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T-p(x)-SOLUTIONS FOR NONLINEAR ELLIPTIC
EQUATIONS WITH AN L'-DUAL DATUM

Abstract. We establish the existence of a T-p(z)-solution for the p(x)-
elliptic problem

—div(a(z,u, Vu)) + g(z,u) = f —divF in £,

where (2 is a bounded open domain of RV, N > 2 and a : 2 xRxRN — RN
is a Carathéodory function satisfying the natural growth condition and the
coercivity condition, but with only a weak monotonicity condition. The right
hand side f lies in L'(£2) and F belongs to Hfil LrO(0).

1. Introduction. In this work we are concerned with the problem of
existence of a T-p(z)-solution for a class of nonlinear elliptic equations of
the type

(1.1) { —div(a(z,u, Vu)) + g(z,u) = f —divF in 2,

u=0 on df.

Here {2 is a smooth bounded domain in RY (N >2) and a : 2xRxRY — RN
is a Carathéodory function (that is, a(-,s,€) is measurable on (2 for every
(5,6) in R x RN, and a(z,,-) is continuous on R x RY for almost every z
in §2) and g(x, u) is a nonlinear term which satisfies some suitable conditions
(see and below). The right hand side f is in L'(£2) and F lies in
Hfi L LPO)(92) where p(-) : 2 — R is a measurable function satisfying some
hypotheses (see Section 2). The vector function a(-) is supposed to satisfy
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the following assumptions:

e For almost every z € £2, and all (s, &) € RxRY, with (-) a continuous
function and k(-) € LV’ ()(02),

(12 a(, 5,6)] < k() + [sPO 1 + [(s)]ePe .

e For almost every = € £2 and all (s,¢) € R x RY, and for some constant
a >0,

(1.3) a(z,s,€) - € > alg]P@),
e For almost every = € §2 and all (s,£,€) € R x RV x RY with & # €,
(1.4) (a2, 5,€) —a(z,s,8)) - (£~ &) > 0.

Our objective in this paper is to study the existence of a possible solution
of in the framework of Sobolev spaces with variable exponent under
only some weak monotonicity condition.

Hypotheses (1.3) and (1.4) are natural extensions of the classical as-
sumptions in the study of nonlinear monotone operators of divergence form
for constant p(-) = p (see [19]). However, the growth condition (1.2) is not a
natural hypothesis. This is due to the function 7(-) introduced in (1.2) (this
makes the term a(z,u, Vu) not necessarily bounded in Hl]\il L7 0)(2)), so,
proving the existence of a solution seems to be an arduous task. To over-
come this difficulty we use the framework of T-p(z)-solutions (this is the
first aim of this paper). The formula of this solution is written in the form
of an equality (see Definition below). However, the formula for the en-
tropy solution (see [6] for instance) is an inequality. So we can say that the
T-p(x)-solution is an entropy solution with equality.

One of our motivations for studying comes from applications of
electro-rheological fluids, an important class of non-Newtonian fluids
(sometimes referred to as smart fluids). The electro-rheological fluids are
characterized by their ability to drastically change the mechanical proper-
ties under the influence of an extremal electromagnetic field. A mathematical
model of electro-rheological fluids was proposed by Rajagopal and Ruzicka
(we refer to [26], [28] for more details).

Another important application is related to image processing [11] where
the diffusion operator is used to underline the borders of the distorted im-
age and to eliminate the noise. We also mention that our space appears
in elasticity [26] and in the calculus of variations with variable exponents
2122

Before starting, we list some remarks about solvability of . Firstly,
in the case where p = p(z) we can cite several studies such as: [5], [16],
[21], [13]. Secondly, it should be noted that in all recent works, the strict
monotonicity condition (1.4) is assumed. When trying to relax this condition



T-p(x)-solutions for nonlinear elliptic equations 341

on a(-), the classical monotone operator methods developed by Visik [2§],
Minty [24], Browder [10], Brézis [9], Lions [19] and others are not applicable.

