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INVARIANTS, CONSERVATION LAWS AND TIME DECAY
FOR A NONLINEAR SYSTEM OF KLEIN-GORDON
EQUATIONS WITH HAMILTONIAN STRUCTURE

Abstract. We discuss invariants and conservation laws for a nonlinear
system of Klein—Gordon equations with Hamiltonian structure

{ ugy — Au+m2u = —Fy(Jul?, [v]?)u,

v — Av +mPv = —Fy(|Jul?, [v|*)v
for which there exists a function F'(A, p) such that
OF(A, 1) OF (X, p)
O\ 1( ) :U)a 8,u 2( ) M)

Based on Morawetz-type identity, we prove that solutions to the above sys-
tem decay to zero in local L?-norm, and local energy also decays to zero if
the initial energy satisfies

B(u, v, R™,0) = % | V()2 + e (0)2 + m2|u(0) 2 + Vo (0)
RTL
+ [0e(0)[* + m?[v(0)|* + F(|u(0)*, [v(0)]*)) dz < oo,
and
Fy([ul?, o) [ul® + Fa(Jul?, [v[*)[o]* = F(jul?,|v]*)
> aF(|ul?, [v]?) >0, a>0.

1. Introduction. In her seminal paper [5] Morawetz established a ra-
dial identity for Klein—-Gordon equations; for Schrédinger equations a similar
identity was obtained by Lin and Strauss in [4]. Morawetz’s radial iden-
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tity, like other invariants and conservation laws, plays an important role in
the scattering theory of nonlinear Klein—-Gordon equations and nonlinear
Schrodinger equations (see [1, 2, 6, 7, 9] for Klein—Gordon equations and [3,
4,7, 9] for Schrodinger equations). W. Strauss derived the so-called multi-
plier identity for solutions of elliptic equations and Klein—Gordon equations
based on the multiplier method in his pioneering paper [8] (see also [9]). The
multiplier identity essentially provides many useful identities which include
many conservation laws and Morawetz’s radial identity.

In the Remark of Morawetz’s famous paper [5], she mentioned the system
{ b1 — A +m2p + g*Y?p =0,
Yy — Ap + m2y + h2¢p%yY = 0.

which represents the interaction of two scalar fields. In the present paper,
we consider the following Klein—Gordon system with Hamiltonian structure:

{ uy — Au+ m2u = —Fy(Jul?, [v]?)u,
v — Av + m2v = —Fy(|ul?, [v]?)v,

(1.1)

(1.2)

where there exists a function F(\, i) such that

OF(A, ) OF (A, p)
1.3 ————=F(A ——= =B\ ).
Though it is not obvious, (1.2) is more general than (1.1). In fact, taking

u=c1¢, v = cotp with 39> = c2h? = ¢, (1.1) becomes

2

{ Uy — Au + mu = —cv?u,
vy — Av + mPv = —cuv,

which is a special case of (1.2) with | = cv? and F = cu?.

In this paper we have two purposes. One is to derive a multiplier identity
for nonlinear systems of elliptic equations or Klein—Gordon equations with
Hamiltonian structure by applying a variational principle. The other is to
prove that smooth solutions of the Klein—-Gordon system decay to zero in
local L?-norm, and their local energy also decays to zero, which is based on
Morawetz’s estimate obtained in our paper.

2. A Morawetz—Pohozaev identity for nonlinear systems of
Klein—Gordon equations with Hamiltonian structure. In this sec-
tion we consider nonlinear systems of elliptic equations with Hamiltonian
structure

(2.1) {Au = Gi(lul, [v])u, = €RN,
' Av = Gao([uf, [v]*)v, = RN,
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where there exists a function G(\, ) such that

g_§<)‘nu’) = G1<)‘7M)7 g_i(AnU’) = GQ()‘au)

Motivated by the pioneer paper of Strauss [8], we first derive the so-called
multiplier identity for smooth solutions of (2.1), which provides many useful
identities including conservation laws under the action of conformal groups
and other transformation groups. In particular, we can derive the well known
Pohozaev identity for (2.1) by taking the special multiplier

ou N-—-1
Mu= or * 2r
i.e. the skew-adjoint part of the radial derivative u,..

It is well known that in the relativistic case (2.1) can be reduced to
the nonlinear Klein—Gordon system with Hamiltonian structure, so we can
derive conservation laws and some useful identities by coordinate transfor-
mations. As a special example, we obtain the Morawetz—Pohozaev identity.

Consider the Lagrange density function associated with (2.1) and (2.2),

(2.2)

u,

1
(2.3) ((u,0) = 5 [IVul® + Vol + G(Jul?, [o")]
Using the variational principle we can derive the following multiplier iden-
tity.

