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WEN-XIAN LIN (Chaozhou)

ON THE EXISTENCE OF POSITIVE SOLUTIONS
OF SECOND ORDER NEUTRAL DIFFERENCE EQUATIONS

Abstract. The neutral delay difference equations of second order with
positive and negative coefficients

(E) A2(xn +pnxn—7') + GnTn—o — TnTn—x =0, n=0,12...,

is studied, and a sufficient condition for the existence of a positive solution
of this equation is obtained.

1. Introduction. Recently, there has been a lot of research activity
concerning positive solutions of difference equations. See for example [4-6]
and the references cited therein. Difference equations appear as natural de-
scriptions of the observed evolution phenomena as well as in the study of
discretization methods for differential equations. The application of the the-
ory of difference equations is rapidly broadening to various fields such as nu-
merical analysis, control theory, finite mathematics, and computer science;
in particular, the connection between the theory of difference equations and
computer science has become more important in recent years, because of the
successful use of computers to solve difficult problems arising in practice.
Furthermore, chaos and fractals are at the center of attention nowadays,
and difference equations produce them [1-3].

The present paper deals with the neutral delay difference equations of
second order with positive and negative coefficients

(E) Az(mn +pnxnf7—) + @nTn—g — TnTp—x =0, n=0,1,2,...,

where 7 is a positive integer; o, \ are nonnegative integers; {p,} is a real
sequence; {q, }, {rn} are real positive sequences; A is the forward difference
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operator defined by
Az, =T — 1, and A? = A(A).

Let 1 = max{7, o, A\}. Then by a solution of (E), we mean a real sequence
{zy} which is defined for n > —p and satisfies equation (E) for n > ny.
A solution {z,} of (E) is said to be eventually positive if x, > 0 for all
large n, and eventually negative if x,, < 0 for all large n. A solution of (E)
is called nonoscillatory if it is eventually positive or negative. Otherwise it
is called oscillatory.

2. Main results

THEOREM 1. Suppose that

(2) Z ng, < 0o, Z nr, < 0o.
n=no n=no

If there exists a sufficiently large positive integer ny such that
(3) aqn —rn >0 for everyn > ny and any a > 0,
then (E) has a nonoscillatory solution.

Proof. The proof will be divided into two cases, depending on the two
ranges of the parameter p.

CAsE 1: p € (0,1). By condition (1), we choose a number a such that
p < a < 1, and choose positive constants M7 and My such that
o — My
1+ My
(this implies that M; < Ms). Let €9 > 0 be such that

T <1 a—Ml M2 >
& (0] — g
0 1+ M, 1+ 0P

so that @ — p — pMy — oMy > M. By (1)—(3), there exists a sufficiently
large N > max{ni,ng + u} such that

a— M, <p<

(4) O<p—eg<pn<p+eg forn>N,
o

(5) s(qs +7s5) < a—p,
s=N

(6) 0< Y s[Mag, — Miry] <p—a+ M,
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o0

(7) > s(Migs — Mars) > 0.
s=N

Let BY denote the Banach space of all bounded real sequences x =
{zn}l v, with the sup norm ||z|| = sup,,> y_, [Zn]. Set
Q={xeB" M <z, <My,n>N —p}.

It is easy to see that 2 is a bounded, closed, and convex subset of BY.
Define a mapping T : £2 — B as follows:

o0

aO—P—PpnTn_r+ (n - 1) Z (QSajs—U - T‘SZL‘S_)\)
s=n—1
(Tz), = n—-2
+ Z S(Qstfa - 7‘3{133,)\), n Z N,
s=N
(a+p—pNIN—7r, N-p<n<N.

Clearly, T is continuous. For every x € {2 and n > N, using (3) and (6) we
get

[ee]

(Tx)n =0—PD— Pnln—r + <TL - 1) Z (qsxs—o' - rsxs—/\)

s=n—1
n—2
+ Z S(qsﬁsfa - Tsxsf/\)
s=N
oo n—2
<a-p+(n—1) Z (Maqs — Myrs) + Z s(Maqs — Myrs)
s=n—1 s=N

<a—p+ Y s(Mags — Myry) < M.

s=N
Furthermore, in view of (3) and (7) we have
(T$)n: Q—DP— PpTp_r+ (Tl - 1) Z (Qstfa - 7’3.%3,)\)
s=n—1
n—2
+ Z S(Qstfa - Ts'rsf)\)
s=N
[e%e) n—2
>a—p—paMa+(n—1) Y (Mige— Mors) + > s(Myge — Mar)
s=n—1 s=N

