. In fact these
results can be treated as a general method for finding & (x), @, (v), but
they do not provide explicit formulas in the general situation. Then using
regularity of the one-dimensional Black—Scholes model both problems have
been solved explicitly for a call option (see Section 6 of [5]).

In this paper we examine a multidimensional Black—Scholes model and
extend the results of [5] towards more direct formulas for the functions @} and
@, First we treat the case when [ is linear, i.e. [(z) = x. Using the general
results from [5] and the fact that the density of the martingale measure is
regular, we show that

P =wowy !t By =woul

where ¥y, Wy are certain deterministic functions (for precise formulation see
Theorem [3.6). This shows in particular that &} is the inverse of ®. We
show similar results for a strictly convex loss function /. As an immediate
consequence of Theorem 3.2 in [5] we obtain the following characterization
of the risk minimizing function:

Py =0 ()7,

where again 11/{, Wé are certain deterministic functions. The analogous result
for (PZQ requires an auxiliary result, Proposition Finally, in Theorem
we show that

= o (0) .

The risk functions @1, ®2, ¢}, &, are thus determined provided that the aux-
iliary functions ¥, ¥s, 11/{, Wé are given. We present concrete integral forms of
these functions for some widely traded derivatives like digital option, quan-
tos, outperformance and spread options. The cases when [ is a linear loss
function or I(z) = zP, p > 1, are treated as well.

Let us stress that both functions @ll,@é reflect the interplay between
hedging risk and trading costs and thus they serve as an important tool for
risk management. Although the model under consideration is a particular
case of a general framework studied in [5], it is commonly used in practice due
to its tractability (see [6, p. 104]). Thus more explicit computing methods
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for finding @ll and @ZQ seem to be important for practitioners. The results
presented in this paper extend the results from [I], where analogous integral
representations for the quantile hedging problem for basket derivatives have
been shown.

The paper is organized as follows. In Section [2] we describe the model
settings and formulate the problem precisely. Section [3| contains the main
results which consist of two parts concerning a linear and a convex loss
function respectively. Section [4] is devoted to presenting an explicit integral
form for the risk functions in the two-dimensional model when [(z) = = and
l(x) = oP with p > 1.

2. Problem formulation. Let (2, F,F;,t € [0,T],P) be a filtered
probability space supporting a d-dimensional Wiener process W = (W1, ...,
W) with a positive definite correlation matrix of the form

I p12 ;13 -+ prd
P21 1 p23 ... p2g

Q= . . . s
pd1 Pd2  Pd3 .- 1

where 4 '
pij = cor{W{,W{}, d,j=1,....d

The process W as above will be called a Q-Wiener process. The multidimen-
sional Black—Scholes model is specified by the dynamics of d stocks,

dS; = Si(idt + oy dWy), i=1,....d, te[0,T],
and evolution of the money market account
dB; =rBudt, te [O,T]

Above, a; € R, 0; > 0,i=1,...,d, and r stands for a constant interest rate.
It is known that such a market is complete and that the unique martingale
measure P is given by the density

(21) ﬁ — ZT = ef(Q_l[a*(;rld]7WT)*1/2|Q_1/2[a*;“ldf”?f’ te [07]‘1]7
with the notation
a1 —r
1 |a—71ly 1 o .
Q _— = Q : 5 t 6 [O,T}
g Ag—T
o4

(for more details see, for instance, [I]]). Moreover,

—~ —rl
W, == Wt-l-w t, te [O,T],

o
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is a )-Wiener process under P.The dynamics of the prices under the measure
P can be written as

dSi = Si(rdt + o dW}), i=1,...,d, t€[0,T).

The wealth process corresponding to the initial endowment = and the trading
strategy  is given by

XPT =g, XPT.=79B; + ngst, te[0,T).
1=1
Each strategy is assumed to be admissible, i.e. X;”™ > 0 for each ¢ € [0,T]
almost surely, and self-financing, i.e.
d
dXPT =m)dB, + Y mdSj, te[0,T].

i=1
A contingent claim is represented by an Fp-measurable random variable H
which is assumed to be nonnegative, i.e. H > 0 and Ele™"7 ZpH| < co. As
the market is complete, the price of H defined by

p(H) := inf{z : P(X7™ > H) =1 for some 7}
is given by p(H) = E[e"TH] = Ele """ Zr H].
The trader’s attitude towards risk is measured by
E[l((H - X37)7)],

where [ : [0,00) — [0, 00) is a loss function which is assumed to be increasing
with {(0) = 0. It is clear that if x > p(H) then the risk equals zero for the
replicating strategy. In the opposite case the risk is strictly positive and the
question under consideration is to find a strategy such that

E[l((H - X;™)"1)] — min.

We will refer to the corresponding function @; : [0,00) — [0, E[I(H)]] given
by

(2.2) @ (z) := minE[l((H — X3™) )]

™
as the minimal risk function. The strategy # such that B[I((H — X5™)*)] =
@' (z) will be called the risk minimizing strategy for x. If x > p(H) then

@ (z) = 0, and @} (z) > 0 otherwise.

We also consider the cost reduction problem. Let v > 0 be a fixed number
describing the level of shortfall risk accepted by the trader. We are searching
for a minimal initial cost such that there exists a strategy with risk not
exceeding v, i.e.

z — min; E[((H — X7™)1)] < v for some .
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The cost reduction function @ : [0,00) — [0, p(H)] is thus defined by

(2.3) @4 (v) := min{z : E[l((H — X7™)")] < v for some 7}.
The strategy 7 such that E[l((X;SlQ(v)’fr — H)™)] < v will be called the cost

minimizing strategy for v. Notice that &L (0) = p(H).

