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ITERATIVE METHODS FOR
PARABOLIC FUNCTIONAL DIFFERENTIAL EQUATIONS

Abstract. This paper is concerned with iterative methods for parabolic
functional differential equations with initial boundary conditions. Monotone
iterative methods are discussed. We prove a theorem on the existence of
solutions for a parabolic problem whose right-hand side admits a Jordan
type decomposition with respect to the function variable. It is shown that
there exist Newton sequences which converge to the solution of the initial
problem. Differential equations with deviated variables and differential inte-
gral equations can be obtained from our general model by specializing given
operators.

1. Introduction. Let £2 C R? be an open domain and suppose that
f 2 — R is a continuous function and (tg,xo) € 2. Let us denote by
@ : [to,a] — R the solution of the Cauchy problem

(1.1) W(t) = ft,w(t)), w(te) = zo.
Under natural assumptions on f there exist sequences {ay }, {5k} of functions

[to,a] — R for k > 0 such that:

(i) For each k > 1 the functions oy and fj are solutions of linear prob-
lems generated by (1.1]). More precisely, ay is a solution of the prob-
lem

w'(t) = f(t,ak—l(t)H%(t,Oék—l(t))(w(t)*ak—l(t)), w(to) = o,

and fj is a solution of the problem
(1) = J(t Brr() 4 S (1 o () (1)~ Bra (1)), wlto) = 0
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(ii) For k > 0 we have

ag(t) < ap1(t) < @(t) < B (t) < Be(t),  t € [to.al,
and

lim ag(t) = lim Si(t) = @(t) uniformly on [to, a].
k—00 k—o00
(iii)) The convergence that we get is of the Newton type, which means
that there is A > 0 such that
A

o)~ on(0) < =3

t € [to,al, k > 0.

The construction of the sequences {ay} and {8;} was given by S. A.
Chaplygin [5]. There exist many generalizations and extensions of the above
classical result. It is not our aim to give a full review of results concerning
the above problem.

Iterative methods and monotone iterative methods for differential sys-
tems and for boundary value problems generated by second order differen-
tial equations have been considered in [6], [15]. The monographs [12], [14],
[15] contain an exposition of classical developments on monotone iterative
methods for partial differential equations.

The papers [4], [1I] introduced the monotone iterative method for evo-
lution functional differential equations. Initial boundary value problems of
the Dirichlet type for parabolic functional differential equations were inves-
tigated in [4]. Monotone iterative methods for the Cauchy problem for an
infinite system of parabolic type equations were studied in [20]. The papers
[2], [9], [11] concern initial or initial boundary value problems for Hamilton—-
Jacobi functional differential equations. A theorem on convergence of the
Newton method for the Darboux problem related to a hyperbolic functional
differential equation can be found in [§]. Theorems on Chaplygin sequences
and on the Newton method for hyperbolic functional differential problems
are given in [I0]. The Chaplygin method is proposed in [19] as a tool of prov-
ing existence results for an infinite system of first order partial functional
differential equations. It is easy to see that the results given in [I9] are not
applicable to differential integral systems of Volterra type and to systems
with deviated variables.

The aim of the paper is to construct two monotone iterative methods for
parabolic functional differential equations with initial boundary conditions.
Now we formulate our functional differential problems.

Let S C R™ be a bounded domain with boundary 9 of class C'. Write

QOZ[_b()vO]xga Q:(O,(I)XS,
where a > 0,bp € Ry and S is the closure of S. For each (t,z) € [0,a] x S
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we define
D[t,z] = {(r,y) eER" : 7 <0, (t+7,2+y) € QUQ}
There is [c,d] C R™ such that
D[t,z] C [~by — a,0] x [c,d] for (t,x) € [0,a) x S.
Write I = [~bp—a, 0] and B = [~bg—a, 0] X ¢, d]. For a function z : QoUQ —
R and a point (t,7) € [0,a) x S we define 2 ) : D[t,z] = R by
Z(t,x)(Ta y) = Z(t+7a$+y)7 (Ta y) € D[t,l’].