>a—p—paMs>a—p—p, My —eoMa > M.
Thus, we proved that T2 C f2.
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Now, for 2!, 2% € £2 and n > N we have

(Tat)n — (T2?)|

o0

< pn‘xi—"r - xi—’r’ + (Tl - 1) Z QS’x’}l—J - x?z—a

s=n—1

+(n—1) Z rsles_y — a3y

s 1

n—2 n—2
Y sqlan e — 2 |+ Y srslan oy — @y
s=N s=N
o) n—2
< pollat = 2| + |2t - wzll[ > slas 1)+ Y s(gs+ rs)}
s=n—1 s=N

<zt = a?l{p+eo+ Y sl +7s) ).

s=N

This immediately implies that
| T2" = T2?|| < qufla’ — 22|,

where

o0
g =p+eo+ Zs(qs—rs) <ptegta—p=cta<l.
s=N
Hence, T is a contraction mapping. By the contraction principle, 7" has a
unique fixed point x, which is obviously a positive solution of (E). This
completes the proof in Case 1.

CASE 2: p € (1,00). We choose a number « such that 1 < a < p, and
choose positive constants N; and Na such that 1 < No < o(1 — Np) < a.
Take €9 > 0 such that
po-0)1-N) N

(1-Ni)a+2p’ = 2p(N2 — 1) + Ny
By (1)—(3), there exists a sufficiently large N > max{ni,ng + p} such that

o <p-—1, co <

(8) O<p—eg<pp<p+tey forn>N,
oo

(9) s(qs +7s) <p—eo—1,
s=N

(10) 0 S S[NQqs - Nlrs] S pNQ - D,

[eS)
s=N
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o0

(11) > s(Nigs — Nary) > 0.
s=N

Let BY denote the same Banach space as in Case 1 and set
Q={xeBY:N <z,<Nyyn>N—pu}.

It is easy to see that {2 is a bounded, closed, and convex subset of BY.
Define a mapping T : £2 — B as follows:

oo

p
p—€ey T n—1471
— T + Z (qsxsfa - Tsxsf)\)
Prtr Prn+r Pntr i T04r
(T.’L’)n — 1 n—2+T1
+ Z S(Qstfa - Ts.%s,)\), n 2 Nv
pn+7 —
s=N

Clearly, T is continuous. For every x € (2 and n > N, using (3), (8) and
(10) we get

N, 1 >
Txngl_ + quN —T’SN
( ) P+ o p—¢o s:nz:1+’r ( ’ 1)
1 n—2+T1
Z S(QSN2_TSN1)
p—¢o N
N "
=1- + 5(qsNo — rs N
p+eo P—EOSZZN( 2 v
N Ny — Ny —1 Nyl — N
<1 M pNe—p o Sollpte)(No—1) + Mij — Mip
p+eo  p—eo (p—€0)(p+ €0)
2p(No — 1 Ny — N
SNQJFSO[P( 2 — 1)+ Ny P

(P —€0)(p + €0)
Furthermore, in view of (3), (8) and (11) we have

(T), > =50 _ Ny 219—50_&(]\71—1)
pteéo Pp—¢c  Pteo p—¢o

B p(1 = Ni)(p—a) = [(1 = N1)a+ 2pleg + (N1 + 1)ed
= N; + 5 5
p° — £y
1 N —a) — [(1— Nyt 2
> Ny 4 PE= M@ 022 [(gz Dot 2l
— <0

Thus, we proved that T2 C f2.
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Now, for 2!, 2% € 2 and n > N we have

(Tat)n — (T2*)|

1 1 =
< ‘xisz - xi*T‘ + Z qu‘x%zfa - xi*d’
DPn+r T o1t
1 00 1 n—2+4T1
+ Z Srslxif)\ - x?*)\’ + Z qu‘l}llfo‘ - '/I’.72170
Prtr s=n—1+7 nt7T N
1 n—2+4T1
+ Z srsly_\ — x5
Prn+r s=N
1 1 e’} n—24+t
< —— o= +llet—a? ———| Y slas+r)+ D slas )]
p €0 p € s=n—1471 s=N
1 o
EERTIN 2 [
=z —z 1+ s(gs +1r } }
fot =1 [ 2 st

This immediately implies that
172" = T2?|| < qufla’ — 22|,

where
1 > l+p—ego—1
Q= {1+Zs(qs+rs)}<p—ozl.
Db —=¢o N b—¢o

Hence, T is a contraction mapping. The contraction principle shows that
T has a unique fixed point z, which is obviously a positive solution of (E).
This completes the proof in Case 2.

The proof of the theorem is complete.
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