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ASYMPTOTIC DISTRIBUTION OF THE ESTIMATED
PARAMETERS OF AN ARMA (p,q) PROCESS IN THE
PRESENCE OF EXPLOSIVE ROOTS

Abstract. We consider an autoregressive moving average process of or-
der (p,q) (ARMA(p, q)) with stationary, white noise error variables having
uniformly bounded fourth order moments. The characteristic polynomials of
both the autoregressive and moving average components involve stable and
explosive roots. The autoregressive parameters are estimated by using the
instrumental variable technique while the moving average parameters are
estimated through a derived autoregressive process using the same sample.
The asymptotic distribution of the estimators is then derived.

1. Introduction. Consider the ARMA(p, ¢) model,
(L1) Xy —a1Xy—q1 —oXig— - —apXi—p =€ — Preg—1 — -+ — Byi—qs

where X; is the observation at time ¢, t = 1,...,N, and e; is a sequence of
identically and independently distributed (0, 0?) random variables with

(1.2) E(e}™%) < oo for some § > 0.

The initial conditions are assumed to be zero, that is, e, = 0 for ¢ < 0.

The autoregressive (AR) component is said to be stable or ezplosive ac-
cording as the roots of the characteristic polynomial ®(z) = 1 — a1z — 2% —
-+ — 2P are greater than or less than unity in absolute value. Similarly
the moving average (MA) component is stable or explosive according as the
roots of the characteristic polynomial ©(z) = 1 — 312 — 22 —- - — Bqz? are
greater than or less than unity in absolute value.
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By using a backward shift operator B, model (1.1) can be rewritten as
(1.3) P (B)X; = ©(B)e;.

For an autoregressive process with identically and independently dis-
tributed errors, the limiting distribution of the least squares estimators un-
der stable and explosive roots has been studied by several authors, likeMann
and Wald (1943)), |White| (1958), |Anderson| (1959) and Jeganathan| (1988).
Chan and Wei (1988)) derived the asymptotic distribution of the least square
estimators in the presence of stable and explosive roots. [Basu and Sen Roy
(1993) considered all forms of roots and derived the asymptotic distribution
of the estimator assuming ¢-mixing error variables. However, such studies
have not been extended to ARMA processes.

In the present work our aim is to find the limiting distribution of the
estimated parameters when the characteristic polynomials of the AR and
MA components have both stable and explosive roots. Since the ordinary
least squares estimator of the AR parameters is inconsistent, we use the
instrumental variable technique to estimate these parameters. The MA pa-
rameters are estimated through a derived AR process as proposed by [Tsay
(1993).

In studying the limiting distribution, a componentwise break-up accord-
ing to stable and explosive roots is made using techniques similar to those
of (Chan and Wei| (1988)). Then using suitably chosen norming matrices, the
limiting distribution of each component is found separately. The results are
then put together in the final theorem.

In Section 2 a componentwise break-up of the process is made. Sec-
tion 3 considers the asymptotic distributions of the estimators component-
wise, while Section 4 contains the main theorem. Some concluding remarks
are given in Section 5.

In the following, I,, and 0,, respectively denote the identity matrix of
order n and the n-dimensional vector of zero elements. diag(-) denotes a
block diagonal matrix. The norm of a vector refers to euclidean norm, while
for a matrix A,

[A]l = sup [Az|.
ll=l|=1
Finally, ¢;, 1 = 0,1, ..., denote constants.

2. A componentwise break-up of the process. For r + s = p and
lpil >1,i=1,...,r,and |yj| <1, j=1,...,s, ®(z) can be rewritten as
T S
(2.1) o(x) = [[0 - o2 [JA -7
i=1 j=1

where p; are the 7 stable roots and ; are the s explosive roots of ®(z) = 0.
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Similarly ©(z) can be written as

d
(2.2) @(z):Hl—w Hl—%

where 7; are the stable roots and 7; are the explosive roots of ©(z), with
|m| >1,i=1,...,¢,|n] <1,j=1,...,d, and ¢ +d = g. All roots are
assumed to be distinct.

