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REGULARITY OF SOLUTIONS IN PLASTICITY.
II: PLATES

Abstract. The aim of this paper is to study the problem of regularity
of displacement solutions in Hencky plasticity. We consider a plate made
of a non-homogeneous material whose elastic-plastic properties change dis-
continuously. We prove that the displacement solutions belong to the space
W21(12) if the stress solution is continuous and belongs to the interior of the
set of admissible stresses, at each point. The part of the functional which
describes the work of boundary forces is relaxed.

1. Introduction. The principal aim of this contribution is to prove a
theorem on regularity of displacement solutions in Hencky plasticity (see
Theorem 24). We consider a plate made of a non-homogeneous Hencky ma-
terial whose elastic-plastic properties change discontinuously.

In [6] and [15] the existence of solutions, for elastic-plastic plates, is
proved in the space SBH ({2) of Special Bounded Hessian. But the authors
of those papers assume that the plate considered has elastic potential, i.e.
the potential has nonlinear growth at infinity (cf. [6, (1) and (3)], [15, (2)
and (6)]).

Demengel [7] solved the existence problem for an elastic-perfectly plas-
tic plate made of a homogeneous and isotropic Hencky material. To prove
that the functional of the total potential energy is weak™ lower semicontin-
uous (Ls.c.) in the space HB({2), she used the method of relaxation of the
kinematic boundary condition (see also [8], [14] and [3]).

In this contribution we show that the displacement solutions belong to
the space W21(£2) if the stress solution is continuous and belongs to the
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interior of the set of admissible stresses, at each point. The part of the func-
tional which describes the work of boundary forces is relaxed. We consider
a non-homogeneous plate whose elastic-plastic properties change discontin-
uously.

2. Some basic definitions and theorems. In this paper {2 is a
bounded, open, connected domain of class C? in R?. We use the notation
from [4]. We define the following Banach space of functions with bounded
Hessian HB({2) (see [7], [14]):

2

(2.1) HB(N) = {u € W“(Q)) OFu_ M (£2) for all i, j € {1,2}},

8:v,~8a:j
with the natural norm
(2.2) lullzBe) = llullwir + [IVVully, (0,E2)

2
9%u
— [lullwi + .

If w € D'(2) and VVw € My(£2, E2), then w € HB(S2) (see [14]). Moreover,
we define [Ty = ker VV(-) = {u € HB(2) | VVu = 0}.

PROPOSITION 1 (see [14] and [3]). Let g € D'(£2,E2). Then the follow-
ing conditions are equivalent:

(i) there exists u € D'(£2) such that VVu =g,

(i) for all ¢ € C(02,E2) with divdive =0, Zijﬂ(gij; ©ij)p'«p = 0.

PROPOSITION 2 (see [14]). Let HB(f2) and L*(Fr(2) be endowed with
the norm topologies. There exists a continuous surjective linear operator

(2.3) (Y0,m) : HB(2) = v(W*'(£2)) x L' (Fr 2)
such that
2.4) 20(u) = wprg, () = 2

OV |Fr 2

for all w € C?({2), where v is the exterior unit vector normal to Fr§2
and yo(W2L(£2)) is endowed with the norm topology of L'(Fr(2), since
W0(W21(2)) € L} (Fr ).

We define spaces
(2.5) Z=C.(2,R) x Co(2,E?),  Zy={(a,b) € Z|divdivb = —a},
endowed with the natural norm
(2.6)  [l(a,b)l[z = [lallc + [[bllc

= sup{la(z)| | z € 2} + sugsup{]bij(:v)\ |z e 2}
xEe 1,]
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for a € C.(2,R) and b € C.(2,E?). Then HB({2) is isomorphic to the
dual of [Z/Zy, || - ||z] (see [3] and [14]). The topology o((Z/Zo)*;Z) =
o(HB(02);Ce(2) x C.(£2,E?)) is called the weak* HB topology. A net
{us}sep C HB(S2) is convergent to ug € HB({2) in this topology if and
only if, for all (a,b) € Z,

(2.7) \ a(uo — us)dz + | b: VV(ug —us) — 0.
Q Q

For every (v,w) € ~o(W?(£2)) x L'(Fr{2), the set {u € HB(f) |
Y(u) = v and 7(u) = w} is dense in the space HB({2) endowed with
the weak* topology (see [2, Proposition 2.5] and [3]). Then the trace oper-
ator o : HB(2) — v (W?1(2)) (resp. v1 : HB(2) — L'(Fr{2)) is not
continuous on [H B(f2), weak* topology] if the space vo(W?!(§2)) (respec-
tively L'(Fr £2)) is endowed with a Hausdorff topology (or a T}j-topology,
see [11]).

DEFINITION 1 (see [14] and [11, Chap. 1, Sec. 6]). A net {us}sep con-
verges to up in the topology (2.8)—(2.9) if

(2.8) us —ug in || - [[wree), where 1 <p <2,
(2.9) VVus — VVuy weak* in My(£2, E?).

PROPOSITION 3 (cf. [3]). The weak* HB topology and the (2.8)—(2.9)
topology are equivalent on bounded subsets of HB(S2).

Proof. Indeed, every bounded net {us}sep in HB contains a finer net,
convergent in the topology (2.8)—(2.9) (see [14]). Thus cly., , B(0,7) is a
compact set in (2.8)-(2.9) and in the weak™ HB topology. Note that the
weak* HDB topology is weaker than the (2.8)—(2.9) topology. Moreover,
among all Hausdorff topologies, compact topologies are minimal (see [11,
Corollary 3.1.14]). =

The weak™ H B(f2) topology and the topology (2.8)—(2.9) are not equiv-
alent, because the trace 7y, which is continuous in the topology (2.8)—(2.9),
is not continuous in the weak* HB topology. Let vo(W?%1(§2)) be endowed
with the norm topology L'(Fr2). Then (for all » > 0) Yolely.,;  BO) 18 2
continuous function in the weak* H B topology.

PROPOSITION 4 (cf. [3, Theorem 5.13]). The injection of the space
[HB(£2), weak*] into [LP(£2,R),|| - ||rr] is continuous on bounded subsets
of HB(£2), where 1 <p < 2. u

We define the Banach space W?2 (2, divdiv) of measurable functions (cf.
[14] and [3]):

(2.10)  W3(R,divdiv) = {M € L®(2,E?) | divdivM € L?(2,R)}
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with the natural norm
(2.11) M2 (02,divaiv) = M|l g (0,E2) + Idivdiv M| 12(0).
Moreover, W2 (£2,divdiv) denotes the following subspace of W?2(£2,divdiv):
(2.12) W2, (2,divdiv) = {M € W?(2,divdiv) | divdivM = 0 in £2}.
The distribution M : VVu, where M € W2($2, divdiv), u € HB(2), defined
by
(2.13) (M :VVu;01)p'xp = — S uM : VV; dx

2

-2 S M: ((Vu) ®@ (V1)) dz + S upy (divdivM) dzx
2 02

for p1 € C(£2), is a bounded measure on {2, absolutely continuous with
respect to |VVu| (see [14]).