The second aim of our paper is to treat the problem (1.1)) when (1.4) is
replaced by the weak monotonicity condition

(15) (a(x787£)_a(x78a€)) ’ (é_g) > 0.

Here we cannot use the classical method of almost everywhere convergence
of the gradient for the approximation of solutions because there is no guar-
antee that Vu,, — Vu a.e. in £2. To overcome this difficulty we use some new
techniques based on the L!-version of Minty’s lemma. When p(-) = p = con-
stant, the problem is studied under the weak monotonicity assumption
(1.5) in [7] and in [4] (in the last work the degenerate or singular operator
is treated). Finally, our third aim in this paper is to generalize [4] and [7]
to the case where p = p(x). Note also that this article can be seen as a
generalization of [5], [21], [23] and as a continuation of [4]. Recently, in the
case p = p(x), Wittbold and Zimmermann [29] have proved the existence
and uniqueness of a renormalized solution to nonlinear elliptic equations of
the form

(1.6) { —div(a(z, Vu)) + g(u) = f —divF in £,

uw=0 on df2.

The notion of renormalized solutions has been introduced, for the first time,
by Lions and DiPerna [14] in their study of the Boltzmann equations. See
also P.-L. Lions [20] for a few applications to fluid mechanics models. The
equivalence between entropy and renormalized solutions was developed by
G. Dal Maso, F. Murat, L. Orsina and A. Prignet [12] for the study of nonlin-
ear elliptic problems. Moreover, this equivalence was generalized to parabolic
equations with smooth measure data by J. Droniou and A. Prignet [15].

In the case of the Dirichlet problem in divergence form with variable
growth, modeled on the p(z)-Laplace equation, M. Sanchén and J. M. Ur-
bano [27] proved the existence and uniqueness of an entropy solution for L!
data.

Note that, in our work, if f € Lp/(')(Q), then admits no weak
solution because the term a(z, s, €) is not necessarily in L ()(£2) due to the
introduction of the function «(-) in (H;) (see Remark [5.2] below). However,
in other works [27], [29], a(-, s,£) € LP0)(£2) and consequently (1.1) has a
weak solution.

This paper is organized as follows: In the second section, we introduce
some basic properties of the generalized Lebesgue and Sobolev-Lebesgue
spaces. In the third section, we prove some technical lemmas after giving
the basic assumptions. In the fourth section, we begin by studying an ap-
proximate problem (P,,) for our main problem (P), which will be useful in
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proving the main result in the last section. The latter proof is divided into
three steps.

2. Mathematical preliminaries. This section is devoted to introduc-
ing some definitions and properties of generalized Lebesgue spaces Lp(')(_())
and Lebesgue—Sobolev spaces Wl’p(’)(Q), where (2 is a bounded open do-
main in RY, N > 2, that will be needed throughout the paper (for further
details about these notions and results, we refer the reader to [17], [18] and
[30] for instance).

We set

CL(2)={peC(2):p(x)>1forall x € 2}.

For every p € C4(§2) we define

pT =supp(zr) and p~ = inf p(x).
e e

The variable exponent Lebesgue space LP()(£2) is defined as

LPO(0) = {u : u is a measurable real-valued function,
N> 0: | Jule) /AP de < oo},
2
normed by the so-called Luzemburg norm,
) = inf {)\ >0 | Ju()/AP® do < 1}.
Q
The Lp(')(Q) spaces have some properties similar to those of the classical
Lebesgue spaces. They are Banach spaces ([I8, Theorem 2.5]). They are
reflexive if and only if 1 < p~ < p* < oo ([I8, Corollary 2.7]) and the
continuous functions are dense if p* < oo ([18, Theorem 2.11]). The conju-
gate space of LP0) () is LP'()(2) where 1/p(z) 4+ 1/p'(x) = 1. And for all
u e LPO)(02) and v € LP')(2) the Holder inequality
1 1
[ Juterota) do] < (= + =Yl ol
B p= P

holds.
An important role in manipulating the generalized Lebesgue—Sobolev

spaces is played by the modular of the LP()(£2) space, which is the mapping
Pp() (1) : LP0O)(2) — R defined by