Model (1.3) can be rewritten as

(2.3) ®(B)Xt = uy,
where
(2.4) ut = O(B)e;

is an MA(q) process.
Defining

a1 ... Op1 (0%
xt = (Xp, o, Xep1)',  we= (Uta%ﬂ)/’ A= < ' ’ )’
Ip—l Op—l

(2.3) can be rewritten as

(25) xt:Axt_l—{—ut, t= 1,2,....
Since x;_1 is correlated with u; through e;—1,...,e;—q, the least squares
estimator of the AR parameter a = (a1, ..., o)’ will be inconsistent. Taking

n =N — ¢ — 1 and following Basu, Sen Roy and Bhattacharya, (2005), the
instrumental variable estimator of a is

n _1,."
(26) dn = (Z XtX;_HI) (Z XtXt+q+1) .
t=1 t=1

To estimate the parameters of the MA component, let Y;—; = de;/d; be
the partial derivative of e; with respect to (3;. Then following Tsay| (1993)
we obtain the derived AR(q) process

(2.7) OB)Yi=e, t=1,2,....
Defining
Br ... Bg—1 B
vi= e, Yigr1), vi= (et,ngl)', C= < e ),
I, 1 0

(2.7) can be rewritten as

(28) y: :Cyt,1+Vt, t= 1,2,....
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Then the least squares estimator of 8 = (51,...,8,)’, based on n observa-
tions, is

. n .,
(2.9) Bn = (Z Yt+qy7/f+q) (Z Yt+th+q+1>-
t=1 t=1
Let 6 = (a,aﬂ/)/v én = (d;-m/é'/n),a Zy = (Xiut+q+1ayz+q€t+q+1)/a and

D — <Z?:1 th:‘%q 0 )
n = .

0 Z?:l Yt+qylli+q
Then
(2.10) 0,6 =D" (Z zt>.
t=1

Denote by B the backshift operator. Then the different components are
segregated as

r

(2.11) Ry = ®B) [[(1—p;'B) "X,
=1

(21 S, = a(B) [[(1 -2 'B) "X,
=1

(2.13) Q, = 9(B) f[(l — 7 'B)7Yy,
=1

(2.14) P; = O(B) ﬁ(l — ;7 'B)7Y,.
=1

Let ry = (Ru e 7Rt—r+1)7 St = (Stw-'ast—s—I—l)v qt = (Qm---,Qt_cH) and
pt = (Pt ..., Pi_gy1). By (2.1) and (2.11), R can be written as
S
(2.15) Re =[] -7 "B)Xe =X =11 Xp1 = = 11X
i=1
so that for the r X p matrix

1 = ... = 0 0 0 0
T, — 0 1 =7 ... = 0 0 0
0 0 0 0 1 =7 ... =7

we have T1x; = r;. Again by (2.1) and (2.12) we may find an s x p matrix T
such that Tox; = s;. Hence there exists a p x p matrix T! = (T}, Tf)
such that T(MWx, = (r},s})’. Similarly, using (2.2), (2.13) and (2.14) we may
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define a ¢ x ¢ matrix T® such that T®y, = (q},p})’. Finally let T =
diag(T M), T(Q)). We next derive the componentwise limiting distributions.

3. Componentwise asymptotic distributions

3.1. The AR stable component. We first consider the stable com-
ponent of the autoregressive part, []7_, (1 — pi_lB)Rt = w;. Following (2.11),
this can be reconstructed as

(3.1) Ry =piRic1 + - + prRir + g,

where p* = (p},...,p}) are the parameters of the process with roots p;,
j=1,...,r. Define

L]_ — <p1 cee Prq Pr > and uy = (ut,olr_l).
I 0,1

Then (3.1) can be rewritten as

(32) ry = Lir;_1 + uyy, t=1,2,....