PROPOSITION 2.1. Assume that (u(x),v(x)) is a smooth solution of (2.1),
Mu = h(z) - Vu+ q(z)u, Mv = h(x) - Vv + q(z)v, where h(z) = (hi(z), ...
..., hn(2)) is a vector function and q(x) a scalar function. Set

Eqy (u,v) = —Au+ Gi(|uf?, [o]*)u,
Eqy(u,v) = —Av + Ga(|uf?, [v]?*)v.
Then we have the following multiplier identity:
(2.4)  Eqq(u,v)Mu+ Eqy(u,v)Mv
=-V - (Vu,h-Vu+qu) — V- (Vu,h-Vv+qu)+ V- (hl(u,v))

1 1
+5 V- ([u|*Vq + [v]|*Vq) — 5 Aq(|ul?® + [v]?) + (Vu, VRV u)

+(Vu, VAVO) + (24 = V - h)e(u,v) + 4G (|ul, [v]?),
where {a,b) denotes ab in R, Re(ab) in C, (Vf,VhVf) = Z” 0; fO;h;0; f
and
G(Jul?, [v*) = Ga(ul?, [ol*)|ul® + Ga(lul, [v*)[v]* = G(Jul?, [v]?).

Proof. (2.4) can be shown by direct computation, but we would like to
prove it by a variational method for clarity. Without loss of generality, we
prove (2.4) for real-valued functions.
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STEP 1. Considering the variation of the Lagrange density function
£(u,v), we have

(2.5)  Suy wpl(u,v) = ;13% l(u+ecwy,v +Esw2) — U(u,v)
= (—Au+ Gi([ul, [v]*)u, w1) + (—Av + Ga(Jul?, [v]*)v, ws)

+ V- (Vu,wr) + V- (Vv,ws)
= Eq; (u, v)w1 + Eqy(u, v)ws
+ V- (Vu,wy) + V- (Vou,ws).

Let T'(\) be a continuous transformation group in R, and denote by A its
generator. By the variational principle it follows that

lim UTNu, T(A)v) — (u,v) _ lim L(u+ Au,v + ANAv) — L(u,v)
A—0 A A—0 A
= 0 Ay, Avl(u, v).
This together with (2.5) implies that
(26)  lim UTNu, T(AN)v) — £(u,v)
A—0 A
= Eq; (u,v)Au + Eqy(u, v)Av + V - (Vu, Au) + V - (Vu, Av).
STEP 2. Let T'(\) be a continuous transformation group which satisfies
LT Nu, T(AN)v) =T (N)l(u,v).
Taking the derivative with respect to A of both sides of the above identity,
it follows from (2.6) that
Eq (u,v)Au + Eqsy(u, v) Av = Al(u,v) — V - (Vu, Au) — V - (Vuv, Av).
In particular, for the translation group in the space variable x;, we have
A=0; (1 <j<N), therefore
Eq; (u,v)0ju 4+ Eqg(u,v)0jv = 0j(u,v) — V - (Vu, 0ju) — V - (Vv, 0;v),
ie.,
(2.7) Eq; (u,v)Vu+Eqy(u,v)Vo = VU(u,v)—V-(Vu, Vu)—V-(Vv, Vo).
On the other hand, set T(\)u = e u, so that A = I. For any function
0(u,v) with

(2.8) UT(Nu, T(A)v) = T(2A)0(u, v),
we obtain
(2.9) Sunl(u,v) = 20(u,v),

by taking the derivative in A on both sides of (2.8). It is easy to verify that
L=1— %G satisfies (2.8). For a general Lagrange density function ¢(u,v),
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one has
~ 1
Gustls) = 80 () + 3 Gl o))

= 20(u,v) + Gi(|ul*, [o*)[uf* + Ga([ul?, [v]) o]
= 20(u,v) + G([ul?, [v[*)
by (2.9). Thus we conclude from (2.6) that
(2.10) Eq (4, v)u + Eqy(u, v)v = 20(u, v) + G(|ul?, [v]?)
-V - (Vu,u) — V- (Vu,v).
STEP 3. From (2.7), we conclude that
(2.11)  (Eq;(u,v),h-Vu) + (Eqy(u,v), h - Vv)
=V - (hl(u,v)) — (V- h)l(u,v) =V - (Vu,h - Vu)
—V - (Vu,h-Vv) + (Vu, VhVu) + (Vv, VRVv)
by simple computation. On the other hand, in view of (2.10), it follows that
(212)  (Eqy(u,v), qu) + (Edy(u, v), qv)
= 290(u,v) + qG([ul*, [v]*) = V - (Vu, qu)
-V - (Vu,qu) + Vq - (Vu,u) + Vq- (Vu,v)
= 290(u,v) + ¢G(|ul®, [v]*) = V- (Vuu, qu) = V - (Vv, qu)
F SV ((uf? + oP)Va) — 5 Ad(lul® + o).
Combining (2.11) with (2.12), we show that (2.4) holds.