Pp( (1) = S lu(z)|P® dz  for all u e LPU)(12).
(9}

If u € LPO)(£2) and pT < oo then the following relations hold:
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o If [lulpy > 1, then ||u|]5() < ppey(u) < HUHZ)
o If ulye) < 1, then [[ull2y < ppy(u) < ullZ,-
We also have
[ullpy = 0 if and only if  pp)(u) — 0.
Next, we define the generalized Lebesgue—Sobolev space W'P()(£2) as
WhPO(2) = {u € LPO(2) : |Vu| € LPO(2)},
which is endowed with the norm
[l pey = llullpey + 1V ullpe)-
We define
wlO(2) = WWI"’“(Q)'

W—L2'0)(£2) is the dual space of Wol’p(')(_Q).
We end this section by recalling the following important properties of
these spaces which will be needed throughout the following.

ProposiTION 2.1 ([18]).

(1) WtrO)(02) and Wol’p(')(ﬂ) are Banach spaces, which are separable if
p € L=(£2) and reflezive if 1 < p_ < pt < oo.

(2) If ¢ € C4(£2) with q(x) < p*(x) then we have the compact embedding
WhPO(2) s LIV (12),

where p*(x) = Np(z)/(N — p(x)) for all p(x) < N. Since p(x) <
p*(x) for all x € 2, in particular

(2.1) WO () s LPO(2).
(3) There exists a constant ¢ > 0 with [Jull,.y < cl|[Vully) for all u €

Wol’p(')(Q), hence ||Vulp.y and [[ully p.y are equivalent norms on
1,p(-
W, p( )(_Q)
3. Basic assumptions and technical lemmas

3.1. Basic assumptions. First, we suppose that the Carathéodory
function a : 2 x R x RN — R¥ satisfies the following assumptions:

(H1) lai(x,5,8)| < k(z) + |sP@71 + (4(s)|¢))P® 1,
(HZ) (a(x,s,f) — a(l" 575)) . (é’ _ E) > 0;

N N
(Hs) > ai(w,s,8) &> ad &GP,
i=1 i=1
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for almost every z € 2 all (s,£) € R x RY and all i € {1,..., N}, where
k(-) is a positive function in LP ()(£2), 4(-) is a continuous function and o is
a positive constant.

Next, we consider the following p(z)-Dirichlet problem:

P) —div(a(z,u, Vu)) + g(x,u) = f —divF in 2,
u=0 on 912,

where f € L'(£2) and F lies in the dual space Hi\il LP'()(£2). Moreover,
g(z, s) is a Carathéodory function satisfying

(3.1) g(x,s)s >0,
(3.2) sup |g(x, s)| = hn(z) € LY(92).
Is|<n
For all £ > 1 and s in R, the truncation T} is defined as
s if |s| <k,
To(s) = { . s
ks/|s| if |s| > k.

DEFINITION 3.1. Let u be a measurable function such that Tj(u) €
Wol’p(')(Q). Then w is called a T-p(x)-solution of the problem (P) if

S a(z,u, Vu)VTi(u — o) dr + S g(z,u)Ti(u — ) dx

0 2
= | fTe(w— @) dz + | FVT(u— ) da
[?) 2

for all ¢ € WoPY(2) N L2(02).

DEFINITION 3.2. Let X be a Banach reflexive space and let X™* be its
dual space. We say that the operator L : X — X™ is pseudo-monotone if

Uy — u weakly in X Lu, — Lu weakly in X*,
lim sup (L, uy, —u) <0 (L, up) — (Lu,u).
n—oo

The symbol — denotes weak convergence.

3.2. Some technical lemmas

LEMMA 3.3. Let ¢ € C(R2), g € LIO(2) and (g,)n, € L1)(2) with
llgnllq(y < C, where C is a positive constant. If gn(v) — g(x) almost every-
where in 2, then g, — g in LIO)(02).