In words, we restrict z to (Qo U Q) N ([—bo,t] x R™) and then shift the
restriction to DIt,z]. Let ¢¢ : [0,a) — R and ¢ = (¢1,...,¢,) : @ — R
be given functions. Write (¢, z) = (¢o(t), (¢, x)) for (¢,x) € Q. We assume
that 0 < ¢o(t) <t and ¢(t,x) € S for (t,2) € Q.

Let F: QxC(B,R) >R, ¢ :Qp— R, and 3, v, ¥ : [0,a) x S — R be
given. Write

A[)(t,x) = B(t, 2)2(t,x) + 7 (t, ) =

where n(z) is the unit outward normal to 95 at z € 9S. We write dn instead
of On(x). B
Let a;j,b; : @ = R, ¢,5 =1,...,n, be given functions. Write

L[z|(t,2) = Op2(t, ) = Y aij(t, 2) 00, 2(t, ) + D bi(t, 2)0,2(t, ).
i,j=1 i=1

We consider the functional differential equation
(1.2) LlZ|(t, z) = F(t, @, 2p(1,2))
with initial boundary conditions
(1.3)  Alz|(t,z) =¥(t,x) on [0,a) x IS, z(t,x) =1(t,x) on Qp.
We will say that the function F' satisfies condition (V') if for each (¢,x) €
Q@ and any w, @ € C(B,R) such that w(7,y) = &(7,y) for (1,y) € D[p(t,x)],
we have F(t,z,w) = F(t,x,®). Condition (V) means that the value of F’

at (t,z,w) € Q x C(B,R) depends on (¢,z) and on the restriction of w to
Dip(t,z)] only.

REMARK 1.1. Consider the functional differential equation
(14) L[Z](t, JJ) - F(ta xz, Z(t,x))
with initial boundary conditions (1.3]). It is clear that (|1.4) is a particular
case of (1.2)) with ¢(t,x) = (¢, x).

Differential equations with deviated variables are obtained from ({1.4]) in
the following way. Write

(1.5) F(t,z,w) = F(t,z,w(e(t,z) — (t,x))),
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where F: Q x R — R is a given function. Then (D is equivalent to

L[z](taw) = F(t,z,2(p(t, 7))).

Later we assume that F(-,w) € C*?%(Q,R) for every w € C(B,R).
On the other hand, the function F' defined by (|1.5) does not satisfy this
condition (in general). That is why we consider problem (1.2)), (1.3]) instead

of ([T1). (3.

We give examples of equations which can be derived from (|1.2)) by spe-
cializing the operator F'.

EXAMPLE 1.1. Let f:Q x R — R be given. Write (¢, z) = (¢,2) and
F(t,z,w) = f(t,x, S w(r,y)dydr) on Q x C(B,R).
Dlt,z]
Then (1.2)) reduces to the differential integral equation
L[z](t,x) = f(t, x, S 2+ 71,2+ y) dydT).
Dlt,z]
EXAMPLE 1.2. For the above f we put
F(t,.’I),’U)) :f(t,.’E,UJ(0,0[n])) OHQ X C(BaR)a

where Op,) = (0,...,0) € R". Then (1.2) reduces to the equation with
deviated variables

L[Z](t,l‘) = f(tv xz, Z(@ﬁ(t,if)))

The paper is organized as follows: In Section 2 we give sufficient condi-
tions for the existence of two monotone sequences which converge to extremal
solutions of problem , ; uniqueness of solutions is also considered.
In Section 3 we investigate the Newton method. We prove that there exists a
Newton type sequence which converges to the unique solution of , .

2. Monotone iterative methods. Suppose that
(2.1) F(t,z,w) = H(t,z,w) + G(t,z,w) on Q x C(B,R),

where H(t,z,-) is non-decreasing and G(t, z,-) is non-increasing. We prove
a theorem on the existence of solutions for a parabolic problem whose right-
hand side admits a Jordan type decomposition with respect to the function
variable (see [17]).

