APPLICATIONES MATHEMATICAE
31,1 (2004), pp. 13-30

HENRYK LESzCzYNsKI (Gdansk)
P1oTR ZWIERKOWSKI (Torun)

STABILITY OF FINITE DIFFERENCE SCHEMES
FOR CERTAIN PROBLEMS IN BIOLOGY

Abstract. We consider a generalized 1-D von Foerster equation. We
present two discretization methods for the initial value problem and study
stability of finite difference schemes on regular meshes.

1. Introduction. Suppose that ¢: E x Ry — R and \: F X Ri — R,
where E = [0,a] x R4, a > 0. We study the initial-boundary value problem

(1) Owu(t,x) + c(t, z, 2(t))Ogu(t, ) = A(t, z, u(t, ), 2(t)),
where
(2) 2(t) = 2u(t,)) = | u(t,z)dx, te€0,al.

0

Equation (1), which generalizes the classical von Foerster biological model
[3, 4, 13], will be considered with the initial condition

(3) uw(0,z) =v(z), =eRy,

where v: Ry — R is a given continuous integrable function. If ¢(¢, z, z(t))
> 0, then the well-posedness of problem (1)-(3) demands the condition
c(t,0,2(t)) <0, that is: the characteristics either go out of the set through
the lateral boundary or meet the boundary and remain there.

Some existence, uniqueness and qualitative theorems for the von Foerster
problem and other problems of mathematical biology have been established
in [1]-[7], [9] and [12]-[13]. We are interested in discretization of problem
(1)—(3). The Lax equivalence theorem splits this task into investigating sta-
bility and consistency. We analyze convergence of finite difference schemes
for problem (1)-(3) on rectangular meshes. Some results connected with
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stability and convergence of finite difference schemes for differential and
functional differential equalities can be found in [8, 11, 15].

The von Foerster equation is a classical model for description of age-
dependent population dynamics. In the biological interpretation of this equa-
tion, ¢ > 0 denotes time, and x > 0 the maturity of the population. The
unknown function u(¢, x) > 0 stands for the density of the population, hence
it has to be integrable with respect to « for all ¢ > 0. The function z(¢) given
by (2) denotes the global number of individuals at time ¢ > 0. Although it is
clear that the maturity of the population is bounded, we consider the case
where the maturity is arbitrarily large.

For some historical background of mathematical biology models we refer
to [1, 5, 12, 16, 17] and [6, 7, 10, 14].

The paper is organized as follows. First we introduce the mesh in the
domain E and present two discretization methods for problem (1)—(3): by
using forward and backward spatial difference quotients. The nonlocal term
is approximated by the extended trapezoidal rule and its finite version. We
introduce appropriate normed spaces and give main assumptions. Next, we
prove stability lemmas for both schemes by considering perturbations with
respect to the right side and the initial condition. We prove the stability of
these schemes with respect to the quadrature, that is, check how sensitive the
scheme is with regard to restricting the extended trapezoidal rule to certain
finite subregions. The main stability theorem is a simple consequence of
these lemmas. Finally, we prove a consistency theorem of backward schemes
and give illustrative numerical examples.

2. Discretization of the differential problem. We introduce in £ =
[0,a] x R4 a rectangular mesh as follows. For two given steps hy € (0,a)
and hy € (0,00) we denote by (t(), () the knots (hoi, h1j). Define N}, =
{(t®,20)) i, j € N} and Ej, = ENN,,. The value of any discrete function
u: Ep — Ry at the knot (1), 20)) will be denoted by u(%7) = (@), 20)).

Define the discrete operators dg, 6+,9—, Qp by

QL) _ gy (09)

SaulB) —
ou hO )
(7:7j+1) — (17]) (17]) — (ivj_l)
(i) = 4 u (i) = Y u

oru I , 0_u I ,
2 u(B3) 4 g (65+1D)

(Qru)i = hy Z % (extended trapezoidal rule).
j=0

The operator doultJ) approximates the derivative 8tu(t(i), zU )), whereas
and d_ approximate f)xu(t(l), .CC(])). The quadrature (Qpu); is a second-order
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approximation of the integral (2) at ¢t = t(). When performing practical
computations we replace (Qnu); by

Ni o (6) 4 gy (13 +1)
N U +u
@y = 3

j=0
where N}, is a sufficiently large number (usually proportional to h% log h%)

It is important that hi N, — oo as hy — 0.

