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BERNSTEIN INEQUALITY FOR THE PARAMETER

OF THE pTH ORDER AUTOREGRESSIVE PROCESS AR(p)

Abstract. The autoregressive process takes an important part in pre-
dicting problems leading to decision making. In practice, we use the least
squares method to estimate the parameter θ̃ of the first-order autoregressive
process taking values in a real separable Banach space B (ARB(1)), if it
satisfies the following relation:

X̃t = θ̃X̃t−1 + ε̃t.

In this paper we study the convergence in distribution of the linear operator
I(θ̃T , θ̃) = (θ̃T − θ̃)θ̃T−2 for ‖θ̃‖ > 1 and so we construct inequalities of
Bernstein type for this operator.

1. Introduction. Let (Ω,A,P) be a complete probability space and let
(B, ‖ · ‖) be a real separable Banach space endowed with its Borel σ-field
B. We denote by ‖ · ‖ the norm of bounded linear operators. A sequence of
random variables defined on (Ω,A,P) with values in (B,B) is a sequence of
measurable maps Ω → B with respect to the σ-fields A and B.

We consider a stochastic process (Xt, t ∈ Z) defined on the probability
space (Ω,A,P), which takes its values in a real separable Banach space
(B, ‖ · ‖), of the following general form:

Xt = θ1Xt−1 + θ2Xt−2 + · · · + θp−1Xt−p+1 + θpXt−p + εt.(1)

The equation (1) is the representation of the pth order autoregressive process
AR(p). Here θ1, . . . , θp are fixed constants and (εt, t ∈ Z) is a sequence of
independent identically distributed (i.i.d.) random variables with mean zero
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and variance Eε2t = σ2. Write (1) as


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
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

+




εt

0
...

0




which can be written as a first-order autoregressive process in p variables in
the following way:

X̃t = θ̃X̃t−1 + ε̃t,(2)

where X̃t denotes the transpose vector (Xt, Xt−1, . . . , Xt−p+1)
′ ∈ Bp, ε̃t =

(εt, 0, 0, . . . , 0)′ ∈ Bp (E‖ε̃t‖
2 = Eε2t ), θ̃ is a linear operator on Bp (an

arbitrary p× p matrix) and Ip−1 is the identity operator on Bp−1.

Definition 1.1. Consider the nonstationary first-order autoregressive
process which takes values in B defined by

{
X̃t = θ̃X̃t−1 + ε̃t,

‖θ̃‖ > 1, β̃ = θ̃−1,
(3)

where θ̃ is the autoregressive operator. Considering X̃t as an exogenous
variable, the ordinary least squares method gives an estimator of θ̃ which is
the sequence defined by





θ̃T =
( T∑

t=1

X̃tX̃
′
t−1

)( T∑

t=1

X̃t−1X̃
′
t−1

)−1
,

I(θ̃T , θ̃)θ̃
−(T−2) = θ̃T − θ̃ = ÃT B̃

−1
T ,

(4)

where

ÃT =
T∑

t=1

X̃tX̃
′
t−1 − θ̃

T∑

t=1

X̃t−1X̃
′
t−1,(5)

B̃T =
T∑

t=1

X̃t−1X̃
′
t−1.(6)

2. Preliminaries. In this section, we introduce notations, definitions
and show the invariance of the set of initial data.

Let

Z̃T = θ̃−(T−2)X̃T−1 = ε̃1 + θ̃−1ε̃2 + · · · + θ̃−(T−2)ε̃T−1 + θ̃X̃0,(7)

Z̃ =
∞∑

t=1

θ̃−(t−1)ε̃t + θ̃X̃0,(8)
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FT = Z̃T Z̃
′
T + θ̃−1Z̃T Z̃

′
T (θ̃−1)′ + · · · + θ̃−(T−1)Z̃T Z̃

′
T (θ̃−(T−1))′,(9)