Suppose that H, G : QxC(B,R) — R are given. We consider the problem
consisting of the functional differential equation

(22) L[Z] (tv QZ) = H(t7 x, ng(t,r)) + G(ta €T, Z@(t,m))
and the initial boundary conditions (|1.3)).
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We prove that there are u*, v* : Qo U Q@ — R such that
(2.3) Llu*](t, ) = H(t, x, ugy ) + Gt T, 054 ) In Q,
(2.4) Lv*](t,z) = H(t, x,v5 ) + Gt 2, ug, ,))  in Q,
and u*, v* satisfy (|1.3]).
Now we define some function spaces. Let A C R'™” be a bounded domain

and 0 < o < 1. We denote by C*?%(A,R) the space of all continuous
functions f: A — R with the finite norm

1 £lorzaazy = Iflecam + B> (f]
where

[ fllccary = sup{|f(t,z)] : (t, l’~) € A},
etz = sup {LEDZLEI 0y, oy e a, e 2

[t — t|o/2
+ sup { |f(t,||fi)__jﬁ|(j,:i)| c(tx), (t,2) € A, x # i}

and ||- || is the Euclidean norm in R”. Let C'*+/2:2+%( A R) denote the space
of all continuous functions f : A — R satisfying:

(1) Ouf,0uf = (Oui [y Ou, [y Onaf = [Opya; 17 ;=1 exist on A, and 9, f,
O f, Oz f are continuous,
(ii) the following norm is finite:

1f llc1+ar22taiar)

= fllccar) + 10cf lccar) + Z 10z fllo(ar)

=1
+ Z 10,2, fllocam) + HY >0, f] + ZHO‘/M iz f]-
i,j=1 ,j=1

In a similar way we define the space C(1+®)/21+2(4 R), 0 < a < 1. Let
C12(A,R) be the space of all continuous functions f : A — R satisfying:

(i) Ouf, Onf, Opxf exist and are continuous on A,
(i) the following norm is finite:

[ fllcr2cam)
= fllccar) + 10cf llccar) + Z 10z, fllc(ar) + Z 02,2, fllo(ar)-
i=1 ij=1
Let L1(A,R), ¢ > 1, be the Banach space of all equivalence classes of
Lebesgue measurable functions f defined on A into R with a finite norm

1/q
I fllLaar) = (S |f(T, y)|‘1dydr)

A
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We denote by qu’Z(A,]R) the Banach space consisting of all f € L1(A,R)
having generalized derivatives O, f, 9y f, Ope f = [Op,0; f]7 ;=1 and such that
the following norm is finite:

I lr2amy = IfllLacar) + 10:fllaar)
q ( ) )

+ D N0 fllacar) + D 10z, fllLacam)-
=1

ij=1
For non-integral «, the Banach space Wy’ / 2’O‘(A,IR) is defined analogously
(see [14]).

Let S C R™ be a bounded domain with boundary 95. We will say that 0.5
is of class C?T®, 0 < a < 1, if for every x € 0S5 there exists a neighborhood
Uy of x and 7 € {1,...,n} such that 9S N U, can be represented in the form

€T; = h(l‘l, ey X1, L1y - - ,xn), (1}1, ey L1, Ty e e ,xn) € ﬁm,
where U, ¢ R"! is an open set and h € 02+O‘(Ux,R).

For w € C(B,R), w € C(Qo U Q,R) we put

lwllp = max{|w(r,y)| : (1,y) € B},
Hw(t,x)HD[t,x} = max{\u?(t’z)(T, y)\ : (T,y) S D[t, x], (t,l‘) S Q}

AssuMPTION H,.

