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BERNSTEIN INEQUALITY FOR THE PARAMETER
OF THE pTH ORDER AUTOREGRESSIVE PROCESS AR(p)

Abstract. The autoregressive process takes an important part in pre-
dicting problems leading to decision making. In practice, we use the least
squares method to estimate the parameter 6 of the first-order autoregressive
process taking values in a real separable Banach space B (ARB(1)), if it
satisfies the following relation:

)N(t = 5)N(t—1 + &

In this paper we study the convergence in distribution of the linear operator
I(6r,0) = (87 — 0)87—2 for ||6]] > 1 and so we construct inequalities of
Bernstein type for this operator.

1. Introduction. Let (§2, A, P) be a complete probability space and let
(B, || - |I) be a real separable Banach space endowed with its Borel o-field
B. We denote by || - || the norm of bounded linear operators. A sequence of
random variables defined on ({2, A, P) with values in (B, B) is a sequence of
measurable maps {2 — B with respect to the o-fields A and B.

We consider a stochastic process (X;, t € Z) defined on the probability
space (§2,A,P), which takes its values in a real separable Banach space
(B, || - ), of the following general form:

(1) Xi =0 Xe 1+ 60X o+ + 0,1 Xi—py1 + 0, X p + &t

The equation (1) is the representation of the pth order autoregressive process
AR(p). Here 01, ...,0, are fixed constants and (e, € Z) is a sequence of
independent identically distributed (i.i.d.) random variables with mean zero
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and variance Ee? = o2. Write (1) as

Xt 91 92 ce Hp_l 9p Xt—l Et
Xt— 1 Xt—? 0

. = Iy . +
Xt pt1 Xip 0

which can be written as a first-order autoregressive process in p variables in
the following way: L

(2) Xy =0X41 + &,

where )NQ denotes the transpose vector (X¢, X¢—1,...,Xs—pt1) € BP, & =
(6¢,0,0,...,0) € BP (E||&|®> = Ee?), f is a linear operator on BP (an
arbitrary p x p matrix) and I, is the identity operator on Br—t,

DEFINITION 1.1. Consider the nonstationary first-order autoregressive
process which takes values in B defined by

)?t = 55(/1571 + &,
(3) ¢ e
eN>1, pg=6-,
where 6 is the autoregressive operator. Considering )Zt as an exogenous

variable, the ordinary least squares method gives an estimator of § which is
the sequence defined by

where
~ T o T
(5) Ap=>"X, X[ 1 —-0) X, 1X] 4,
t=1 t=1
T ~
(6) Br = ZthlXt 1
t=1

2. Preliminaries. In this section, we introduce notations, definitions
and show the invariance of the set of initial data.
Let

(7) Jr = 5_(T_2)5(:T_1 =& + 5_152 —+ e+ 5_(T_2)5T_1 + 5)?0,

(8) Z = Z é;(tfl)gt + 5)20,
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(9) Fr=ZpZph + 0 Zp 2507 + -+ 6~V 20 20,9~ Ty,
(10)  Gr=2ErZp +Er 1 Zh(07Y + -+ 81 Z5(9~TVY.

DEFINITION 2.1 ([3]-[5]). Let (Y, Y7, T > 1) be a family of B-valued ran-
dom variables defined on a probability space ({2, 4,P). Then Y7 converges
to Y in probability (Yr LR Y) as T — oo if for each € > 0,

P{|Yr - Y| >e} -0 asT — oo,

and Yr converges to Y in distribution (Yr A Y) if Py, — Py, where Py,
(resp. Py ) is the distribution of Y7 (resp. Y).

REMARK 2.1. The following properties of convergence in distribution
will be used in the remainder of the text:

e If Y converges to Y in probability then Yr converges to Y in distri-
bution.

e If Y7 converges to Y in distribution and Y7 — Zp converges to 0 in
probability then Zp converges to Y in distribution.

e Let B’ be a separable Banach space and h : B — B’ be a continuous
function. If Y7 converges to Y in distribution then h(Yr) converges to
h(Y) in distribution.

THEOREM 2.1 (see [6]). Let I = [a,b] and suppose that f is J-convex

on I. For any points x1,...,x7 € I and any rational nonnegative numbers
T1,...,77 such that r1 +---+rp =1, we have

T T
(11) f(z TtiL“t> < Zth(fUt)-

t=1 t=1

In particular, if ry = 1/T (t =1,...,T), then
1 & 1 &
(12) (Fam) < 52 re

LEMMA 2.1 (Bernstein’s inequality, see [4], [7]). Let W be a random
variable. Then for all {,7 > 0,

P{W = ¢} < exp(=(7)E[exp(rW)].