THEOREM 5 (cf. [14]). Let vo(W?1(£2)) be endowed with the norm
(2.14)  (W>L(2) 30—
[vllo = inf{[lw]lw2n | w € W2 (2), where yo(w) = v}.
Moreover, let (yvo(W21(£2)))* be endowed with the norm
(2.15) ((W(£2))* 3 v* = [[v*[|ox = sup{[v* (V)] | [vlo < 1}.

Then there exists a continuous, linear, surjective map (Bo, 31) from [W2(£2,

divdiv), || - [lw2(.aivaiv)) onto [(vo(WH(2)))*, || - llox] x [L(Fr 2), || - || <]
such that

(216)  fo(M) = ([div M)y + 2 (Mw)7), (M) = (Mo

for every M € C2%(§2, E?), where v is the exterior unit vector normal to Fr {2,
T 18 a tangent unit vector and s the curvilinear abscissa on Fr {2 measured
positively in the direction of T. Furthermore, for all uw € HB({2) and M €
W?2(£2,divdiv), the following Green formula holds:

(217) | M:VVu - | u(divdivM) dz
Q Q
= S B1(M)y1(w) ds — (Bo(IM); 70(1)) (o (W21 (2)))* 0 (W21 (£2))
Fr 2

LEMMA 6 (cf. [3] and [14]). For every M € W?2(£2,divdiv), there ex-
ists a sequence {M, }nen C W2(£2,divdiv) N C>®(§2, E?) such that (for all
n €N) f1(My) = f1(M), 5o(Mn) = fo(M) and
(2.18) M, — M in the norm of LP(2,E2), for all p, 1 < p < oo,

and weak* L>®(02,E?),

(2.19) divdivM,, — divdivM in the norm of L*(£2).
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LEMMA 7 (see [3]). Let £21 be an open bounded set of class C?. Let §2 be
a bounded open connected set of class C? and suppose that 2 CC 21 C R?.
For every M € W2(§2,div div), there exists My € W?2(£21,div div) such that
MHQ =M and ,Bo(Ml) = 0, ﬁl(Ml) =0 on Fr Ql.

Proof. Let M € W?2(£2,divdiv). By Theorem 5, there exists My €
W2(2; — 02,divdiv) such that Bo(M) = —£p(Ms) and $1(M) = 31(Mz)
on Fr 2. Indeed, by [1] we can extend any function ¢t € W21(£2) to a func-
tion ¢ € W21(§21). Moreover, by Theorem 5, the trace (Bp, 1) is a linear
operator onto [yo(W1(£2))]* x L= (Fr £2).

By Lemma 6 there exists M3 € W?2(£; — 2, divdiv) N C® (2, — 2, E2)
such that By(Msz) = Bo(M3) and 31(Ms) = (1(M3) on Fr(£2; — §2). Due to
the Green formula (2.17), we find My € W2(£21, divdiv) such that

M on 2,
(2.20) M4 = M3 on Ql — ﬁ,
Si(M)v ®@v  on Fr2,

where (p @ v);; = pivj. If h € C(£21,R) and h(z) =1 for all x € {2 then
M1 = hM4 | ]

3. Auxiliary theorems and spaces. In this paper the Lebesgue and
Hausdorff measures on {2 and Fr {2 are denoted by dx and ds, respectively.
Let Iy and Iy be Borel subsets of Fr 2 such that IyNIY =0, IHUI = Fr 2
and I} = cl(int I7), where int I] denotes the interior of I relative to the
boundary. Let K, : 2 — 2E? be a multifunction (defined for every z € £2)
and suppose there exist ro > 1 > 0 such that for every z € {2,

(3.1) BEE (0, 7’1) C ’Cp(l’) C BE% (0, 7“2).
The set Kp(z) is the elasticity convex domain at the point .
ASSUMPTION 1 (cf. [4]). Let £2 and 21 (2 CC §21) be bounded open

connected sets of class C? in R? and suppose the inclusion (3.1) holds. For
every y € {2,

(32)  Kp(y) ={z(y) | z € C' (2, E2), zjine o € W3 (12, div div),
z(z) € Kp(z) for dz-a.e. z € 2}.
Moreover, for all z € £2, K,(z) is a convex and closed subset in EZ2.
ASSUMPTION 2. There exist @ > 0, [g;;] € L>®(2,E2) and a;jn €
L>(,R) for i,j,k,1 € {1,2} such that

2

(3.3) Z aijrl(T)wijwy > 5||[w§}]||gﬂg,
ij kl=1
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B4) j @i = Y ayu@)(w) —ai(@))(wiy — au(@)) + Ix (w)])
1,5,k,1=1
for dz-a.e. x € £2 and for every [w];] € E2, where w;; and wy,; are components
of the matrix [w};].
ASSUMPTION 3. Let It = Fr 2N C, where C = clintC C {21 is a closed
Caccioppoli set and ds(Fr 2 NFrC) =0 (cf. [12] and [4]). =

We define
(3.5) j(z, w) = (z, w) = sup{w : w* — j*(z,w*) | w* € EZ}

for dr-a.e. * € §2 and all w € E2. The function j is a convex normal
integrand (cf. [10, Chap. VIII, Proposition 1.2]). By (3.1) and (3.4) there
exists k& > 0 such that

(3.6) cril|wlge —k < j(x,w) for dz-ae. x €2
(cf. [4, (3.5)]). Define joo : 2 x E2 — RU {400} by
(3.7 oo 2, W) = sup{w : W — T oy (w") | w* € B2}

for # € 2 and w € E2. Because of (3.1) we have, for all = € 2 (see [4,

3-7)));

(3-8) cr||[wllge < Joolw, W) < cara||wlg2-

4. Regularity of displacement solutions. In this section we prove
that the displacement solutions of the relaxed functional belong to the space
W2L($2) if the stress solution is continuous and belongs to the interior of
the set of admissible stresses, at each point (see Theorem 24).

Let Z: HB(2) — My(2,E?) x L'(Fr 2,R) x C(Fr 2) be given by

(4.1) HB(£2) 5w Z(u) = (VVu),11(u), v0(w))-
We define spaces

(4.2) Z(HB(£2)) = {(VVu,71(u),70(w)) | v € HB(£2)}
and

(4.3) W2(£2,divdiv) x C(Fr 2),

put in duality by the bilinear pairing (-;-)z, where
(44)  (VVu,71(w), v0(w); (9% ¢")) z

=V VVu— | Bie ) ds+ | yo(u)y*ds,
9] Fr 2 Fr 2
for every ¢* € W2(£2,divdiv) and

(4.5) v e C(Fr2,R), (VVu,m(u),y(u)) € Z(HB({2)).
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Moreover, we define a subspace C. 4. (£2, E2) of W?2(£2,divdiv) by

(46)  Cavan(2.E) ={¢" € CH2E) | ¢ € W?(£2,divdiv)}.
REMARK 1. The definition of spaces in duality requires that for ev-

ery (¢*,9*) € W2(02,divdiv) x C(Fr2), (¢*,9*) # (0,0), there exists

(VVu,v1(u),v(u)) € Z(HB(£2)) such that

(4.7) (VVu, 71 (u),70(w)); (¢*,97)) 2 # 0.

