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LOGARITHMICALLY IMPROVED REGULARITY
CRITERIA FOR THE MICROPOLAR FLUID EQUATIONS

Abstract. We discuss the 3D incompressible micropolar fluid equations,
and give logarithmically improved regularity criteria in terms of both the
velocity field and the pressure in Morrey—Campanato spaces, BMO spaces
and Besov spaces.

1. Introduction. In this paper, we consider the regularity of the fol-
lowing three-dimensional (3D) micropolar fluid equations with the incom-
pressibility condition:

Ov—Av+v-Vo+ VP -V xw =0,

Ow — Aw —Vdivw+2w+v-Vw -V xv =0,
dive =0,

U(l’,O) :Uo(ZL‘), w(x,()) ZWO(*%‘)’

(1.1)

where v = (vi(t,z),v2(t,x),vs3(t, z)) denotes the velocity of the fluid at a
point z € R?, ¢ € [0,T), and w = (w1 (¢, z),ws(t, x),ws(t,z)) and P = P(t,x)
denote the microrotational velocity and the hydrostatic pressure, respec-
tively. The functions vy and wq are prescribed initial data for the velocity
and angular velocity with divwg = 0. The theory of micropolar fluids was
first proposed by Eringen [9] to consider some physical phenomena that can-
not be treated by the classical Navier—Stokes equations for viscous incom-
pressible fluids, for example, the motion of animal blood, liquid crystals and
dilute aqueous polymer solutions etc. When the microrotation is neglected
(w = 0), the micropolar fluid equations reduce to the classical Navier—Stokes
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equations which have been extensively analyzed: see, for example, the clas-
sical books by Ladyzhenskaya [19], Lions [23] or Lemarié-Rieusset [21].

There is a vast literature on the mathematical theory of micropolar fluid
equations (|1.1]) (see, for example, [20} [32], 14}, 12} [8, BT, 4, [5]). First of all, for
results on the uniqueness and existence of local smooth solutions, we refer
the reader to [9]. The existence and uniqueness of global solutions were ex-
tensively studied by Lange [20], Galdi and Rionero [14], Yamaguchi [32], and
Chen-Miao [6]. Recently, Ferreira and Villamizar-Roa [12] considered the ex-
istence and stability of solutions to the micropolar fluid equations in exterior
domains. Villamizar-Roa and Rodriguez-Bellido [31] studied the micropolar
system in a bounded domain using the semigroup approach in LP, showing
the global existence of strong solutions for small data and the asymptotic
behavior and stability of solutions. Concerning the dynamic behavior of so-
lutions to we refer the reader to [4, [5, 8] and the references therein.

As in the case of the classical 3D Navier—Stokes system, the problem
of either the global regularity or finite time singularity for weak solutions
of the 3D micropolar model (1.1) with large initial data remains unsolved.
Thus, several regularity criteria have been developed. For the Navier—Stokes
equations, Serrin [28], Prodi [27] and Beirao da Veiga [I] established classical
regularity criteria for weak solutions in terms of w or its gradient Vu in LP
spaces. Later on, improvements and extensions were found (see for example,
[26, 18] [16], 17] and the references therein). Moreover, Berselli and Galdi [2],
Chae and Lee [3] and Fan and Ozawa [L1] obtained regularity criteria for
weak solutions in terms of the pressure P or its gradient VP. Recently,
Zhou and Gala [34] and Fan et al. [I0] obtained logarithmically improved
regularity criteria for the Navier—Stokes system in terms of the velocity field,
the vorticity field and the pressure respectively.

For the micropolar fluid equations (1.1), Gala [I3] and Yuan [33] estab-
lished some regularity criteria in terms of both the velocity field and the
pressure in Morrey—Campanato spaces and Lorentz spaces, respectively.

Motivated by the above results, the purpose of this paper is to establish
logarithmically improved regularity criteria in terms of both the velocity
field and the pressure field for the 3D micropolar fluid equations .