Choosing the multiplier Mu = h - Vu + qu to be the skew-adjoint part
of the radial derivative u,, i.e.

x N -1
(213) h(l‘) - ;7 Q(ZL') - 2 ) r= |3§'|,

a simple computation implies that

N
ij L i N-1
(2.14)  Ghy = 20 _ LT V-hzzah‘:

r r3 — 0x; ’

N -1 1 N-1=z

N -1 1 (N —1)(N - 3)
2.1 Ag= — A - | = — N >4
(2.16) q 5 <T> 5,3 , >4,

217) A= AG) _imd(z), N =3
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As an immediate consequence of Proposition 2.1, we easily get the follow-
ing Pohozaev identity for (2.1) from (2.13)—(2.17) by using the divergence
theorem.

COROLLARY 2.2. Let N > 3. Assume that (u(x),v(x)) is a smooth so-
lution of (2.1), and decays at |x| = co. Then for N > 4,

(N=1)(N=3) ¢ [u+][o]?
1 S 3 dx
RN
2|, |2 2,2
+ S de+ S Mdm
r T
RN RN
PN Ga(lul?, [oP)lul® + Ga(ful®, )l = Gl )
2 RN r
while for N = 3,
2 1,12 2 |2
R3 R3
. Gr(ul?, [o)luf® + Ga(lul*, [v[*)|o* = G(lul*, [v[*) ,
r
R3

If we choose different conformal groups as the multiplier operator, we
obtain

COROLLARY 2.3. Let N > 3. Assume that (u(x),v(z)) is a smooth so-
lution of (2.1), and decays at |x| = co.

(i) (Translation) Setting M = 0; £ 8/0xj, j =1,..., N, yields
0= {=(9u)* = (8j0)* + 3[|Vul* + Vo> + G(|ul?, [v]*)]}

+ > {—0judu — Qjvdhv}y,
k]

J

where we denote by {-}; the derivative with respect to x;.
(ii) (Rotation) Setting M = x3,0; — x;0k, 1 < j,k < N with j # k gives

0=V {—(210; — 2;0k)uVu} + V - {—(240; — x;0,)vVv}
1
+ 5 {oe(IVul® + Vol + G(lul?, [o[))};

1
= 5 Lz ((Vul + Vol + G(lul?, [o]*)) e
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(iii) (Dilation) If we set M =z -V + (N —2)/2, we obtain
N -2

N
0= —— [Gi(lul*, [o)[ul® + Go(jul, W) [v]*] = 5 G(lul, [v]*)

1
+V- {—(a: -Vu)Vu — (z - Vo)Vu + 3 z(|Vul® + |Vo]?)

N -2 N -2
> uVu —

1
vVu + 5 G (|ul?, |’U|2)}

(iv) (Inversion) Setting
Mu = (m%—2$?>8ku+2xk2xj8ju+(N—Z):Eku, 1<k<N,
i#k 7k
yields
(lul?, [0l Jul® + Ga(|ul?, [v[*)[v*] = NaxG(lul?, [0]?)
(xi — Z :L‘?)@ku + 2xy, Z zj0ju+ (N — 2)1‘]@’&} Vu}
ik ik
(xz — Z x?)@kv + 2} Z xj0jv + (N — Q)xkv} Vv}
j#k J#k
1
+5{ (o =D a3) (Vul + Vol + Gl Jo)
ik

1
+ 5 22wk (IVul + [Vol* + G(Jul, [v*))}
ik

N -2 N -2
+ =l + ==l ¢,
2 2 .

where the fact that hy = x% — Z#k m?, hj = 2xpx;, j # k, has been used.

Now we derive the multiplier identity for a nonlinear Klein—Gordon sys-
tem with Hamiltonian structure, i.e., (1.2) and (1.3).
Set N = n+ 1, and make the following coordinate and function changes:

x> (x1,...,&p,it), TN = Tpy1 = it,
Gi(lul, [o?) = m® + Fi(lu’, [o*),  Ga(lul*,[0*) = m® + Ba(|uf?, [o]?).
Then (2.1) and (2.2) reduce to (1.2) and (1.3). Note that
Opt1 — —i0y, V= (V,—idy)
together with
h(z) — h = (h,ihps1) = (hi(z,t), ..., ho(z, 1), ihni),

Muvw— Mu=nh-(V,—id)u+ qu="h-Vu+ h,y10u+ qu,
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and

1
(218)  £(u,v) = Lu,v) = [—|ue|? = |2 + [Vl + |[Vo]?