(1) a5 € C¥22(Q,R), b; € C*>*(Q,R) for i,j = 1,...,n and there
exist K1, Ko > 0 such that for (¢,z) € Q we have

KiM? <) aii(t)hids S Fa| A% A= (M., A,
ij=1
(2) S C R" is a bounded domain and 95 is of class C**2,
(3) B,y € CUrI2IT([0,a] x9S, Ry), B(t, x) > Ofor (t,2) € [0,a] xS,
(4) W € CU+a)/21+a([0 a] x OS,R), 1 € C*t*(Qp, R) and the following
compatibility conditions hold for all x € 95

ov(0,x)

(25) 5(0.2)0(0.2) +9(0.2) S 25 = w(0.x),
(2.6) L]0, z) = H(0, z,¥y(0.2)) + G(0,2,%p(0.2))-

Given f: Q — R, consider the linear parabolic equation
(2.7) L[z](t,x) = f(t, x)

with the initial boundary conditions

(2.8)  Alz|(t,x) =¥(t,z) on [0,a] x 3S, 2(0,z) =1(0,x) for z € S.
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THEOREM 2.1. Suppose that Assumption H. s satisfied and f €
C*/22(Q,R). Then there exists exactly one solution @ : Q — R of (2.7),

2.8) and @ € C1He/224(Q R).
The proof can be found in [I3, Chapter IV, Theorem 5.3|; see also [14],
Appendix A, Section 3] and [16, Chapter V, Theorem 5.18].

AssuMPTION H[yp)]. The function ¢ : Q — R o(t,x) = (¢o(t), d(t, z))
for (t,z) € @, satisfies the conditions

(1) ¢o € C([0,a],Ry), ¢ € C(Q,R™), 0 < ¢o(t) < ¢t for t € [0,a],
o(t,x) € S for (t,z) € Q,
(2) there is Cy > 0 such that
|[¢o(t) — do()] < Colt — 1|, t,i€[0,d],
lo(t, =) — o(t, &) < Co(lt — 1| + [l — 2[),  (t,2), (1,2) € Q.
AssuMpPTION H[H, G]. The functions H,G : Q x C(B,R) — R satisfy
condition (V) and

(1) H, G € C(Q x C(B,R),R) and for every w € C(B,R) we have
H('a w)7 G(: ’U)) € Ca/2,a<Q7 R)v
(2) for each (¢, z) € Q the function G(t, , -) is non-increasing and H (¢, z, -)
is non-decreasing,
(3) there is L > 0 such that for all (¢,z,w) € Q x C(B,R),
|H(t, z,w) — H(t, z,w)| < Ljjw— |3,
|G(ta wi) - G(t7x’1b)‘ < LH’U) - 12}”%
EXAMPLE 2.1. Suppose that d,k € C*%/2*(Q,R.) are given functions.
Write H(t,z,w) = d(t,x)w, and G(t,z,w) = —k(t,x)w. Then H and G
satisfy Assumption H[H, G|.

~ ExaMmPLE 2.2. Suppose that G(¢,z,w) = 0 on Q x C(B,R) and H :
Q x C(B,R) — R satisfy condition (V') and condition (1) of Assumption
H[H, G| and there are L1, Lo, L € Ry such that

10w H (t, 2, w) = 0 H(T, &, @) ||cr < La(|t — 1% + |z — 2(|*) + Lo|w — @] 8
for all (t,z,w), (t,z,w) € Q@ x C(B,R), and
||awH(t7xa0)HCL < L3a

for all (¢,z,0) € Q x CY2(B,R) with (t,z) = 0 for (t,z) € B. Moreover
suppose that for (¢,z,w) € Q x C(B,R) and w € C(B,R) we have

OwH (t,z,w)h >0 if h € C(B,Ry),
OwH (t,z,w)h > 0w H (t,xz,w)h if he C(B,Ry), w>w on B.
Then H and G satisfy Assumption H[H, G].
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AssUuMPTION HJu, v]. There are u, v € CH2(QoUQ, R) such that u(t, z) <
v(t,x) for (t,z) € Qo U Q and

L[U](t, ZL‘) < H(ta x, ugo(t,w)) + G(t’ xz, U(p(t,m)) on Q7
Alul(t,z) <¥(t,xz) on [0,a] x 0S, wu(t,x) <Y(t,z) on Qo,
and
L[U] (ta l’) > H(ta €T, U(p(t,x)) + G(ta Ly ucp(t,:(:)) on Qu
APl(t,) > B(t,x) on [0,a] x9S, v(t,x) > (t,x) on Qo.