Let p1 = maxi<;<r ‘,0]-_1‘ < 1. Then

(3.3) ILY|| ~ cop? asmn— oo.

Let J, = n~ /21, and 3y = E(rnr’n+q); then X1 is positive definite. Define

) _ -1 n /
Wi = Ijtipger and Ry =n7 > )0 1 9% A

LEMMA 3.1. Under (3.3) and bounded fourth order moments of the in-
novations,

(3.4) n 2N w4 N(0, 7).
t=1
where
o oo
(3.5) S = Ewiw)) + Y B(wiwj ) + Y E(wipiwy),
k=1 k=1

and the two series in X7 are convergent.

Proof. Observe that by (1.2) and (3.3),

oo o0

(3.6) IB(rriud g )l < end D I - ITLEI - Elu s
j=1k=1

< (1 = La)2 < oo.
Defining J(w;) as the dispersion matrix for the sequence w; we have

(3.7) [|9(wy)|| < oo.
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Truncating w; = Z?‘;O(L{)/u&7t_jUt+q+1 to a finite number of [ + 1 terms,

x _ N\ NAYA]
define wy =3’ o(L7)"a} ;_jus4q41 so that

68 B w2 = S [E| X tu ]

=1 =1 j=l+1
By (1.2),

00 ] 2 > 2
(3.9) EH Z leul,t—jut-i-q-i-lH SCB( Z ||L11”) )

j=14+1 j=1+1
so that using (3.3),

B10) Sl w2 <3 [ed 3 )
=1

=1 j=l+1
o0 [e.e] )
<y Y I < oo
=1 j=I+1

Thus from (3.7) and (3.10) and using the multivariate version of Theorem
21.1 of Billingsley| (1968)) on the sequence wy, the lemma follows. m

LEMMA 3.2. Under bounded fourth order moments of the innovations,
for some constant cg and for all € > 0,

(3.11) P[|R, — 31| > €] < cgn~te L.
Proof. Writing
rt+lr;+q+1 - rtr£+q = Llrtr;-i-qL,l + ul,t+1r:€+qL,1 + Llrtu/l,t+q+1
UL W) g1 — TeThyg

we have

(3.12) (I-Ly®Ly) [Vec (nil i rtr2+q> — Vec 21}

= nilVeC[I'lr/Hq - E(rlr/1+q)] - nfl\/ec[rm_lriwqﬂ - E(rn-i-lr/nJrqH)]

n n
-1 / -1 / / / /
+n Vec( g LlrtuLHqﬂ) +n Vec[ g {ug vy Ly —E(ug gy, L)}
t=1 t=1

n
-1 / !
+n \km[ > {u1¢+1u1¢+q+1__E(u1¢+1u1¢+q+ﬁ}}
=1

where I — L; ® L is nonsingular. Now by (1.2) and (3.3),

(o, ¢] o0
(3.13)  EIRaRy [l <D Y L] L] - Elunjtn gk < oo,
j=1 k=1
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so that for some ¢; > 0 the first term of (3.12) satisfies

(3.14)  Pll{rirly, — E(rarh )} > ne/5] < 100~ e  [Eljrard. ]
< C7n_1€_1.

Similarly the second term in (3.12) can be shown to be of the same order as
(3.14).

For the third term in (3.12) let r; = Liriusqq41. Since u; is a (¢ + 1)-
dependent process and hence ¢-mixing with ¢, = 0 for n > ¢+ 1, r} is also
¢-mixing with mean zero and

(3.15) |9(r7)] < oo.