But for every ¥ € W2(£2,div div) such that divdiv ¢* = 0in 2, Bo(¢%) =0
on Fr (2, and for every (VVu,vi(u),v(u)) € Z(HB(S2)),

(4.8) (YY), 7 (u),70(w); (¢5,0)) 2 = | u(divdive)) de =0

02
(see (2.17) and [4]). We do not get a contradiction, since we do not use the
Hausdorff property of the topology o(W?2(§2, div div) x C(Fr 2); Z(HB(£2)))
(cf. [4, Remark 3]).

Let the bilinear form (-;-), between Z(HB(£2)) and W?2(2,divdiv) be
given by

(49)  (VVu, 71 (), 70(w); (@7, Bo(")))s = | ™ : (VVu)
9]

— | Bi(e™)m(@w) ds + (Bo(6): 10(w)) (s (w2.1)) xro (W2:1)
)

for u € HB(£2) and ¢* € W2(£2,divdiv). A net {us}sep C HB() is said
to converge to U € HB(2) in the topology o(Z(HB(£2)); W2($2,div div)) if
(4.10) (VV(usg — ), y1(us — u),v0(us —)); (¢, fo(e")))e — 0

for all p* € W2(£2,divdiv).

THEOREM 8. Every closed ball cly.,,(B(0,7)) (in Z(HB({2))) is com-
pact in the topology o(Z(HB(£2)); W2(£2,div div)).

Proof. Step 1. Let a net {us}sep C HB(2) be included in Byp(0,7).
The injection HB(§2) C H'(§2) is continuous and injection H!(f2) into
L?(£2) is compact (see [14, Chap. 3, (2.77)], [14, Chap. 1, (1.21)] and [1,
Theorem 6.2]). Then there exists a finer net {us, }aca C {us}sep and a
function u; € L%(£2) such that
(4.11) [us, — uill2(om) — 0

and

(4.12)  ((VVus,, 1 (us, ) v0(us,)); (07 Bo(#™)))e
= S ug,, (divdiv ¢*) dz — S u(divdiv ¢*) dx
02 n
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for every ¢* € W2(§2, div div), because div div ¢* € L?(§2) (cf. (2.17)). Since
12 is bounded subset of R? and (4.11) holds, we have ||us, —u1 lz1(2Rr) — 0.

Step 2. By the compactness theorem for the space BD(S2) (see [14,
Chap. 2, Theorem 2.4]) the injection {Vu € L'(2,R?) | u € HB(2)}
into L'(£2,R?) is compact. Then there exists a finer net {u(;aﬂ }sep and a

function @ € L'(§2,R?) such that HVU(;% — W|[z1(0r2y — 0. We obtain
_SQW% divEde = §, Vu(;%fda: — [, W¢dx for every & € CL(2,R?).
Then Vu; = @ in the sense of distributions on §2. Therefore, by Step 1, we
obtain

(4.13) s, — urllwrae) — 0.

Step 3. The net {u(;aﬁ }sep is bounded in HB({2), so there exists a finer
net {ugaﬁ } and a measure p1 € My(£2, E2) such that §, ¢ : (VVU(;% ) —
il Y
§o @ i p for every ¢ € C2(£2,E2). Since we have |, (divdiv cp)ugaﬁ dx —
Y

{o(divdive)uy dz = §, ¢ : pp for such ¢, we find that VVu; = pp in the

sense of distributions on 2. Therefore, by [14, Chap. 3, (2.79)], u1 € HB({2)

and {ugaﬂ } converges to uy in o(Z(HB($2)); W2(£2,divdiv)) (cf. (4.9) and
Y

(4.10)).

~

Step 4. We show that ||ui||gp < 7. Indeed, lim||u(;aﬁ lwiie) =
Y
lluillw11() by (4.13). Then for every € > 0 there exists 7. such that for
every v > 7. we obtain

(4.14) 7 —lim fJus,  [lwis +e> Sup IV Vs, , Il 2.E2)

= sup sup { [w:VVus, | weCo(2,E2), sup{llwylco)} <1}
Y>Ye WGCO 0 R i,j

= sup sup { [ w:VVus, | we Co(2,E), sup{|wisllo)} <1}
weCo1>7 ~ 7 0]

> sup lim { S w:VVus, |we CO(Q,Eg), sup{ |wijllc2)} < 1}
weCy V>e By ij

= sup { Sw : VVuy ‘W € C’O(Q,Eg), sup{ |[wijllo(2)} < 1}
WECO 0 ivj

= [[VVui v, 2,E2);

where w;; are the components of the matrix w (cf. definition of ||- [, (0 E2))-
Therefore [cl.y,,(B(0,7)),0(Z(HB(£2)); W?(£2,divdiv))] is compact.
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THEOREM 9 (cf. [3]). The space [cly.|, , B(0,7), weak™ HB topology] is
homeomorphic to the space Z(cl.,, , B(0,7)) endowed with the topology

(415) U(Z(HB(Q))’C(}hvdlv(‘(_za Eg) X C(FI‘ QaR))v
where the bilinear form (-;-)z between Z(HB(£)) and Cl 4. (92, E2) x
C(Fr 2,R) is given by (4.4) and (4.5) (see also (4.6)).

Proof. Z is a one-to-one function. We will show that Z(cl).,,, B(0,7))
is compact in the topology (4.15).

Step 1. Let a net {u;}ier be a subset of clj ., B(0,7) (cf. [11, pp. 73~
81]). Due to Steps 1 and 2 of the proof of Theorem 8, there exists a finer net
{us}sep (where D C T) and u; € WH(§2) such that |jus — uy||wrig) — 0
and [lus — u1llp2(or) — 0.

Step 2. The net {VVus}sep is bounded in || - ||a,. Thus there exists a
finer net {VVu,}wer (where K C D) such that VVu, — My € My (2, E2)
(in the weak* M), topology). By Proposition 1, there exists u, € D'(2)
such that VVu, = My, and VVu, — VVu, € M,(£2,E?) in the weak*
M, (£2, E2) topology. The net {u}xex is finer than {us}sep, so u1 = uy +c,
where ¢ € ker(VV(-)), because
(416) | &: VVu, = {(divdivE)u, de — | (divdivE)uy do

Q Q
V¢ € CZ(12,E)).
Therefore, we can assume that u; = u, and we conclude that u, € HB(S2).

Step 3. By Step 1 of the proof of Theorem 8 we get

(4.17)  (VV(ux = ug), 11 (ux = tg),Y0(un — ug)); (7, fo(")))o — 0
for every ¢* € CL_ .. (£2,E2), since Cl 4, (2, E2) C W2(£2,div div). More-
over, |[7o(ux — ug) | L1 o) — 0, because [|us — ug 110y — 0 (cf. Step 1).
Then
(4.18) | o(ue — ug)v*ds — 0
Fr

for every ¢* € C(Fr £2,R), since the closed and bounded set Fr {2 is compact
and C(Fr 2,R) C L*>®(Fr 2, R).