3. Asymptotic distributions in the unstable case. In this section
we assume that the (¢, t € Z) are independent and identically distributed
and that [|6] > 1.

In order to state the main results of the paper, we introduce the following
conditions:
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(Ho) IIB] <1, =67
(H1) E|l&]|* < oo, E[| Xo|I* < occ.

THEOREM 3.1. Suppose that the hypotheses (Hy)—(H1) are satisfied and
€ > 0. Then

o Pl T—-1752)2
(13)  P{|Ar(8"72) = Gr|| > e} < exP( ;||ﬂ(||””f”zr4a4iz<1)>’

that is,
(14) Ar(BT=2 =Gy — 0 in probability as T — oo,
where G is defined in the preliminaries.

Proof. Using (5) and (10) we obtain

(15) Ap(3"?) - GT—ZEtXt (72 ZEtZT sty
=1

T T

évt(ﬁ (t— 2 ,BT 2 Z ZT ,BT t

1

o
I

T-1
=N e Zh (B ZsT SZh(B%)
s=0
T-1 N L
=) &r (Zr_s — Z7)(B*)
s=0
with
Jr = BT_QgT—1 + BT_?’gT—Q 4+ -+ BT_S_lgT—s + ZT—s-
Hence

Zy—Zrs =37+ BT e+ BT
From (15) it is easy to deduce that
T—1

(16)  Ap(B" ) = Gr=> & JEr (3" +
s=0 ~, ~
N DG
Using the elementary inequality

L1 d, (372l —esop < XPA(AT(B" ) = Gr| =€) for all A >0,

where 1 4 is the indicator of the set A, by Bernstein’s inequality (Lemma 2.1)
we obtain
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B4 a3 —2y—crj—e>0}) < Eexp(A(|Ar (572 — Gr| —¢))
= e *Eexp(\(||Ar (5772 — Gr|))

T—1
< e M Eexp </\H N Er oG (BT e+ (BT (B
s=0

)

T-1
e MEexpA Y |IEr- g + -+ Er_Fp | 18T
s=0
because
1Bl <1, BIT == > IBIT 2, . 1B > 1)1t

Using the Taylor expansion near a = 0, f(z) = f(a) + f'(a)(x — a) +
$f"(a)(z — a)* + o((z — a)?), we obtain

(A7) B i@y —co-es0p)

Aa[1+)\TZIEfo+_E<T 110) <A2>}

s=0
where

Now we have

Io= |Er—s€r_y + -+ s 1BIT 1.
-1
(I>Ergr+ e
s=0

)2
T-1

2
< (D UEr—sh 18—l + -+ + IEr—l IEp_a))

s=0
From Theorem 2.1 it follows that

T-1
2
(18) (D Ner—sl Il + -+ + Nl 17—
s=1

s

T-1 9
= (3 lErl i)
s=1r

=1

1 T-1
<7[(S ler-alllgrl) + -+ (Z Il 1) ]
r=1 r=1
1 T-1
T3 IEralPIgo, 2+ + PUE 2]
r=1 r:l
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From (17) and (18) we obtain
P{Ar (3" ) = Grl| — > 0}

< e [1+)\H§HT_1TU2+ 118127 1)TIE(ZH€T PlIET— 117
r=1

T—
)\2
Z Pl I2) +o( 5 )|
~ ~ A2
= [1 BT T + 2 Hﬁ||2(T‘1)T4o—4 + 0<7>]

= L NI 4 B Vot 4 o)

=e M1+ K(T,\)] < e exp(K(T, ).

Note that K (7, \) is an even function of 7" and \. Hence we have

(19)  P{|lAr(6"*) — Grl| — & > 0}
< exp(~Xe — B 7o) + 5 (BP0 +ol1))
=:exp(®(\, T)).

The equation 0®(A,T")/OX = 0 has the unique solution

_ = |p"'To?

1BV T 40" + o(1)
which minimizes $(\,T'). Then from (19) and (20) it follows that

(e — IB]"'To?)? )
2 (|3|2T-DT104 4 o(1) )

(20)

B{IAr(FT2) — Grl| > ¢} <e p(

The proof of Theorem 3.1 is complete.