Again defining 1y = Zé':o LJI'HuLt,jutJrqH, from (1.2) and (3.3) it follows
that

(3.16) Z [Blrd — #%)Y? < co.
=1

Using (3.15), (3.16) and the multivariate version of Theorem 21.1 of Billings-
ley (1968), we obtain

n
(3.17) n72 3" Lirgug g 5 N(0,2),
t=1
where
_ [e.e]
(318) X1 = E(Llrlr'lLllu3+2) + Z E(L1F1P;+1L,1Uq+2uk+q+2)
k=1
o0
+ Y B(Lirg v Litg g g12).
k=1

Hence for large n and some cg > 0,
(3.19) P [Hnil\fec<z Llrtull,t+q+1> H > 6/5:| < cge Ve,
t=1

Similarly since Lirsiqusy1 — E(Lirsyquer1) and wpg1usggr1 — BE(usr1teygr1)
are zero mean ¢-mixing processes, the last two terms of (3.12) are also of
order e~ Vne/5,

Combining the above results, (3.11) follows. =

We next state the main theorem of this section.
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THEOREM 3.1. Under conditions (1.2) and (3.3),

n
(3.20) 3, vl I, B 5,
t=1

(321) @) (Yoraly) (D wuen) SN0, 3SR,
t=1 t=1

Proof. This follows from Lemmas 3.1 and 3.2. u

3.2. The AR explosive component. Next consider the explosive
component of the autoregressive part, [[;_;(1 —~; 1B)St = u¢, which from
(2.12) can be rewritten as

(322) St:'nyt,l—l—---jL'y;‘St,s—l—ut fort=1,2,...,

where v* = (77, ...,7%) are the parameters of the process with roots v; for
j=1,...,s. Defining

F= <71 cee Ve—1 78) and oy = (ut70'/571)/7
Is—1 0
the model (3.22) can be rewritten as

(323) sy = Fs;_1 + uyy, t=1,2,....

Let 41 = minlgjgs |’yj_1| > 1 and ¥, = maxj<;j<s \’yj_1| > 1. Then HF"” ~
coyy and
(3.24) |IF7"|| ~cio9; " asn— oo.

Writing the first column of F~(—1 as f;, let

(3.25) sp, =F Vs, =3 " F 7 Duy, =Y " fuy.
t=1 t=1

By the results of Longnecker and Serfling (1978)), and because of (1.2) and
S IF7H < oo, it follows that s} converges a.s. Let

(3.26) lim s, =s" = > F " uy,
t=1

L
LEMMA 3.3. st =2 s* and hence s* 2 s*.

Proof. Under the condition of bounded second order moments and (3.24),

o
2
E|l(sy, —s")(sp, — S*)/H < 011( g F7t> —0 asn—>00. =
t=n
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Let

n n
d, = F~ (1 Z StUutrgr1 and  hy, = Z | M TR
t=1 t=1

LEMMA 3.4. d,, — h,, & 0.
Proof. We have

n
dp —h, =F DN FOI(sh L — sk unggrot
t=1
Then from (3.26) it follows that

n
Bldy — hall < B0 SEIFOO(s5 - 5 Jumsgra il
t=1
t—2
: 291/2
||F_(]+1)H} ] =cpn||F"| —-0 asn—o0. m
0

< eyl F7Y) g[{

Let K be a nonsingular matrix such that KFK~! = diag(vfl, R B
Writing G = diag(v1,...,7s), we have F~" = K-'G"K where

3.27 G"|| ~ c1ay; " asn — co.
1

Jj=

Also let S,, and S be s x s diagonal matrices with ith diagonal element equal
to the ith element of Ks} and Ks* respectively, and let 9, = (v1,...,vs),

where v; = Y 1", 'y](.i_l)un+q+2_i for j =1,...,s. Then h,, can be written in
the form
n
(3.28) h, =K 'Y G 'Kshunigp2+ = K '8,9,.
t=1

Define the s x s diagonal matrix S}, with ith diagonal element equal to the
ith element of K 21" fuy, and 97 = (vf,..., v}) with
[n/2] .
vy = Z 'yj(-% )un+q+2_i, j=1,...,s.
i=1

Here S} and ¥;, are partial sums consisting of only [n/2] of the u;’s. However
S depends on the first [n/2] observations of u;, while 9 depends on the
last [n/2] observations. Since S¥ and ¥, are separated by ¢ + 1 intervening
u;’s, they are independently distributed.