We consider two finite difference problems for (1)—(3). The first forward
scheme consists of the difference equation

(4) Soul™) 4 0D 216, w9 = NCD [y, 2] on B
with

(5) 20 = (Qpu);,

where

2] = (D, 2D, 2Dy AOD [y, 2] = AED, 20) 09 (),

Ef =EnAN,, N ={¢tD29):q >0},

and the initial condition

(6) u®) =) for j eN.

The backward scheme consists of the difference equation

(7) Soul™) 4+ ) [2]6_u®) = ACD [y, 2] on E,,

where B, = ENN, , N, = {(t%V,20)) 15 >0, j > 0}, and

(8)  6ul) = A0 2] WO =4O (G =01,...,Ny—1),

with the quadrature (5) and the initial condition

9) u®) =) for j eN.

The analysis of the finite difference problems (4)-(6) and (7)—(9) can be
divided into two steps: stability and consistency. We are mainly interested
in stability. The treatment of consistency is standard.

Denote by L>(Ry) and L!(R,) the spaces of essentially bounded mea-
surable functions and Lebesgue integrable functions defined on R, and let
C(X,R) denote the class of all continuous functions u: X — R.

The problem considered is nonlocal, hence we have to introduce the
following normed spaces. In the space [ of bounded sequences ¥ = (¥;)jen,
we have the norm

[¥]loc = sup |¢;]  for (1) € 1%
JjeEN
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The space [! of summable sequences ¢ = (¢j)jen is equipped with the norm
o0
ol =ha Y lej| - for (p5) €1,
§=0

DEFINITION 1. A function f: R — R is ['-bounded if
EIC>0 Vh1>0 ”f|Eh1 ||1 S 07
where Ep,, is the mesh generated by the step hj.

The I'-boundedness is slightly stronger than the usual Riemann integra-
bility condition.
We state the main assumptions on the given functions:

ASsUMPTION [V]. The initial function v: Ry — Ry is continuous,
bounded and I!-bounded.

AssuMPTION [C]. The function ¢: E x Ry — R is bounded, continuous,
and there exists L. > 0 such that

c(t,z,q) — c(t,7,9)| < Le(|lz — T + |g — ql)
for (t,z,q),(t,Z,q) € E x R4. Moreover,
c(t,0,q) <0 forte[0,a], g € R;.

AsSUMPTION [A]. The function A\: E x R?2 — R is continuous and there
is a constant Ly > 0 and an [*-bounded function L,(-) € L*®(R;) N LY(Ry)
such that

|>\(t71‘7ﬁ76) - )‘(t?l'apa q)| g L/\|ﬁ _p‘ + Lz($)|q— Q|
for (ta .’E) € E and D, q,P,q € R-‘r'

3. Stability of forward and backward schemes. To prove the sta-
bility of problems (4)—(6) and (7)—(9) we consider a perturbed scheme, which
for the forward scheme looks as follows:

with

(11) 70 = (Quu);,

and perturbed initial conditions

(12) a0 = @) 4 €00 for j €N,

where the perturbations () are the discretization errors for (1) and E (0.4)
are perturbations of (3).

We also consider the perturbed difference equations for the backward
scheme on the mesh F;

(13) Sou?) + D) [z)5 ) = \ED (g, 7] 4 ¢(09)
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with the perturbed quadrature (11), initial condition (12) and boundary
condition

(14) 60 = 00, 2] + 00 fori=0,1,..., Ny — 1.
We now prove the stability lemma for scheme (4)—(6).

LEMMA 2. Suppose that u,w: B, — Ry and

(i) u is a bounded and I*-bounded solution of problem (4)—(6), satisfying
the discrete Lipschitz condition

w1 — @G| < Lyhy  with some Ly, > 0,
(ii) @ is a bounded and I*-bounded solution of problem (10)—(12) with
€0 < Ca 16D < Cone €90 < T €Dy < Cop

i=0,1,..., No, where Co p, Cp,Copn,Cp, — 0 as ||h|| = max{ho, h1}
— 0,
(iii) ¢ satisfies the stability conditions

h
1+h—06(t,m,q) >0, c(tz,q) <0 for(t,z,q) € E xRy,
1

(iv) Assumptions [C] and [A] hold.
Then [@"9) — w(9)| converges uniformly to 0 as ||| — 0 in both the supre-

mum norm and 1 norm.

