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UNIQUENESS OF SOLUTIONS FOR SOME DEGENERATE
NONLINEAR ELLIPTIC EQUATIONS

Abstract. We investigate the existence and uniqueness of solutions to the
Dirichlet problem for a degenerate nonlinear elliptic equation

— 3" Dj(aij(x)Diu(x)) +b(z)u(z) +div(P(u(z))) = g(z)— Y _ fi(z) on
j=1

ij=1
in the setting of the space Hy(£2).

1. Introduction. In this work we prove the existence of (weak) solu-
tions in the space Hy({2) (see Definition for the Dirichlet problem

P) Lu(z) + div(®(u(x))) = g(z) = Y Difj(x) on £,
j=1

u(z) =0 on 02,

where L is the partial differential operator

n
(L.1) Lu(w) = = 3 Dj(ay(z) Diu(x)) + b(w)u(z)
ij=1
with D; = 0/0x;, where {2 is a bounded open set in R” and we assume
that (2 has a Lipschitz boundary 02 with outward unit normal 7j(z) =
(m(zx),...,nn(z)), the coefficients a;; are measurable, real valued functions,
the coefficient matrix A = (a;j(x)) is symmetric and satisfies the degenerate
ellipticity condition
(12) i) < 3 ay@)E; < l6Pola)
ij=1
for all £ € R™ and a.e. x € {2, w and v are weight functions and @ : R — R".
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By a weight, we shall mean a locally integrable function w on R" such
that w(z) > 0 for a.e. z € R™. Every weight w gives rise to a measure on
the measurable subsets of R through integration. This measure will also be
denoted by w. Thus, w(E) = |, w(z) dz for measurable sets £ C R".

In general, the Sobolev spaces W*P(£2) without weights occur as spaces
of solutions for elliptic and parabolic partial differential equations. For de-
generate partial differential equations, i.e., equations with various kinds of
singularities in the coefficients, it is natural to look for solutions in weighted
Sobolev spaces (see [I]-]4] and [7]). The type of the weight depends on the
equation.

A class of weights which is particularly well understood is the class of
Ap-weights (or Muckenhoupt class), introduced by B. Muckenhoupt [11].
These classes have found many applications in harmonic analysis (see [14]
and [15]). Another reason for studying A,-weights is the fact that powers
of the distance to submanifolds of R™ often belong to A, (see [9]). There
are, in fact, many interesting examples of weights (see [7] for p-admissible
weights).

Equations like have been studied by many authors in the nonde-
generate case (i.e. with w(z) = v(z) = 1) (see e.g. [6], [8] and [12] and the
references therein).

Let us briefly describe the content of the paper. In Section [2, we give
necessary definitions and basic results. In Section [3|, we prove the existence
and uniqueness of weak solutions to problem (P).

The following theorem will be proved in Section

THEOREM 1.1. Let §2 be an open bounded set in R™ with a Lipschitz
boundary 02 and let w and v be two weights. Suppose that

(H1) fj/we LP(2,w) (j=1,...,n) withp > nr > 2;
(H2) g/v € LY(f2,v) with 1/qg=1/p+ 1/nr;
(H3) (v,w) € Ay with1 <r <p <nr (where1/p+1/p' =1);
(H4) b(x) >0 for a.e. x € 2 and bjw € L*(£2);
(H5) @ : R — R™ (@ = (&1,...,D,)), with |®(u)|/w € L*(2,w) if
u € Ho(12) and the functions ®; are continuous (j =1,...,n).

Then problem (P) has a solution u € Hy(£2). Moreover, u € L*(£2) with

3
4
)

(1.3) lullzoeo) < C(lg/vllacom + D 15 /wllinow)
j=1
where C' is a constant independent of u, g, fj and @;. If moreover
(H6) |@)(ur(z)) — @j(ua(z))| < Cov(w)ur(z) — uz(z)| for all ui,uy €
Ho(£2), a.e. x € £2 and Cy is a positive constant,

then problem (P) has a unique solution.
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REMARK 1.2. The estimate is an important ingredient in the proof
of the existence of a weak solution to problem (P). Under the assumption
¢; =0(j=1,...,n) and w = v = 1 (non-degenerate case), is the
usual L>-estimate of Stampacchia (see [§]).