3. Main results

3.1. Linear loss function. In this section we examine the case when
I(x) = x. Denote for simplicity the corresponding functions @}, L by &1, b,
respectively.

Let us start with two auxiliary results.

LEMMA 3.1. Let X,Y > 0 be random variables such that EX < oco. Then
the function g : [0,00) — [0,00) given by
g(c) = E[Xl{yzc}]
18:
(a) left continuous on (0,00) with right limits on [0, 00),
(b) right continuous on [0,00) if the cumulative distribution function of

Y s continuous,
(c) strictly decreasing if for any 0 < a < b < oo,

(3.1) P(X >0,Y €a,b)) >0.

Proof. The function g is decreasing and thus it has right and left limits.
If X = 0 then the assertion follows trivially. In the opposite case let us
consider an auxiliary probability measure P defined by

P X
dP  E[X]
which is absolutely continuous with respect to P, i.e. P < P.
(a) For any ¢ > 0 we have

ﬂ{c—l/n§Y<c}:®,

n

and thus
lg(c —1/n) — g(c)| = B(X 1o 1 /ney<q) = E[X]P(c—1/n <Y <) — 0.

(b) For any ¢ > 0 we have
(We<Y <cet+1/n}={Y =c},

n
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and thus

l9(c) —glc+1/n)| = E(X 1<y <ct1/n})

=E[X|P(c<Y <c+1/n) - EX]P(Y =¢) =0,

as P < P and P(Y =¢) = 0.

(c) Let us notice that (3.1)) is equivalent to the condition

P(X >¢,Y €a,b)) >0 for some ¢ > 0,

and thus for 0 < a < b < oo we have

l9(a) = g(b)] = E(X1{acy <py)
E(X1<y<pylix=0)) + E(X1{ocy <y lix>0})
E(Xl{a§Y<b}1{X>e}) > €P(X >eg,a<Y < b) >0. m

REMARK 3.2. Let us notice that condition (3.1) implies that Y has a
strictly increasing cumulative distribution function.

v

COROLLARY 3.3. If the cumulative distribution function of Y is contin-
wous then the function g in Lemma is continuous on (0,00) and right
continuous at 0.

PROPOSITION 3.4. Let (Z1,Z2) be a random vector with nondegenerate
normal distribution on the plane. Let f, h be functions such that

f:R* = (0,00), h:R—(0,00) is strictly monotone.

Let o, 8,7, € R be such that the vectors (a, ), (7,d) are not parallel,
(a,8) 4 (7,0). Let

X = f(Z1, 22)Yaz,482:5k)ys Y = W(yZ1+ 022),

where k is some constant. Then the function g(c) := E[X1{y>q] is strictly
decreasing on [0, 00).

Proof. We will show that (3.1]) in Lemma holds. We have
P(X >0,Y € a,b)) = P(aZy+ BZs >k, h™(a) < vZ1 + 625 < h™1(b))

whennever h is strictly increasing. The probability above is positive because
the set

{(z,y) : ax + By >k, b~ (a) <vx+ 6y < ' (D)}

is of positive Lebesgue measure and (71, Z3) has a nondegenerate distribu-
tion. m

We will need two auxiliary functions defined by
(3.2) Ui(c) :=E(H1y,,),
(3.3) Uy(c) := E(H14,),
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where
A= {Zfl >c}, ¢>0,

and Zr is given by (2.1). Let us notice that since ) is nonsingular, the
random variable

(34) Z;l — e(Q_l[afarld]7WT)+%|Q—1/2[O¢*Gﬂ”2T

has a continuous cumulative distribution function with respect to P and P.
Thus it follows from Corollary [3-3]that the functions ¥y, ¥ are continuous for
any H > 0. It is clear that both are decreasing. For some special contingent
claims these functions are strictly decreasing. Indeed, using Proposition
one can show that this is the case for the following payoffs.

ExaMpPLE 3.5. The functions ¥1, ¥s are strictly decreasing if
(a) H is a digital option, i.e.

a—rly
o b

H = Kl{S%ZS%} and (o1,—02) i Qil |:
(b) H is a quanto domestic option, i.e.

H=S53(Sh— K)* and (00,00 Q" [O‘ﬂ

g

(¢) H is a quanto foreign option, i.e.

KN !
H:<ST_S%> and (o1,02) 4 Q [

Below we present the description of the risk functions @1, ®-.

a—rly
> .

THEOREM 3.6.
(a) Let ¢ = c(x) be a solution of the equation
(3.5) Uy(c) =eTx, xel0,p(H)).
Then
¥1(0) = ¥1(c) forx € [0,p(H)),
Py () =
0 for x> p(H).
Moreover, the replicating strateqy for the payoff H14 s a risk

c(x)
minimizing strategy for x.
(b) Let ¢ = ¢(v) be a solution of the equation

(3.6) Ui(c) =¥1(0) —v, wvel0,E[H]).
Then
e "TWy(c) forv € [0,E[H]),

9152(1)):{0 for v>E[H].
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Moreover, the replicating strategy for the payoff H1y,,, is a cost
minimizing strategy for v.

