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ProTr KACPRZYK (Warszawa)

ALMOST GLOBAL SOLUTIONS OF THE
FREE BOUNDARY PROBLEM FOR THE EQUATIONS OF A
MAGNETOHYDRODYNAMIC INCOMPRESSIBLE FLUID

Abstract. Almost global in time existence of solutions for equations de-
scribing the motion of a magnetohydrodynamic incompressible fluid in a
domain bounded by a free surfaced is proved. In the exterior domain we
have an electromagnetic field which is generated by some currents which are
located on a fixed boundary. We prove that a solution exists for ¢t € (0,7,
where T' > 0 is large if the data are small.

1. Introduction. In this paper we prove the existence of almost global
in time solutions for small data to equations describing the motion of a mag-
netohydrodynamic incompressible fluid in a domain £2; C R? bounded by
a free surface S;. In the domain D; C R? which is exterior to (2, we have
a gas under constant pressure py. Moreover in the domain D; we have an
electromagnetic field which is generated by some currents which are located
on a fixed boundary B on Dy.

In the domain (2; the motion is described by the following problem:

1 1 1 1 ~
ve+v-Vo—divT(v,p) — 1 H-VH + E,ulVHQ =f in07T,

dive =0 in T,
(1.1) ,ulﬁt = —rotE1 in Q7
rotﬁ:al(é—i-uwxﬁ) in !AjT,
div(mfll) =0 in 27
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where 27 = Uo<i<r 26 x {t}, v = v(z,1) is the velocity of the fluid, p =

1 1
p(x,t) is the pressure, H = H(x,t) is the magnetic field, f = f(x,t) is the
external force field per unit mass, p is the constant magnetic permeability,

o1 is the constant electric conductivity, é = é(m, t) is the electric field, and
(1.2) T(v,p) = {v(0z,vj + Oz, vi) — Poij}

is the stress tensor, where v is the viscosity of the fluid. Moreover, by

(1.3) D(v) = {v(0z,vj + Op,vi)}

we denote the dilatation tensor.

In the domain D; which is a dielectric (gas) we assume that there is no
fluid motion inside (v = 0). Therefore we have only the electromagnetic field
described by the following system:

1 2 ~
poH; = —rot E in DT,
2 2 ~
(1.4) rot H = 0o F in DT,
2 ~
div(ueH) =0  in DT,
where DT = Jy<,<p Dy x {t}.

On S; = 042, N 0D, we assume the following transmission and boundary
conditions:

nT(v,p) = —pon on ST,
1 1 1 2 ~
—H=— on ST,
01 02
(1.5) . 2 N
E-1n=E-7,, a=12 onS’,
O aT
wn = — on S*,
V|

where ST = Uo<t< St x {t}, n is the unit outward vector to {2, and normal
to St, Ta, @ = 1,2, is any tangent vector to Si, ¢(x,t) = 0 describes S; at
least locally.

Next we assume the boundary conditions on B:

2
H=H., onB,
(1.6)

2
E=F, on B.
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Finally, we assume the initial conditions
Qt\t:O = Qv St|t=0 = Sa Dt\t:O =D,

1 1
(1.7) V=0 = Vo, Hjj=o=Ho in {2,

H)i—o = Ho, in D.

To prove existence of solutions to the above problem we introduce the
Lagrangian coordinates & € (2. They are the initial data for the Cauchy
problem

dx
dt
Therefore x,(£,t) = £ + Sé v(&, 7) dr, where

E(é, t) - ’U(.’Ev(g, t)v t)

To introduce the Lagrangian coordinates in D; we extend v onto D;. Let us
denote the extended function by v’. Then we define £ € D to be the Cauchy
data for the problem

d
(1.9) d—f —/(2,1), @p—o=¢€ D.
Therefore x,/(£,t) = € + Sg ' (&, 7)dr, where ¥/ (£, 1) = v/ (xy (€, 1), 1).
Then by (1.1)s,
2 ={zeR3:z=u1,1), £},
S ={x eR:x=ux,(&1), €€ S}