LEMMA 3.5. S, and 9, are asymptotically independent.
Proof. From (1.2) and (3.24) we have
E||(Sn — S%)(S, — SEY|| < eis|[F2/2| 50 asn— oco.

Hence S,, — S, Lo, 0, which implies S,, — S} 0.

n
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Again by (1.2) and (3.27),
E[[(9, — 95) (9, — 9%)|| < c16]|GH™M2|| -0 as n — .

Hence, 9,, — ¥}, L2, 0, which implies 9, — 9% & 0.

Since S} and ¥, are mutually independent random variables, S,, and ¥,
are asymptotically independent. =

LEMMA 3.6. S% 228 and 97 22 9, where © = (v1,...,0,) with v; =
o 7o
doict ’YJ('I )un+q+2—z’ forj=1,...,s.

Proof. The proof is similar to that of Lemma 3.5. »
Next, define

(I=9D)™ A=) o A=—mys)™?

I =
(T—m7)™ =)™ .. (=937

ZF i— 1 (F (i— 1))

Then with v(~1 = (471 ... 4271) we observe that
(3.29) F* =K' Z SyUD (Y8 (K1) = KT'STS/ (K.

Taking K,, = F~ ("t~ we have the following theorem.
THEOREM 3.2. Under (1.2) and (3.24),

n
(3.30) Kngr1 ) sisty K, 5 F*.
t=1

If in addition e;’s are Gaussian, then F* is positive definite a.s. and

(3:31) (KT (Dosstag) (D setrgin) N,
t=1 t=1

where N} = K'S™IT' ™19, ¥ being an s-variate Gaussian variable with mean
zero and dispersion matrix V = ((vij)) with

[e.9] (e 9]
k—1) (i-1
Vij = Z Z %-( )%( )E(un+q+2—kun+q+2—l)'

k=1 1=1
Also 9 is independent of K'S™IT—1.
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Proof. Since s* is convergent a.s, under (3.24) and using Lemma 3.6,

HF n—1) Zstst—i-q —(n+q— 1)) F*

Jse
t=n

e
(% — — * * * (kK p
< [s* )11 ) IF tHQJrZHF I lIs5 e (Shg—e) =Sl 5 0
t=n t=0

(Sh1q—t) =S (8))(F)

as n — 00. Since e;’s and hence u;’s are Gaussian, s}, being a linear transform

. . . . Lo . .
of Gaussian variables is also Gaussian. As s} — s*, s* is also Gaussian.

Hence, P(t's* = 0) = 0 for all t € R®* — {0}. Thus by Lai and Wei (1983),
F* is positive definite a.s.

Define u,, = (up, ..., uqg+2) and
E(u?) ... E(upugyo) 1oy oAt
X, = . . . . Gy = :
E(upugy2) .. E(u3+2) I oy ... At

Thus ¢, = f-}nﬁn. As the roots of the explosive component are distinct,
the rows of Gy, are linearly independent. Again since u, is Gaussian with
mean zero and dispersion matrix X,, ¥, is Gaussian with mean zero and

. . LA S A Lo . . .
dispersion matrix G,X,G},. Hence as ¥, — 9, ¥ is also Gaussian with
mean zero and dispersion matrix V.

By Lemmas 3.4-3.6, d,, 4 K-189. Using this and (3.30) in

((F (n+q— 1 (Z Stst+q> ' Z StUt4g+1
( ZStSHq “vras 1))) dn,

the theorem follows. =

3.3. The MA stable component. From (2.13), writing
... o *
Ly = ( ! el ¢ > and vy = (e,0. ),
Ic—l Oc—1
the stable part of the moving average component can be written as