Proof. We set

E(N)={z € 2:|gn(x) —g(x)| <1,Vn> N}.
Then
meas(F(N)) — meas({2) as N — oo.
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Let
F={peL"0(0): ¢ =0 almost everywhere in 2\ E(N) for some N}.
We shall show that F is dense in L7 )(£2). Let f € LY ()(£2), and put

(o) = {f(x) if z € E(N),
Y 0 ifzeR\EN).
Then
Py (fn—f)= S |fn () — f(w)!q,($) dx
2
= | @) = f@" D de+ | Ifxe) = f@)|7 do
E(N) Q\E(N)
= | @@ de = [ 1£@)" Dy m do.
2\E(N) "

Taking ¢y (z) = |f(:v)|q,($)xg\E(N) (x) for almost every x in {2, we obtain
Y — 0 almost everywhere in 2 and |yy| < |f]9®.
Thus by the dominated convergence theorem, we conclude that
Py (fn—f) =0 as N — oo

Therefore, fy — f in Lq/(')(ﬂ). Consequently, F is dense in Lq’(‘)(Q).
Now, we will show that

nl1_>no10 S o(x)(gn(x) —g(x))de =0 for all p € F.
9}

Suppose ¢ = 0 in 2\ E(N). We put ¢, = ¢(gn — ¢g). Since |p(z)||gn(z) —
g(x)| < |e(x)| almost everywhere in E(N) and since ¢, — 0 almost ev-
erywhere in (2, thanks (again) to the dominated convergence theorem we
obtain ¢, — 0 in L'(£2) as desired.
Finally, by the density of F in L9 ()(£2), we conclude that
lim S Ogn dr = S pgdx forall p € Lq/(')(Q),

n—00
9

which proves that g, — ¢ in LI0)(£2).

LEMMA 3.4. Let ' : R — R be a uniformly Lipschitz function with
F) =0, and p € C(92). If u € Wol’p(')(ﬂ), then F(u) € Wol’p(')(ﬂ).
Moreover, if the set D of discontinuity points of F' is finite, then

O(F ou) _ {F’(u) gu a.e. in{x € Q2 :u(zx)¢ D},
(‘9xi Li

0 a.e. in{x € 2:u(x)e D}.




346 E. H. Azroul et al.

Proof. First, we consider the case where
FeCY) and F' e L>®().

—  _wblpr®)

Let u in Wol’p(')(ﬁ). Since CSO(Q)W ) Wol’p(')(ﬂ), there exists a se-
quence (up)n, C C5°(£2) such that w, — u in Wol’p(')(ﬁ), hence u, — u
almost everywhere on {2 and Vu, — Vu almost everywhere on {2.

Therefore,
|F(un)| = [F(un) = F(O)] < [ F"[loolunl],
implying
+ oF p(@) ou p(z)
PP < WP @ and |55 )| = | P G

So F(uy) € Wol’p(')(Q) and F'(uy,) is bounded in Wol’p(')(Q), implying F(uy,)
— v in Wol’p(')(Q). Thus, F(u,) — v in LPO)(£2) (strongly) by (2.1). So,
F(u,) — v almost everywhere in {2, hence v = F(u) € Wol’p(')((}).

Now let F': R — R be uniformly Lipschitz. Then

F,=Fxp, > F

uniformly on every compact set, where p, is the regularizing function. We
have F, € C}(R) and F! € L*(R), therefore by the foregoing, we have
F.(u) € Wol’p(')(ﬂ), F,(u) — F(u) for almost everywhere on (2, and also
(Fn(u))p is bounded in Wol’p(')(ﬂ) and Fj,(u) — 7 in Wol’p(')(ﬂ) (weakly).
So, by using (2.1) we obtain

Fo(u) =7 in LPO(0).
Finally, F,,(u) — v for almost everywhere in (2, and consequently 7 =

F(u) € WPV (0).

LEMMA 3.5. Let u € WoP (). Then Ti(u) € WaP(2) with k > 0.
Moreover, Ti(u) — u in Wol’p(')(Q) as k — oo.

Proof. For k > 0, let
s if |s| <k,
ks/|s| if |s| > k.