GT = ε̃T Z̃
′
T + ε̃T−1Z̃

′
T (θ̃−1)′ + · · · + ε̃1Z̃

′
T (θ̃−(T−1))′.(10)

Definition 2.1 ([3]–[5]). Let (Y, YT , T ≥ 1) be a family of B-valued ran-
dom variables defined on a probability space (Ω,A,P). Then YT converges

to Y in probability (YT
P
→ Y ) as T → ∞ if for each ε > 0,

P{‖YT − Y ‖ > ε} → 0 as T → ∞,

and YT converges to Y in distribution (YT
D
→ Y ) if PYT

→ PY , where PYT

(resp. PY ) is the distribution of YT (resp. Y ).

Remark 2.1. The following properties of convergence in distribution
will be used in the remainder of the text:

• If YT converges to Y in probability then YT converges to Y in distri-
bution.

• If YT converges to Y in distribution and YT − ZT converges to 0 in
probability then ZT converges to Y in distribution.

• Let B′ be a separable Banach space and h : B → B′ be a continuous
function. If YT converges to Y in distribution then h(YT ) converges to
h(Y ) in distribution.

Theorem 2.1 (see [6]). Let I = [a, b] and suppose that f is J-convex

on I. For any points x1, . . . , xT ∈ I and any rational nonnegative numbers

r1, . . . , rT such that r1 + · · · + rT = 1, we have

f
( T∑

t=1

rtxt

)
≤

T∑

t=1

rtf(xt).(11)

In particular , if rt = 1/T (t = 1, . . . , T ), then

f

(
1

T

T∑

t=1

xt

)
≤

1

T

T∑

t=1

f(xt).(12)

Lemma 2.1 (Bernstein’s inequality, see [4], [7]). Let W be a random

variable. Then for all ζ, τ > 0,

P{W ≥ ζ} ≤ exp(−ζτ)E[exp(τW )].

3. Asymptotic distributions in the unstable case. In this section
we assume that the (εt, t ∈ Z) are independent and identically distributed

and that ‖θ̃‖ > 1.

In order to state the main results of the paper, we introduce the following
conditions:
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(H0) ‖β̃‖ < 1, β̃ = θ̃−1.

(H1) E‖ε̃t‖
4 <∞, E‖X̃0‖

4 <∞.

Theorem 3.1. Suppose that the hypotheses (H0)–(H1) are satisfied and

ε > 0. Then

P{‖ÃT (β̃T−2)′ −GT ‖ > ε} ≤ exp

(
−

1

2

(ε− ‖β̃‖T−1Tσ2)2

‖β̃‖2(T−1)T 4σ4 + o(1)

)
,(13)

that is,

ÃT (β̃T−2)′ −GT → 0 in probability as T → ∞,(14)

where GT is defined in the preliminaries.

Proof. Using (5) and (10), we obtain

ÃT (β̃T−2)′ −GT =
T∑

t=1

ε̃tX̃
′
t−1(β̃

T−2)′ −
T∑

t=1

ε̃tZ̃
′
T (β̃T−t)′(15)

=
T∑

t=1

ε̃t(β̃
−(t−2)Z̃t)

′(β̃T−2)′ −
T∑

t=1

ε̃tZ̃
′
T (β̃T−t)′

=
T−1∑

s=0

ε̃T−sZ̃
′
T−s(β̃

s)′ −
T−1∑

s=0

ε̃T−sZ̃
′
T (β̃s)′

=
T−1∑

s=0

ε̃T−s(Z̃
′
T−s − Z̃ ′

T )(β̃s)′

with

Z̃T = β̃T−2ε̃T−1 + β̃T−3ε̃T−2 + · · · + β̃T−s−1ε̃T−s + Z̃T−s.

Hence

Z̃T − Z̃T−s = β̃T−2ε̃T−1 + β̃T−3ε̃T−2 + · · · + β̃T−s−1ε̃T−s.