2. Definitions and basic results

DEFINITION 2.1. Let w be a locally integrable nonnegative function in
R™ and assume that 0 < w(z) < oo almost everywhere. We say that w
belongs to the Muckenhoupt class Ap, 1 < p < oo, or that w is an Ap-weight,
if there is a constant C' = C),,, such that

p—1

s fw@dn) (5 {0 P@dr) <y
Bl ) Bl)

for all balls B C R"™, where |- | denotes the n-dimensional Lebesgue measure
in R™ (see [5], [7], [15] or [16] for more information about A,-weights).
The union of all Muckenhoupt classes is denoted by

Ay = U A,
p>1
The weight w satisfies the doubling condition if there exists a positive
constant C' such that

w(B(z,2r)) < Cw(B(z,r))

for every ball B = B(xz,r) C R", where w(B) = {w(z)dz. If w € A, then
w is doubling (see [7, Corollary 15.7]).

As an example the function w(x) = |z|%, = € R", is in A, if and only if
—n < a <n(p—1) (see [15, Corollary 4.4, Chapter IX]). If ¢ € BMO(R")
then w(x) = e*¥(®) € Ay for some a > 0 (see [14]).

DEFINITION 2.2. Let w be a weight, and let {2 C R™ be open. For 0 <
p < 0o, we define LP({2,w) as the set of measurable functions f on {2 such
that

£l (2w) = (S |f (@) [Pw(z) dx)l/p < 0.

0

REMARK 2.3. If w € A, 1 < p < o0, then since w1 ig locally inte-
grable, we have LP(£2,w) C LL (£2) for every open set 2 (see [16, Remark
1.2.4]). It thus makes sense to talk about weak derivatives of functions in

LP(£2,w). We also know that the dual space of LP(2,w) is L¥' (£2,w'~"").

DEFINITION 2.4. Let {2 C R™ be open, 1 < p < oo, and let w be an
Ap-weight, 1 < p < co. We define the weighted Sobolev space WP (£2,w)
as the set of functions v € LP({2,w) with weak derivatives D;ju € LP(2,w)
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for j =1,...,n. The norm of u in W'P(£2,w) is defined by

21) s = (| @Po@)de + 3 | IDju(@) o) dr) .

o) =10

The space Wol’p(Q, w) is the closure of C§°(£2) with respect to the norm

. /
lullyro g = (Z [ 1Dsu(@)Pew(z) dx>1 3

j=1 0
The dual space of W, (£2,w) is W=7 (£2,w) (see [3]), where
W (02, w)

—{T=fo—divf:f=(fi,.... [n), fij/we LF(2,w),7=0,...,n}.

It is evident that the weights w which satisfy 0 < ¢; < w(z) < ¢ for
x € £2 (¢1 and g positive constants) give nothing new (the space Wol’p(Q, w)
is then identical with the classical Sobolev space VVO1 P(£2)). Consequently,
we shall be interested above all in weight functions w which either vanish
somewhere in {2 or increase to infinity (or both). For more information about
weighted Sobolev spaces see [7], [9], [I5] and [16].

DEFINITION 2.5. Let 2 C R™ be open. The space H({?) is defined to be

the completion of C°°((2) with respect to the norm
1/2
(2.2) lull ) = ( | w2 de + {(AVY, Vi) d:):)
2 Q

where A = (a;j(x)) is the coefficient matrix of the operator L defined in
(1.1)), (-, -) denotes the usual inner product in R™, and the symbol V indicates
the gradient. The space Hy(f2) is defined to be the completion of C§°(£2)
with respect to the norm

(2.3) fullagcer = ( §AVu, Yy dr)
0

The spaces H({2) and Hy({2) are Hilbert spaces. For more information
about them see [2].

REMARK 2.6. Using condition (|1.2)) we obtain

S \Vul*w dz < S(AVU, Vu) dr < S |Vu|?v dz,
9] 9] 02

and Wol’2((2,v) C Ho(2) C W()1’2(Qaw)a | < <

Nwr2ow < 1 i <
|| ) ”Wol’z(_()ﬂ))‘
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DEFINITION 2.7. We shall say that a pair of weights (v,w) satisfies the
condition A, 1 <r < oo, if there is a constant C' > 0 such that

Vo) (g fet ) <
B) B )

for all balls B C R™. The smallest such C will be called the A,-constant for
the pair (v,w).