Our main results read as follows.

THEOREM 1.1. Let vg,wp € H3(R3). Let (v,w) be a smooth solution to
equations ([L.1)) on some interval [0,T). If the velocity field v satisfies one of
the following conditions:

2/(1-r)
T
Jote, T

(1.2) DT In(e+ ot )[1e)

dt <oo, 0<r<l,
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OBk

o L+ e+ [[o(t,)][ze>)

(1.3) dt <oo, 0<r<1,

then the smooth solution (v,w) can be extended beyond t =T .

THEOREM 1.2. Let vg,wg € H3(R?). Let (v,w) be a smooth solution to
equations (1.1) on some interval [0,T). If the gradient of the pressure VP
satisfies one of the following conditions:

T 1P I,
-y ) TR 9P P =
T

S IV P, )12
YT (1 + [VP(t, ) [mao0)

(1.5) dt < oo,

then the smooth solution (v,w) can be extended beyond t =T .

REMARK 1.1. Theorem 1.1 contains a result which is new for the 3D
incompressible Navier—Stokes equations. This is an improvement and exten-
sion of results reported in [26]—[28], [1] and [34].

REMARK 1.2. Since the critical Morrey—Campanato space M273/T is
much wider than the Lebesgue space L3/™ and the Lorentz space L3/,
our Theorem 1.1 covers the recent results in [I3] and [33]. Moreover, our
result shows that the velocity field v plays a more important role than the
microrotation vector field w in the regularity theory of solutions to the mi-
cropolar equations.

REMARK 1.3. The regularity criterion stated in (1.3) improves slightly
a condition in [IT], where the authors assumed

T
{IvP, )\\2/3 dt < cc.
0

2. Preliminaries and lemmas. First, we recall the definitions and
properties of some function spaces, which play an important role in studying
the regularity of solutions to partial differential equations (see [21] 25, [30]).

_ DEFINITION 2.1. For 1 < p < g < oo, the Morrey-Campanato space
My 4(R3) is defined as

My o(R) = {fELloc( %) : 11 p1,,= sup }S%L;%Rg/qilg/prHLP(B(x,R)) < OO},
S

where B(x, R) denotes the ball of center x with radius R.
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It is easy to check that

1
(2.1) Hfo\‘)HMp,q = WH]PHMILQ for all A > 0,
(2.2) Mp,oo(Rg) = L>®(R?) for each 1 < p < oo.

Additionally, for 2 < p < 3/r and 0 < r < 3/2, we have the following
embedding relations:

(2.3)  LY7(R®) = LYT0(R?) o My 5/, (R?) o X, (R?) = My g, (RY),

where LP°° denotes the weak LP-space, and XT(R?’) is a multiplier space
(see [21]).

DEFINITION 2.2. B;q denotes the homogeneous Besov space with the
norm

e 1/q
(X 2dsfly) " for1<p oo g<on,

1y, =4 ==
sup 27| 4; 1, for 1 < p < 00, g = o0,
JE

where A; is a Littlewood-Paley operator.

REMARK 2.1. Recall that for 0 < 7 < 3/2, the space Z,(R?) is defined
in [22] as the set of all f € L2 (R?) such that

loc

(2.4) 1fllz, = sup |fgllzz < oo

‘g 35,131
It is proved in [22] that f € ./\'/1273 /r (R3) if only if f € Z,(R?) with equivalence
of norms.

REMARK 2.2. In the following, we use the inequality
11z, < CUFIETIV AL for0<r <1,

where C' is independent of f, which was proved in [24] and is vital to our
proof.