Since S; is determined at least locally by the equation ¢(x,t) = 0, S is
described by ¢(x,(&,1),t)—o = 0. Moreover we have

Vaeop(x,t

o =00 = (G o

To simplify considerations we introduce the following notation:
lullio = llullm (@), @€{2,5 D, II,B}, 0<I€Z,
lullkp.g.@r = lullL,0r.wr@). @ €{£2,5 D, II,B},
p,q € [l,00], 0<kEe€Z,

where Q' = Q x (0,1),
lulp.g = llullz, @), @€{2,8, D,II,B}, pell, ]

(1.8) =v(x,t), Tjp—o=~&€ L2

2. Weak solutions. Weak solutions to problem (1.1)—(1.7) are defined
in Lagrangian coordinates.
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DEFINITION 2.1. By weak solutions to problem (1.1)—(1.7) we mean func-
tions v, H which satisfy the integral identities

T
21) | (7%, + D, (@)Dy(7)) d¢ dt
OQ T RN il
- 1§ <u1Hv Hp - 5u1va2¢) dg dt
0N
T _ T
= |\ F@dedt — | | poriodes dt — | 5o(0) de,
0N 0s 2
T 1
(2.2) S S ( wH ), TV, H + = rot,, H rot, E) dg dt
0 I1

1

w1 (T x H)rot, v dé dt

D -

i
2

S (7w x By ) dép dt — | Hop(0) d,
1
where ¢, ¥ are sufficiently regular Wlth o(x,T) =¢(x,T) =0, and 7, is the
unit outward vector normal to S or B.
In (2.1), (2.2) we use the notation A&, t) = A(x,(§,1),1),
— 1 — 2
H|Q:H, H|D:H, Ol =01, O|p =02, I =02UuUD,
Hie = M1,  HD = M2,
n (2.2) v is extended over I1,
Dv(ﬁ) = {u(@xing§kﬁj + Ozjng@j,;)}, rot, v =V, X U,
Vo = 6x£iV§i, div,v =V, -v= awika§kU¢, agi = Vgi.
Let A be the Jacobi matrix of the transformation = = z, (£, t). Then det A =
toa
exp({, div, 7dr) = 1. Moreover
t
xéj :(5Z‘j+§85j5i(f,T)dT, fwzxgl.
0

Hence we get
t t

sup |z¢| < 1+ sup | [9(, 7)|dr < 1+ c||[0]l3,0dr
33 teny o

: 1/2
<1+ evi(flolBgdr) <1+ eVi|Tlsza0n,

0
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is an increasing

and sup,c g, || < ¢(a), where a = Vt|v
positive function.

To prove the existence of a solution to the above problem we introduce
Lagrangian coordinates connected with a given divergence-free function u.
Moreover we linearize the terms with v in (1.1) by writing them in the form

uVv and u x H. Then from (2.1), (2.2) we get

T 1

23) | (7%, + Du(0)Dw(P)) d dt — H mH’v Hvp
0N 0
1 T T
~mV H?g)dgdt = | | fpdsdt — | { pomiup dés dt — | 5op(0) de,
0N 0s 2

T
24 |1 <—Mﬁ@ —wuV HY + %rotu H rot,, E) de dt
0 I1

— { Vi@ x H) roty, ) dg dt
2

ot’—a'ﬂ OL’ﬁ’ﬂ

5 (M x Eu)¢dép dt — p | Hoh(0) de,
B I7

1
where H' is a given function.