THEOREM 3.2. Suppose that the hypotheses (Hy)—(Hy) are satisfied and
€ > 0. Then

P{IST?Br(8" %) — Frl| > €}

<€_2K o M)W 732 HﬂHT1D2
1 1 ||5)I2 1—||8]
4

(T, |15]I)
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where

2(T—1) 1 1/2
T 1) = 74 21/2’@”5”2 (e ) o)

with
= [IBI'BIIXol*,  Co=E[&]*,  C1=|6]"E[ X0,
i.e. BT_QET(ET_Q)’ — Fp — 0 in probability as T — oo.
Proof. Using (7), (8) and (10), we obtain

T-1
(1) IF2Br(F2) ~ Frll = | Y B (Zr-s 2y~ Z0Z) (B
s=0

T—1
< NBIPNZr—sZip— s — ZrZi|
s=0
with
G T — Gy T = Ty (Fo s — TV 4 (Zrs — F2) P
Hence

(22) NZr-sZr—s = ZrZrll < Zr-sll1Z7—s — Z7|| + 1 27-s — Zr| | 27|
<2\ Zr| |1 Zr-s — Zr||-
From (21) and (22) we get

T-1

18" 2Br(B"2) = Frl < > 181201 Zll | Zr—s — Zrl-
s=0
Using the elementary inequality above, for all A > 0 we have

{”ﬁT 2B (BT-2) —Fp|>e} = < exp(A (||ET_2§T(§T_2), —Fr| —e¢))

T-1
< e exp(20 Y 181220 20| |1 Zr- — Zr))-
s=0
Then
E(Ly5r—2 Br(ar—2y - Fri>e})
T-1 B _ _ _
e Eexp 20D 1812 Zell | Zr-s — Zrl ) |-
s=0

Using the Taylor formula
2

e“zl—i—u—l—%—i—o(uQ),

we obtain
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E(H{IIBT*ET(ET*QY—FTH>€})
T-1
< exp(=A)E(1+ 20 > B\ Zrll 1 Zr—s — Zr
s=0

2
2 (2 IBI 1 Z2l 1 Z2—s — Zel) +0(3®))

T-1
< exp(—2e) (1+ 22E (D IBIP)1 Zrll 1 Zr—s — Zrl)

T-1
~ ~ ~ ~ 2
+ 2B (Y IBIP 1 Zr 1 Zr- = Zrll) +0(3%)).
s=0
Set
T-1 _ _ ~ _
(" 18111 Zzll| 22— - Zrl)),
T_l
5 =E(3 131120120~ Zrll)
s=0
Hence

P{||3T2Br(B72) — Fr|| > €} < exp(—=Ae + 2\I1 + 2)%15 4 0(\?))
= exp(—Ae + 2\ + N2(215 + o(1))).
We have
1Zzll < &l + IBIHEN + - - + 118721 lEp=all + 16 | Xoll-

Hence

1Zr)? < TN+ IBIAIENR + - + 18P Er—1® + 10| Xol1%)
and

1Z0—s = Zo|I* < (18172 1Er=all + - + 1187~ MIEr=—sl))

< s(IBIPT2Er-al® + - + 181X T Vller_s|?)
<T(IBIPT2Er-al® + - + 11BI1PT = Dler_|?).

We get
T—1

L< Y BIPBIZrI*) (€ Zr—s — Zr|*)?
5=0

|_I

Z 18I To(e(1+ B> + - - + IBI*T) + |0]E Xo|1*)"/?
s=0

(IBIPT2 4 - 4 B2
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~ -1

T 1—||8|I*" o Y2 S2s 1 F2AT-2) L AT —s—1)\1/2

=T\ ar TEE o+Cr ) Y IBIP IS + -+ 18]l )
- 5=0

o 1/2T-1
< T<4~2 + cl> > gt
1—B]l =0

e — Cl)“? R
R 1 1]

where C; = ||0]|2E|| Xo]|? and

1Zr—s = Zr|* < sUIBIPT 2 Er-all® + - + 1B1PT >V er—lI*)
1Zr—s = Zr|* < TP ABIMT 2 el + - + 18IV er—sl).