Proof. First let us notice that the equations , actually have
solutions. Indeed, this follows from the fact that ¥y, ¥y are continuous and
decreasing with images [0, E[H]], [0, e"Tp(H)] respectively.

For any admissible strategy (z, ) let us defin the success function

z,m
$rm = Lixzmspgy + %1{X§’”<H}'
One can check the identity
(H-X7")"=H-X;"ANH=H—Hp,r,
which implies that
(3.7) E[(H - X;")Y)=E[H| — E[Hpy ).

(a) In view of (3.7) the problem (2.2)) of finding @ (z) is equivalent to
that of finding a strategy 7 satisfying
E[Hp, x| — max.
If © > p(H) then ¢, » = 1 for the replicating strategy and @;(z) = 0, so

consider the case 0 < z < p(H). Let us formulate an auxiliary problem of
determining ¢ € R solving

EHyp| — ,
(3.8) { ~[ :p; max
Ele 7" Hy] < z,
where
(3.9) R:={¢:0<¢ <1and ¢ is Fp-measurable}.

It is clear that if ¢ such that E[e~"T H@] = x is a solution of (3.8) then the
replicating strategy 7 for the payoff H¢ is a risk minimizing strategy for x
and

(3.10) 1(x) = B[(H - X77)"] = E[H] - E[H{].

Now let us focus on determining a solution ¢ of (3.8]). To this end introduce
two probability measures P, P> with densities

dpP, H dP;y e T 7 H

dP  E[H]' dP  EleTZH]
Then (3.8) reads
E"[p] — max,

(3.11) {

EP(g] < z/p(H),
which is a standard problem in the theory of statistical tests. One should try
to search for a solution in the class of 0-1 valued functions of the form 14,
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¢ > 0, where

For simplicity we can reparametrize A. by denoting cE[H]/ E[ZrH] above
just by c. Then A, = {Z' > ¢}. It is known by the Neyman-Pearson lemma
that if there exists ¢ = ¢(z) such that

(3.12) E™[14.] = Po(Ac) = ¢/p(H),

then the solution of (3.11)), or equivalently (3.8)), is given by ¢ =1 Ay~ But
(3.12) is equivalent to

Wy(c) = ez,
and the existence of the required constant ¢ follows from (3.5)). Finally, com-
ing back to (3.10) and using the definition of ¥, we obtain
&1(z) =E[H]|-E[Hp| =E[H]| - E[H14,] =¥(0) — ¥(c).

(b) If v > E[H] then the cost minimizing strategy is trivial, i.e. (z = 0,
m = 0), and thus @2(v) = 0. Let us focus on the case when v € [0, E[H]).
In view of (3.7)) the cost minimizing strategy is the one which solves the
problem
E[Hy, ] > E[H] — v,
Ele T Hp, x] — min.
We are thus looking for a solution ¢ € R of the problem
E[Hy| > E[H] — v,
Ele~"T Hyp] — min.
If (3.13)) has a solution satisfying E[H @] = E[H]—wv then the cost minimizing
strategy is the one which replicates H¢, and the cost minimizing function
equals
(3.14) Do (r) = e "TE[H).
Let us focus on determining the solution ¢ of (3.13]). Using the notation
from part (a) we can reformulate (3.13) as
E[H] —v
E[H]
E™[p] — min.

(3.13)

(3.15) E[p] >

It can be shown in the same way as in the proof of the Neyman—Pearson
lemma that the solution should be searched among the 0-1 valued functions
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of the form 1p_, ¢ > 0, where

P, dP, dP __,_ 1 E[H
= — < — < = > — —= (-
Be {dP1 —C} {dP dP, ~ c} {ZT ~ ¢ E[ZrH]
1_E[H]
¢ E[Zr H]
B.={Z;' > ¢}.

If there exists a constant ¢ = ¢(v) satisfying

Denoting, for simplicity, the constant above by ¢, we have

E[H] —v
E[H]
then ¢ = 1p, is a solution of or, equivalently, . Let us notice
that can be written as
U1(c) =¥1(0) — v
and existence of the required constant c(v) follows from . Coming back
to (3.14]) we obtain

By(v) = e "TE[H1p. ] = e " TW(c). m

(3.16) EN(1p) = Pi(B,) =

3.2. Convex loss function. In this section we study the case when
[ :]0,00) — [0,00) is an increasing, strictly convex function such that
1(0) = 0. We assume that | € C?(0,00) and that I’ is strictly increasing
with (0+) = 0, I/(c0) = oo. The inverse of the first derivative will be
denoted by I, i.e.

I=@)"

Moreover, the contingent claim H is assumed to satisfy E[l(H)] < oo. The
functions @}, @, can be characterized in terms of the functions

(3.17) ?i(c) == E[((1 - ) H)],

(3.18) y(c) = E[Hepd],

where ¢, is defined by

(3.19) Qe 1= {1 - <I(65T) A 1) }1{H>0}, c>0.

It was shown in [5, Theorem 5.1] that the problem of determining @} is
equivalent to finding a solution ¢ of the problem

E[l((1 —¢)H)] — min,
(3.20) - PER

Ele """ Hy| < z,
where R is defined in (3.9). Then & (x) = E[I((1 — $)H)] and the risk
minimizing strategy is the one which replicates Hp. Moreover, since the

function ¥ is continuous with image [0, e"" p(H)] (see the proof of Theorem
5.1 in [5]), it follows that for any x € [0,e" p(H)] there exists a constant
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¢ such that W(c) = E[Hy,] = e"Tx. This ¢, solves the auxiliary problem

(3.20) and thus

@ (z) = E[I((1 — pc)H)],
and the minimal risk strategy is that replicating the payoff Hy, (see Theorem
3.2 in [5]). Thus the results from [5] can be expressed in our notation as
follows.