REMARK 2.8. If (v,w) € A, and w < v then v € A, and w € A,.

In this work we use the following six results.

THEOREM 2.9 (The Weighted Sobolev Inequality). Let {2 be an open
bounded set in R™ (n > 2) and w € A, (1 < p < 00). There ezist positive
constants Cq and § such that for all u € Wol’p((},w) and all 0 satisfying
1<0<n/(n—1)+79,

(2.4) [ullre (00) < CollVullLe(0,w)-

Proof. For u € C§°(£2) the inequality is proved in [3, Theorem 1.3]. To
extend the estimate (2.4)) to arbitrary u € T/VO1 P(0,w), we let {uy,} be a
sequence of C§°(£2) functions tending to u in WO1 P(£2,w). Applying (2.4) to
the differences wm, — wUm,, we see that {u,,} will be a Cauchy sequence in
L%(02,w). Consequently, the limit functions u will lie in the desired spaces

and satisfy (2.4]). =

THEOREM 2.10 (The Hardy Inequality; see [10, Theorem 15.8]). Let 1 <
r<p <mnr, 1/pp = 1/p1 — 1/nr and (v,w) € A,. Then there ezists a
constant C¢ > 0 such that

(S lu(z)[Pv dx) ‘< CQ(S |Vu(x)[Plw da:)
Q Q

for every u € C}(£2).

The following lemma is due to Stampacchia (see [13, Lemme 4.1]).

1/p 1/p1

LEMMA 2.11. Let o, 8, C' be positive real constants, where 8 > 1. Let
¢ :10,00) = Ry be a decreasing function such that

d(h) < (h_Ck)a[d)(k)]fB for all h > k.

Then ¢(d) = 0, where d* = C[¢p(0)]P—1208/(B=1),
LEMMA 2.12 (see [7, Theorem 15.5]). Ifw € A,, then

!E!>p w(E)

2 <Gt

<\B! " w(B)

whenever B is a ball in R™ and E is a measurable subset of B.
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By Lemma if w(E) =0 then |E| = 0.

LEMMA 2.13 (see [10, Lemma 15.5]). Let (v,w) € A,. Then (v,w) € A,
for every p € (r,00).

THEOREM 2.14. If w € As then the embedding Wol’2((2,w) — L*(2,w)
18 compact.

Proof. The proof follows the lines of the proof of |4, Theorem 4.6]. m

REMARK 2.15. (a) Since p > nr > 2 and r < p/ < 2, if w € A, then
w € A, and w € Ay (by Lemma and Remark and we also have
LP(,w) C L*(,w) C LV (2,w) (since w(2) < oco) and || - I (0w =

Cill - lz2(2w) < Coll - lr(02.w)-
(b) Since 1/q = 1/p+1/nr we have 1/¢' = 1/p' —1/nr. By (H3) we have
1 <r < p < nr and using Theorem and (1.2) we obtain

H(pHLq/(Qm) < CQHVQ)DHLPI(Q,W) < CQCIHV(PHLQ(Q,M)

1/2
< 0901< [ (AVe, Vo) dzr) = Csllellmo(02)-
02

(c) Since w € A, by Theorem (with # = 1) and (1.2]) we obtain
lull22(2.w) < CollVullr2(0w) < Collullmy(o)-

DEFINITION 2.16. We say that an element u € Hy({2) is a (weak) solu-
tion of problem (P) if

(2.5) Saij (z)Dju(x)Djp(z) dx + S b(x)u(z)p(z)dr — S D;i(u(z))Djp(x) dx
2 Q Q

n
Jj=

= g@)p(@)dz+>_ | fi(x)Dje(x) da
0 2

1
for all p € Ho(£2).