Step 4. Because of Step 1, we can show (similarly to Step 4 of the proof
of Theorem 8) that ||ug||gp < T

Step 5. By (2.16), Bo(¢*) € C(Fr ,R) if * € CL_ 4, (£2,E2). Then

(119) [ V(e —ug) = § Aa(e" e ) ds
2 Fr 2
+ S Yo(uk — ug)yp*ds — 0
Fr 2
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for every ¢* € Cl_ 4. (2,E2) and ¢* € C(Fr 2,R) (see (4.4), (4.9), (4.17)
and (4.18)). By Steps 1 and 2 we obtain

(4.20) S M : VV(u, — ug) + S h(u, —ug)dz — 0
1% 2

for every M € C(2,E2) and h € C.(£2,R), because VVu, — VVu,
(in the weak™ M, topology) and |lus — ugl[z2(m o) — 0. Therefore the set
clj;5 B(0,7) (endowed with the topology where convergence of nets is de-
fined by (4.19) and (4.20)) is compact. The Hausdorff topologies (4.15) and
weak® HB are weaker than the topology given by (4.19)—(4.20). By [11,
Corollary 3.1.14] the weak* H B topology and (4.15) are homeomorphic on
the set Cl||.||HB B(0,7). =

THEOREM 10. Ewvery closed ball clj., , B(0,7) endowed with the topol-
ogy o(Z(HB(R2)); W?(£2,divdiv)) is homeomorphic to [cl.| Bap(0,7));
weak™ HB topology).

Proof. Similarly to Step 5 of the proof of Theorem 9, we define a compact
topology on cl.|,,, B(0,7), which is stronger than the weak® HB topology
and o(Z(HB(£2)); W2(£2, div div)). Next we use Corollary 3.1.14 of [11] to
deduce the equivalence of the three topologies on ¢l , B (0,7). m

We study a thin plate occupying a given surface {2. This plate is sub-
jected to a force, of surface density f € L?(£2,R), acting in a direction at
right angles to the surface. We shall suppose the plate to be subject to
force go € L>®(Fr2) C (vo(W?(£2)))* on I} and bending moment of lin-
ear density g1 € L*°([7,R). Let A (where oo > X\ > 0) stand for the load
multiplier.

Define
(4.21)  W2(2,divdiv) > M [P, 1(M) = — | Ip,0,)(Ag1 — f1(M)) ds
I
~Ip ey 00 BoM e 1y = Ago) = | 57 (2, M) dr

2

if divdivM = +Af in 2 and [Py, [(M) = —oc otherwise. Here 3o(M)jins 1y
denotes the functional ¥* € (yo(W2L(2)))* with ¢* = o(M) on int I
and ¥* = 0 on cl Iy (see [3, Proposition 5.16]). Moreover, I4(-) denotes the
indicator function of a set A. The dual relaxed problem, for » > 0, is given
by the formula

(4.22)  (P%,) find sup{[P5,1(M) | M € W?(£2,divdiv),

divdivM = Af in £2}.
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AsSUMPTION 4. There exist My, € CL_ .. (£, E2) such that [P5, [(Mg)
= sup(P;f’T) > —o0, f1(Mgr) = Ag1 on I, Bo(Mp) = Ago on I and
My (z) € Kp(z) for all z € (2. Moreover, there exist o > 0 such that
dist(M (), Fr Kp(z)) = inf{||[ML(2) — z|g2 | z € Fr K}, ()} > o for every
rEN m

Define H, : Z(HB) — R U {400} by
(4.23)  H,.(VVu,y1(u),v(u))

= — | ML VVudz +r | |71 (u)] ds + rlyo(u) | wen)
N I

+ | I =0y (i (W) ds + § T y—0y (o(w)) ds + | (2, VVu) das
Io Io (o}

if w € W2Y(2), and H,.(VVu,y1(u),v(u)) = -+oo otherwise (where
I llyoew21y = [ - [lo, see (2.14)). Because of the equalities

(4.24) M fude = \ Mg : VVude — | Bi(ML)yi(u)ds
(0] (0] Fr 2
+ (Bo(ML); %0(4)) (o (W2:1))* xv0(W2:1)5

(4.25) A S g1 (u)ds = X B1(Mp)yi(u)ds,

Fl Fl
(4.26) A | govo(u)ds = | Bo(ML)yo(u)ds

I I
we obtain
(427)  H(VVu,(u),70(w) = =2 fude =X | gin(u)ds

19 n
+r S |y (u)|ds + A S govo(u) ds + 71vo (w5 w21y + Sj(m, VVu)dx
Iy I 0

if u € W21(02), y1(u) = 0 on Iy, yo(u) = 0 on Iy, and H,(VVu, vy (u),
~Yo(u)) = 400 otherwise (cf. (2.17), (4.21), Assumption 4 and [14, Chap. 3,
(2.33)]). The functional H, describe the primal displacement problem for
plates, with relaxed boundary conditions on I7.

We define a linear space by
(4.28)  A(2) = {(¢",¢") € W*(2,divdiv) x (yo(W?!(£2)))" |
Fi € C(Fr2), 3¢} € Ciiyai (2, EL), 3% € Wi (2, divdiv),
®" =i+ and P =97 + Bo(g)}
(see (2.12)). Moreover, a net {us}scp C HB({2) converges to u € HB({2)
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in the topology o(Z(HB(S2)); A(§2)) if and only if
(4.29) S p*: VV(us —u) — S B1(p*)v1(us — ) ds
Q Fr 2
+ (W% Y0(us — W) (o (w21))* xyo(w21) — 0

for every (¢*,9*) € A(§2). Because of the duality between Z(H B({2)) and
A(£2) we obtain the dual functional H : A(f2) — R U {+o0} by setting

(430)  Hi(¢"0") =swp{ [ o": VVudz — | Bip")n(u)ds
2 Fr 2

+ (W% Y0(W) (o (w21 )y xryo w21y — Hr (VVu, 71 (u), vo(u)) ’U € W2’1(9)}

for (¢*,¢*) € A(§2). The bidual functional H* : Z(HB(£2)) —» RU {+o0}
is defined by

(431)  H*(VVu, (), 20(w) =sup{ [ " : VFu— | Bile")i(u)ds
2 Fr

(¢"0") € A)}

for u € HB(2). The extension Z(HB(12)) of Z(HB(2)) is given by

+ (%5 90(W) (o (W2 1))* v w21y — Hy (9", 4%)

(4.32)  Z(HB(R)) = {(z,71(u),w) € span[VV(HB(R)), L' (2, E?)]
x LY(Fr 2) x 4o(W?L(02)) |
3 € LN(Q,E2), 30 € no(W>H(R2)), Ju € HB(N),
z=7zdx + VVu,v(u) =y (u) and w = w + v (u)}.