REMARK 3. If ¢ does not depend on the last variable, then the discrete
Lipschitz condition in (i) can be omitted.

Proof. Set w() = 7(#3) — 4,(43) (the error of the scheme). Subtracting
(10) and (4) we obtain the explicit recurrence error equation
(15) L) (i) (1 N Z_(I)C@,j)[z]) _ Z_? () [ (4D
ho
hy
+ hoA¥D [, 2] — NOD[u, 2]) + kot 7).

Using Assumption [A] and the stability condition (iii) we get

(16)  |w(H19)| < [w9)] (1 + Z_(l)c(z‘,j)[z]) _ Z_(l]c(i,j)[z}|w(i,j+1)|
R0+ @) i) ) — i)z
~ hOIL)\‘w(i’j)‘ + ho Lo ()20 — 2] 4 polel@),
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Recall that

h — , h
L) — 31 Z( (G741) 4 4 (5)) @0) 4 p, Z“ )
7=0 7=1
i) _ M i( Ga+1) | i)y = Mo 4 N
2
7=0 Jj=1
Hence
(17) 120 — 20 < by Z [a(9) — 49| = ||w® ;.

=0
By (17), Assumptions [C], [A] and (i) we write (16) in the form
|| < )| (1 4 ho [z ) — ho 9 [z]|w (B +D)|
hy hy
+ hoLuLellw® |1 + hoLaw @] + ho[| L [loo | |11 + hol€7].
Hence

(18) oDl < (1 + hoL)llw@lloo + ho(LuLe + | Lz loc) 0@y
+ holl€ oo

From Assumption [C] we obtain

(19) Zc SR (0| — WD) < Lellw® 1.
=0

Multiplying ( 6) by h1, summing over j = 0,1,... and taking into con-
sideration (i), (17), (19), Assumptions [C] and [A] we obtain

20) [V < @y (1 + hoLy + hoLc + 2ho LU + hol|L2|1)
+ holl€91,
= max hi Zu(”

1=0,..., No

where

Consider the comparison recurrence equations with respect to (18) and (20):
0D = 0O (14 hoLy) + ho(LuLe + 1L:o0) T + holl€?oo

70t = 501 + hoLx + hoLe + 2hoLeU + hol| Lz 11) + hol|€V]1.
Taking into consideration the initial conditions

[w @ <7 =Cop =0, w9 =Cop — 0,

(21)

we obtain the estimates [|w®|/s < 7 and ||w Z)”l < 7, hence the solu-
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tions of (18), (20) satisfy

, 4 _ C ~
@Iy < 7O < ele (co,h + f) — G,

Hw(z’)”oo < 77(2') < elaa <C()h + (LuLc + [|Lz[|c)Cp + Ch)
El LA
fori =0,1,..., No, where L = L+ L.+2L,U~+||L.||1. The right-hand sides

of these estimates are derived from (21), because () < n(No) 7)) < 7(No)

and (1 + hoL)? < ehoil < ol o
We now prove the stability lemma for the backward scheme (7)—(9). The

discretization error for problem (1)-(3) on the mesh E, is defined in the
same way as for the forward scheme.

LEMMA 4. Suppose that uw,w: Ep — R4 and

(i) w is a bounded and I*-bounded solution of problem (7)—(9), satisfying
the discrete Lipschitz condition with some L, > 0,
(i) @ is a bounded and I*-bounded solution of problem (11)—(14) with

1EPNoo < Chy 1Elso < Cops €PN < Ty 1E@1 < Co,

where C’g,h,C’h,éo,h,éh — 0 as ||h|| — 0,
(iii) ¢ satisfies the stability conditions
h
1—h—Oc(t,x,q)20, c(t,z,q) >0  for (t,x,q) € E x Ry,
1
(iv) Assumptions [C]| and [A] hold.
Then [©(7) — u(9)| converges uniformly to 0 as ||h|| — 0 in both the supre-

mum norm and 1 norm.

REMARK 5. As in the forward scheme, if ¢ does not depend on the last
variable, then the discrete Lipschitz condition in (i) can be omitted.

REMARK 6. From Assumption [C] and (iii) it follows that ¢(¢,0,q) = 0
for t € [0,a], ¢ € Ry, that is, the characteristic which meets the lateral
boundary at the point (¢p,0) is tangent to it there. By the Lipschitz condi-
tion, n(t) = 0 is the only characteristic which meets the lateral boundary.