THEOREM 2.2. Suppose that Assumptions H., H[u,v], H[p| and H[H, G|
are satisfied. Then there exist functions Ulu,v], V]u,v] € C1te/22+e(Q R)
which are solutions of

L{U[u,v]|(t,x) = H(t, 2, up1,2)) + Gt T, Vp(1,)),
L{V{u,v]|(t,z) = H(t, 2, vp(1,2)) + G(t, T, gt )

with the initial boundary conditions . Moreover

(2.9) u(t,z) < Ulu,v](t,z) < Viu,v](t,z) <o(t,x) for (t,z) € Q.

and for o = Ulu,v], 0 = V]u,v] we have

(2.10) Lla](t,x) < H(t, 2,y q) + G(t, 2, 0p12) onQ,

(2.11) L[o](t,x) > H(t, 7, Vpt,2)) + G(t, 2, Uprz)) on Q.
Proof. Consider problem ({2.7)), (2.8) with

(212) f(t,:l?) = H(tvxaucp(t,x)) + G(tax)vgo(t,z))a (t,CC) € Q.

We prove that f € C*/%(Q,R). Note that the functions Ug(t,e) A U7 7),
where (t,z), (¢,%) € Q, have different domains. Therefore, we need the fol-

lowing construction. Write Y = [~bg,a] x [¢,d] where ¢ = (¢1,...,¢n),
d = (dl,...,dn), G = ¢ — |di—cil, d; = d; + |d,~—ci| for: =1,...,n.
There is @ : ¥ — R such that a € C**(Y,R) and a(t,z) = u(t,x) for
(t,r) € Qo U Q. Then the function 7, is defined on B for (t,z) € Q.
There is Cy > 0 such that for (t,z), (£,Z) € Q we have
la(t, z) = a(t,7)|| s < Co(|t — ] + [|lz — Z|)),
[5(t, ) — 0(t, 7)l[B < Co(|t —t] + [z — Z]).
It follows from Assumptions H[H, G] and H[g] that there is C' > 0 such that
for (t,z), (t,Z) € Q we have
‘f(t7 J}) - f(fv {E)‘
= |H(t7 z, /ago(t,x)) + G(t7 z, rz}ap(t,x)) - H(t_a z, a(p(f,i‘)) - G( y Ty @go(f,:f)”
< Llltgy = tpia)llB + Llltpwe) — Va5
+2C[|t =1 + o — 2] < Cullt — 8 + |l — 2]°],
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where C, = 20+2LC§ (142C0)*[max{a®/?,1}]. This gives f € C*/>%(Q,R).
It follows from Theorem that there is exactly one solution of problem
(2.7), (2.8) with f given by (2.12)). Let us denote this solution by Ulu, v].

Analogously we prove that there is exactly one solution V[u,v] of problem
[2.7), (2.8) with f given by (¢, ) = H(t, 2, vy(1,2)) +G(t, T, Uyt q)). It follows
from Theorem that Ulu,v],V[u,v] € C'T*/222(Qy U Q,R). Let z =
u — Ulu,v]. We conclude from Assumptions Hu, v], H[¢|, H[H, G| that
L:J(t2) <0 on Q,
and A[z](t,x) = 0 on [0,a) x S and z(t,z) = 0 on Qp. The theorem on
differential inequalities for mixed problems (see [14, Theorem 2.2.1]) now
shows that z(t,2) < 0 on Q. Hence v < Ulu, v]. In the same manner we can
see that V]u,v] < v on Q. Let Z = V]u,v] — Ulu,v]. We have A[Z](t,x) =0
on [0,a) x S and Z(t,z) = 0 on Qp. Moreover
L[g] (t7 :U) = H(ta x, ’ng(t,x)) + G(ta z, uap(t,z))
- H(tu €T, u(p(t,:r)) - G(t’ €z, U(p(t,z)) > 0.
An application of the theorem on differential inequalities for mixed problems
yields Z(t,z) > 0 on Q. Consequently, we have
u < Uluyu] < Viuo] v on @,