+m?[uf® +m?of? + F([uf?, [0]*)).
One easily deduces the following multiplier identity from Proposition 2.1:
PROPOSITION 2.4. Assume that (u(z,t),v(z,t)) is a smooth solution of
(1.2), and M = h(z,t) - V + hpt10; + q(z,t), where h(xz,t) = (hi(z,t),

ooy hy(x,t)) is a vector function, and hpy1 and q(x,t) are scalar functions.
Set

Eq; (u,v) = 02u — Au+ m2u + Fy(|ul?, |[v|*)u,
{ Eqs(u,v) = 02v — Av + m2v + Fy(|ul?, [v]?)v.
Then we have the following general identity:
(2.19)  (Eq;(u,v), Mu) + (Eqy(u,v), Mv)
= 0y(Opu, h - Vu + hypi10iu + qu) + 04{(Opv, h - Vo + hy 100 + qu)
— V- (Vu,h-Vu+ hpt10u+ qu) —V - (Vu,h - Vo + hy 100 + qu)

1 1
Lo (hnﬂau,v) o - |v|2atq)
1 2 2
+ V- | hl(u,v)+ 5 Va(lul* + |v[*)

1 n n
+3 Og(|ul?® + |[v]*) + (Vu, VAVu) + Zl 0judjhp410iu — Zl Oyudh;0;u
j= Jj=

— 8tu8thn+16tu + <V1}, thv> + Z 6jv8jhn+18tv — Z 8tv8thj8jv
j=1 i=1

— 0pw0thn 10w + (29 = V - h — Othyg1 )l (u, v) + qﬁ(|u|2, ‘UP),
where
(2:20)  F(jul?, [v]?) = Fi(Jul? [o]*)|ul® + Fa([ul?, [v]*)o]* = F(|ul?, [o]?).

Choose

n—1 x

C i) = (£0), atwn =

n—1

T
M=-.-V
+ 2r

r T

Then (2.19) together with (2.14)—(2.17) implies that
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(221) 0= 0t(utMu) + 8t(’UtM’U)

x n—1zx 9 9
+V. {—VuMu—Vva—i—;é(u,v)— 1 r—3[|u| + |v] ]}
)

o TP 4 VP~ furl — o (2= (=3
r 4r

F(ul, [v]*).

[lul® + [v]?]

n—1

+

Integrating both sides of (2.21) with respect to x over R™ and applying the
divergence theorem, we easily get the following Morawetz—Pohozaev identity
for (1.2) with n > 3.

COROLLARY 2.5. Let n > 3. Assume that (u(z,t),v(x,t)) is a smooth
solution of (1.2), and decays at |x| = co. Then for n > 3,
(n—1)(n —3) | Jul® +[v]”
4

(2.22) dx

r3
Rn

+ S |Vu‘2 + ‘VU‘Q - ‘UT|2 - |UT’2 da

"
Rn
1=t g AP PP + ol Pl = P o)
——dS Mk + =) a
= i ) Ut | Uy o u Vi | vr o v xz,
while for n = 3,
Vulz + (Vol2 — w12 — v |2
(2.23) 27T|u(0,t)‘2+27r‘v(07t)‘2+S| ul? + Vol = Ju,* = o
T
R3
o | Pl Pl + Fal? P~ o)
T
R3

d U v
=—— S [ut<ur+ —> +vt<vr+ —)] dz.
dtRB T r

As an immediate consequence of Corollary 2.5, translation invariant with
respect to x, Hardy’s inequality and the conservation of energy, we have the
following Morawetz-type estimates.

COROLLARY 2.6. Letn > 3, and assume that (u(z,t),v(x,t)) is a smooth
solution of (1.2), and decays at |x| = co. Assume that

Fy(Jul?, [of)ul® + Fa(jul, [o*)[o* = F(Jul?,v[*) > 0.
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Then
2 2 2 2 _ 2 1,2
T { A B 5 Pl P P, ) i
0 Rn "
T IVul VP — Ju | — o
([ dxdt < CE,
0 R~ r
and
oo 2 2
| [ J;'”’ dedt <CE, n>3,
0 R r
(o)
sup S [[ul> 4 [v]}]dt < CE, n=3,
oo
where
E = E(u,v,R",t) = S e(u,v)dr = E(u,v,R",0) < oo,
RTL
with

1
e(u,v) = 3 (IVu(z, t)? + [ug(z,t)|* + mP|u(z, t)?
+ [Vo(z, t)|* + [ve(x, t) > + m?v(z, 1) > + F(ju?, |v]?)).

REMARK 2.1. If n <2, we cannot derive the above Morawetz-type esti-
mates because Mwu is too singular at x = 0 for n < 2. Nakanishi constructed
n [7] the multiplier Mu = h(z,t) - D + q(x,t)u, where

B 2 2
oty = —&0 s @b o nl Pl g g

VP2 A 2) 203

and derived some new Morawetz estimates which were used to study the
scattering theory for nonlinear Klein—Gordon equations for n < 2.

If the multiplier operator M = hV + ¢ is a generator of the Poincaré
group, we obtain the following identities and conservation laws by Corol-
lary 2.3 or Proposition 2.4.