Since T}, is uniformly Lipschitz and T (0) = 0, so using Lemma we have
Ty (u) € Wol’p(')(ﬂ). Moreover,

T, :R—RT, 3b—>Tk(s):{
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[ 170(0) = ul?®) da + | [V T4 (u) = VaPP® da
2 17
= S | Ty (u) — u‘P(:c) dx + S Ty (u) — u’p(x) de
|ul<k Ju|>k
+ S |VTk(u) — VU|P($) dx + S |VTk(u) o vu|p(m) dr
= S | Ty (u) — u‘l’(x) dr + S ‘Vu’p(x) der.
|u|>k ul|>k
Since Ty(u) — w as k — oo, and by using the dominated convergence
theorem, we have
|u|>k |u‘>k

Finally, ||T%(u) — ul| — 0 as k — oo.

WOLP(')(Q)

LEMMA 3.6. Let (up), C Wol’p(')(ﬂ) with u, — u in Wol’p(')(ﬂ). Then
T (un) — Ti(u) in WP (02).
Proof. We have u, — u in VVO1 P (')(Q). So, by the compact embedding

(2.1) we have u, — u in LP0)(£2), and hence u, — u almost everywhere
on (2. On the other hand,

N ) N
aTk(un)

D LRI o

2i=1 i=1 {2

Thus, (Tk(un))n is bounded on Wol’p(')((l), so there exists vy € Wol’p(')((z)

such that

p(z)
dr < 0o.

p(z p(z)

Ouy,
8.%‘2'

ouy,
TI; (un) Oz

Ti(up) = v in Wol’p(’)(ﬂ) as n — 0o.
Therefore, by the compact embedding (2.1) again, we have
Tk (un) — v almost everywhere in (2.

And since Ty (u, ) — Ti(u) almost everywhere in {2, we deduce that

v =Te(u) and Ty(un) — Ti(u) in WP ().

4. The approximate problem. Let (fy,), be a sequence of functions
in L>°(£2) which is strongly convergent to f in L(£2) such that ||f.||: <
|| fllz1, and consider the following approximate problem:

) {un e Wy (),
! — div(a(z, Tp(un), Vin)) + g (@, un) = fo — div(F) in £,
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where
9(z, s)
1+ 5lg(z, )]
In this section we will prove the existence of a solution to (P,,) under certain
conditions. This is contained in the following theorem;

gn(z,8) =

THEOREM 4.1. Let By, be the operator defined by
By : Wy (2) = W 0(2),
u v+ Bru = —div(a(z, Tx(u), Vu) + gr(x, u).

The operator By is bounded, hemi-continuous, coercive and pseudo-mono-
tone.

By using [19] and Theorem we obtain

THEOREM 4.2. Problem (Py,) admits a solution wuy, in Wol’p(')(ﬂ).
Proof of Theorem [{.1]

® By, is bounded: For u,v € Wol’p(‘)(Q),

(Byu,v)| = H a(w, T(u), V) Vo dz + | gi(a,u)o d:c‘
(% P

< (7= o Titw0, 0l 190l + § oo

< O 1+ [ (k) + TP + )P ) ol
n

< QUi+ § o)+ TP + )T ) )l

< 03HU||1,p(-),

because () is a continuous function, thus supp(Ty(u)) C [—k, k], which
implies that v(Tk(u)) is bounded in W'P()(£2); here Cy, Cy and Cj are
positive constants and
o= p'— if lla(x, Ti(u), Vu) ||y > 1,
5 p'tif la(x, Ti(u), Vu) |y < 1.

