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NOTE ON UNIVERSAL ALGORITHMS FOR
LEARNING THEORY

Abstract. We study the universal estimator for the regression problem
in learning theory considered by Binev et al. This new approach allows us
to improve their results.

1. Introduction. S. Cucker and S. Smale [1] determined the scope of
learning theory. We present a general approach which corresponds to [2] and
[3]. The problem is the following. Let X = [0,1]¢ and Y = [~ A, A]. On the
product space Z = X X Y there is an unknown probability Borel measure p.
We shall assume that the marginal probability measure ox(S) = o(S x Y)
on X is a Borel measure. We have

do(z,y) = do(y|z)dox (z).

We are given the data z C Z of m independent random observations
zj = (x5,y5), J = 1,...,m, identically distributed according to o. We are
interested in estimating the regression function

fo(z) = [ ydo(ylz)

Y

in L?(X, ox) norm which will be denoted by || - |.
To do it let M = {M,},er denote any family of measurable functions
on X such that for all v € T,

(1) 0< M(z)<1, ze€X,

and

(2) ZMv(:c):l, r e X.
veT
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An example is the family {x;}rer, where x; denotes the indicator function
of I and {I : I € T} is any partition of X (in [2] the sets I are dyadic
cubes). Another example is obtained if we consider a triangulation 7" of X
with vertices {v},er and the corresponding system of functions {M,}yer
which are continuous on X, linear on each component of this triangulation

and
1 for vertices w = v,

My (w) = {0 for w # v.

It is not hard to check that the family {M,},er satisfies (1) and (2).
Now for a given family M we define the operator

Qmf(z) = Z co(f)My(2),
veT

where

Cv(f) = avg(f), av(f) = S fM,dox, Ov = S M, dox,

S
p

and the estimator

veT
where
ea) = 2 ) = LS M), aulm) = = 3 My(ay).
0v(2) m = m =

If o, = 0 then we define ¢, = 0, and if p,(z) = 0 then we put ¢,(z) = 0. Note
also that Fa,(z) = «, (here and subsequently, o, := ay,(fy), v := cu(fo))
and Eo,(z) = g,. Moreover

Var(yM, (2)) < | 4> M; (2) do(,y) < A* | M7 (x) dox (x),

Z X
hence
(3) Var(yM,(z)) < A | M, (z) dox (z) = A%p,,
X
(4) Var(My(z)) < E(My(2))? < E(My(2)) = 00
Therefore by Bernstein’s inequality we have, for any € > 0,
3me?
(5) Prob{|ay, — ay(z)| > e} < 2€XP<—m>,
3 2
(6) Prob{|o, — 0v(z)| > ¢} < 2exp(—ﬁ).

The main result of this paper is
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THEOREM 1.1. For any family M,
N
BlQufs ~ £l =0(7).
m
where N = |T.

The new idea of the proof presented below allows us to improve the
result from [2] (in Corollary 2.2 of [2] the above expectation is bounded by
O((N/m)log N)).

Proof. By (1), (2) and the convexity of the square functions we have

E”QMfg_sz2 < S ZE|CU_Cv My(z) dox ()

X veT
= Z E|C’U - Cv | Ov-

veT

Note that if o, = 0 then Ep,(z) = 0, hence g,(z) = 0 ¢™-a.e. Consequently,
E||QMfg_fz||2 < Z E|Cv_cv(z)|29v
vET, 0, >0
Fix v such that g, > 0. We can write
Eley _CU(Z)’2 = S |Cv_cv(z)‘2+ S |Cv’2-

Qv(z)>0 Qv(z):[)
Note that if ¢,(z) = 0 o™-a.e. then M,(z;) = 0 for all j, hence a,(z) =0
o"-a.e. Thus

Elcy, — co(z)|* = S lew — co(z)]* + S
ov(2)>0 0v(2)=0
For b # 0 and t # 0 we use the simple inequality

a s 1 sl
7 —— | < =la— t—>b
to get
a s|? la — s|? 9
Z_2 <« [ I
(8) ;7| S 2 72 2 = t2 |t b|*,
which in particular gives
ay  ay(z) 2 |lay —aU(Z)|2 Q(GU(Z))2|Q’U_QU(Z)|2
o 2 + 2 :
o 0u(2) 2 ov(2) 2
For g,(z) > 0 we have
2
aU(Z)z < AQ,
0v(2)
thus )
E|c, — cv(z)|2 < Var(yM,(x)) 5 Var(M,(x))



50 K. Dziedziul and B. Wolnik

Consequently,
Blerfy- LIP<CY — (@) + Var(My(2) 0.
By (3) and (4) we get o
Blrs, - £P<0(X ) = 0(4).

veT
and this finishes the proof.