COROLLARY 2.7. Let n > 3. Assume that (u(z,t),v(x,t)) is a smooth
solution of (1.2), and decays at |x| = co. Then we have:
(i) (Translation) Setting M = 0y yields
e(u,v) =V - {0uVu + 0pwVu},

E(u,v,R" t) = S e(u,v)dz = E(u,v,R",0).
Rn
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Setting M = 0;, j = 1,...,n, yields

{—=|0jul® — |0jv* + £(u,v)}; + Z{—ajuﬁku — 000V}

oy
+ {ajuatu + ajvatv}t =0,

X (uguj + vpvj) do = const.
R
(ii) (Lorentz transformation) Setting M = t0; + x;0;, 1 < j < n, gives
0=V -{(td; + z;0)uVu} + V- {(td; + z;0;)vVuv}
— 0i{(t0; + ;0 )udyu} — 0 {(t0; + x;0;)vosv}
—{tl(u, v)}; = {zj€(u, v)}s,

S (zje(u,v) + tudju + tvdjv) de = const.
Rn

Setting M = x1,0; — 20, 1 < j, k <n with j # k, yields
0=V- {—(l’kaj - :z]@k)uVu} + V- {—(:Ekaj - xjak)UVU}
+ 0 {(210; — x;0k)udyu + (x1,0; — xj0k)vOv}
+ {mke(uv U)}j - {x][(u7 v)}kv
S (210 — 0k )udu dx + S (2,0j — 0k )vOw dx = const.
R™ Rn

(iii) (Dilation) Setting M =z -V +t0; + (n — 1)/2 yields

n—1
0 == [Fi(lul* [o)uf* + Fa(|ul*, [v[*)[v]]
n+1
- F([ul?, [of?) = m®[ul® — m?|v|?
=V - {MuVu+ MvVv+ xl(u,v)} + {Mudwu + Mvdyw + tl(u,v);.
1 d
3 S H(u,v)dz + pr X {Mudyu + Mvow + tl(u,v)} dr =0,
Rn R™
where

H(u,0) = (0 — DI (ul, o)l + Fa(ul?, [o2)|of?]
= (n+ D) F(ul?, [o]?) = 2m?[Jul* + [v]*].
(iv) (Inversion) Setting M = (t* + |z|?)0; + 2tz - V + (n — 1)t gives
0=tH(u,v) — V- {MuVu+ MoVv} + O{Mudyu + Mvov}

{2 + [ 0) ) —

5 [lul? + [v]*]e + V - {2twl(u, v)}
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and
d
—t S H(u,v)dz = pr S {(t2 + |z]?)e(u, v) + 2tr(upug + vevy)
Rn R
n—1_ . 5 9
+ (n — Dt(uuy + vvy) — 5 [lul® + |v|*] p de.

And if for 1 <k <n we set
M = 2x,t0; + (tz + 2%% — 7’2)8k + 2x4, ijaj + (n — 1)xk,
J#k
then we obtain

0=a21H(u,v) — V- {MuVu+ MvVv} + 0{Mudyu + Mvdw}

+{ (tz +a2-% x§)z<u, v)}k + Y {2zpwil(u,0)};
j#k J#k

n—1
+ {2z tl(u,v) }e + 5 {lul® + Jv]*}x

and
d
0= S xpH (u,v) dx + 7 S {2:Ekte(u, v) + (£ + 227 — r2) (uOpu + viORv)
Rn R
+ 223, Z xj(0juuy + 0jvve) + (n — 1)zpuuy + (n — l)xkvvt} dz.

J#k

3. The decay of local energy in time. Consider the following Cauchy
problem for a nonlinear Klein—Gordon system with Hamiltonian structure:
up — Au+mPu = —Fi([uf, [v]*)u,
v — Av +mPv = —Fy(Jul?, [v|?)v,
u(0) = ¢1(x),  w(0) = pa(z),
v(0) = i(x),  w(0) = Ya(x),
where there exists a function F'(A, ) such that

(3:2) T - now, 2

(3.1)

O\ :FQ()‘vu)a

and
F(jul?, [v?) = Fy(Jul?, [ol)[ul? + Fa(jul?, [v*)o]* = F(jul?, [v]*)
> aF (|uf?,[o*) >0, a>0.
We have the following decay of local energy in time for (3.1).

THEOREM 3.1. Let (u(x,t),v(z,t)) be a smooth solution of (3.1) and
(3.2) with
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(3.3) E(u,v,R",t) = S e(u,v)dr = E(u,v,R",0) £ E(c0) < o0,
Rn

where
1
e(u,v) = 3 [lual® + [Vul* + m?[ul® + [ + [Vol* + m? o] + F(Jul?, [v]*)].

Then for any bounded domain {2 C R,

(3.4 Tim {fju(a. )2 + (e, ) 2] da =0,
(3.5) thm E(u,v,$2,t) = tlim S e(u,v)dxr = 0.

REMARK 3.1. The decay of local energy in time is also valid for mild
solutions of (3.1) (i.e. solutions to the associated integral system) because
they can be obtained as limits in C(R; H') N X, where X denotes a suitable
space-time Banach space.