From (15) it is easy to deduce that

(16) ÃT (β̃T−2)′ −GT =
T−1∑

s=0

ε̃T−s(ε̃
′
T−1(β̃

T−2)′ + · · ·

+ ε̃ ′T−s(β̃
T−s−1)′)(β̃s)′.

Using the elementary inequality1
{‖ÃT (β̃T−2)′−GT ‖−ε>0}

≤ exp(λ(‖ÃT (β̃T−2)′ −GT ‖ − ε)) for all λ > 0,

where 1A is the indicator of the set A, by Bernstein’s inequality (Lemma 2.1)
we obtain



Bernstein inequality 257

E(1
{‖ÃT (β̃T−2)′−GT ‖−ε>0}

) ≤ E exp(λ(‖ÃT (β̃T−2)′ −GT ‖ − ε))

= e−λε
E exp(λ(‖ÃT (β̃T−2)′ −GT ‖))

≤ e−λε
E exp

(
λ
∥∥∥

T−1∑

s=0

ε̃T−s(ε̃
′
T−1(β̃

T−2)′ + · · · + ε̃ ′T−s(β̃
T−s−1)′)(β̃s)′

∥∥∥
)

≤ e−λε
E expλ

T−1∑

s=0

‖ε̃T−sε̃
′
T−1 + · · · + ε̃T−sε̃

′
T−s‖ ‖β‖

T−1

because

‖β̃‖ < 1, ‖β̃‖T−s−1 > ‖β̃‖T−2, . . . , ‖β̃‖T−s−1 > ‖β̃‖T−s.

Using the Taylor expansion near a = 0, f(x) = f(a) + f ′(a)(x − a) +
1
2f

′′(a)(x− a)2 + o((x− a)2), we obtain

(17) E(1
{‖ÃT (β̃T−2)′−GT ‖−ε>0}

)

≤ e−λε

[
1 + λ

T−1∑

s=0

EI0 +
λ2

2
E

(T−1∑

s=0

I0

)2
+ o

(
λ2

2

)]

where

I0 = ‖ε̃T−sε̃
′
T−1 + · · · + ε̃T−sε̃

′
T−s‖ ‖β̃‖

T−1.

Now we have

(∥∥∥
T−1∑

s=0

(ε̃T−sε̃
′
T−1 + · · · + ε̃T−sε̃

′
T−s)

∥∥∥
)2

≤
(T−1∑

s=0

(‖ε̃T−s‖ ‖ε̃
′
T−1‖ + · · · + ‖ε̃T−s‖ ‖ε̃

′
T−s‖)

)2
.

From Theorem 2.1 it follows that

(18)
(T−1∑

s=1

‖ε̃T−s‖ ‖ε̃
′
T−1‖ + · · · + ‖ε̃T−s‖ ‖ε̃

′
T−s‖

)2

=
(T−1∑

s=1

s∑

r=1

‖ε̃T−s‖ ‖ε̃
′
T−r‖

)2

≤ T
[( 1∑

r=1

‖ε̃T−1‖ ‖ε̃
′
T−r‖

)2
+ · · · +

(T−1∑

r=1

‖ε̃1‖ ‖ε̃
′
T−r‖

)2]

≤ T
[ 1∑

r=1

‖ε̃T−1‖
2‖ε̃ ′T−r‖

2 + · · · +
T−1∑

r=1

(T − 1)2‖ε̃1‖
2‖ε̃ ′T−r‖

2
]
.
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From (17) and (18) we obtain

P{ÃT (β̃T−2)′ −GT ‖ − ε > 0}

≤ e−λε

[
1 + λ‖β̃‖T−1Tσ2 +

λ2

2
‖β̃‖2(T−1)TE

( 1∑

r=1

‖ε̃T−1‖
2‖ε̃ ′T−r‖

2

+ · · · +
T−1∑

r=1

(T − 1)2‖ε̃1‖
2‖ε̃ ′T−r‖

2
)

+ o

(
λ2

2

)]

= e−λε

[
1 + λ‖β̃‖T−1Tσ2 +

λ2

2
‖β̃‖2(T−1)T 4σ4 + o

(
λ2

2

)]

= e−λε

[
1 + λ‖β̃‖T−1Tσ2 +

λ2

2
(‖β̃‖2(T−1)T 4σ4 + o(1))

]

= e−λε[1 +K(T, λ)] ≤ e−λε exp(K(T, λ)).