The bilinear pairing between Z(H B(£2)) and A(£2) is given by
(4.33)  ((myn(w),w); (@)= e iz | Bile)n(u)ds
Q Fr
+ (075 W) (o w21)) 0w
for (z,71(u),w) € Z(HB(£)) and (¢*,¢*) € A(£2). The extension H, of
H, onto the space Z(H B({2)) is given by

(4.34)  Hp(z,71(u),w)

= (Bo(MLL); W) (7o (W21))* o (W2o1) — X B1(Mg)y1(u)ds
I
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+ S Bo(Mp)wds +r S I (u)|ds + rllw|l w2

I I
+ § I ymoy (1 () ds + § Ty (w) ds + | (@, 2) da
) Iy n

if z=2zdr + VVu,7(u) = n(u) and w = W+ y0(u), with z € LY(02,E?),
W € y(W(02)), u € W2($2), and H,(z,v1(u),w) = +oo otherwise. By
the duality between Z(H B(f2)) and A(f2) we define a functional H on the
linear space A({2) by
(4.35)  Hy (9", ") = sup{{(z, 7 (u), w); (¢*, " ))1 = H(2,71(u),w) |

(2, (u), w) € Z(HB(£2))}
for (¢*,¢*) € A(£2). The bidual functional H** : Z(HB(2)) — R U {+o0}
is defined by
(436)  H}" (2,71 (u), w) = sup{{(z, 7 (w), w); (@7, ¥7)1 — Hi@",0") |

(¢, 9") € A(£2)}
for (z,y1(u), w) € Z(HB(12)).
PROPOSITION 11. The explicit form of ﬁ;‘ 18
(437) ﬁ:(‘P*7 1/}*) = S IBR(O,T)(_ﬁl (‘P*)) ds + IB(’YO<W2’1>>* (0,7') (wr;nt Fl)
In

+ 7% (@, (¢" + Myp)) da
2

for (¢*,v*) € A(§2). Here Uline 1y denotes the functional U € (7o(W2L(2)))*

such that U* = * onint I and ¥* =0 on cl T}y (see (4.21)). If we extend
HY onto the space W?2(£2,divdiv) x (yo(W21))* by (4.35), then HY is given
by (4.37) for every (¢*,v*) € W2(£2,divdiv) x (yo(W21))*.

Proof. By Theorem 3A of [13] we obtain

(4.38)  H*(o*,9*) = sup{ S p* 1z dr— S B1(p*)71(u) ds
2 Fr

+ <w*;w)(WO(WQ,l))*X,YO(WZ,l) + S My :zdr—r S |’yl(u)| ds
n I

= rllwllmwzy = § Iy—oy(ra(w) ds = § Iy (w)ds — | j(z,2) dw}
Io Io (]

2€ LN(Q,E2),ue W2(R),w e 70(W>(2))}
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= sup{ S(cp*+ML):zd:r— Sj(z,z)dw
2 2

z € Ll(Q,Eg)}

+sup { - F}gﬁl(so*)'yﬂu) ds — Fx 1 (w)] ds

=V Iy =0y (1 (w)) ds } u € W2’1(Q)}
Io

+ Sup{<¢*; w>(70(W2,1))*X%(W2,1) — T’HwH,YO(WQ,l) ’

w € v(WL(2)) and w =0 on cll}}

for every (¢*,9*) € A(2), since 71 is a surjection on L!(Fr £2) (cf. [8]). Then
we obtain (4.37). m

Define H;# : Z(HB) — R U {400} by
(439)  H*(z,71(u), w) = sup{{(z,m(w), w): (¢*. 01 — H} (74" |
(", 9*) € Caivai ({2, E3) x C(Fr2)}
for (z,71(u), w) € Z(HB(R2)).
PROPOSITION 12. The explicit form of H;¥ is

(440)  HF(VVu,n1(u),q0(w) = =2 | fude =X | g () ds
9] I

+7 | @)l ds + X | govo(w) ds + 7l (w4 w21y
Fl Fl

+ | Joo(z, v @vm(w) ds + | Iyp)=op (v0(w)) ds

Iy Iy
) (x U T oo | @ 7d(VVu)S U
L3 (T e+ i (o i AT

for every uw € HB(12).

Proof. The field M, is a solution of (Py ), i.e. [P}, (ML) = sup(F5,)

(cf. (4.21)). Thus H*(0,0) < co. Moreover, Cl, g (12, E2) and C(Fr 2) are
PCU-stable, so by [5] and by Theorem 3A of [13] we get

(4.41)  HH#*(VVu,v1(u),v0(u) = sup{ S p*: VVu— S B1(p* )71 (u) ds
Q Fr 2



Regularity of solutions in plasticity. II: Plates 45

+ (590 (W) (v (W2 1))* x70 (W2:1)

- S IBR(O,T’) (_/31 ((P*)) ds - IB(’YO(Wz’l))* (077’) (Qz)ﬁnt Fl)
I

— [ 7@ (0" + M) da | (9", 4") € Cliyan (2, B2) x C(Fr )}
2

= sup{ S[(‘P* +Mp): (VVu)e — j*(z, (¢" +Mp))] dx
9]

[«a* My BV ot ML»] 4|(VVu),|

- (V)

+ V(=61 (u) = Ipy 0, (=Pi(e"))] ds

Ne— Q=

-

+ ) (" + Myp) : (=¥ @vn(u)) —js(z, (" + ML) ds

e

SO* S Céivdiv('(_zv E?)}

— ML (VVu) + | B (ML) i (u) ds
2 I

+ Sup{<¢*; '70(“)>(70(W2’1))*><70(W2’1) — IB(’yo(WQ‘l))*(O’r) ('(z}\*int Fl) |
Y* e C(Fr2)}

for every u € HB({2), which is (4.40) (cf. (4.24), (4.25) and (4.26)). Here
VVu = (VVu), + (VVu)s is the Lebesgue decomposition of VVu into
absolutely continuous and singular parts with respect to dz. In the above
calculations we have used the equality j% (z, ¥*) = Ik, () (¥"), which holds

for every ¢* € E2 and z € £2. u
DEFINITION 2. We say that H, is coercive if
(4.42) H, (VV U, 71 (Um), Y0 (tum)) — +00

for every sequence {um fmen C HB(£2) such that |[um||gpo) — oo

ASSUMPTION 5. Let H, be a coercive function. Moreover, let f[:# be the
largest minorant that is less than H, and l.s.c. in the weak® H B topology.

DEFINITION 3. We say that a net {us}sep C HB(f2) converges to ug €
HB(S2) in the topology (4.43)-(4.44) if

(4.43) (VV(us —uo),v1(us — uo), Yo0(us — uo)); (¥, Bo(¥™)))1 — 0
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for every ¢* € W2(£2,divdiv) and

(4.44) (VV(us — uo), 71 (us — o), v0(us — uo)); (%, ¥*))1 — 0
for every (@*,¢*) € CL_ 4, (2, E?) x C(Fr 02).

LEMMA 13. Every closed ball cly., ,(B(0,7)) (in Z(HB(§2))) is com-
pact in the topology (4.43)—(4.44).

Proof. Let {us}scp C HB(2) be anet in By (0,7). Then, by Theorem
8, there exists a finer net {us, }sep C HB({2) and u € clj. Byp(0,7) such
that {us,} converges to u in the sense of (4.43). Moreover, by Theorem 9,
there exists a net {ug,_ } (finer than {us, }gep) and u € ¢l Byp(0,7) such
that {us, } converges to U in the sense of (4.44). Therefore {u;, } converges
tou € Cl||.|| Bpp(0,7) in the topology (4.43)—(4.44). =

COROLLARY 14. Every closed ball cly,,(B(0,7)) (in Z(HB({2))) is
compact in the topology o(Z(HB(£2)); A(S? )) (c¢f. (4.29)). Moreover, the

topologies (4.43)—(4.44) and o(Z(HB(£2)); A(£2)) are equivalent on each
such ball.