Note that if we take N = m!/(1+28) for fixed s > 0 then

1 2s/(142s)
(9) ElQmf, — fall? = O(E) .

To unify the linear and nonlinear approach in estimation let us introduce
the sets A® similar to the definition given in [2]. We have f € A%, s > 0 (in
fact it makes sense to consider 0 < s < 2) if f € L?(px) and there is C such
that for all V there is a family M = {M,},er with properties (1) and (2)
such that N = |T'| and

(10) If = Qmf| <CONT*
By Theorem 1.2, (9) and (10), and since
E|fo = fall* < 2Bl fo — Qmfol® + 2E|1Qmfo — f4]1%,

we get the optimal rate of estimation (see [4]). This approach improves the
rate of estimation in [2].

THEOREM 1.2. Let f, € A® and let M be the family from the definition
of the space A* such that N = |T| = [m"/(1+29)]. Then

B 5 i 2s/(142s)
Elfo—fall" =0 '
m

Finally, we will give a general version of Theorem 2.1 in [2]. Our proof
is analogous but partially simplified, so we present it for the sake of com-
pleteness. We improve the constant in estimation.

THEOREM 1.3. For any family M and any n > 0,
(11) Prob{|Qufp — fall > n} < 4Ne /N,
where N := |T'| and c¢ depends only on A.

Proof. By the convexity of the square function we have

(12) 1@mfo — fZ||2 < S Z o — CU(Z)|2MU(33) dox ()

X veT

_Z’cv_cv Qv

veT
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This gives
Prob{||Qmf, — fall > n} < Prob{ > |e, = eu(2)?00 > n*}
veT
n
< Prob{ Cy — Cy(2)| > }
3 Prob{lew— el > =
Note that

n
Prob — > =0
rob e = ule)| > |
provided g, < n?/4A%N. To see this it is enough to transform this assump-
tion to the form 7/v/Ng, > 2A and recall that |c,| and |c,(z)| are less
than A.

Therefore we can write

n
Prob{lQms~ Ll >my < X Prob{le,—aufa) > ).
v:oy>n?/4A2N Noy

To estimate the last sum, note that if

ly (2) — | < 220

~ 4y/Noy

OuT]
_ < -
lov(z) = 2ol < 4A+\/No,

then (we know that g, > n?/4A%N)

and

OuT] 1

|0v(2) — 00| < — = 5 v
A/ N - 2
4 4A2N

(this gives in particular |o,(z)| > 10,), and using (7) we get

ay(z)
co(z) — ¢yl = - —
lev(=) = 00(z) 0y
1 vy |
< ——|aw(z) — aw| + < lov(z) — ol
IQU(Z” |QU(Z)|Qv
< Lo_en A _en _ 7
_%gv 4+/N o, %gv 4A\/Npo, +/No,
Therefore
n
Prob{ Cy — Cp(2)| > }
o0 = eufa) > A
< Irro |OZU(Z) — O[U| > 4\/W + Pro |QU(Z) — Q’U| > W .

If we first use (5), (6) and then the fact that n/v/No, < 2A, we finally get
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Prob{||@mf, — f2|l > n}

2
< Z (2 exp (— 32mn )
U:Q1)>772/4A2N 16N(6A —|— A\/J]V—Q_U)

2
+ 2exp (— Sy ))
16A2N (6 + 57 - i)

5 o 2lon(o i) oo )
_S -2
e 128 NA 112 NA

IN

12842 N
which completes the proof of (11) with ¢ = 3/12842.

2
§4Nexp(— 5 i >,
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