THEOREM 3.7. Let ¢ = ¢(x) be a solution of the equation
B(e) = eTr, e (0,p(H)).

Then l
Loy JWile) forx e [0,p(H)),
qjl(m)_{ol for x> p(H).

Although Theorem is only a reformulation of Theorem 3.2 in [5], it
provides an effective method for practical applications if one is able to derive
the functions ¥}, Wl for concrete derivatives.

We will show that the function @} can be characterized in terms of the
functions W{, Jfé as well. It is easy to show that the cost reduction problem
is equivalent to that of finding ¢ € R such that

{E[l((l —@)H)] <,

Ele~"T Hy] — min.

Let us notice that cannot be solved with the same method as (|3.20]).
In the constraints are linear and thus the solution could be found
via the Neyman—Pearson approach to the variational problem (see the proof
of Theorem 5.1 in [5] and p. 210 in [8]). The constraints in are no
longer linear and the method above fails. Below we present the proof based
on Lagrange multipliers.

(3.21)

PROPOSITION 3.8. Let I” be increasing and let H additionally satisfy
E[l'(H)H] < 0o and E[I"(H)H?) < co. Then the random variable

{1 (52

with a constant ¢ such that E[l((1 — @)H)] = v is a solution of the problem
B21).

Proof. First, if ¢ € R is a solution to then E[[((1—¢)H)] = v. In-
deed, assume to the contrary that ¢ is a solution to with E[l((1—p)H)]
< v and consider the family of random variables ¢, := ¢ A, a € [0, 1].
Then the function o — E[I((1 — ¢o)H)] is continuously decreasing from
E[l(H)] to 0. Thus there exists & € [0, 1] such that E[I((1 — ¢z)H)] = v.
Then ¢z < ¢ and thus E[Hps] < E[H], which is a contradiction.
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Let ¢ # ¢ be any element of R such that E[I((1 — ¢)H)] = v. We need
to show that E[H@] < E[Hy|. Let us define

ve:i=(1—e)p+ep, €€]0,1],
and
Fy(e) := E(Hp.) = E(ZrHg.).
We need to show that Fi,(0) < F,,(1). We will show that F, has a minimum
at 0. Let us define the auxiliary function
Gy(e) == E[l((1 — @) H)],
and notice that due to the convexity of [ we have G, () < v foreach e € [0, 1].
Thus the problem of minimizing F. on [0, 1] is equivalent to
F,(e) — min,
Gy(e) <,
e >0,
1—e>0.
In view of the assumptions on [ and H, both F,, G, are smooth, with
Fi,(e) = E[Zr(¢ — ¢)H],
G(e) =E[I'((1 - ¢)H) - (& — ¢)H],
Go(e) = E[I"((1 — o) H) - (¢ — 9)° H?),
and thus the Lagrange function for is of the form
L(e, A1, A2, A3) = Fio(e) — AMi(v — Gp(e)) — Aoe — A3(1 —¢).

As the function Fi, is linear, it attains its minimal value at 0 or 1. We will
show that the first and the second order differential conditions are satisfied
for e = 0.

The first order conditions are

(3.22)

(3.23) ng(e’;‘, )\1,/\2,)\3)
=E[Zr(¢— @)H] + ME['(1 — @) H) - (3 — ©)H] — Xy + A3 = 0.

(3.24) A, A2,A3 >0, M(v—Gyp(e) =0, Xe=0, A(l—¢)=0.
By the definition of ¢ we have
¢=1—1I(cZr)/H and cZp=1((1—@)H) on A,
=0 on A"

where A := {¢Zr < I'(H)} and A® stands for the complement of A. For
e = 0 it follows from (3.24]) that A3 = 0 and the equation (3.23)) is of the
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form
(325)  E[Zr(p — @)H1a] + E[Zr(p — §)H1 4] + ME[Zr($ — ¢)H14]
+ME[((1-@)H) (¢ — )H1 0
= (1 —c\)E[Zr(p — ¢)H1a] + E[Z7oH1 5] — ME['(H)pH1 ] = Ao
The left side of (3.25) satisfies the estimate
(1= eM)E[Z7r(p — @) H1 4] + E[ZrpH1 ¢] — ME['(H)pH1 4]
> (1 —eM)E[Zr(p — @) H1a] + E[ZrpH1 4¢] — McE[ZroH1 4]
> (1 —c\)E[Zr(p — @)H1a + ZrpH1 ).

If E[ZT(cp —Q)H1,4+ ZT(pH]_Ac] > 0 then we take A1 such that 1 —cA\; > 0;
in the opposite case we take A1 such that 1 —cA; < 0. In both cases Ay given

by (3.25]) is nonnegative.
The second order condition for € = 0 is
LY(e, M1, 22, 3) = ME[I"((1 = @) H) - (¢ — ¢)*H?] > 0,
and thus the solution of (3.22]) ise =0. =

Proposition and the definitions of ¥, ¥} lead us to the following
result.