Proof. The Hausdorff topology o(Z(HB(f2)); A(£2)) is weaker than the
topology (4.43)—(4.44). Then, by [11, Corollary 3.1.14] and Lemma 13, we
obtain the equivalence of the two topologies on cl|., ,(B(0,7)). =

PROPOSITION 15. The space [clj.|,,,(B(0,7)), weak™ topology] is hom-
eomorphic to the space [Z(cly., ,(B(0,7))), o(Z(HB(£2)); A(£2))].

Proof. The Hausdorff topology o(Z(H B);W?(§2,divdiv)) is weaker than
(4.43)—(4.44). Then (by [11, Corollary 3.1.14], Corollary 14 and Theorem 10)
we obtain the equivalence of these topologies on clj.,,(B(0,7)). =

LEMMA 16. For every (¢*,1*) € A(2) we have H (p* ,4*) > H (¢* 4%).
Moreover, H**(Z) < H**(2) for every z € Z(HB(£2)).

PROPOSITION 17. Under Assumption 5, Hy (Z) = H**(z) = H*(2) for
every z € Z(HB(12)).

Proof. In the definition of PNI;"* we take the supremum over a larger
domain, so H;# < H**. By Lemma 16, H;" < H** < H**. Because of (4.30)
and (4.31), H}* is the l.s.c. regularization of H, in o(Z(HB(S2)); A({2)). By
Assumption 5 and Proposition 15 we get I;';k # = H* =

LEMMA 18. Let Assumption 5 hold. For every u € W2L(02) such that
Y1 (w)r, = 0, we have H;*(VVu,y1(w),v0(u)) = H(VVu,v1(u),v0(w)).

Proof. By Lemma 16, H* < H** < H,.. Then, by (4.40) and Proposition
17, we obtain the conclusion of the lemma. u



Regularity of solutions in plasticity. II: Plates 47

LEMMA 19. Let % € W2 (£2,divdiv). Then

(4.45) Hi (@™, ¢7) = Hi (@™ + @5, ¢" + Bo(es)),

for every o* € CL_ 4. (2, E2) and ¢* € C(Fr ,R) (cf. (2.12)).
Proof. By (4.30) and (2.17) we obtain

(146)  H (")

= sup { S u(divdiv ¢*) dz
2

—((Bo(L") = U™ );790(W)) (vo (W2 1))* xvo (W21
— H (VY (), o () ‘ ue WQ’I(Q)}

— sup { [ uldivdivie + 7)) da
(]

+ ((¥" + Bo(Ps) — Bo(P" + ©5));70()) (o (W2 1))* xvo (W2:1)
— (VY031 (u),70(w)) | v e W)}
= Hy (¢ + 5, 9" + Pol¥5))
for every (‘P*ﬂ/i*) € Céivdiv((?’ Eg) X C(FI‘ ‘Q) u
Let ker VV(:) = {u € HB | VVu = 0}. Then
(4.47)  kerVV(:) ={uec W' | u(z,y) = az + by + c and a,b,c € R}.

There exist continuous projections of the space W2!(£2) on

(4.48) Pr={uecW*'(2)|u(z,y) = cand c € R},

(4.49) Prr = {ue WY () | u(z,y) = az and a € R},

(4.50) Prr = {ue W»H2) | u(z,y) = by and b € R},

given by

(4.51) W2H0) 3 u— Pr(u) = mealzs 5 éu(z,y) dz dy,

(4.52) W2Y2) 3 u — Pr(u) = - < S dulz,y) dz dy>.
meas {2 0z

The projection Py of W21(§2) on ]5111 is defined similarly to (4.52). Hence
there exists a decomposition W21(£2) = ker VV(-) @ [W?1(2) /ker VV (-],
given by

(4.53) u = (P[(u) + P]](u) + P][[(u)) + {U — (P[(u) + P]](U) + P[[](u))}.
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LEMMA 20. The trace (Bo, (1) : W3 (£2,divdiv) — {(yo(u),v1(u)) €
Yo (W2L02)) x LYFr 2) | u € WAL(2)/ker VV ()] }* is a surjection.

Proof. The proof is similar to Step 2 of the proof of [14, Chap. 3, Propo-
sition 211] Let (Lo,Ll) € (’yo(WQ’l(_Q)))* X LOO(FI' Q), LO\'yo(kerVV(')) =0
and Llhl(kerVV()) = 0. Then

(4.54)  W2Y0) 3 uw I(u)
= | Liyi(w) ds — (Los50(w)) (yo(w2.1)) o (w2)
Fr 2

is a continuous, linear functional on W2!(£2) such that I(u) = 0 if u €
ker VV(-). Because of [14, Chap. 3, (2.82)] the operator v — VVu is an
isomorphism of W2(§2)/ker VV(-) into L'(£2, E2). By the Hahn—Banach
theorem, there exists an extension of the form [, with the same norm, on
the space L'(£2, E2). Then there exists M € L>(£2, E2) such that [(u) =
foM: VVudz for all u € W31(£2) /ker VV (). If © € C°(42) then I(@) = 0.
Since I(u) = {, M : VVudz — §, 0udz for all u € W*(02) /ker VV(-), we
have div(divM) = 0 in 2. Due to Step 1 of the proof of [14, Chap. 3,
Proposition 2.11] we see that Lo = Go(M) and L; = 1(M). Finally since [
is extended to a linear mapping with the same norm,

(4.55) 12l = {1 Lol (yo w21y + [ EallLoe} = [IM[ L (2,E2)
= HMsz(Q,diniV)7
and this completes the proof of surjectivity. m
We say that a net {(¢}, ¥5) bkex C A(£2) converges to ((,5*,12*) € A(02)
in the topology
(4.56) o(A(£2); L>(02,E2) x L®(I,R) x 5(W>'(2)1,)
if
(457)  \(ph—@h) s zde — | Bi(p) — j)hds
n I

+ (k= 90 ) (ow21)) s xqo(w21) = 0

for every z € L>®(£2,E2), h € L>(I") and w € ~o(W>') with wp, = 0.