We write (1.5); in the form aT(7,p') = 0, where D =7 + po. Then from
Lemmas 3.1-3.9 of [2] we get

(25)  [well§ o + 01T 2 + 1013 2.2, 000 + [Tl13 22,020 + [[TeellT 22,020

+Hvtt”on+HP ||222(2t+||pt”122m

1Ly &y

< afa, )[(t[T]13.2,2,00 + IT(O)F ) (X1 + F) + (e(X1 + F)

+c(e)t(F + [0 15 @) 1TlIF 2,00 20

1 1
+ (S(HH;HSM(N + ||H/||§,2,2,Qt) + c(e)t (||H,||022 ot T ||H t||022 t

1 1 1
+ 1 H O)I5 )UH3 2,00, 00 (1 + T3 2,00, 00) + 13 2,2, 000)

1

+ H113 9,00, 00 (€T 13,2.2, 00 + c(@tTG 29,00 + [T (0)]F )

+ HfttH%,Z,ZQt + [Jvee( )Ho ot HftHo2 2,01 + X "‘F}

9Ly 4y
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where
— L 9 L 9 L, 9
(2.6) F =ai(a,t)[e|H'|l5 2200 +c@)t(H )60 + 1Hill62,2,02:)
1 1
(H 1B 200,20 + 1H'113 2,00,020)

1
+ (Elfll3 2,2,00 + e(@)ETIE 2,2, 00 + 1TO)IE DI 2,00,

+ @ UFIB 22,00 + 1Fell§2,2,00) + ITO)T o + [T (0I5 2],

1 1 1

(27) X1 = ao(a, OUH'3 22,00 + 1H'lI3 2,00,00) N |15 22,00
1 1
+e@UH (OF .0 + 1H'1[5 2.2,.000) + 1 FIIF 22,00
From Lemmas 4.1-4.8 of [2] we get
(2.8)  NHG o+ IHIT g+ 1HI3 22,10 + 1HIS 22,11
+ 1 HeelR 200 + 1H el 17

< afa,t)[(e(Y1+ HH*HZZ’,,Q,ZBf + ”ﬂtugg,z,nt)

+ c(e)t(@—k Yo+ ||I7*t”3,2,2,3t + Hﬁ*tt”g,z,z,Bt + Hﬁtng,z,z,nt
H[@ellf 2.2,2e + HIEOVNE i + 1T (O)IG 1z + I O)IE 1z + I He(O)E 1))
(13 2.2, + 1712 200,12 + T3 7 + IHO)I3,17) + ell@el|2,2,257
HHllf 200,50 + [Hatl 22,50 + [ Htll3 2,2, 5¢
+ (tluell3 22,17 + 1@(0)[3 1) Y1 + G* + G,
where
(29) G =alat)(elal3 2z me + @l 2.2,me + w0 1)
NELR 2,00,5 + O 17 + IHeO)IG 17 + I Ewtllf 2.2,
(2.10) Y1 = ao(a, )[((1+ T3 200,10 + ITll5 2,2, 17¢
H1Tl12 2,00, 176 + 1Tll3 2.2,17¢)
(ellall3 2,2, + (NG 22,12
+ [@O)I5,12)) (113 2,00, +1)
HIHO)G 7 + 1H 3 2,250 + H(0)E 5) ElITel3 2,2, 17
HO)3. 1 +1)% + ta@el3 2.0,me + T3 11 + ellT@el3 2.2,e
+ C(g)t(”ﬂtt”ggg,m + Hﬂt(O)Hgn) + Hﬁ*tug,z,Q,Bt
I Hot 3 22,50 + I1H(0)]1,m],
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(2.11) Yo = as(a,O)[e(l[@elli 2,2, + 1Tl 2,00, ¢ @12, 2,00, 7
AT 200,10 + 2, 2,00, 170 T[T 2,0, ) G+ H 0|5 17)
+ (ellall3 2.2, + c(@)t([allf 2,2,
+ [ (0)118,1)) (17 1% 2,00, ¢ + 1)
NH w015, 17 + 1313 2,00, 170 (€Y 1 + ()t (G + [ H(0)[5 12))
+ HE*H(%,ZZ,B‘ + ||E*tt”3,2,2,3t]a

where oy, 1 = 1,2, 3, are increasing positive functions.