Proof of Lemma 4. Set w9 = 743 — (i3 Ag in Lemma 2, we obtain
(22) WD) = ((03) <1 - Z—‘ic“’”[ﬂ) + Z—i’ ) [Z)w =1

% (u®) — 37 D) (0[] — BI)[7])
1

+
+ ho(A0 [w, 2] — NOD[u, 2]) + hog )

for j =1,2,.... By Assumption [A] and (iii) we obtain
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(23) || < w1 = ho 7)) + ho B [7] w31
hl h].
+ ZO u(®9) — B3 =D B[] — C(i,j)[g”
+ hoLx|w )| 4+ hoL,(x))|2® — 20| 4+ ho|e®)]
for j =1,2,.... Using Assumptions [C], [4], (i) and (17) we get

(24) ‘w(i-i-l,j)‘ < ‘w(i,j),<1 _ %C(i,j)[zo + %c(i,j)[zﬂw(i,j—l)‘
1 1

+ hoLyLel|w® ||y + hoLy|w)|
+ hol| Lz loollw® |1 + hol€9)|
for j =1,2,.... We also write an analogous conclusion for (8):
(25) | ™EO] < JwlO] 4 ho L w0 4 ho L (0)|w |1 + hol¢“).

Using the stability condition (iii) and adding (24) and (25) we obtain the
recurrence inequality

(26) [ D]le < (14 BoLa)w® o + o(LuLe + | 2lloo) [0l
+ Bl |
Multiplying (23) by hi, summing over j = 1,2,..., using Assumption
[C] and (17), we obtain

(27) h12|w(i+1’j)|
=1
S’“Z<1—— Nz )\w o !+hoz (9 [2] w71

Jj=1

+ hoLellw® | Z w9 — w3V 4 hohy Ly Z ()|
= j=1

+ hohy [lw®|3 Z L.(xj) + hohy Z |£G:9)).
J=1 j=1
By Assumption [C] we get

(28) Zc D3 (w9 = W) < L.

Taking into cons1derat10n (28), multiplying (25) by h; and adding to (27),
we obtain

(29) [l V[l < (1+ hoLe+ hoLn + 2hoLeU + ho L] Mw®1
+ ol
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where

U: max hlg w9,
’ ’NO

The initial conditions for inequalities (26) and (29) have the estimates
lwollt < Con — 0, [lwollso < Cop — 0
Hence, as in Lemma 2, we have estimates for any solution of (26), (29):
, _ C ~
IO < ¢t Con+ ) = G

I(LyLe + ||L2]|o)Ch + Ch,
Ly

fori=0,1,..., Ny, where L = Ly + L.+ 2L.U + ||L;||1. =

o0 < eLW(oo,h +

3.1. Stability—the case of finite quadrature. Since only a finite number
of terms can be involved in practical computations, we shall prove a lemma
on stability with respect to cut-offs of the quadrature for the forward scheme.
Denoting by up the solution of this scheme with the finite quadrature Qgh,
we write it as follows:

(30) 50u§f’j) + c(i’j)[zh]&ru;ﬁ’j) = )\(i’j)[uh, zp]  on Ejf
with

(31) 2D = (QNrup)s,

and the initial condition

(32) uﬁlo’j) =) for jeN.

LEMMA 7. Suppose that
(i) hi N, — oo as ||h]| — 0,
(ii) ¢ satisfies the stability conditions
ho
1—|—h—c(t3:q) 0, e¢(t,z,q) <0 for (t,x,q) € E x Ry,
1
(iii) Assumptions [C] and [A] hold.
Then the scheme (4)—(6) is stable with respect to cut-offs of the quadrature.
Proof. Suppose that a discrete function u: E;[ — R is a bounded and
l l—bounded solution of problem (4)—(6), satisfying the discrete Lipschitz con-
dition ]u(”]*l) — u(ZJ)] < Lyhy with some L, > 0. Denote by u;, the unique
solution of (30)—(32), which clearly exists. Observe that uj is also bounded
and [*-bounded. Set e(#7) = ¢,(i:7) —uﬁf’]). Subtracting (4) and (30), we obtain
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the explicit recurrence error equation