LEMMA 21. Let J?: A(£2) — R be a linear functional, continuous in the
topology (4.56), such that f(cp:, Bo(er)) = 0 for every ot € W2 (£2,divdiv)
(cf. (2.12)). Then there exists u € W1 (02) such that v1(u) = 0 = vo(u) on
Iy, VVu € L®(02,E?), v1(u) € L*>®(Fr 2) and

(4.58) Flet v = [ - (VY de — | Bi(e")m(@)ds
(7 Fr 2
+ (97570 (W)) (ro(W2 1)) xy0 (W2 1)

for (¢, 0%) € A(£2).
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Proof. Step 1. The functional fis continuous in the topology (4.56). So,
by Theorem V.3.9 of [9], there exist 3z € L°°(£2,E2) and © € W?!(2) such
that v1(u) = 0 = 7o(u) on Iy, v1(u) € L*°(Fr 2) and

(4.59) Flor )y = " 5ede — | Bi(e™)m (@) ds

9] Fr 2

+ (87 %0(@) (o2 1)) xa0 (w21
for all (p*,v*) € A(£2). Indeed, the trace (y1,70) : WH(02) — LY(Fr 2) x
v (W?21(2)) is a surjection and L®(Fr§2) C L'(Fr{2), because {2 is a
bounded domain of class C? (see [8] and [14, Chap. 3, Section 2, proof
of Proposition 2.11]). Let f : C®(£,E2) — R be given by f(p}) =
f(cpaﬁ,ﬁo(cp;‘!—))) for ¢} € C°(£21,E2), where £2 CC (1. Then, by (4.59),
for every ¢} € C°(£21, E?) such that divdive} =0 on 21, we get

(4.60)  fe1) = Vi 3dz— | &} : (vovm(@))ds
19 Fr 2
+ (Bo(#7)5); 70 (W) (o (W2 1)) xy0(W21)
= (5, (v @ v71(U)),70(W)); 1) pr(21)x D(21) = O
Therefore, by Proposition 1, there exists u; € D’({21) such that VVu; =
(30, (v @ v (1)), 70(@) € D'(£21).

Step 2. By (4.60) we can assume that suppu; C (2. For every ¢} €
C2 (92, EZ) we have (VVU1; 03) pr(oy)x (1) = S ©5 : ¢ daz, since C° (02, E2)
C CX(£21,E?). Then VVuy(z) = 5(x) for dz-a.e. x € §2. By [14, Chap. 3,
(2.79)], Uy € WHL(02), because 3 € L>°(2,E2).

Step 3. Let ug be the projection of |, onto W2L(02)/ker VV(-), given
by us = uyo — (Pr(uye) + Prr(tye) + Pty ) (cf. (4.51)-(4.53)). By
Lemma 20 and Green’s formula (2.17) we obtain

(4.61) 0= {M: VVipdz

0
— | BiM)Y1(@) ds + (Bo(M); %0(T)) (30 (w2-1))* so (W21)
Fr 0
= — | BIM)(n (@) — 71 (2)) ds
Fr 2

+ (Bo(M); (Y0(@) — 70(U2))) (o (W2 1))* xvy0 (W2:1)

for every M € W2 _(§2,divdiv). Then there exists ug € ker VV/(-) such that
71 (a2 +u3) = v1(u) and yo(uz + us) = yo(u). Therefore u = ug + ug satisfies
(4.58). =
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PROPOSITION 22. Let r > 0 (in the definition of H,, cf. (4.23)) and let
the space W2 _(£2,divdiv) be defined by (2.12). Then

(462)  HE(0,0) = inf{H} (¢}, fo())) | @F € W, (82, divdiv)}.
Proof. Step 1. Suppose there exists §; > 0 such that
(463)  HX(0,0)+ 81 < inf{F} (%, foll)) | 0 € Wi, (92, divdiv)}.

In view of Lemmas 16 and 19, it suffices to show that this assumption leads
to a contradiction.

Let HT|L<X> Lee(92, EQ) X LOO(Fl) X ’}/o(W2 1(9))|p1 — RU {400} be the
restriction of H,, given by H, riLo (2, h,w) = Hy(z, h,w) for z € L>(2,E2),
h € L®°(I',R) and w € »o(W>!(£2)) such that wyp, = 0 (cf. (4.45)). Define

the dual functional to ﬁr‘ oo DY

(4.64) ﬁfwoo(cp*,w*) = sup{ S p*rzdr — S Bi(e*)hds
Q Fr

+ <¢*;w)(’YO(WZ’l))*X’YO(WZ’l) — T.‘Loo z, h, w ‘
z € LOO(Q,Ei),h e L>®(I),w e ’yo(VV2 and wr, = O}

for (¢*,v*) € A(£2). By (4.34) and (4.38) we obtain Hr|L°o(‘P JPT) =

H* (@*, %) for every (¢*,1*) € A(£2). Therefore H* is Ls.c. on A(£2) in
the topology (4.56).

Step 2. The linear space W3 (£2,divdiv) is closed in L*®(£2, E2) en-
dowed with the topology o(L%°(£2, E2); L>°(£2, E?)). Indeed, let {My}rex
C W2 (£2,divdiv) be a net convergent to My in o(L*°(§2, E2); L>=(£2,E2)),
ie. §,(My —Mp) : pdz — 0 for every p € L>®(£2,E2). Then for every
u € C2(2,R),

(4.65) 0= |(divdivMp)ude = | My : (VVu)dz — | Mo : (VVu) da.
9] 02 02
Therefore divdiv Mg = 0 in the sense of distributions on (2.

Step 3. The set W3 (2, divdiv) N Breo(0,E2)(0,7) endowed with the
topology (4.56) is compact.

Indeed, let {My}rex C Wi, (£2, div div)NBpe (o E2)(0,7) be a net. Then
there exists a finer net {My, }1er and My € W(fiv(ﬁ, divdiv)NBpeo (o E2)(0,7)
such that {My, }yer converges to My in o(L>(82,E2); L=°(2,E2?)), be-
cause the Hausdorff topology o(L>;L>) is weaker than o(L%;L') (cf.
[11, Corollary 3.1.14]). The trace (8o, 1) is a continuous linear map from
(W2(£2, div div), || - [lw2(o.aivaiv)] nto [(o(W21(2)))%, || - lo=] > [L>(Fr £2),
[l L] Hence the net {(B30(My, ), 31(Mg,)) }ter is bounded in (yo(W21(£2)))*
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x L>°(Fr{2). Therefore there exists a finer net {My, }pep and (00,01) €

(vo(W2L(£2)))* x L>®(Fr 2) such that

(4.66) | (B1(My, ) —21)hds—{(Bo(Mp, )—80); W) (so(w21))syo(w21) — 0
Fr 2

for every (h,w) € L'(Fr2) x vo(W?1(£2)). Moreover, by (2.17), similarly
to Step 4 of the proof of [4, Proposition 19] we obtain 5y(My) = go and

B1(Mo) = 01.

Step 4. By the Hahn-Banach theorem, for every m € N, there exists an
affine functional A(£2) 3 (¢*,¥*) — fi(¢*,¥*) + @, € R such that
(4.67) Fn(@",47) + m < H (", 00%)
for (¢*,¢*) € A(£2),
(4.68)  fn(Ms, fo(Ms)) + G > inf{H (7, o(2%)) |

@r e Wi (2,divdiv)} — 6 /2™

for M, € W2 (£2,divdiv) N Bpeo(oE2)(0,72™) and fm is continuous in the
topology (4.56). Indeed, H* is Ls.c. and W2 (2,div div)NBreo(oE2)(0,72™)

is compact in this topology. By (4.37) and Assumption 4, ﬁ:(0,0) < 0.
Because of (4.21), (4.22) and Assumption 4,

H7(0,0) = inf{ H} (%, Bo(})) | @f € Wi (82, divdiv)}.