(3.32) q: = Loqe1 +vye, t=1,2,....
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Let 71 = maxj<j<c ’7‘&';1| < 1. Then
(3.33) |ILS|| ~ ci7]  as n — oo.
Let M,, = n~ /21, and ¥y = E(q,d,).
THEOREM 3.3. Under the conditions (1.2) and (3.33),

n
(3.34) M, ) qrrqqhy M), & S,
i=1

(3:35) (M) (D arnaig) (D ausgerran) % Nel0, 555555,
=1 i=1

where ¥3 = E(qq1d},1€2,0)-

Proof. The proof is similar to that of Theorem 3.1 but somewhat simpler
because, unlike the u’s in (3.1), the e;’s in (3.32) are uncorrelated. m

3.4. The MA explosive component. From (2.14), writing
F = <771 o a1 T ) and  va; = (e, 0p_1)’,
Lg—1 0g—1
the explosive component of the moving average part can be written as
(336) Pt = f‘pt—l + Vo, t=1,2,....

Let 71 = minj<j<q \njfl\ > 1 and 72 = max;<;<q ]17;1] > 1. Then ||[F"|| ~
Clgﬁg and

(3.37) [E"|| ~ clon, " as n— oo.

Let K be a nonsingular matrix such that KFK ! = diag(n;?, . .. ,77;1) and
s=) F~(t=Dv,,. Define the d x d diagonal matrix S whose ith diagonal
element is the ith element of Ks. Let

(T—n)"t .. (T—mna)!
N, = F (vte-D) = ,

L=mna)™" .. Ay
B =Y F U (F 0Dy = RISAS(R 1Y
=1
THEOREM 3.4. Under (1.2) and (3.37),

n
(3.38) Ny > PiigPi Nn 5 F.
t=1
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In addition if e;’s are Gaussian, then F* is positive definite a.s. Also
(3.39) (N;z)fl <Z Pt+qpi+q> Z PttgCttq+1 — N3,
t=1 t=1

where N5 = IN(’g_lA_11~9, 9 being a d-variate Gaussian variable with mean
zero and dispersion matriz V= ((0;7)) with ¥ =023 70, S°20°, ngk_l)n](-l_l).
Also 9 is independent of K'S™1A71.

Proof. Similar to that of Theorem 3.2. =

4. The Main Theorem

THEOREM 4.1. Under conditions (1.2), (3.3), (3.24), (3.34) and (3.39),
as n — oo,

(4.1) G,TD,T'G!, £ diag(L1, F*, 8y, F),
(4.2) (T'G,)" (8, — 6) L (N,,N%,N,, N3,
where the stable and explosive components are asymptotically independent of

each other, but the two stable components and the two explosive components
of the AR and MA parts are not.

To prove Theorem 4.1 we will require the following lemmas.

LEMMA 4.1. Under conditions (1.2), (3.3), (3.24), (3.34) and (3.39),

n
(i) Jn Y _msiy K, 50,
t=1
n
(i) My qeigphy Ny, 0.
t=1
Proof. Under condition (1.2),

t—1
N2
E|ln~"%r % < nilcg()(Z HL{H) — 0 as n — oo uniformly in ¢,
j=0

so that

(4.3) supn~V%r; B 0.
t
Again since F*(”Jrq*l)SHq is bounded in probability, there exists an increas-
ing sequence m), (m),/n — 1 as n — oo) such that
n
(4.4) n~1/? Z rtsg+q(F_("+q_1))' 0.
t=m! +1
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Also under (3.24), as n — oo,

’

mn
sLtlp EH?fl/2 Z rtsgﬂ(F*("H*l))’
t=1

/

mn
< sup n 2N B PE (st PIFT = 0
t=1
so that
m,
(4.5) n~2N st (BT Y B,
t=1

Combining (4.4) and (4.5), (i) follows. (ii) follows similarly. =

LEMMA 4.2. J, >0 rupygr1 and Ky Y50 Stueyqr1 are asymptotically
independent.