Note that K(T, λ) is an even function of T and λ. Hence we have

(19) P{‖ÃT (β̃T−2)′ −GT ‖ − ε > 0}

≤ exp

(
−λ(ε− ‖β̃‖T−1Tσ2) +

λ2

2
(‖β̃‖2(T−1)T 3(Tσ4) + o(1))

)

=: exp(Φ(λ, T )).

The equation ∂Φ(λ, T )/∂λ = 0 has the unique solution

λ =
ε− ‖β̃‖T−1Tσ2

‖β̃‖2(T−1)T 4σ4 + o(1)
(20)

which minimizes Φ(λ, T ). Then from (19) and (20) it follows that

P{‖ÃT (β̃T−2)′ −GT ‖ > ε} ≤ exp

(
−

1

2

(ε− ‖β̃‖T−1Tσ2)2

‖β̃‖2(T−1)T 4σ4 + o(1)

)
.

The proof of Theorem 3.1 is complete.

Theorem 3.2. Suppose that the hypotheses (H0)–(H1) are satisfied and

ε > 0. Then

P{‖β̃T−2B̃T (β̃T−2)′ − FT ‖ > ε}

≤ exp



−

1

4

(
ε− 2

[(
σ

1 − ‖β̃‖2
+ C1

)1/2

σT 3/2 ‖β̃‖T−1

1 − ‖β̃‖

])2

ψ(T, ‖β̃‖)



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where

ψ(T, ‖β̃‖) = T 9/2C
1/2
2

‖β̃‖2(T−1)

1 − ‖β̃‖2

(
C2

1

1 − ‖β̃‖4
+K

)1/2

+ o(1)

with

K = ‖θ̃‖4
E‖X̃0‖

4, C2 = E‖ε̃t‖
4, C1 = ‖θ̃‖2

E‖X̃0‖
2,

i.e. β̃T−2B̃T (β̃T−2)′ − FT → 0 in probability as T → ∞.

Proof. Using (7), (8) and (10), we obtain

‖β̃T−2B̃T (β̃T−2)′ − FT ‖ =
∥∥∥

T−1∑

s=0

β̃s(Z̃T−sZ̃
′
T−s − Z̃T Z̃

′
T )(β̃s)′

∥∥∥(21)

≤
T−1∑

s=0

‖β̃‖2s‖Z̃T−sZ̃
′
T−s − Z̃T Z̃

′
T ‖

with

Z̃T−sZ̃
′
T−s − Z̃T Z̃

′
T = Z̃T−s(Z̃

′
T−s − Z̃ ′

T ) + (Z̃T−s − Z̃T )Z̃ ′
T .

Hence

‖Z̃T−sZ̃
′
T−s − Z̃T Z̃

′
T ‖ ≤ ‖Z̃T−s‖ ‖Z̃

′
T−s − Z̃ ′

T ‖ + ‖Z̃T−s − Z̃T ‖ ‖Z̃
′
T ‖(22)

≤ 2‖Z̃T ‖ ‖Z̃T−s − Z̃T ‖.

From (21) and (22) we get

‖β̃T−2B̃T (β̃T−2)′ − FT ‖ ≤
T−1∑

s=0

‖β̃‖2s2‖Z̃T ‖ ‖Z̃T−s − Z̃T ‖.