THEOREM 3.9. Assume thatl” is increasing and H satisfies E[l'(H)H| <
oo and E[I"(H)H?) < 0. Let ¢ = c(v) be a solution of the equation

le)=v, wvel0,E[lH)]).
hen
: B (v) = {6”475(6) forv e [0, E[I(H)]),
2 0 for v > E[I(H)).

4. Two-dimensional model. In this section we determine explicit in-
tegral formulas for the functions LZ/{, Wé for several popular options in the
case d = 2. Some of the results can be generalized to higher dimensions.

First let us introduce some notation relating to the multidimensional
normal distribution. The fact that an R%valued random vector X has a
normal distribution with mean m € R? and covariance matrix X will be
denoted by X ~ Ny(m,X) or L(X) = Ng(m,X). We denote by fx the
density of X. If d = 1 then the subscript is omitted and N(m, o) denotes
the normal distribution with mean m and variance o. If X ~ Ny(m, X) and
A is a k x d matrix, then

(4.1) AX ~ Np(Am, AXAT);
in particular if a € R% then
(4.2) a’X ~ N(a¥'m,a Za).
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Let X be a random vector taking values in R¢ and fix an integer 0 <
k < d. Let us divide X into two vectors X and X® of lengths k, d — k
respectively, i.e.

X(l) :(Xl,...,Xk)T, X(Q) - (XkJrl,--'aXd)T’
Analogously, divide the mean vector m and the covariance matrix X'
m »@A1) »(12)
m = 2 =
<m(2))’ [2(21) 2(22)} ’
so that EX® = m® EX® = m®@ Cov XM = £ Cov X@ = x(22)
Cov(XM, X)) = »(12) = »)T Denote by L(XM | X®) = £?) the con-

ditional distribution of X given X® = 22 ¢ R4=*_ 1f (22) is nonsingular
then

(4.3) LXW | X® = 2@ = Ny (mD (2@), 20D (),
where
mD (z?) = ) 4 502 57 @) @)
S (@) = (D) _ p(2) pE)~ ey,

Actually the conditional variance X1 (z(2)) does not depend on z(?) but we

keep the notation for consistency. The conditional density will be denoted
by fxm)|x@ =y (™M), where () € R¥. In particular if (X,Y) is a two-
dimensional normal vector with parameters

m 011 012
ma 021 022

then
LIX|Y =y)=N(mi(y),o1(y)),
where
2
o o
mi(y) :=m1 + ﬁ(y - m2)7 Ul(y) =011 — -z
022 099

If X is a random vector then its distribution with respect to the measure
P will be denoted by £(X) and its density by fx. Also, fx)|x(—z (@)

stands for the conditional density with respect to P.
In the case d = 2 the correlation matrix is of the form

I
Q_L J’
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and thus

=

1 11
Q' = 21 [_1 p} Q7= [v1+ Vo VIEe VIS
-1 1l .
’ : Vitp x/ﬁ m \/m
Hence the density of the martingale measure (2.1)) can be written as
(4.4) Tp = e~ AWh—A2Wi—BT _ —AW}—AWi-BT

where

1 o1 — T a9 — T
pe—1 o1 o9
1 alr—1r Qy—r
(o -2)
p—l 01 g9
1 1 1 - 1 1 —r\?
B =) (s =)
8 Vitp Vi-p) o1 IT+p I—p) o2
<< 1 1 )al—r < 1 1 )ag—r>2>
+ - + +
Vitp Vi-p) o Vitp Vi-p) o2

B=B—-A """ _ 42277
o1 g2

In the following subsections we will use the universal constants Aj, Ao,
B, B appearing in (4.4) as well as ay, ag,b, a1, as, b introduced below.
Fix numbers K > 0, ¢ > 0. One can check the following:

(45)  {Sp=K}={W7=a}={Wz>a},
(4.6)  {SF = K} = {WF > as} = (W7 > 2},
(4.7) {5+ > 52} = {0\ Wi — 03 W2 > b} = {01 Wi — 53 W3 > b},
(4.8) {Z:1 > ¢}y = {A1Wi + AsWE > Inc — BT}
= {4y W} + A;W7 > Inc — BT},

S2 =
b:zlnS—?jL (ag—al—(ag—cr%)>T, b:=In=2 — _(c2 - )T.
0

In all the formulas below it is understood that In0 = —oco and @ stands for
the distribution function of N(0,1).

For each derivative we calculate the risk functions for the cases when
[(x) = x and when I[(z) = 2P /p, p > 1. In the latter case we use the notation
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P = vl WP = Wl For I(x) = 2P /p we have I(z) = 2/®~1) and in view of
3.19,

(4.9) 7€) = SR ] + El(Z2)7 L],
(4.10) W2 (c) = B[(H — (cZr)7 )14,

where

(4.11) Ae = {cZy < H"™'},

and A® stands for the complement of A..