and (2.9) is proved. From (2.9) it is obvious that inequalities (2.10)), (2.11)

are satisfied. This completes the proof.

THEOREM 2.3. Suppose that Assumptions H,, Hlu, v], Hlp] and H[H, G]
are satisfied. Then there exist monotone sequences {u®}, {v®} which con-

verge to u*, v* respectively, and u*, v* satisfy (2.3)), (2.4), and the initial

boundary conditions (|1.3]).

Proof. First we formulate a monotone iterative method for problem (2.2,
(1.3). Let us consider the sequences {u}, {v®}, where u®),v®) : Qo U Q
— R, defined in the following way:

o 40 =, v =9, where u, v are given in H[u,v],

e if u® and v® are known functions, then we put uw*+1 = U[u(k), v("’)],

) = Vu®) )],
It follows from Theorem 2.2 that

We will show that the sequences {u(®)} and {v(*)} are convergent. Let

k k
hi(t,w) = H(t 2,0l )+ Gt a0l ), (o) €Q k> 1.

We will show that there exists K > 0 such that

k .
||u( )Hcl+a/2,2+a(Q7R) < K.
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It follows from [I3] Theorem 5.3| (see also [14, Theorem 2.3.1|) that
Hu(k)HcHa/ZHa(Q,R)
< Clllhkllcarze@ry + 1Pllcarars2itaqoaxask) T 1¥llcre@om)-
We need to show that there exists K 1 > 0 such that
sl Garza gy = IPkll oo my + H* > [hi) < K.
It follows from Assumptions H[H, G] and H[y]| that
|hie(t, @) — hu(t, Z)|

k T o= k k T - k
< H (b0, 00) = HE B 0| + G200 ) = GED 0 )
o o ~(k ~(k a ~(k ~(k «a
< 20[t — 12 + [|lz = 2] + L35, ) — B0 1B + 1850 ) — 85k o 15)

Notice that C1te/22te(Q R) ¢ W, *(Q,R) where ¢ > (n+2)/(1 —a).
It follows from Theorem A.3.4 in [I4] that W;?(Q,R) is embedded in
C(1+a)/2,1+a(Q7R) and

le® lcararziragry < Cllu® lyr2g g, k21
By Theorem A.3.3 in [14] we have

214)  [u®yreo

< Olllakll Loy + 19 llwarz-1/201-1/0 0, apxas,R) + 19 llyyr2-2/0 0 -
As C(Q,R) is dense in LI(Q,R), from the conditions (2), (3) of H[H,G],
it follows that {hy} is a bounded sequence in L(Q,R). Hence there exists
K3 > 0 such that

Hu(k)||C(1+a)/2,1+a(Q7R) <Ky fork>0.
Using this estimate we have
|hk(t7 l’) - hk(t: i')|
< 2C[Jt — 8072 + || — 3|°) + 2L Kl bo(t) — o(H)] 1)/
+[16(t, z) — ¢(t, 2)[|]
<20(|t = 8 + ||z — 2(|*) + M|t — 7 + ||z — 2|
= N[jt =1 + = — 2|,
where M = 2LK,C§ max{a®’/? + a*/2,1} and N = 2C + M. Hence
Hu(k)||cl+a/2,2+a(Q’R) < R