Using the elementary inequality above, for all λ > 0 we have1
{‖β̃T−2B̃T (β̃T−2)′−FT ‖>ε}

≤ exp(λ(‖β̃T−2B̃T (β̃T−2)′ − FT ‖ − ε))

≤ e−λε exp
(
2λ

T−1∑

s=0

‖β̃‖2s2‖Z̃T ‖ ‖Z̃T−s − Z̃T ‖
)
.

Then

E(1
{‖β̃(T−2)B̃T (β̃T−2)′−FT ‖>ε}

)

≤ e−λε
E exp

[
2λ

(T−1∑

s=0

‖β̃‖2s2‖Z̃T ‖ ‖Z̃T−s − Z̃T ‖
)]
.

Using the Taylor formula

eu = 1 + u+
u2

2
+ o(u2),

we obtain
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E(1
{‖β̃T−2B̃T (β̃T−2)′−FT ‖>ε}

)

≤ exp(−λε)E
(
1 + 2λ

T−1∑

s=0

‖β̃‖2s‖Z̃T ‖ ‖Z̃T−s − Z̃T ‖

+
4λ2

2

(T−1∑

s=0

‖β̃‖2s‖Z̃T ‖ ‖Z̃T−s − Z̃T ‖
)2

+ o(λ2)
)

≤ exp(−λε)
(
1 + 2λE

(T−1∑

s=0

‖β̃‖2s‖Z̃T ‖ ‖Z̃T−s − Z̃T ‖
)

+ 2λ2
E

(T−1∑

s=0

‖β̃‖2s‖Z̃T ‖‖Z̃T−s − Z̃T ‖
)2

+ o(λ2)
)
.

Set

I1 = E

(T−1∑

s=0

‖β̃‖2s‖Z̃T ‖ ‖Z̃T−s − Z̃T ‖
)
,

I2 = E

(T−1∑

s=0

‖β̃‖2s‖Z̃T ‖‖Z̃T−s − Z̃T ‖
)2
.

Hence

P{‖β̃T−2B̃T (β̃T−2)′ − FT ‖ > ε} ≤ exp(−λε+ 2λI1 + 2λ2I2 + o(λ2))

= exp(−λε+ 2λI1 + λ2(2I2 + o(1))).

We have

‖Z̃T ‖ ≤ ‖ε̃1‖ + ‖β̃‖ ‖ε̃2‖ + · · · + ‖β̃T−2‖ ‖ε̃T−1‖ + ‖θ̃‖ ‖X̃0‖.

Hence

‖Z̃T ‖
2 ≤ T (‖ε̃1‖

2 + ‖β̃‖2‖ε̃2‖
2 + · · · + ‖β̃‖2(T−2)‖ε̃T−1‖

2 + ‖θ̃‖2‖X̃0‖
2)

and

‖Z̃T−s − Z̃T ‖
2 ≤ (‖β̃‖T−2‖ε̃T−1‖ + · · · + ‖β̃‖T−s−1‖ε̃T−s‖)

≤ s(‖β̃‖2(T−2)‖ε̃T−1‖
2 + · · · + ‖β̃‖2(T−s−1)‖ε̃T−s‖

2)

≤ T (‖β‖2(T−2)‖ε̃T−1‖
2 + · · · + ‖β̃‖2(T−s−1)‖ε̃T−s‖

2).

We get

I1≤

T−1∑

s=0

‖β̃‖2s(E‖Z̃T ‖
2)1/2(E‖Z̃T−s − Z̃T ‖

2)1/2

=
T−1∑

s=0

‖β̃‖2sTσ(σ(1 + ‖β̃‖2 + · · · + ‖β̃‖2(T−2)) + ‖θ̃‖2
E‖X̃0‖

2)1/2

× (‖β̃‖2(T−2) + · · · + ‖β̃‖2(T−s−1))1/2
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= σT