REMARK 2.17. By (L.2), (H1)-(H5), Theorem [2.9] (with § = 1), and
Remark 2.15{(a), (b) we have

i) | § @ Db de| < llullmwo) el
2
() | §s(@)Dypda| < I118(w)|/wl 200 ¢l oo
2
(i) | b(@)up da| < CRlIb/wlle o llullmy @ Il )

N
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(i) ngd:HZSfa Dypda| < | |g|!<,o|vdx+ZS’oJJ|I Dl
j=10 =10

< lg/ollzaam Pl + S 1 elimtes 190l 1 o

j=1

< (Crzcng/UHLq(n,u) +C1 Z Hfj/w”Lp(.Q,w)> el o (2)
j=1

< Cu(llg/vllzooy + D I Fi/wllin o ) el oo

j=1

where Cy = max{C,C1Cp}.

3. Proof of Theorem 1.1

STEP 1: Proof of ([1.3]). Assuming problem (P) has a solution u € Hy({2),
set 2(k) = {x € 2 : |u(z)] > k} for & > 0. We choose for ¢ in (2.5 the

function
(3.1) p=w—k)"+u+k)”

where (u—k)* = max{u—Fk,0} and (u+k)~ = min{u+k, 0}. The functions
(u—k)*, (u+ k)~ and @ are in Hy(2), and

Dz(u - k)Jr = X{u>k}Diu and Dz(u + k)i = X{u<7k}D’iu7

where xg denotes the characteristic function of a measurable set £ C R".
Moreover, if we set ¢;(s) = | ®;(t + k) dt, by the divergence theorem we
have

32) | ®i(w)Dj(u— =\ Djui((u—k)") de
(9}

9]
S 77] dO‘( ) 07

since 1;(0) = 0 and (u — k)T = 0 on 9f2. Analogously, we deduce that
§$o@j(uw)Dj(u+ k)~ dx = 0. Moreover, on u > k > 0, u is positive and on
u < —k < 0, u is negative. So we have

3.3) | b@)u(2)@(z)da
2
= | b(@)u()(u(x) — k)T dz + | b(z)u(z)(u(z) + k)~ dz > 0.
2 9]



100 A. C. Cavalheiro

Using (3.1)—(3.3) and (1.2)), we obtain
S |V¢|2w dx < S al-le-cﬁngé dx

9] (0]
< S a;jDiuD;pdx + S bup dx — S Di(u)D;j¢ dx
(9] 2 (9}
= S gpdx + Z S fiD;pdx.
Q

j=10
Hence, by the Holder inequality, we obtain
(3.4)

- g
1961000 < (|

n

)H@HLq’(Q,U) + Z

=1

1
w

Hwnmm,w)).

LCI(Q’U LP(.Q,w)

Since p >nr > 2and 1 <r < p < 2,if (v,w) € A, and w < v then
w € A, (see Remark , we Ay and w € Ay (see Lemma , and since
1/¢' =1/p' — 1/nr, by Theorem [2.10| we have

(3.5) 1811 209 < Cal VBl Lo 2
Hence, by (3.4), we get
N g = || /; .
30 IVl <G(|2)  + 2|5 ) Ivel,
LH3w) YllLa(o,v) ; WilLr(2w) el

Now let us remark that ¢ = 0 outside §2(k), so by Holder’s inequality we
obtain

(3.7) HVcﬁlep,(Qw) = S V@ wde = S V| w da:
0 (k)
< ( S IV@[*w d:c)p,ﬂ( S wdx) s
(k) (k)

= (V@I .0y [ (2(R)) 2P/2,
Hence, we obtain
(3.8) IVEIZ0 () S V@I [w($2(R))) 777"
From and , we then deduce

n

fi

w

+
Li(2,v) =1

If h > k then 2(h) C 2(k), p = £(Ju] — k) on 2(k) and |p| > h — k on

- g
39) 198l o < O |

) (k)|

LP(w)
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2(h) for h > k. We obtain (using w < v)
/ ! / 1/ !
(310) (b= K)w(@ENYT < (h—R)p@m) < (] |@7vds) "

Q(h)
< (Q

/

i /4 _
J 1217 vde) " = 18l (g
(k)

Using (3.5)) and . we get

311 (b= RO <@l (00 < CollVEl (.