4.1. Digital option. Digital option is a contract with payoff function
of the form

H:K'l{slsz}, K>0

Let (X,Y), (X,Y) be random vectors defined by X := 01WT — oo W2,
Y = A1WT + AQWT, = 01WT — O'QWT, Y = A1WT + AQWT They are
normally distributed under P, resp. P and their parameters are given by

(4.1).
Linear loss function. Using (4.7)) and (4.8]) we obtain
¥i(c) = KE(1{51 >52} {(Zg >C})
= KP(0,Wi — 0oW2 > b, A\Wi + A W2 > Inc — BT),

and thus
ne)=K\| | fxy(zy)dydz.
b Inc—BT

An analogous computation yields

WQ(C) = Kﬁ(o‘lelw — O'QW% > l~), Alelw + AQW% >1Inc— BT)

=K S S }my(x,y) dydx.
b Inc—BT
Power loss function. In view of and we have
(412)  Ac:={cZr <H''} = {cZr < K' " wi_o,wasn )
= {\ W} — 0oaW3 > b, cZp < KP}
= {1\ W} — 0oaW3 > b, AAW} + AWE > In(KP~1/c) — BT}
= {1\ W} — 03W3 > b, A\WH + AsW3 > In(KP~' /) — BT,
and thus
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1 1 » -2
Ut (c) = EE[Kpl{mW%—ogW%zb}lAE] + ECHE[Z% "1a,

1

1o
V3() = E[KLy, 5, zsplal — T ElZ7 1a).

In view of (4.12) we have

P
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K
P (c) = 7p(alw% — 0oW2 > b, AW + AyW2 < In(KP~Y/¢) — BT)

1 p B
+ S TE[Z2 14,

p
In(KP~1/¢)—BT
KP T
= — S S fX,Y(xay) dyd-ﬁ
Py
1 T _ py+BT)
- || e T fxy(ny)dyda,
b In(KP=1/c)—BT
and
EPQP(C) _ KP(AC) _ CP%E[G_Alw%_A{W%_BT].AC]
oo} oo B
=K | | %7 (@,y) dyde
b In(KP—1/c)—BT
1 o0 ©0 y+BT ~
— ep-1 S S e 1 feo(x,y)dyde.
b In(KP—1/c)—BT
4.2. Quantos

4.2.1. Quanto domestic. The contingent claim is of the form
H=S2(5y - K)", K>0.
Linear loss function. Using we obtain
i (c) = E[SH(St — K)+1{Z;120}]
(SH(SE— KV, 10,y |Sh > KIP(S}> )
[5%(5% - K)l{Alw%JrAzW%zlnchT} | W% > GI]P(W% > ay)

oo
= | E[sZel02 308 +02Wh (glelr—3oD T+ Wi _ )

-1 1nchT7A1W711} ’WIL = -T] fW% (z)dz

{wi= "y
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_ Sge(ocz—%ag)T S S (Sée(al—éaf)T—‘rle N K)eazy
a] Inc—=BT—-Aqx
and
Wy(c) = E[S:%(S:IF - K)+1{Z;120}]

= E[S2(S+ — K)1 (515, Sh > K|P(Sh > K)

BISH(SF = KL i1y ayiasme.pry | W > @il P(WE > @)

E [Sge(rf%U%)T+02W% (Sée(rféof)T+cr1er% B K)

I
Ste—g

_ ~ wl_ £
1{W2>lnc—BT—A1W%} | Wr :E] fw%(l') dx
o0 o0
_ Sge(r—%ag)T S S (Sée(r— éaf)T-‘rmx - K)eagy
a1 lnc—BT—Aqz
Ag

Power loss function. The set (4.11)) is of the form

1
(CefAlw%ngW%fBT) =1
AC =

< (SL - K)*
5(2)6(&2*%”§)T+02W72~ < (57— K) }

Cﬁ _Ai 1_ Ai 2_ _1_2
:{ —e VT G oW (Bree o)l < gl i gl zm}.
=

For simplicity we assume that ’% + 09 > 0. In the opposite case one has
to modify the form of the set A, and thus also the integration limits in the

formulas below. We obtain

Ao = {WE > w(Wh), Wi > a1} = {W2 > o(W}), Wi > ar},

where
A §2(Sheler—oDT+o1e_ g
(z) = p—llx + ln( a(ge /(p—1) )) +(B+as— %U%)T
= _(ﬂ + o ) )
p—1 2
A S2(Ske(r—eD)THo1e_ g 5
'J}(x) _ pflll’-i-ln( 0 (Sge D )) + (B +ay — %O’%)T

()
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In view of the above, (4.9), (4.10) and using conditional densities we ob-
tain

152)pT 00 00

2\p (a2 —503)
,:p{?(c) — (SO) e p 272 (S S 6P02y(51 (ozl—fal)T—i-a'gmiK)p

alp —oo
: fW%\W%:x(y)fW% () dy d
00 00 ; 1, o
= || e sheler i DTN P () () dy d )
a1 w(z)
_p_ _BTI’ 0o 00
cr—le p— _ Alp Azp
T Y () fu () dy da,
p a1 w(z)
and
f(c) = SgeC 2D || emv(spelrmaoDTrer k)
a1 w(z) - -
: fw%‘W%:m(y)fW% () dy dx
1 _7]"00 e} - ~
—cpTe Pl j ~§ )e 1 (Arz+Azy fW%\Wl—x( ) [ (2) dy da
a1l w(x

4.2.2. Quanto foreign. The payoff is of the form
H=(S%—-K/S2)", K>o.

Linear loss function. First let us notice that

(4.13)  {Sh—K/S5% > 0} = {01 Wi+0o.W} > d} = {0 W40 W3 > d},

where
K 1
d:= lnw — <oq +as — 5(0% —|—J§)>T,
(4.14) (}(0 .
d:=Iln — (27“ — —(of + U%))T.
Sis2 2
We have

1 K *
¥(c)=E |:<ST - S%) 1{2;120}:|

K
1
|:<ST - S%) 1{W72~2 In c—Bi;Alw%}

P(o1 Wi} + ooW3 > d).

o1 Wi+ oW > d

I
=
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Denoting Z := o0, W% + O'QW% and taking into account the conditional dis-
tribution L(W1, W2 | Z) we obtain

oo 00 [e.9]

ne=] | | (Sotebrme  gggorieiro)
d —00 Ine=BT—Ayx
" fowvawz)z=2(,y) dy dz f2(2) dz.