(
1 − ‖β̃‖2T

1 − ‖β̃‖2
σ+C1

)1/2 T−1∑

s=0

‖β̃‖2s(‖β̃‖2(T−2) + · · · + ‖β̃‖2(T−s−1))1/2

≤ T

(
σ

1 − ‖β̃‖2
+ C1

)1/2 T−1∑

s=0

‖β̃‖T+s−1

= σT 3/2

(
σ

1 − ‖β̃‖2
+ C1

)1/2 ‖β̃‖T

1 − ‖β̃‖

where C1 = ‖θ̃‖2
E‖X̃0‖

2 and

‖Z̃T−s − Z̃T ‖
2 ≤ s(‖β̃‖2(T−2)‖ε̃T−1‖

2 + · · · + ‖β̃‖2(T−s−1)‖ε̃T−s‖
2)

‖Z̃T−s − Z̃T ‖
4 ≤ T 3(‖β̃‖4(T−2)‖ε̃T−1‖

4 + · · · + ‖β̃‖4(T−s−1)‖ε̃T−s‖
4).

Hence

E‖Z̃T−s − Z̃T ‖
4 ≤ T 3C2(‖β̃‖

4(T−2) + · · · + ‖β̃‖4(T−s−1))

≤ T 3C2s‖β̃‖
4(T−s−1)

where C2 = E‖ε̃t‖
4, and we have

(E‖Z̃T ‖
4)1/2 ≤ T 3/2

(
C2

1

1 − ‖β̃‖4
+ ‖θ̃‖4

E‖X̃0‖
4

)1/2

,(23)

(E‖Z̃T−s − Z̃T ‖
4)1/2 ≤ T 3/2C2T

1/2‖β̃‖2(T−s−1).(24)

From (23) and (24) we obtain

I1 ≤ σT 3/2

(
σ

1 − ‖β̃‖2
+ C1

)1/2 ‖β̃‖T−1

1 − ‖β̃‖
,

I2 ≤ T
T−1∑

s=0

‖β̃‖4sT 3/2

(
C2

1

1 − ‖β̃‖4
+‖θ̃‖4

E‖X̃0‖
4

)1/2

T 3/2C2T
1/2‖β̃‖2(T−s−1)

≤ T 9/2C
1/2
2

(
C2

1

1 − ‖β̃‖4
+ ‖θ̃‖4

E‖X̃0‖
4

)1/2 ‖β̃‖2(T−1)

1 − ‖β̃‖2
.

Finally, we obtain

(25) P{‖β̃(T−2)B̃T (β̃T−2)′ − FT ‖ > ε}

≤ exp

(
−λε+ 2λ

[
σT 3/2

(
σ

1 − ‖β̃‖2
+ C1

)1/2 ‖β̃‖T−1

1 − ‖β̃‖

]

+ 2λ2

(
T 9/2C

1/2
2

(
C2

1

1 − ‖β̃‖4
+ ‖θ̃‖4

E‖X̃0‖
4

)1/2 ‖β̃‖2(T−1)

1 − ‖β̃‖2
+ o(1)

))

=: exp(Φ(λ, T )).
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The equation ∂Φ(λ, T )/∂λ = 0 has the unique solution

λ =

ε− 2

[
σT 3/2

(
σ

1 − ‖β̃‖2
+ C1

)1/2 ‖β̃‖T−1

1 − ‖β̃‖

]

4

(
T 9/2C

1/2
2

(
C2

1

1 − ‖β̃‖4
+ ‖θ̃‖4

E‖X̃0‖
4

)1/2 ‖β̃‖2(T−1)

1 − ‖β̃‖2
+ o(1)

)(26)

which minimizes Φ(λ, T ). Then from (25) and (26) it follows that

P{‖β̃T−2B̃T (β̃T−2)′ − FT ‖ > ε}

≤ exp



−

1

4

(
ε− 2

[(
σ

1 − ‖β̃‖2
+ C1

)1/2

σT 3/2 ‖β̃‖
T−1

1 − ‖β̃‖

])2

ψ(T, ‖β̃‖)



.