To prove Theorem 3.1, we first establish some necessary estimates on the
basis of Morawetz estimates (2.22), (2.23) or their local forms.

LEMMA 3.2. Under the assumptions of Theorem 3.1, for 0 < T < co we
have

T
(3.6) Vllu(@, )] + v(z,t)P dt < 4E(c0), n =3,
0
and so
T
V@, ) + [o(z, 1) P dodt < C(2)E(), n=3,
0
and moreover
T
(3.7) V§ llut@, )P + [o(a,t) P dedt < C(2)E(c0),  n >4,
0N .
(3.8) | E(u,0,92,t)dt < C(2)E(c0), n > 3.
0

Proof. Choose

n—1 z-Vu n-—1
Mu = u, + U= + u,
2r r 2r
—1 -V —1
Mv:vr—{—n v:x v+n v,
2r r 2r

and multiply the identity (2.21) by £(r). It follows that
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(3.9) 0= 0, (uMuw)E(r) + 0y (0 Mv)E(r) — V- {5(7“) <Vu <u + 2 ! u>

n—1 T n—1zx 9 9
+Vv<vr—|— o v)—;f(u,v)%— 1 r—3[|u! + |v] ])}

+ & (1) [ug + vf + n2—r 1 (upu + vp0) — (u,v)
2 2 Vul? + |Vo[2 — |u|? — |v,[?
Fn—1) |u 44;21)! } +£(T)\ ul” + [Vl . |ur* — [y
—1 -3 -1 ~
DO o2 4 "L )Pl o),

where £(u,v) and F(|u|?, |v]2) are defined by (2.18) and (2.20) respectively.
Without loss of generality, we only prove Lemma 3.2 for the initial data
with compact support, i.e.,

supp ; C {x : x| <k}, suppyy; C {o:|z| <k}, j=1,2,
for some k € N. In fact, let {5 > 0 and for any zg € R", put
Azo,to) = {(x,t) € Rt |z — x| <tg—1t,0<t<ty},

the backward light cone through (xq,to). Then (u(z,t),v(z,t)) in A(xo,to)
depends only on the initial data i, 11, w2 and 2 on the ball By (z9) =
{(2,0) : |z —x0| < to}.
Let (u*(x,t),v*(x,t)) be a solution of (3.1) with
{suppu*(-,()),suppuf(-,()) CH{z: |z —xo| < 2to},
supp v* (-, 0), supp vf (-, 0) C {z : [z — xo| < 20},

and
{u* z,0) = u(z,0), ui(z,0)=uz,0), x € Bi(zo),
“(x,0) =v(x,0), vf(x,0)=1r4(x,0), =€ By (zo),
and
E*(00) < (1+¢)E (),
where
lim ¢ =0.
to—o00

Then (u(x,t),v(x,t)) = (u*(x,t),v*(x,t)) in A(zg,to). Since Lemma 3.2 is
valid for (u*(x,t),v*(z,t)), it follows that
to to
(3.10) § [lu(wo, )* + [v(xo, )*] dt = | [Ju*(z0,8)|* + [v* (o, t)[*] dt
0 0
< A4FE*(00) < 4(1 4 ) E(00).

Letting tp — oo on both sides of (3.10), one easily sees that
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o
Vllu(o, 1)1 + [v(wo, t)[*] dt < 4E(o0),  Vao € R™
0
A similar argument establishes (3.7).
On the other hand, for any bounded domain 2 C R"™, we can choose
to > 0 sufficiently large such that {2 C By, /5(wo). Due to the finite propaga-
tion speed, it follows that

to/2 to/2
311) | Buv,2,t)dt= | E(u*,v*,2,t)dt < C(2)E*(c0)
0 0

< C(2)E(0)(1 +¢).

Letting tg — oo on both sides of (3.11) yields (3.8).

Now we begin to prove the special case of the lemma. Integrating both
sides of (2.22) and (2.23) with respect to time ¢ from 0 to 7', one gets for
n =23,

T T 2 2 2 2
(3.12) 2r | [[ule, ) + [o(z, )2 dt + | | Vel = Jur| ;HWI il L2
0 0 R3
AGALR
+SS+dmdt§4E(oo), 0<T < o0,
0 R3

while for n > 4,

(313 "= 11(” 9 § | Ll LIpAp

3
0 R» "

dx dt

T
| [Vul? + Vol — Jur[* — Jo, 2
0 T

R’VL
T ~
n—1 i F(lul?, ]v]*)
2 r
0 R™
by (3.3) together with the Hardy inequalities

S

Rn"

+ dedt <4E(c0), 0<T < o0,

2 2
u v
de < |Vul3, | ol QLS IVoll3-

R

Since
Vul? = fur? + Vo = Jor? 20, F(lu’, [o]*) = aF(juf, [v]*) = 0,
we see that (3.6) holds by (3.12).