Hence

El|Zr—s — Zr||* < T*Co(IBI*T2 + - + |61 T—7Y)
< T3028||§||4(T—s—1)

where Cy = E||Z||4, and we have

_ _ " 1/2
(23) <EHZT||4>1/2§T3/2<02 +||9||4E||Xo||4) ,

1
L—||B|*
(24) (Bl|Zrs — Zrl[)2 < T32CoTV/2|| |20,
From (23) and (24) we obtain

Il < 0_T3/2< g +Cl)1/2 ||B”T_1

1— |32 11311’
T-1 1 N N 1/2 N
I < TZ 3] 4%/ <C2 W+"9||4EHXOH4> T3 CoT' BT
s=0 -
- _ 1/2 1 3)12(T-1)
< T9/2021/2 <C2 S H0”4]E|XOH4> ||ﬁ|| .
1|81 1— |87

Finally, we obtain
(25)  P{|B"PBr(3" %) — Fr|| > e}

o Rl ]
< exp(—)\e +2) [JT?’/Q <7~ + Cl> - }
1— 8|12 1— I8l

- - 1/2 1 3)12(T—-1)
+94EX4> 181270 1))
161" E[| Xoll TETE o(1)

+ 222 (T9/2C21/ 2 (02

=: exp(®(\,T)).

L— 18]
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The equation 0P(\, T')/OX = 0 has the unique solution

5—2[0T3/2<L~ +01>1/2”5”7T~1]
1— 18] 11— 8]

1/2 1 3)12(T-1)
(e (= P o)
1—8* 1— [
which minimizes $(A,T'). Then from (25) and (26) it follows that

P{(|5"2Br(5" %) — Fr|| > e}

<5_2[<%+01>1/20T3/2@D2
1 L3I 1 113l

4 W(T. 18]

(26) \ =
; ||9||41E||Xo||4)

< exp

This completes the proof of the theorem.
COROLLARY 3.1 (see [1]).
Fr — 6_12TFiT5'_1 — 0 in probability as T — oc.
Here:
o Fr is defined in (9).
e The matrix # decomposes as
(27) 0=CC,
where C' = (¢;5)pxp is invertible and 7 is a diagonal matrix.
e 77 is a diagonal matrix with ¢th diagonal element equal to the ith

element of C ZT.

o 7 =01 = (1/n)pxp = (Vi)pxp (M # 0 and ~; is the ith diagonal
element of 7).

(),
L=/ pxp

We have

1— (vt
(28) (M) —T asT — oo
L=/ pxp

From (9), (27) and (¥ = 1) we can write

Fr =ZpZip4+C~'5C Zp 25,C'3(C™Y + - - - +C {1 C Zp 2L C'FT 1 (O
= C Y CZrZpC + - + 3T CZr ZLC'FT 1) (C7YY .

The (i, j)th element of CFpC' is asymptotically the (i,j)th element of

CZZ'C’ divided by 1 — ~;;.
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COROLLARY 3.2 (see [1]).
Gt — YTiT(é_l)' — 0 in probability as T — oo.
where
Gr = epZh 4+ e Z:C'H(C™Y + -+ 8. 25:C'37 1 (C7Y
= (60 25C' + Ep 1 ZHC'A + -+ 5 ZC'FT Y (C7YY.
The jth column of the matrix in parentheses is the jth element of Z/C’
times
(29) e +viEr—1+ -+ 7]~T7151~
Let (29) be the jth element of a matrix Y7.
COROLLARY 3.3 (see [1]).
Ap(BT2) = Gp — 0 in probability as T — oo
and o
Gr — YZ(C™YY  in distribution as T — oo
imply o o
Ar(BT=2) = YZ(C™YY  in distribution as T — oc.
Proof. This is a consequence of Definition 2.1 and Corollary 3.2.
COROLLARY 3.4.
BT2Br (372 — Fr — 0 in probability as T — oo
and o
Fr — C7'Zrz(C™YY in distribution as T — oo
imply
BI=2Bp(B72) — CYZIZ(C™YY  in distribution as T — oo.
Proof. This is a consequence of Definition 2.1 and Corollary 3.1.
COROLLARY 3.5.
Br2Bp(B72) — CTYZIZ(C™YY  in distribution as T — oo
and
Ar(BT2 S YZ(C™YY  in distribution as T — oo
then
(O —0)072 > Y 'Z7'C  in distribution as T — co.
Proof. Use Corollaries 3.3 and 3.4 and (§T - 5)9~T_2 = ,ZTE;@T—?
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