REMARK 2.3. Notice that if Vu € Mg 3(R3), then u € BMO(R?), where
BMO is the space of functions of bounded mean oscillation of John and
Nirenberg, with the norm

S u(y) — mp,ryuy) dy.
B(z,R)

1
[ ul| By = sup sup ———
BMO z€R3 R>0 |B(z, R)|

Indeed, by the classical Poincaré inequality, we have

| lu) —mperu@)’dy <CR* | |Vu(y)*dy < CR*||Vul},
B(z,R) B(z,R) ’
for every ball B(x, R) of any radius R.
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3. Proofs of theorems

Proof of Theorem 1.1. We first show that Theorem 1.1 holds under the
condition (1.2). Multiplying both sides of the first equation in (1.1) by —Aw
and the second equation by —Aw, and integrating by parts over R3, we get

(3.1)

1

23 7(||VUHL2 + I VwllZ2) + 1 40]12: + | Aw][Z2 + |V dive | +2[ Ve 2.

= S (v-V)v- Avdz —}—S(v Vw - Awdz — S curlw - Avdxr — Scurlv - Aw dx
R3 R3

Eh+ 1L+ I3+ 1

For I, by using Holder’s inequality, Young’s inequality, (2.4), (2.5) and
integration by parts, we obtain

(32) L <o Vollal|VP0ll e < Cllvll g, 19015 197022
< Cllvll gy, 190l 2" V20l 5"
2/(1 1+7)/2
< (IR IVl (192
2/(1-r) 2 12,2
< CHUHMQ,g/T [Vollz2 + 2[[V70[ 72
Similarly, for I, we deduce
2/(1—
(3:3) I < Ollell IVl + 51Vl
Finally, for I3 and I, with the use of Hélder’s inequality, Young’s inequality,
and integration by parts, we have
(3.4) Iy + I < 2||Vw| 72 + 31| Av]|72.
Inserting (3.2)—(3.4) into (3.1), we obtain

d 2/(1—r
(35)  Z(IVelliz + 1V@lE2) < Cllell 1Vl + [ Vel32)
ol
C M23/T
- 1+ln(e—|—HvH o)

[Ela
MQ 3/

C
~ 1+ In(e+ ||v||re)
where the Sobolev embedding has been used and A° = (—A)%/2.
For any Ty <t < T, we let

(3.6) y(t) = sup (1A% g2 + [[A%w]] 2).-

0<s<t

(IVollZe + I VwllZ2) (1 + In(e + [[v] L))

(IVollZe + VwlZ2) (@ +In(e+ || A%0] 2 + [ A%w]| ),



320 F. Y. Xuet al
Coming back to (3.5), we get

d
—(IVol72 + [IVwllZ2)

dt(
o] 2=
My ,3/1

< O T te + oliz=)
Applying Gronwall’s inequality to (3.7) on the interval [Ty, t], one has
(3:8)  [[Vulz + Vw72 < Coexp(Ce(l +In(e +y(1))))
< Chexp(2C=1n(e +y(t))) < Cole +y(1))?

where € > 0 (to be chosen later) satisfies

(3.7)

(IVolZ2 + [ VwllZ2) (1 + In(e + y(t))).

2/(1—r
A OBk

7 L In(e+[lo(s, )l L)
0

(3.84) ds < e,
and where Cy is a positive constant depending on Tp.
Next, we turn to the estimate for the H3-norm of v and w. In the following

calculations, we will use the following commutator estimate due to Kato and
Ponce [15]:

(3.9)  [14°(fg) — fA%lle < (IVFllzen |4 gllpar + 14 fl|ze2 | gl e2),

with s > 0 and 1/p = 1/p1 +1/q1 = 1/p2 + 1/qo. Applying A3 to both sides
of (1.1), then multiplying by A3v and A3w, respectively, after integrating by
parts over R?, we have