(33) L) _ (i) <1 + Z_? C(m)[zh]) _ Z_(l)c(i,j)[zh] L3 +D)

ho

hy
+ hoA B, 2] — ANED[uy,, 2))

with the initial condition (%) = 0 for j =0,1,.... By Assumptions [C],

[4] and (ii) we get

+ = (@Y — 0 (0D [2] — BI)[2])

(34) [ < 0] (1 + % c(i’j)[zh]> - % 60) ][5+
1 1

+ hO(Lz(m(j)) + LuLc)|Z,(Zi) _ Z(i)’ + hoL)\|E(i’j)’,
Notice that
(35) 12 — 20| < |leD)]; + ﬁéi)7
where
ﬁi(f) =Mh Z w9,
J=Np+1
and the remainder [7}51) tends to 0 as hy — 0. Using Assumption [A]
and (35), we obtain

(36) 11 Voo < (14 hoLa) e lloo + ho(I Lzlloo + LeLu) (1 + Un),

where ﬁh = max;—0,... Ny ﬁ,(lz)

Multiplying (33) by hi, summing over j = 0, 1,. .., taking into conside-
ration (19), Assumptions [4], [C] and (35), we obtain
(37) "™y < (1 + hoLx + hoLe + 2ho LU + hol|Lz||1)[le® 1

+ho(| Lzl + 2LU) Uy,

where U = max;—o,... N, Z;’;l w(B), Writing, as in Lemma 2, the comparison
recurrence equations with respect to (36) and (37) and taking into consider-
ation the initial conditions [|€(||o, = 0, | = 0, we obtain the estimates

2LoU + | L:]1)0n _ 5
—- Yhy
L
| Lzlloo + LeLu)(Ch + Un)
Ly ’
where L = Ly+ L.+2L.U+||L.||1. Since h1 N}, — o0, it follows that ﬁh — 0

as ||h|| — 0, and we have the desired assertion || || — 0, @1 — 0 as
|h]] — 0. =

Je@; < eob &

@0 < e &
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Now we state the main result of our paper.

THEOREM 8. If the assumptions of Lemmas 2 and 7 are satisfied, then
the forward schemes are stable with respect to the right-hand side, the initial
condition and the cuts-off of the quadrature.

Proof. This follows immediately from the proofs of Lemmas 2 and 7. =

REMARK 9. Results similar to Lemma 7 and Theorem 8 can also be
formulated for the backward scheme. We skip the details.

4. Consistency of backward schemes. Denote by £(47) the defect of
the difference scheme (7), (8). The scheme is consistent with the differential
equation (1) if

max ¢V oo =0, max[[€7)s =0 as a] =0

for each bounded solution u € C'(E, R, ) such that u(t,-) € L®(R,) and

(a) Owu(-, ), Opu(x,-) are uniformly continuous on R,
(b) [0,a] >t — duu(t,-) € LY(R,) is bounded and continuous,
(c) there is an integrable modulus of continuity for d u(t, -).

We now prove a consistency theorem for backward schemes. The proof
of consistency for forward schemes is similar.

THEOREM 10. Suppose that u € C1(E) and

(i) Qwu(-, x), Ozul(t,-) are uniformly continuous,

(ii) Assumption [A] holds,

(iif) u(t, "), Ozu(t, ) € L'(Ry) for t € [0,a],

(iv) there is a modulus of continuity wy: [0,a) X E— Ry of the function
Opu(-, x) which satisfies

llwe(hos -, ) ||oo + sUp S wi(ho;s,z)de — 0 as hg — 0,
s€l0,a]

(v) there is a modulus of continuity wy: [0,a) X E — R4 of the function

Ozu(s,-) which satisfies

lwez(h1;+, ) |loo + sup S wg(hi;s,x)de — 0  as hy — 0,
s€[0,a]

(vi) ¢ is bounded,
(vii) [0,a] 5 t — ||Ozu(t, )| is bounded.

Then the difference scheme (7)—(9) is consistent with the differential problem
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(1)—(3) on the solution u. Moreover, we have the estimate

[e.e]

[(Qnu)i — ()il < Z [u(ti, z5)],

Jj=Np+1
which tends to 0 as ||h|| — 0 and hi N}, — oo.