< C5Crz< - 3L )[w(g(k))](zp’)/p{
UllLaew) 5 1N le(@w)
Hence
g/v v) + fi/w w q
(3.12) w(2(h)) < [C lg/vll o hZJ kl 1f5/wl oo, )]

x [w(82(k))) PP

Since p > nr > 2 and 1/¢' = 1/p’ — 1/nr, we see that 8 = (2 — p')q'/p
(nrp — 2nr)/(nrp — nr — p) > (nrp — nr — p)/(nrp — nr — p) = 1 (sinc
p > nr > 2 we have nrp — nr — p > 0). By Lemma u 2.11] applied to ¢(h )
w(£2(h)) we have ¢(d) = w(§2(d)) = 0 where

d— C’7< % 5 ) [p(0)]F~128/(5=1),
j=1

Wl Le(2.w)
(Note that ¢(0) = w(£2(0)) < w(£2) < co.) By Lemma [2.12} if w(£2(d)) = 0
then [£2(d)| = 0. Therefore

f.. Bl
v Wl Lp(2,w)

STEP 2: Proof of existence of a solution. Let us denote

i

w Lp(rz,w))
and define, for all j =1,...,n (t € R),
Gj(—M) ift < —M,
P;j(t) = § @;(t) if |t] < M,
o (M) ift> M.

+
La(2,v)

+

thmﬁ%(
Li(2v) =1

M:08< g +
UllLaee) 55

By (H5), the <l~'>j are bounded. For each ¥ € L?(£2,w), there exists a unique
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solution u to the problem

u e Ho(Q),
S ai;DiuDjp dx + S b(z)up dx
(P1) Q Q .
=\ 2,0)Dj0dz + \ gpdu + >\ fiDjpdx, Vo € Ho(2).
Q Q j=10

In fact, we define B : Hyo({2) x Ho(£2) — R and T : Ho(f2) — R by

B(u, ) = S a;; DiuDjpdx + S buyp dx,
2

N
n
=\2,0)Djpdz+ | gpdz+ >\ f;D;pdu.
2 Q j=10
Then B is continuous (by (1.2)), (H4), w € Ay and Theorem [2.9 with 6 = 1):
b(x)
w

p)| < S |(AVu, V) \da:—l—s lul |¢|w dz:
0

Q
< (1+ CRlIb/w o (o) 2t 1o 2 191 10 12
and B is coercive (using (H4)),
B(u,u) = Saij(a:)DiuDjudx + S b(x)u? de > S (AVu, Vu) dx = Hu||H
2 9] 2
J=

Moreover, since the ; are bounded (|®;] < C, .,n), T is continuous

and
T (o)l

fA
Z] el o(2)
LP(2,w)

Hence, by the Lax—Milgram theorem there is a unique solution u € Hy({2)
to B(u,p) = T(p) for all ¢ € Hy(£2) (that is, u is the unique solution of
problem (P1)).

Therefore let us consider the mapping 7' : L?(§2,w) — L?(£2,w), defined
for ¥ € L?(£2,w) by T(Y) = u where u is the solution of problem (P1). By
taking ¢ = u in (P1), we obtain

+Clz

j=1

. B 1/2 g
< <C<§)w 1d:1:> +CoCh| 2 o

S aij(x)DyuDjudr + S b(x)u? dx
9] (9}

:S@j(ﬁ)pjudx+§gudx+ Y | fiDjudz.
) j=10
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Using (1.2)) and (H4) we have

(3.13) Hu||%{o(9) = S(AVU,VU) dr < S a;jDiuDju dx + S bu? dz,
Q Q Q
and using the fact that the &; are bounded (i.e., |®;] < O), w € Ay (W™t €

Ll (R™)), we obtain
(3.14) H i ( Dud:z:—i—SgudaH—ZS Dudx‘
0 Q j=10
f.
<L | o (02)
WlLr(2,w)

LP(Q,w))

+CIZ

Jj=1

1/2
( (g “ar)" 4 0ac |9
v
By (3.13]) and (3.14) we obtain

(3.15)

~ . 1/2 g
HUHHO(Q) < <C<§Zw d:c) + CnCq Y

La(02,w)

fi

w

—1-012

j=1

La(2,v)
= 097

where Cy is a constant which does not depend on ¥ € L?(£2,w).