It follows from the Arzela—Ascoli Theorem that there exists a subsequence
of {u®} which converges uniformly to u* in CH?(Q,R). Since {u®} is
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monotone, it converges uniforrnly in C12(Q,R). Hence

¥ = —
nlLH;O"u u HC1,2(Q7R) 0,

and v (t,z) < u*(t,z) < v© (t,z) for (t,z) € Q. Similarly, we can prove
that v(*) converges to v* in C1?(Q,R) and uO(t,z) < v*(t,z) < vO(t,x)
for (¢,z) € Q. It follows from (2.13)) that
(2.15) uO(t, z) < u*(t,z) <v*(t,z) <vO(z), (t,z)e€q.
It is easy to see that u*,v* satisfy

L{u™](t, ) = H(t, 2, ug ) + Gt 2,054 ) on Q,

L[U*](tvx) = H(t m’vgo(t :r:)) + G(t 'rvugp(t x)) on Q)

and the initial boundary conditions . This completes the proof.
THEOREM 2.4. Suppose that Assumptions H,, H[u,v], H[p] and H[H, G]

are satisfied and for any w,w € C(B,R) with w(t,x) > w(t,z) on B,

H(t,z,w)—H(t,z,w) < Liy(w—w), G(t,z,w)—G(t, z,w) > —La(w—1w),

for all (t,x) € Q with some Ll,Lg > 0. Then u* = v* = z, where Z is
solutzon of ( . . such that u® < z < v on Q.

Proof. 1t follows from Theorem - 3| that u* < v* on Q. Suppose that Z
is any solution of ., such that u(9 (¢, z) < 2(t, ) < v (t,z) on Q.
Assume that for some k > 1 we have uF)(t,z) < Z(t,z) < U(k) (t,z) on Q.
Let w = u*+1) — 2. Then A[w](t, ) = 0 on (0,a] x 8S and w(t,z) = 0 for
all (t,x) € Qo. It follows from Assumption H[H, G] that

L{w|(t,z) = H(t,x, n ()t o)+ G(t,x v(() )
- H<t7x7 Zgo(t,x)) G(t Z, Zgo( )) <0, (t,.’L‘) € Q

Then uFt D (t, ) < Z(t, ) on Q. Similarly we show that 2(t, z) < v*+1(¢, 2)
on Q. It follows by induction that

u®(t,z) < 2t z) <ov¥(t,z) on Q, k> 0.

Hence u*(t,x) < Z(t,z) < v*(t,z) on Q. Let @ = v* — u*. We have
A[w](t,z) =0 on [0,a) x IS and w(t,x) = () on Qp. Moreover

L[w|(t,x) = H(t, a:,vgo(t ) TG, x,uw(t ») —H(, x,u@(t )~ G, m,v@(t )
< (L1 + L2)Wytz) on Q.

It follows from the theorem on differential inequalities for mixed problems
(see for instance [18, Th. 2.2]) that v* < u* on (. This completes the proof.

3. Newton method for functional differential problems. In the
proof of existence and convergence of monotone iterative methods we assume
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the monotonicity of the right hand side of the equation. In this section we will
omit this assumption and define a sequence which converges to the solution
of the initial problem.

We denote by C'L(B,R) the class of all linear and continuous real func-
tions defined on C(B,R). Let || - ||c, denote the norm in the space CL(B,R)
generated by the maximum norm in C(B,R).