Proof. Notice that (5) is an extended trapezoidal rule for (2) at the point
t = t;. The error of the trapezoidal rule on the interval [z, ;11| is given by

Zj+1
ti, T, b
Tj

fori =0,...,Ngand j =0,1,.... Denote by
[o¢]
Qz:ZQij
§=0

the error of discretization for (2) at ¢ = ¢;. From the Taylor formula we
obtain

Tjt1
hlu(ti, ;) + uts, zj0)] = | [ulti, 25) + ults, z511)] de
Tj
ZTj+1 Zj Ti+1
= | [2U(ti,m)+58w(ti,n)dn+ | qu(ti,n)dn] dz.

By (38) we have the estimate
l‘j+1

Zj

’QZ]| 2

and consequently

oo Tj+1
hl !

h1
ol <30 | 10wutts mldn = - 0wt )l
Jj=0 =z;
for t; € [0,a], i =0,..., Np.

The defect £(17) of the discretization of scheme (13)—(14) is defined by
the equation

w(tivr, ;) —ult;, x; N u(ty, zj) —u(ty, zj—1)
o) MEa M) o, ) i)

:)‘(tivxjv (tlvxj) ( ))+£ b3

where

(1) = 52 (s )+l 2541).

J=0
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We show that sup; ; |€@3)| — 0 as ||h|| — 0. By the Taylor formula we
have

u(tiv1, xj) = u(ts, xj) + hoOwu(t; + 0;ho, x;),
where 0; € [0,1] for i =0,1,...,No—1,j=0,1,..., and
U(ti, l'j—l) = u(ti, l‘j) — hlaxu(ti,:cj — gjhl),

where 6; € [0,1] fori =0,1,...,No, j = 1,2,.... If we substitute u(ti1, ;)
and u(t;, zj—1) in (39) we get

(40) €09 = Qu(t; + hoby, ;) — Bpults, ;)
+ c(ts, x5, 2(t;)) (Opu(ti, xj — O5h1) — Ozu(ts, ;)
+ Ats, xj, ulti, z5), 2(t:)) — Ats, xj, ults, x5), Z2(t:)).
From Assumption [4] it follows that || L[/« < oo and
(At g, utis xj), 2(8) = Ati, 25, ulti, %‘)f(t‘))!

< La(2)|2(ti) — 2(6)| = Lz(x)]eil <l HL llooll Oz u(tis )| L1

From uniform continuity of the functions dyu(-, x) and Ozu(t,-), by (vii) and
the above estimate we have

y hlB
1€CD] < Nlwr(ho; - oo + llelloollwa (A3 -, oo + =5 1Lz lloo

fori=0,1,...,Ngand j = 1,2,..., where
B :mZaXH@xu(ti,-)HLl.

The Euler difference scheme (8) for the differential problem

u'(t,0) = A(¢,0,u(t,0),2(t)), (0,0)=v(0),
has the local error estimate
€00 < |Bpu(t; + O;ho, 0) — dyu(ts, 0)]
+ [ A, 0, u(ti, 0), 2(t:)) — A(ti, 0, u(ti, 0), 2(:))],
and consequently

(41) €40 < wilhos- 0) + 2P 1.0

fori=0,1,..., Ny. Hence
||§ ||OO as ||h|| — 0 for i =0,1,..., Np.
Now we prove that

max  [|€P]; — 0 as |[h] — 0.
_071’ .y 0
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If we apply Assumption [A4] and (vi) to (40), we obtain

(42) £5D| < |0pu(ts + hoh, m5) — Oyults, ;)|
+ Hc||oo|3xu(tl, T — Hjhl) — Bxu(ti, l‘])’
h1

+ ) LZ(xj)“axu<tz‘a g

Multiplying (41) and (42) by h; and summing over j =0, 1, ..., we obtain

(43) 1 Y 10| < hawi(ho; -, 0) + ha > [Opulti + hobs, ;) — Opults, ;)|
j=0 J=1

> h1B
+ hilcfloo Z |0xu(ts, zj — Ojh1) — Opu(ti, zj)| + > [1L2][1-

=1
Notice that

hlwt(ho; ‘Y 0) + hl Z latu(ti + h06i7 xj) — 8tu(ti, 1‘])‘ S hl Zwt<h0; ti, .T}j)

j=1 §=0
and
hl Z |8xu(ti,xj - Gjhl) - axu(ti,xj)| S hl wa(hl; ti,fbj).
j=1 j=1
Moreover
h Y wiho; ti, ) — | wilho; ti, ;) da,
=0 0
h Y we(bastiyzg) — | welbasti, o)) da
Jj=0 0

as ||h|| — 0. By (iv) and (v) we get
1€D); -0 as ||k —0fori=0,1,...,No.