1d
(3.10) 5 §(|A3vy2+ A0y de + | (A% de + | (A0 do
R3 R3
+ S | A3 div | da + 2 S | A3w|? dx
R3 R3
- S [(A3(v- Vo) —v- VA Av dx + S A curlw - ABvdz
R3 R3
- S [A3(v - Vw) —v - VAW ABwdx + S A3 curlv - ABwdx
R3 R3
= A1+ Ay + Az + As.
Hence
13/12 1/4 5/3
(3.11) A1 < C| V| s 4%0]125 < C|Voll 13 2| %] 50 A
13/2 3/2
< H|A%|2, + O Vol} Y21 A% 32,

where we used (3.9) with s =3, p=3/2, p1 = ¢1 = p2 = g2 = 3, and the
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inequalities
3/4 1/4
(3.12) V0]l s < C|[Vo|| 25 A30] 14,
1/6 5/6
(3.13) 1430]| s < C|| V||| A% 3.

If we use estimate (3.8) for Ty < t < T, inequality (3.11) reduces to
(3.14) Ay < HA%|2; + CChle+ y(t)2 T3 02
Using (3.12) and (3.13) again, we have
(3.15) Az < C(|Voll s | 4wl s + | Vwll s A%0]l L) | Aw]l 1o
< C(IIVllps + [Vwllzs) ([ 4%0] 75 + | 4%w]17)
< §(I4"l[3 + 4% 32) + COoe +y(1)) 22 .
In the same way, for the terms Ay and A4 in (3.10) we have

(3.16) Az + Ay < g(|4%]I7: + [A%w]Z2) + C(A%] 22 + [ A%wl][72)

(14%][7> + |4%w]72) + CCole + y(t))*.
Inserting (3.14)—(3.16) into (3.10), we obtain

d
(3.17) | (14302 + | 42w[2) dz < CCole + y(t)) 22 % + CCyle +y(1))%.

R?)

1
<5
1
<%

Now, we choose t > Ty so close to Ty such that %Cs < %, which can

be achieved by the absolute continuity of integral (1.2). Thus, Gronwall’s
inequality implies the boundedness of the H3-norms of v and w.

Next, we turn to the proof of Theorem 1.1 under condition (1.3). First,
we assume 0 < r < 1. For I;, by Holder’s inequality, Young’s inequality,
integrating by parts over R? and (2.6), we get

(818) L <[ Vo Vol Vol < CIVol V0] (V0]
< OVl V0l 19205 Vol 2
< OVl P IwvlE) A9 2ll7)
< OVl IVol: + 3IV20l 3

Similarly, for I5, we have

(3.19) I < OVl DIVl + 51Vl
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Inserting (3.18), (3.19) as well as (3.4) into (3.1), we obtain

d 2/(2—r
(3200 Z(IVelia + [VwlE2) < CUVOll " (19l + [Vel?2)

— Cl +h’1(€ + HUHLOO)(HVUH%Q + HVWH%Q)(]- +ln(e+ ||UHL°°))

< O rte oy IV + I96lE) (0 4 e +y(e),

where y(t) is defined by (3.6).

Applying Gronwall’s inequality to inequality (3.20) on the interval [Tp, ¢],
one has

(3.21)  [[Vu[l7 + [[Vwlli2 < Coexp(Ce(1 +In(e + y(1))))
< Cpexp(2Celn(e+y(t))) < Co(e + y(t))2C‘E
provided that

2/(2—r
Vet )

D T mn(e+ (s, )=

ds < g,

and where Cy is a positive constant depending on Tj.

Now, in (3.21) we use a similar method to estimate the H3-norms of v
and w.

In the remaining case r = 1 in (1.3), by the Coifman-Lions-Meyer—
Semmes inequality [7] and Remark 2.3 we modify the above estimates to
obtain

d
(3.22) @(HVUH%2 + IVw]l72) < Clolgamo(IVoll72 + [[Vwl72)
< CHV’UHi'A (IVol72 + IVwll2)
IR,
~ 1+1In(e+ ||v]re)
Vol
L+ 1In(e + [[v][z=)

(IVollZ2 + [[VewlZ2) (1 + In(e + [|v]| )

(IVollZe + [ Vwl|Z2) (1 + In(e + y(t))).