Proof. Using Lemma 3.4 and the expression in (3.28), it is enough to
show that h,, is asymptotically independent of n—1/2 > o Teliggt1-
Consider any sequence k, T oo such that k,/n — 0 as n — oo. By
Lemma 3.5, for each n, S,, depends on ¢; for 1 <1i < k,, and 1,, depends on
e; for n—k, +1 < i < n. Hence the lemma will follow if it can be shown that
for large n, n—1/2 Z?:l rius1q+1 depends only on e;, ky, +1 <@ <n — k.
We first show that

n n—knp—q—1
~1/2 ~1/2 p
(4.6) n~Y g rilUitqr1 — N / g rilUitpqr1 — 0.
t=1 t=kn+q+1

Since ||riu4q+1] is @ mixing process, by Theorem 20.1 of |Billingsley (1968)),

kn+q kn+q ’
(47) EHTL_1< Z rtquH)( Z rtut+q+1>
t=1 t=1

ko 4 1 kn+q 2
<= qE< Z ||rtut+q+1||> —0 asn — oo,
t=1

n Vkn+4q

the term within bracket being bounded. Similarly,

(4.8) EHn‘1< z”: rtut+q+l>( z": rtut-i-q—i-l)/

t=n—kn—q t=n—kn—q
Combining (4.7) and (4.8) yields (4.6).

Next define r; =ugj+Liugj1+-- -+L{_k"_1_qu1’kn+1+q. Then under
(1.2),

—0 asn— oo.
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EHn—l( z": (rj — r;)Uj+q+1) ( Zn: (rj — r;)ujJrqH)/

j:kn+q+1 ]:kn+q+1
o o0
- i—kn—q—1 k—kn—q—1
< con! E E L - L™ = 0 asn— oo
j:kn+q+1 k:kn+q+1
Hence
n—kn—q—1 n—kn—q—1
—-1/2 —-1/2 p
n~Y/ g ritp g —n Y g riusi g1 — 0,
t:kn+q+1 t:kn+q+1

and the assertion follows. =

COROLLARY 4.1. The following are asymptotically independent:

(1) My Y20 Aevgrrgrr and Ky D70 spugigia,
(i) Jn 2 oy Tetipgrr and Ny 30 Priglrigit,
(ill) Mn D240 detqlirqr1 and Ny 3o PriqCriq+i-

Proof. The proofs are similar to that of Lemma 4.2.

COROLLARY 4.2. The following terms are dependent even for large n:

(1) Jn Dot Tttt and My 300 QuyqCiigit,
(i) Kpn D /g sttirgrr and Ny Y70 ) Prigeryqrt-

Proof. Following the arguments in Lemma 4.2, for large n, both the
terms in (i) depend on e;, k, + 1 < i < n — k,, and hence are dependent.

Similarly, the terms in (ii) are dependent since for large n, S, and §n
depend on ¢; for 1 <i < k,, and ¥, and ¥, depend on ¢; for n — k, +1 <
1<n. =

Proof of Theorem 4.1. The theorem follows from Theorems 3.1-3.4, Lem-
mas 4.1 and 4.2 and Corollaries 4.1 and 4.2.

5. Concluding remarks. In this paper we have derived the asymptotic
distribution of the estimated ARMA parameters taking the instrumental
variable estimator for the AR component and the derived AR process esti-
mator for the MA component. The latter is unobservable and hence cannot
be directly used to estimate 3. As suggested by |Chan and Tsay| (1996)), the
derived process Y;(3°) can be constructed from an initial value 8" of 3 and
then iterated to obtain the final solution B .

The stable components are shown to be asymptotically normal while
the explosive components are mixtures of normals. However, although the
stable components are independent of the explosive components, between
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themselves the stable and explosive components are dependent. An implica-
tion of this is that even for large samples, inferences regarding each compo-
nent cannot be done independently of the corresponding stable or explosive
component.

The proofs indicate that the results would hold even if the e;’s are a
sequence of martingale differences. However, for more complex dependent
structures condition (1.2) may not suffice and some additional conditions
may need to be imposed.
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