Using the same argument under the measure P with Z := 01W% + O'QW%
yields

- K N — :
WQ(C) = E |:<‘g%1 - SQ) 1{~ lnchngAlw%} JlW% + O—QW']% Z d
T it R i

2
Wiz Ay

- P(01 Wk + oo W2 > d)

— S S S (Sée(rf%o'%)T+le o KS(Q]e(frJr%og)Tfa'gy)
CZ —0o0 lncféTfAlz 5 5
A . f(W%,'VV%ﬂZ:z(x’ y)dydx f;(z) dz.

Power loss function. Using (4.13) one can check the following:

_ +\ p—1
AC::{CZT§<(S:1F—IZ) ) ,S%F—Ig>o}
ST ST

~ K + p—l
= {CZT < ((S; — S2> > , oL Wh + oo W2 > d}
T

> ’U(UlW% + O'QW%), 01W711 + O'QW% > d}

(4.16) = {p Wi+ <p - 02>WT

> lNJ(O'lelw + O'QW%), 01W% + O'Q/W% > d},

where d, d are given by (4.14) and
Sy S2elartasdiot o) Tee 3

u(z) = ln{ i

cijge

B
(a2—503—59)T

102, (2r—Y(02402)T+z K
17(w)—1n{s080i ’ 11 22 = }
cpTnge(T_EUQ_P—l)T

To calculate W), W) we use the conditional distributions £(X |Y), £(X|Y),
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where X = WT (— — UQ)WT, = o\ Wi + o2 W2, Y = I%W% +
(pA—?—ag)WT, =01 WT+02WT. Denote by k1, ko, k3, k4 constants satisfy-

ing Wh = k1 X +koV, W2 = ks X +ksY, Wi = k1 X+ koY, W2 = kz X +kqY |
Then we have

oo v(y)
S S Gleolar—go)T+or(kiatkay) K ’
0 Sl (asz )T+0'1 (k35ﬂ+k4y)

Ixy=y(@) fy (y) dv dy

+ ;cflezﬁ S S e (klz+k2y) (k3x+k4y fX\Y:y(x)fY(y) dx dy,
d v(y)
and
prN T 1, (r—30})T+o1 (kio+kay) _ K
WQ (C) = (SJ S (S()e 291 Sée(réag)T+Ul(k3x+k4y)>
vy
NXlY/:y (z) ~f/ (y) dx dy
o Cp%le—f_Tl S e~ =L (k1a+kay)— 1(k3:v+k‘4y) ~XD~/= (m) }/(y) dx dy.
d 9(y)

4.3. Outperformance option. The problem is studied for
H = (max{S},S%} — K)", K >0.
Linear loss function. By f we get
i(c) = E[(Sp — K) 1515, | ST > K, Sp > STIP(Sp > K, Sp > 57)
+E[(S} - K)oy St > K, Sp < S}|P(S7 > K, St < SF)
= E[(SF — K)lizos, ] Wi > ay, o\ Wi — oW > b]

P(Wi > a1,01Wi — 0oW2 > b)

E[(S% — K)1z-1s, ] W2 > ag, o1 Wi — aaWi < b]
P(W2 > ag, oW} — aaW2 < b),

and further

o0 o0
— 1 (a1—102)T—|—01x _
11’1(0) = S S(Soe 20t )1{A1x+A2%zlnc—BT}
ai b

: fw;,,alw%—agw% (z,2) dzdx
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oo b
2 (ag—202)T+o2y
+S S (Sgel 2z 2 K)]‘{Ali%-i-AMZIHC—BT}
ag —oo
. fW%,O'qulv*O'QW% (y’ Z) dZ dy
Similarly,

Us(c) = B[(S7 — K)1 (3154 | St > K, Sp > SHP(St > K, St > 57)
+E((SF — K)1 (515, | 57 2 K, Sp < S7]P(S7 2 K, S < S7)
= E[(S} - K)l{Z;lzc} | Wi > a1, 00Wi — 02WF > 1]
. ﬁ(WN/% > &1,01W% - O'QW% > lN))
+E[(SF — K)1 (505, | W2 > ay, 01 Wi — 0o W2 < b]
. P(W% > &2,0’1/“7711 — UQW% < lN)),

which leads to

o0 0

_ 1 (r—ic)THorz _ .
Us(c) = S S(Soe 2 )1{A1$+A2%2‘221nc—BT}
ai p
. fw%mW%_mW% (z,2)dzdx
o~ b
2 (r—lag)T—i—agy o 5

+ S S (Sge'" 2 K)l{AlzJ;ﬂJrAQyzlnc,BT}

ag —00 !