The remaining estimate is analogous to that for » < 1. This completes the
proof of Theorem 1.1.

Proof of Theorem 1.2. We show that Theorem 1.2 holds under condition
(1.4). Computing the inner product of the first equation of (1.1 with |v|?v



Micropolar fluid equations 323
and the second with |w|?w, and integrating by parts over R?, one shows that

1d 2 212
(323) L —lolli+ § VPl e+ 5 g |V |v]?? da
R3 R3
< S IV P||v|?|v| dz + S curlw [v]*v dz,
R3 R3

(3.24) y\wuﬁ+ | [Vl \wy2dx+ | Idivwl|w]? do + 2 | |w|* de

R3 R R3

Q.‘Q‘

1
1

< S curl v |w|?w dz.
R3

Combining these, we arrive at

d
(3.25) 5 (llvlls + wl2) + | Vol |U|2d$+ V IVIoPP da
R3 2 o
S |Vw]|? \w|2daz+ S |div wl|?|w|? dz + 2 S |w|t da
R3 2 g R3
< S |VP||v|*|v| dz + S curlw [v]*v dz + S curl v |w|?w dz
R3 R3 R3

= IIl +II2 +IIg

Integrating by parts and applying Holder’s and Young’s inequalities for 11
and I13 , it follows that

(3.26) I+ 1II3< S |Vl |v]? dz + = S IVw|?|w?dz + C(||v]|F + [|wll7)-
2 s 2 s

Applying the operator V div to the first equation of (1.1), one formally has

ZRR (viv5)),

,j=1

where R; denotes the jth Riesz operator. By the Calderén-Zygmund in-
equality, we have

(3.27) VP2 < Cllv- Vvl 2.
Concerning the term I1;, by the Cauchy inequality and (3.27), we have
2 2
(3.28) I < |VP|palvlfe < CUVPIEIVPIo ol
1/2 1/2
< Cllo- Voll 2 IV Plghiollolls
2/3

4
> 5”” : VUHLZ + CHVPHBMo”U”LzL,
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where we used the interpolation inequality (see [29])

11172 < Cllf lBnoll FIIZ--
Inserting (3.26) and (3.28) into (3.25), it follows that

(3.29) %wvni +lwll}) < CIVPIEollvlts + Clvld + llwld)
< cuvpuéﬁowvui + [lwl$) + Clvlld + llwld)
L+ VPG 3+ VPl g2) (old + ) + CClolli + el
COU+ VPR W+ A% ) (lelld + D)
||VP||2/3
= C<1 AT mat HVPHBQW
IV P2

C(1 - In(1+]| A3 A3 i 1
e e e A E U PR AR ) (BT

)2/ In(1 + HASUHL2)> (ol + llel13)

IN

. IV Pl
< 1 0.0
8 < A+ VPl )

575 (1 + y(t))> (lollz + llells)

where we used the inequalities (see [17] [18])
1Pl o1 < C + C|| A% 7,
Flmio < CU+ 1 fll gy _ W20+ [ flle), s> n/2+1,

and y(t) is defined by (3.6).

Applying Gronwall’s lemma to inequality (3.29) on the interval [T, t],
one has

(3.30) sup_([[vl§ + lwll1) < Co(1+y (1)

To<s<t

provided that

IVPIG,

2 L+ + HVPHBgom))?/?’

—

ds < g,

and where Cj is a positive constant depending on Tj.