For any bounded domain 2 C R", set p = dist(0, £2) + |[£2| > 0. One
easily sees by (3.13) that for n > 4,
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T 2 2 T 2 2

1
dem t < SSMdl‘dtS—GE(OO)-
p 0 P r (n—1)(n—23)

Thus we obtain (3.7).
We still need to prove (3.8). For any bounded domain 2 C R", a similar
argument implies that for n > 3,

T
VIVl + 190 = Jur? = [o,]?) dz dt
0

T

VU F(luf?, [v?) dodt < 40E(c0), 0<T < oo,
00

by (3.12) and (3.13). Setting §2;;, = x1,0; — x;0y, it follows that

2
x 1 2
= of = P (%) = 5 [ St
J k

From the invariance of (3.1) under the translation and rotation transforma-
tion groups, we obtain

n—1

+

2

—y(z—y
syl — “Vae_yu || dedt < C(£2)E(c0), € R"”,
§5 v |x—m<m—y| ) ().
T . r— 2
A — < 4 ~Vx_yv> dedt < C(R)E(x), yeR™
) =ANEET]

Choose three different points y, z, w € B1(0) which are not collinear. For
continuous vector fields Vu and Vv on the bounded domain (2, we always

have
z—y [ T—y
Vu(z,t) = ai(z)| Ve_yu — - Vae_yu
() = @) (Vo= = (=g Feoom))
+ﬂ1(3§) Va—zu— S S Ve u
|z — 2| \ |z — 2|
+ 71 ()| Vamwu — Y Vae_wu | |,
|z —w| \ |z — w|
r—y Y
Vou(x,t) = as(x)| Ve—yv — - Vag_yv
() = ) (Vo ~ =2 (= Te))
+ﬁg(l’) Vv — S — -Vge_,v
|z — 2| \ |z — 2|
+ y2(2) [ Va—wv — L “Vae_wtt ] |,
|z —w| \ |z — w
where

| (@)], 1B ()]s [vi(2)| <O G =1,2, 2 € Q2.
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Thus for 0 < T < oo and n > 3,

T T
(3.14)  VV(Vul + Vo) dedt +a | | F(juP, |v]?) do dt < 4CE(cc).
0 00

We still have to estimate |lut| 20y, [[ullr2(), villzz)s Ivllz2e) to
obtain (3.8). Integrating (3.9) with respect to ($ t) € R™ x [0, T}, we obtain
by the divergence theorem, for n > 4,

T
jwl | (n—=Dfuf  mul n—1uy,
1 g _ uty
(3.15) §RS”£(T)[2 LT > 2 v
|Ut|2 (n— 1)|U|2 m2|v|2 n—1 vv,
+ 9 47"2 2 9 r d$ dt
T
Vul?  |Vol?
— S §r(7') [ U| + | U| + = F(‘ |2’ ’,U’2) _ ‘Ur‘2 N |Ur’2:| dx dt
13 2 2 2
T
Vul? + Vo2 — |[u > = v, (n—=1)(n—=3) ., , )
_ ng(r)[ . + 13 [Jul? + Jv]?]
—1x 27, —1 T
40 F(\u|2,]v|2)}dxdt— O it G L
2r 0
Rn
2rv, +(n—1)v T
- S f(’l“) ( ) ’Utd.%’ R
Rn 2r 0
while for n = 3,
T
[ 24 o ® Jul+ o S ul ]2 w4 oo,
(3.16) (S)Ri fr(r)[ T dz dt
T Va2 (Vo2 1
={ &) {—2 + o g Ful’, o) = uel* = |U7,y2} da dt
0 R3
T ~
O i L )
0 R3 r
T T
B g(r)rur+uutdx —Sf(r)rvr+vvtdx
T 0 r 0
R3 R3
T

—2x [ () fula, O + [o(a, 1)) dt.
0
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We choose £(r) to be a continuous function such that

)=

and set D ={z:r = |z —xo| < ro}, ro > 0.

_17 r S To,
0, r > T,

Adding
T T
-\ | &) Pdedt+ (n—1)| | &0 dudt
0 R® 0 R"
to both sides of (3.15) or (3.16) and writing, for n > 3,

n—1 uur—l—vvf,«_i_n—l |u|? + |v|?
2 r 4 72

2 2
u v 3(n —1) |ul® + |v|?
—(n—1 — v
(n )[<“’"+4r>+<“”+4r”+ 16 Pz

it follows that for n > 4,

r wg|? n—1Dul2  m2ul? u\ 2

2 1672 2 4r
0R"
o2 3(n— D2 m2u|? v\ 2
— - | v.+— dx dt
T 1672 T D{uwt ) | de
0 [Vul>  |[Vo]* 1 2,12 2 2
= 0§ & | P VR 2 B2, o) 4+ (0= 2) (P + [0?) |
OR'IL
T
|Vul?> + Vv — |u)? = Jv|? (n—1)(n—3
r r
0 R™
n—1~, 9 2ru, + (n — 1u r
+ =5 F(lul,|v] )} dmdt—RSng(r) o utd:no
2rv, —1 r
B S £(r) rvp + (n )thdx ’
2r 0
Rn
while for n = 3,
T 2
we? | Blul? m?ul? u
SS&T()|: +87“2_ 5 + 2 UT+4_7'
0 R3

o2 3Jv]2 m2v)? v\ 2
- 2 — ) |dadt
Tyt e y T\t ) |
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T
Vul? Vo2
~ et [‘ = T e o + <ur|2+|vr|2>]dxdt
0