Step 5. Due to Steps 5, 6 and 7 of the proof of [4, Proposition 19] we
obtain the existence of u € W?21!(£2) such that v;(u) = 0 = ~o(u) on Iy,
VVa € L®(02,E2), y1(u) € L= (Fr ) and

(4.69)  A(R) 3 (¢".0") = fole" ¥") = | " (VV) da
(0]

— | B (@) ds + (¥570(W)) (o (w21))* xr0 (W2
Fr 2

satisfies the inequalities

(4.70)  fo(@* w") + H}(0,0) = 61/2 < HI (0" 4"),  fo(Ms, fo(M.)) 2 0

for every (¢*,9*) € A({2) and every M, € W2 (£2,divdiv) (cf. Lemma 21).
Step 6. We say that a net {(¢}, V) kex C Cliy i (2, E2) x C(Fr 2)

converges to ($*,1*) in the topology o(Cl 4. (2, E2) x C(Fr 2); W>1(12))

if

(A7) {(VVu () v0() (#f = @), (W = 6" )h = 0

for every u € W*'(£2) such that ~;(u)p, = 0 on Iy (see (4.33)). The Ls.c.

regularization of H* in the topology o(Cl 40 (2, E2) x C(Fr 2); W3L(0))
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(denoted by cl(4.71) I;T,T) is given by

(4.72)  clrny Hi (9", 0") = sup{((VVu, 71 (), v0(w)); (%, "))
— H}#(VVu, 71 (u), v0(w) | uw € W2H(82),v1(u) p, = 0}

= sup{((VVu, y1(u),70(w)); (¢, 9"
— Hy(VVu,y1(u), 70(w) | u € WH(82), ()1, = 0}
= H (¢, ¢"),
for every (¢*,9*) € CL_ 4, (2, E2) x C(Fr 2) (cf. Proposition 17 and Lemma
18). From (4.63), (4.69), (4.70) and (4.72) we obtain a contradiction. =
ProrosiTiON 23. For every r > 0,
(4.73)  inf{H.(z) |z € Z(HB(R))} = inf{H,(z) | z € Z(HB(1))}.
Proof. By (4.35), (4.37), (4.21), (4.22), Assumption 4, (4.37), Proposi-
tion 22, and (4.30), we get
(4.74)  sup{—H,.(z) | Z € Z(HB(2))} = H(0,0)
= —[P;,1(Mp) = inf{—[P},](M) | M € W?(£2,divdiv)}
= inf{H} (M, Bo(Ms)) | My € W3, (12, div div)}
= H7(0,0) = sup{—H,(VVu,v1(u),v(u)) |u€ HB({2)}. =
Let
(4.75) o(z(mB)cnw?)xc) Hr  (resp. . zwuycnwrxe) H,)
denote the largest l.s.c. minorant of H, in the topology O'(Z(HB(.QD;
Cdlivdg(“(_zv E2) x O(Fr Q))_ (respectively, the largest l.s.c. minorant of H,
in o(Z(HB(02)); Ck 4, (2,E2) x C(Fr 2))), i.e. (4.75) stands for the Ls.c.
regularizations of H, and H, in the above mentioned topologies.
Because (0,0) € Cl 4, (2,E2) x C(Fr £2) and from Proposition 23 we
get
(4.76)  inf{cly(z(mp)jcrw2xc) Hr(Z) | 2 € Z(HB(£2))}

= inf{cl, 2y pycrwa ) Hr (@) | 2 € Z(HB($2))}.
The main result of this paper is the following.

THEOREM 24. Let r > 0 and suppose Assumptions 2, 4 and 5 hold. If H,
s a coercive function, then by Proposition 17 the functional H** is given by
(4.39), since H** = H;¥. Moreover, every minimum point z € Z(HB(£2))
of H* is given by a function U € WL(2) such that v1(u) = 0 on Iy and
z = (VVu, (), (1))
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Proof. Step 1. Letz = (VVu,v1(u),v(u)) € Z(HB(S2)) be a minimum
point of H;*. By (4.30), (4.31), Theorem 9 and Proposition 15 the func-
tional H* is the Ls.c. regularization of H, in o(Z(HB(£2)); Cl g (2, E?) x
C(Fr §2)). Then, by (4.76), we obtain

(4.77)  H;*(2) = clyz(apyjcrw2)xc) Hr(2)

1nf{cl HB) [CQWZ]XC) H ( ) ‘ zZc Z(HB(‘Q))}

For every z € Z(HB(2)) we have H,(z) = H,(z), hence

clo(zyjcrwxo) Hr(Z) > o zmpyicrwe <o) Hr ().
Because of (4.77) and (4.76), z € Z(HB({2)) is a minimum point of
CIU(Z(HB);[CQWQ}XC) HT-~OI’1 Z(HB(Q)) By [10, Chap 1, (52)], (0,0) €
8(Cla(§(HB)~[CmW2]xC) H,)(z), where O is a subgradient and (0,0) €
Clivai(2,E2) x C(Fr ). Then Z € (cl, 511y 0nm2jxc) Hr)7(0,0) (see
[10,~Chap. 1, Corollary 5.2]). By [10, Chap. 1, Corollary 4.1] we have z €
0(H*)(0,0). Then by [10, Chap. 1, (5.2)] we get

(4.78) ((VV@,71(@),70(@)); ((¢*,9%) = (0,0)))1 + H;(0,0) < H; (¢, ¢7)
for every (¢*,¢*) € CL._ 4+ (2, E2)xC(Fr 2), sincez = (VVu, v1 (1), v0(@)).

Step 2. Because of Assumption 3, I'71 = Fr 2N C, where C = clintC C
(21 is a closed Caccioppoli set, ds(Fr 2 NFrC) = 0 and 2 CC §2;. Let
Or, = 1 —C. Then Fr 2N Op, = Iy. Therefore for every k € N there
exists an open set (2 such that 2, C Op,, 2, CC 2, dz(£2}) < 1/(2k)
and {z € Iy | v1(u)(z) # 0} C £2.

Step 3. Suppose the singular part (VVu)s is not 0 or ds({z € Iy |
m(u)(z) # 0}) > 0. Then there exists ¢ > 0 such that [[(VVW)s|lm, +
§p, (@) (x)]ds > (. Therefore, for every k € N, there exist open sets
Q) cC 2 with 20 = 2 U2, CC 2 such that dz(2)) < 1/k and
[(VVU)s |, (0p E2) + SFO |1 (@)(z)|ds > 3¢. The existence of the sequence
{2/ }ren follows from the regularity of the measure VVu. By Assumption 4,
Bgz(ML(z),00) C Kp(x) for every x € §2. Then for every k € N there exists
¢} € C2(£21, E2) such that ‘PZml—ng =0,

(4.79) loi(x)lEe < 500 Vo € 2,
(4.80) (VVE, (@), 70(@)); (#k: 0))1 > §¢do
(cf. Step 3 of the proof of [4, Theorem 21]). Due to Step 4 of the proof of

[4, Theorem 21] we obtain the conclusion of Theorem 24. =
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