Multiplying both sides of the first equation of (1.1) by v and the second
by w, and integrating by parts over R3, we get
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1d
(3.31) §@HUH§+ S Vo|? dx < S veurlwdr < S |Vwl |v| dx
R3 R3 R3
1
<7 | [Vw[? da+ | [v]? da,
R3 R3
Ld, o 2 12 2
(3:32) 5wl + | Vwl?de+ | [divw]?dz +2 | |w]? da
R3 R3 R3
< S weurlvdr < S w| Vo2 dr < = S |Vo|? dx + S |w|? da.
R3 R3 Rs R3

Combining (3.31) and (3.32), using Gronwall’s inequality, we infer that
(3.33) vl oo 0,7522) + IVl 220,751y < C,
(3.34) lwllzoo0,7;22) + lwll z20,1;m1) < C-

Note that one has to estimate the L?-norm of Vv and Vw. We multiply
both sides of the first equation of (1.1) by —Awv and the second by —Aw,
then by integrating by parts over R, we get

1d
(3.35) = —||Vv|% + || Av||2, = S (v-V)v- Avdx — S curlw Av dz
2 dt 3 )
< lollpallVollpal Avl[ 2 + [Vl 2 || A 2

1/5 4/5
< vl palJo 12N Aol 35 Avll 12 + 51| Av||22 + C|| V|22
< L)av)2: + Clo|| 2 + Clwll 2| Awl| 2

< 1 Av)2s + L Aw|Zz + C|lo||12 + Cllw| 22,

(3.36)

&‘Q‘

IVolge + [ Aw]ze + 1V diveZa + 20| Vel Zs
= S (v-Vw - Awdx — Scurlv Awdz
< o]l o | Vell g2 | Al g2 + | V0| 2| Al 2

1/5 4/5 1/2 1/2
o]l gl |2 Awl| 32| Awll 12 + Cllol 1 | A0 ]| 17| Al 2
w2, + L Aw|2: + Clloll w24 + Cllv]|2.,
where we have used the Gagliardo—Nirenberg inequality:

4
IVFlzs < CUAIIAFISS, IV Flle < CIFILEIALI

By (3.33)—(3.36), we deduce that

(3.37)
V0|72 + Vw72 < CA+y(6)* (¢ = To) +1|Vo(, To) 172 + Vo (-, To) 72

From (3.37), the estimate of the H3-norms of v and w is as in the proof of
Theorem 1.1.

DN | =

I/\ IN
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Finally we show that Theorem 1.2 holds under condition (1.4). We start
from (3.28). Inserting (3.26) and (3.28) into (3.25) it follows that

d 2/3
(3.38) @(Hvlli +llwld) < CIVPIFolvlLs + (Il + lwll})

< CIIVPIERo Il + Ilwld) + C(llvllf + lwl$)

_c( |9 Pligio (1+mu+wvmmmﬁﬂuwﬁ+nwm
[+ (L + [VP5m0)

2/3
IV P[0
1+ In(1+ ||VP|Bmo)

)
IV PllEnmo >
)

/\

(1+ (L + [ AP gs)) ) (lolls + llwll)

IN
Q

+In(1+ |Vv vl|5 + |lw
O (1 1a(1+ [Vl ) ol + el

o
( 2/3
( IV PllEnmo
|

IN
Q

(1 +In(L+ [|Av][72)) ) (lolls + llw]3)

1 —I—ln 1+ ||VPHBM )
2/3
IV PllEhio
1+ ln 1+ ||VP||BMQ)

C( IV PllEsio (1+1n(1+ (75))><HvH4 + wll)
1+1In(1 + |[VP|Bmo) ! ' v

where we used the relation —Ap = 0;0;(v;v;) and

IN
Q

(1+In(1 + HA?’vIILz)))(HvIIi + wll2)

IN

3 4/3
1Av]12, < Cllo]| 25| A%0]| 32,

and y(t) is defined by (3.6). Applying Gronwall’s inequality to (3.38) for the
interval [Ty, t], one has

sup ([[v]l5 + l|lwll3) < Co(1 + y(t))“
Ty<s<t

provided that

t 2/3
IVP|ho

JS 1+ In(1 +[[VP|Bmo)
0

ds < g,

and where (Y is a positive constant depending on 7. The remaining estimate
is analogous to (3.31)-(3.37). Thus the proof of Theorem 1.2 is complete.
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