ASSUMPTION H¢[F]. The function F : Q x C(B,R) — R of the variables
(t,z,w) satisfies condition (V') and

(1) F is continuous and F(-,w) € C*/?*(Q,R) for every w € C(B,R),

(2) for every (t,z,w) € Q x C(B,R) the Fréchet derivative 0, F(t,z,w)
exists, and 0, F(t,z,w) € CL(B,R),

(3) there are Ly, Lo, L3 € R such that

|0wF (t, x,w) — O F (¢, T, )| cL
< L[t =87 + ||lz = 2]*) + La|lw — @] 5
for all (t,z,w), (t,z,w) € Q x C(B,R), and
|0wF (t,z,0)||cr < Ly for all (t,z,%) € Q x CY?(B,R).
For given u € C(Qo U @, R), we consider the function
F(t, z,w;u) = F(t, 2, upz) + Ol (2, g ) (W0 — Upz))-
Suppose that the sequence {u®}, where u*) : Qo U Q — R for k € N,
satisfies the conditions
(a) u® e CT(QoUQ,R),
(b) for every k > 1 the function u*) is a solution of the equation
L[z](t,z) = F(t, x, Zo(ta); u(kfl))
with the initial boundary conditions
AlZ)(t,x) =W (¢, z)  for (t,x) € [0,a] x DS,
2(t,x) = Wt z)  for (t,2) € Qo,
where W(k) ¢ C((1+e)/21+2) ([0 q] x S, R) and 1¥) € CC+T)(Q, R).

It follows from Assumptions H,, Ho[F], H[p] and from Theorem 2.1
that such a sequence exists.

Now we will prove that the sequence {u(*)} converges to a solution of
(1.2), (1.3)). In the proof we will use some ideas from the proof of the Newton—
Kantorovich theorem.

THEOREM 3.1. Suppose that Assumptions Hy, Ho[F|, H|p] are satisfied
and

(1) 2: QoUQ — R is a solution of (1.2)), (1.3),
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(2) u® € CY2(QoUQ,R) and
|Z(t,x) — u(o)(t, z)| <ep on QoUQ,

where eg = {4aloK} ™! and K = exp (Lza),
(3) the inequalities

(3.1) w(t, ) —p® (t,2) <02 K™Y, (t,7) € Qo,
(3.2) W (t,z) —TF (¢, 2)| < Alwp( D]t x), (@) €[0,a) x DS,
hold for k > 1, where wy(+) is the solution of the Cauchy problem
28() 2 k
33 o0 = Lo ) Lo, 9(0) = a2 K
Then for k > 0 we have
(3.4 2(0,2) ~u0,2)] < 20 on Q.

Proof. We prove (3.4) by induction. It is easy to see that (3.4)) is satisfied
for k = 0. Suppose that it holds for some k > 1. Then for (¢,2) € @ we have

L[g - u(k+1)](t’ I‘) = F(t7 z, 2@(15@)) - F(tv €, u(k) )

o(t,x)
(k) (k+1) (k)
= OB (2t ) ga) — Ut

It follows from the Hadamard mean value theorem that

L[z — u* (¢, 2)
1

k ~ k k
(S) (0w F (2,1l ) + TCo(ay — Ul ) — OwF (t 2, ul), )]

~ k
X [Zp(tz) — ufa()t’x)] dr

k k+1 ~
+ awF(t7 z, u;()t’z))[ug(p(::xg B ng(t,x)]‘

Set Z*) = z — (¥ We conclude from the above relations and from Assump-
tion Ho[F] that

k k+1 =
L[ZEDN(t,2)] < LollZ5) ) I + Lsll 25 lls, (t2) € Q.

It follows from a comparison theorem for parabolic functional differential

inequalities (see [I8]) and from (3.1)), (3.2) that

|Z(k+1)(t,l‘)’ < wk—i—l(t)v (t,l‘) € Qa
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where wy 41 is the solution of (3.3). It follows that

21t
k+1 o 2e
wip1(t) = €0{2% " K} lexp (Lst) + Ly (22,?) Sexp (Ls(t —s))ds
0
€0 48%[/20,}( 280
< 2R T 92F 1 = 92F T

Hence

20D (1, )| < 220

— 22k+1 .

This completes the proof.
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7l
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(11]

[12]

[13]

REMARK 3.1. It is clear that conditions (3.1]), (3.2)) are satisfied if we
put

PP (tx) =t z) on Qo, W (t,z)=w(t,z) on[0,a) x IS.
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