3. Existence of solutions to (1.1)—(1.7)

LEMMA 3.1. Lete =/t and U = Vy,, H = H,,. Then from (2.5)—(2.11)
we get

(3.1)  Bmr(t)
6
< Z a; (1B, t79(0), B, (0)) B2, (t) + ct” (B + ¢(0)) B (t)

+ aq (t’yBa t’yso(o)’ B7 80(0)))
where

(32) B=IEo2z2.5t + 1Exldazp + IHZ 2250 + 1Hel3 2 5

+ 1 Eeelld 20,50 + 1 Eallf 200,80 + [Huttll§ 2.0, 8¢ + 1715 2,2, 00

+ 1 f11F 20,00 + Hftt”(%,?ﬁ,ﬂt’

1Ly &y

p(0)= > (10/50)l[7.o + I0{H(0)]13 1),
i+k<2

B () = [0me 13,00 + [T, + [0mlI5 22,00 + [Tl 2,2, 000
HTmetl 20,00 + [Tmeell6, 00 + Prl3.2,0,00 + [Bhmll7 2.2, 0
+ Hﬁmtng,n + Hﬁmuin + ||Hm”§,2,2,m
1 Hmil3 2.2, + 1 Hmee 17 22,170
and a;, i =1,...,6, are polynomial functions (a1(0,0,0,0) = 0), and v > 0,
c > 0 are some constants.

REMARK. In (2.5)—(2.11) we use the inequalities

13 2,00, 20 < ct(Tell3 22,00 + [TO)II3,0),

113 2,00, e < Ct(IH N3 2,0, 17 + I (O)]I3,10)-

9Ly 4y
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LEMMA 3.2. Let A > 0 be sufficiently small and let B, ¢(0) be such that

1
041(th7 tW‘P(O)a Bu (p(O)) S §A7

2.3 O(B+p0) < 3,

Wl

6
> ai(tB,179(0), B, (0) A" <
£

Then B, (t) <A, m=1,2,...
Proof. Assume that 3,,(t) < A. Then (3.1), (3.3) imply that 5,,+1(t) < A.

REMARK. From (3.3) we obtain the qualitative formula
A
B+ ¢(0)

Then for given A and small B, ¢(0) we can choose ¢ large.

(3.4) £~

From Lemma 5.2 of [2] we get

(35)  Wmsrllg, iz + WVmsall3 22,120 + Vimsaellg 22,20 + 1Vimralli

+ 1P, +1||1 22,0t T ||Hm+1||o 1+ 1 Hmga |l 2,2, ITt

1Ly Ly

< a(A)tt+ DIVl 20,00 + HmllT 2.2,m0),

where Vm+1 = Em—i—l - Em, ﬁ;r-LJrl = ﬁ;rl+1 —ﬁ;n, ﬁm+1 = Em+1 — Em and
a(0) =0.

LEMMA 3.3. Let the assumptions of Lemma 3.2 be satisfied. Then for
t < T*, where a(A)T*(T* + 1) < 1, we have convergence of the sequence

(s Dy Hom)-
THEOREM 3.1. Let the assumptions of Lemmas 3.1, 3.2 be satisfied. Then
for T <T* there exists a solution to problem (1.1)—(1.7) such that
T € Ly(0,T, H3(2)) N Lo (0, T, H' (2)),
Ty € Loo(0, T, H*(£2)) N Lg(o T, H?*(2)),

Ty € La(0,T, H'(£2)) N Loo (0, T, Ly(£2)),
7' € Lo(0,T, H*(12)),
P, € La2(0, T, H' (£2)),
H € Ly(0,T, H¥(IT)) N Loo (0, T, H*(IT)),

H, € Loo(0, T, H*(IT)) N L2(0 T, H*(IT)),
Hy € Ly(0, T, H (IT)) N Lo (0, T, Lo (IT))
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and

22,07 T HEtH§22

Bel1% 2,00, + T3 2,00, 07 + 17113 2.2, 22,07 + [Tuli 22 0r

so0r + DT 20 0r + ||I7t||%,2,oo,HT

1Ly Ly 1494

+[[Tellg 2,00,07 + 17112
+ Hﬁ”iz,oo,UT + Hﬁ”g,z,z,nT + Hﬁtug,z,z,nT + Hﬁttug,z,m,nT

+ | HuF g0 0r < A.
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