: fW%,O’lW%*O’QW% (y, z) dz dy.
Power loss function. Taking into account f we can write
A, ={cZp < (Skv 82— K1 Shv s — K >0}
= {cZp < (SL - K)P7L, Sk > K, Sk > 52}
U{cZy < (S2 - K)P~!, 82 > K, Sk < 52},
We consider the case when Ay > 0, Ay > 0:

1
(4.17) A, = {W% > —<A1W% + BT + 1n<c(s§;, — K)p—1>>, Wi > ay,
O‘1Wzlw — O'QW% Z b}
1
U {W% > — <A2W% + BT + 1n<c(s% - K)P—1>>,

W% > ao, O’1W71« — O'QW% < b}
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W2 —b
U {W} > vy (W2), W2 > ag, Wk < ”T}

. o~ wl—b
= {W% > 51 (Wg), Wi > ar, Wi < ‘”T}

02

01
where
vi(z) = 22 <A1$ + BT + ln<1(S(1)e(a1%"l JT+orw _ >>
1 1 (agffa VT +oox
va(r) = z‘Tl Asx + BT +In E(SO 2 —
v 1 1 1 (r—203)T+o1x
U1(37) = X2 Al:L'—i-BT—i—ln E(Soe 2 _
U 1 1 o2 (r—503)T+oaz
Ug(z) = 4 Aoz + BT +In E(Soe -

Using the representation (4.17]) and adopting the convention that the integral
over the empty set is zero, we obtain

Oovl(ﬁt)/\alx_b
o2
P (c) = S S (Shela=3oD)T+orz _ K faiwizs () dy f (x) da
al —00
ogrx—b
B % 72 A A
+—ciTe T | e it _L%yfwﬂwl—z( y) dy fw () dx
p a1 vy(z)
. vz(z)/\L:;b
+§ 1 (Sgelermaed e P p e (y) dy f (2) da
as —00
ogx—b
1 o _pB T T _pAr, pay
tocrte || e T Y R e () dy fiya (x) da
p az UQ( )
ogrxz—b
oo o9

-1s o1x r r
73 (c) = 5 S (Sée(r 21Tt —K)fVT,%'W%:x(y)dny%(x)dx
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orx—b
1 B e 22 A A ~
—cﬁe_PjTS S e_r—llm_l’%yfwzlw1,z( )dny1( r)dx
ar o1(x) e
i~ ol 1 _2 T ~ ~
+S S (Sge(r_502) +02$—K)fW%‘W%:x(y)dny%(fU)dﬂﬁ
az f}z(l’)
ogrx—b
B0 % A Ay -
P = TS S efr}lx*p%ny”WQ W) dy fs (z) da.
ia Gala) TWp= T

4.4. Spread option. The payoff is of the form
H=(Sy—-S%2-K)", K=>O0.
One can check the following:
(St = S7+ K} = {W} 2 d(W3)} = {Wg = d(W2)},
where
1 Sgelezzod)THoww L | 1 ST 4 K

d(y) == —1 d —1In
(v) — P T (y) == o Sle(r“al)T

Linear loss function. We have
¥ (c) = E[(Sil“ - 572“ - K)+1{Z;120}]
= | E[(Sh — 57— K) Lz 0 [ WE =y] fuz(y) dy

_ S (Sée(oq—%a%)T-i-alx - Sge(ag—%ag)T-‘razy - K)

’ 1{Alx+A2yZln chT}fW%\W%:y (.73) dx fW% (y) dy

and
Py (c) = E[(S ST )+1{Z;126}]
= | BU(Sh— 57— K) "1 5000 | Wi = 4l f5 () dy
_ S S (Sée(r—%af)T—an - Sge(r—%ag)T—&—azy - K)
% d(y)

1{A1$+A2y21n cféT} quHW%:y (I) dx fW,I% (y) dy
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Power loss function. We have

(4.18) A= {cZr < (8% - S2 — K1 8L - S2 K >0}
_{Cﬁe—;flwl—ﬂw% 5T Ssée(m—%ff%)T-i-mW%

_ S2eloa= 3R TR eyl > g(W2))
_ (W e AW2)} = {Wh e AOW2)),
where

Al

Aly) = {a : e T p Ay T
< Sl (a1—%0%)T—|—alm o Sge(az—%ag)T—l—Uﬂ/ o K, T > d(y)},

- A A B T
A(y) :=={z: cr- 16 17 oY Pi
2

< Soe(r—%af)T—i-aw _ Sge(r—%ffz)T-f-@y - K, z> J(y)}
Let us notice that the set AN {H > 0} is of the form
(4.19) AN {H > 0} = (W} € B(W3)},

where

B(y) :=={z: cﬁe_ﬁw_;‘jy_lﬂ%rf
> S(l)e(al 50 )T+0'1x 52 (ap— 20'2)T+0'2y K, T > d(y)}

Taking into account (4.18) and (4.19) we obtain
o0
Wf(c) = 1 S S (Sée(al_%U%)T‘*‘UlﬂC _ Sge(CYQ—%US)T—I—aQy _ K)p
—o0 B(y)
Swawz=y (@) dz fiy2 (y) dy

pBT

pAg

1 pA .
+Ecp Te p-1 S S T 1y)fW1|W%:y(m) dxfw%(y) dy,
—00 A(y)

oo
wg(c) _ S S (Sl (7"— U%)T—&—alx Sg (7‘— o3 DT+ozy K)
o A(y) . 5
: fW%|W%:y($) dx fw% (y) dy
1 _ BT AL Ad
+ cr—1le p—1 S ~S (6 p—17% p*ly)fw%rW%_y( )dflf fWQ( ) Y.
T Ay)
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