The last assertion is obvious:
o0

|(Qru)i — ( ivhu)i| <h Z
j=Np+1

< S u(t;, x) dx + hq S |0zu(ti, x)| de,

Zj Zj

which tends to 0 as ||h|| — 0 and hi N, — co. =

u(ti’ :E]') + u(ti’ :EjJrl)
2

REMARK 11. Consistency for schemes with cut-off trapezoidal rule con-
tains one additional term: the remainder of this quadrature, which tends to
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zero. This follows from the last assertion of Theorem 10. In fact, assumptions
(iv)—(vi) can be weakened, but the calculations become more involved.

REMARK 12. Similar consistency and stability results can be obtained
for Lax—Friedrichs type schemes.

5. Numerical experiments. We present numerical tests which illus-
trate our theoretical results. The computations were performed for forward
and backward schemes. With prescribed functions w: [0,1] x Ry — R4,
v(z) = u(0,z), c: [0,1] x RZ — R we determine the respective right-hand
sides of the difference equations. For the sake of computer technical
constraints the unbounded domain is restricted to a bounded rectangle
[0, 1] x [0,1000].

For the backward scheme we take c(t,z,z) = tsin?(xz), and for the
forward scheme we put c(t,z,z) = —tsin?(xz). The right-hand side of (1)
has the form

A(t,z,p,q) = keos(t(p+q)) +gi(t,z), rweER, i=12
The first solution

1 + cos(tz)
uy(t, ) = BRI R (t,z) € [0,1] x Ry,
generates the initial condition
2
u1(0,z) =vi(z) = T2 for z € Ry,

and ¢; is given by
gl(t7 (L’) = 8tul (t7 11,’) + C(t7 T, Zl(t))al’ul(tv :1:)
— kcos(t(ui(t,z) + z1(t))),

= g(l +e )

z1(t)

for (t,x) € [0,1] x Ry.

The second solution ug generates the corresponding initial condition and
the integral zo:

T cost
us(t, ) = RESERSE (t,z) € [0,1] x Ry,
X
u(0, ) = va(x) = Ara22 ° eRy,
1 cost
t) = — t .
22(t) SR € [0, d]

In these examples we take kK = 0.2, hg = h; = 0.001.
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Table 1. Forward scheme, exact solution

x Solution Error
10.000 0.000106314 —0.000007230
50.000 0.000103045 —0.000006959

100.000 0.000110857 0.000004556
200.000 0.000000905 0.000000285
500.000 0.000006422 0.000000375
750.000 0.000002179 0.000000252
999.699 0.000000801 0.000000088

2300 = 2.734449, quadrature error = —0.000021

Table 2. Backward scheme, exact solution w1

x Solution Error
10.000 0.000106496 —0.000007412
50.000 0.000103038 —0.000006952

100.000 0.000110863 0.000004551
200.000 0.000000906 0.000000284
500.000 0.000006423 0.000000374
750.000 0.000002179 0.000000251
999.999 0.000000880 0.000000098

2300 = 2.734449, quadrature error = —0.000022

Table 3. Forward scheme, exact solution uo

z Solution Error
10.000 0.000896038 —0.000000235
50.000 0.000007403 —0.000000043

100.000 0.000000963 —0.000000042
200.000 0.000000157 —0.000000042
500.000 0.000000049 —0.000000042
750.000 0.000000044 —0.000000042
999.599 0.000000043 —0.000000042

z400 = 0.328931, quadrature error = —0.000019

Table 1 shows the numerical results and errors when applying the forward
scheme for the exact solution wq. A similar error propagation is observed
when performing the computations for the backward scheme (see Table 2).
In Tables 3 and 4 we list numerical results for the exact solution us (forward
and backward schemes).
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Table 4. Backward scheme, exact solution us

T Solution Error
10.000 0.000896032 —0.000000229
50.000 0.000007404 —0.000000044

100.000 0.000000964 —0.000000043
200.000 0.000000158 —0.000000043
500.000 0.000000050 —0.000000043
750.000 0.000000045 —0.000000043
999.999 0.000000044 —0.000000043

z400 = 0.328931, quadrature error = —0.000020
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