R3

T 2 2 2 2 ()2 12
- - |Ur F )
i f(r){rw el = o a4 P )]
0 R3 "
T T
rur +u TV + U
&(r updx| — S &(r) vedz
R3 0 g3 0
T T
—2m | £(r)u(z, 8)]* dt — 2x | £(r)[o(, 1) dt.
0 0
Choose ro = +/3(n — 1)/4m Then for n > 3,
3(n
(3.17) H ( 32 5 )y 1+ %m?) dz dt < CyE(0).
0D
Combining (3.14) with (3.17), it follows that

T
\ E(u,v,D,t)dt < C1E(c0).
0

Note that any bounded region {2 can be covered by a finite number k of
disks D. By adding the corresponding inequalities we obtain (3.8) with
C(2) = kCy depending only on 2.

Proof of Theorem 3.1. It is easy to verify
t
(t—ty) S u?dr = S [(T—tl) S u2dx} dr

T

2 t1 2
t t
= S Su2d$d7+2S S(T—tl)uqu.’BdT
t1 02 t1 2
t t
< 28 S lu|? dx dr + S S(T—t1)2|u7|2 dx dr
t1 02 th 02

by the Newton—Leibniz formula and Holder’s inequality. A similar argument
implies that

t t
(t—t1) S v?de <2 S S lv|? dx dr + S S(T —t1)?|v.|* dz dr.
(9] t1 2 t1 02
Set t1 = ¢t — 1 and note that

| Vllu(@, o)) + (@, )] dz dt < C(2)E(c0).
0N
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It follows that
lim Vlu(z, ) + Jo(z,t)[*] dz = 0.

To prove (3.5), we need the following claim:
CLAM. If f(t) > 0, supysq | f/(t)] < 00, and §;° f(t) dt < oo, then
tlim f(t)=0.

In fact, if not, then for fixed g > 0 and all 7" > 0, there exists a t > T
such that f(t) > €g. Since

Sliplf'(t)l =C<oo = [f(t) = f(s)| < CJt — 5],

one easily sees that

2
for Ty = %, Ity > T, f(t1) > <o,
2
for TQ:t1+%, 3ty > T, flt2) > e,

L
for Ty =tx_1+ %, 3ty > Tk, f(tr) > <o,

In view of the definition of continuous function, for any ¢ € I, = [ty —
£0/2C, ty, + €9/2C], we have
€0 €0
t)| > )| — t) — f(t > - — = —.
@) F@)] = 1) — Ft)] > 0 - O 28 = 2
Thus

o0 2
€
> i I.| > =0 _ .
gf(t)dt_ Ek (min] f(t) 2] = Ek o =
This is a contradiction, completing the proof of the Claim.

Denote by £2(p) the set of disks with centers zy and radius g, and define
Q2
G(t) = | E(u,v,92(0),t) do.

01

Thus
T T 02 02
VGtydt = | | B(u,v, 2(0),t)dodt < E(c0) | C,do
0 001 01

S E(OO)CmaX(QQ - Ql)
On the other hand, note that
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By = S (weug + Vu - Vg +mPuuy + vpoy + Vo - Vo +mPoy
(7
+ Fu(ul, [o)yuue + Fa(|ul?, [v]?)ovy) da

= S (ugAu + Vu - Vug + v Av + Vo - Vi) dx

Q
= S V- (wVu) + V- (Vo) de = S [uru + vyve] do.
2 l[z—zol=¢
We obtain
02 02
Gy = S Ei(u,v, 2(0),t)do = S S [uruy + vpvg] do do
01 01 |z—xzo|=0
1
= S [utur—i—vtvr]dacSiS(ut—i—u + 02 +v?) dx < E(c0).

o1<[z—z0|<02 R

This together with the Claim implies that
lim G(t) = 0.
t—o00

Since F > 0, we get

hm E(u,v,2(p),t) < lim

G(t) = 0.
t—o0 t—o0 09 — 01 ®)

This completes the proof of Theorem 3.1.

REMARK 3.2. L?-decay (3.4) is an immediate consequence of the esti-
mates

| llu(@, o)) + (@, )] dz dt < C(2)E(c0),
0

d
- Vlu@, ) + o, )P de < [ (el + [Vul® + [vf* + | Vo]?) do < oo.
2
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