By combining this with Remark 2.15(c), we get
(3.16) 1T 2 (2) = 1ull 22wy < Callull gy < CaC = Cio.

Let us denote by B = B(0,C1p) the ball in L?(£2,w) of center 0 and ra-
d1us Cho. From 6) (and Remark [2.15(c))) we have T(B) C B Since
Wo 2(2,w) is compactly embedded in LQ(Q w) (by Theorem [2.14)) and
Hy(92) C T/VO1 %(02,w), it follows that T(B) is precompact in B.

To prove that T is continuous, let {¥,,} be a sequence in L?(§2,w) such
that ¥,,, — 0. By and Theorem [2.14] it is enough to show that 7'(9) is
the only limit point of the sequence T'(¥,,). Let us assume that a subsequence

T'(y,,) tends to u as k — oo. One can extract a subsequence (still denoted
by ¥, ) such that

ﬁmk — w-a.e. in 2,
=T(9p,) = u in Ho(£2).

By { and the Lebesgue dominated convergence theorem we have
P, (19 ) — @;(0) in L*(£2,w). Now, passing to the limit in

(3.17)

S aijDiumkDicp dr + S bumkgo dzx
(9} (9}

= | &; (O, ) Djp do + § gpde+> | fiDjpdx
19, j=10
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we deduce from (3.17) that

S a;; DiuD;p dx + S bup dz
N 0 n
=\ 2;(0)Djpdz+ \ gpdr+ >\ f;D;edx
19 Q j=10
for all ¢ € Ho(12).

Hence, u = T'(¥) and T is continuous. Therefore, by the Schauder fixed
point theorem (see [5 Theorem 10.1]), 7" has a fixed point v € B. Such a
fixed point is a solution to problem (P) with @; instead of @;; but from
Step 1 we have |ul| (o) < M and thus @;(u) = @;(u).

STEP 3: Uniqueness. If u; and uy are two solutions to problem (P),
then

S aijDiulecp dx + S bul<p dx —
0 n

for all ¢ € Hy(§2). We obtain

S a;j(Vur — Vug, Vo) dx + S b(up — ug)p dz
Q Q
— V(@(u1) — B(up), Vi) dz = 0
2
for all ¢ € Ho(2). Then, since L = — > "'. | Dj(a;;D;)+b, using integration
by parts we obtain

(3.18) V(w1 — u2) Lop — (D(ur) — B(uz), Vip)] da = 0.
2
We set o &
o i) = Pilua) £,
J Uy — u2
0 if w1 = ua.
By (H6) we have G;/v € L>(£2) (j =1,...,n). By (3.18) we obtain
(3.19) S(ul —ug)(Lp — G;Djp)dr =0, Vo e Ho(12).

2

But, similarly to problem (P1), there exists a unique ¢ € Hy({2) satisfying
the equations Ly — G;D;p = (u; — ug)v, and for such a ¢, (3.19) becomes

S(ul —ug)?vdx = 0.
(0]
Therefore u1 = us. =
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EXAMPLE. Let 2 = {(x,y) € R?: 22 + y? < 1}. Consider the weights
w(z,y) =M@ +97)72 0 vy = de(@@ +y) 7 (0< M <o)
v,w) €A, r=5/4,p =3/2, p=3, ¢ =15/11), and the functions

((v,w) /
&:R—R%  &(t) = (cos(t),sin(t)),
arctan(1/(z? + y?))
(:1:2 +y2)1/2 ’

cos(1/(z? 2
filz,y) = (;2/_5_ yz—;% ))>

Consider the partial differential operator

9 0 0 )
Lu(z,y) = — - <>\1(l‘2 + yg)_l/2u> ~ oy <)\2(m2 + y2)_1/2u>

g(z,y) = b(z,y) = e~ @+,

sin(1/(z? + y?))
(:):2+y2)1/3 )

f2($7 y) =

ox ox 0 oy
+ b(z, y)u.
By Theorem the problem
Lu(e,y) + div(@(ue.)) = a(op) = b~ 52 on @

u(x) =0 on 012,

has a unique solution u € Hy({2).
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