This completes the proof of the theorem.

Corollary 3.1 (see [1]).

FT − C̃−1
Z̃TΓ Z̃T C̃

−1 → 0 in probability as T → ∞.

Here:

• FT is defined in (9).

• The matrix θ̃ decomposes as

θ̃ = C̃−1η̃C̃,(27)

where C̃ = (cij)p×p is invertible and η̃ is a diagonal matrix.

• Z̃T is a diagonal matrix with ith diagonal element equal to the ith

element of C̃Z̃T .
• γ̃ = η̃−1 = (1/ηi)p×p = (γi)p×p (ηi 6= 0 and γi is the ith diagonal

element of γ̃).

• Γ =

(
1

1 − γiγj

)

p×p

.

We have (
1 − (γiγj)

T

1 − γiγj

)

p×p

→ Γ as T → ∞.(28)

From (9), (27) and (γ̃ = η̃−1) we can write

FT = Z̃T Z̃
′
T +C̃−1γ̃C̃Z̃T Z̃

′
T C̃

′γ̃(C̃−1)′+ · · · +C̃−1γ̃T−1C̃Z̃T Z̃
′
T C̃

′γ̃T−1(C̃−1)′

= C̃−1(C̃Z̃T Z̃
′
T C̃

′ + · · · + γ̃T−1C̃Z̃T Z̃
′
T C̃

′γ̃T−1)(C̃−1)′.

The (i, j)th element of C̃FT C̃
′ is asymptotically the (i, j)th element of

C̃Z̃Z̃ ′C̃ ′ divided by 1 − γiγj .
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Corollary 3.2 (see [1]).

GT − YT Z̃T (C̃−1)′ → 0 in probability as T → ∞.

where

GT = ε̃T Z̃
′
T + ε̃T−1Z̃

′
T C̃

′γ̃(C̃−1)′ + · · · + ε̃1Z̃
′
T C̃

′γ̃T−1(C̃−1)′

= (ε̃T Z̃
′
T C̃

′ + ε̃T−1Z̃
′
T C̃

′γ̃ + · · · + ε̃1Z̃
′
T C̃

′γ̃T−1)(C̃−1)′.

The jth column of the matrix in parentheses is the jth element of Z̃ ′C̃ ′

times

ε̃T + γj ε̃T−1 + · · · + γT−1
j ε̃1.(29)

Let (29) be the jth element of a matrix YT .

Corollary 3.3 (see [1]).

ÃT (β̃T−2)′ −GT → 0 in probability as T → ∞

and

GT → Y Z̃(C̃−1)′ in distribution as T → ∞

imply

ÃT (β̃T−2)′ → Y Z̃(C̃−1)′ in distribution as T → ∞.

Proof. This is a consequence of Definition 2.1 and Corollary 3.2.

Corollary 3.4.

β̃T−2B̃T (β̃T−2)′ − FT → 0 in probability as T → ∞

and

FT → C̃−1
Z̃Γ Z̃(C̃−1)′ in distribution as T → ∞

imply

β̃(T−2)B̃T (β̃T−2)′ → C̃−1
Z̃Γ Z̃(C̃−1)′ in distribution as T → ∞.

Proof. This is a consequence of Definition 2.1 and Corollary 3.1.

Corollary 3.5.

β̃T−2B̃T (β̃T−2)′ → C̃−1
Z̃Γ Z̃(C̃−1)′ in distribution as T → ∞

and

ÃT (β̃T−2)′ → Y Z̃(C̃−1)′ in distribution as T → ∞

then

(θ̃T − θ̃)θ̃T−2 → Y γ−1
Z̃
−1C in distribution as T → ∞.

Proof. Use Corollaries 3.3 and 3.4 and (θ̃T − θ̃)θ̃T−2 = ÃT B̃
−1
T θ̃T−2.
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