e By is hemi-continuous: Let t be a real variable tending to tg. We have
a;(x, Tp(u 4 tv), V(u+ tv)) = a;(x, Tp(u + tov), V(u + tov))

almost everywhere in 2 and for i € {1,..., N}. As moreover (a;(u, Ty, (u+tv),
V (u+tv))); is bounded in L' () (2), by Lemma a(x, T (u+tv), V(u+tv))
— a(x, T (u + tov), V(u + tov)) in (LF'O(Q2) Y as t — to.
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Let w € Wol’p(')(ﬂ). Since Vw € (LP)(2))N and
g(x,u+ tv) R g(z,u+tov)
L+ glo(z,u+ )] 1+ lg(a, u+tov)]

we have

in LP0(02)  ast — to,

(Bg(u+ tv),w) — (Br(u + tgv),w) ast— tp.
e By, is coercive: For u € WOLP(')(Q), we have
(Byu,u)  §ga(x, Ty(w), Vu) - Vudz  §, gi(2, u)ude

lullipey llull1p() llull1p()
a g, |VulP@® dr [[ul pr(.)
lullipey = lullipe

a—1
> oz||u|\zl)7p(,) — 400 as ||lully ) — o0,

where
_ pif fJullp) <1,
s pt o if fJullye) > 1.

e By, is pseudo-monotone: Let (uj)jen C Wol’p(')(ﬁ) be such that
(4.1) uj — uin Wol’p(')((l) and limsup (Byuj,u; —u) < 0.
We decompose the operator By, as By = A + G, where

(Agu,v) = Sa(:v,Tk(u),Vu)Vv dr and (Gyu,v) = Sgk(:n,u)v dx,
n n

for all u,v in Wol’p(')((}).
STEP 1: Bru; — Bju. First, we show that

lim <Gku]‘, Uj; — u> =0.
j—00

Indeed,
g(aj,u]‘)
(Gruj,uj —u)| = |\ —F———(u; —u)dx
Y §21+;16|9(93,Uj)| ’
1+ glg(@,uj)|

<

QD= Q=

kluj — uldr < Clluj — ullpy = 0 as j — oo,

thanks to (2.1). By (4.1)), we have

lim sup(Aju; + Gruj, uj — u)
= limsup(Aju;, u; — u) + limsup (Gru;j, u; —u) <0,
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which implies that
(4.2) lim sup (Aguj,uj —u) <0
Now since u; — u in Wol’p(’)(ﬂ), we have Qu;/0x; — Ou/dx; in LPO) ()

for all i = 1,..., N. And since (Ag(u;)); is bounded in W17 ()(2), there
exist h; and hy; such that

Aguj — hy, in W 0(2),

ai(-, Tr(u;), Vug) = hg in LPO(2) Vi=1,...,N.
So, by and we obtain

(4.4) lim sup (Aguj, uj) < (hy, u).

Moreover, by using (Hz), we can write

N

Z S (ai(x,Tk(uj),Vv) — ai(x, T (uyj), Vuj)) < v - 8uj> dr >0

—1 0 &%z 8.%'2

(4.3)

for all v € Wol’p(')(ﬁ), hence
N s N
(4.5) Z ai(z, Ty (uj), Vuj) == do > Z:ézaZ x, T (uy), Vu])a dz

0x; T
i=1 4 —1 )

~.

Mz

Salek (uj), )a—dx
Q

s
I
—

6Uj

dx.
8.%,‘ v

"
M=

Saz z, Ty (u;), Vo)
Q

=1

Since, u; — u in LP0)(£2) thanks to (2.1), we get u; — u almost everywhere
in (2. Then, by (H;) and the dominated convergence theorem, we obtain

(4.6)
a;i(z, T, (u;), Vv) = ai(z, Tp(u), Vo) in L’OR) foralli=1,...,N.
Thus,

N N
ov v
(4.7) Z S az(x,Tk(uJ),Vv)a—xi dx — Z S a;(z, Ty, (u), VU)@:L‘i dx,
i=1 0 =14
N ou N ou
(4.8) ;(S)ai(gg,Tk(uj) )ﬁxz dx — ;(Szai(a: T (), Vv)axl dx.
By using ([1.3), we get

N v N ov
Z !Szai(x’ T (u;), vUj)a—xi dxr — Z(S}hkzax dz.

i=1 i=1 i
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Letting j — oo in and using (4.6) f., we deduce that

I ig Ty(u;), V )8“3d >Z§ a”d
j;rgo Qazx ku] ’U/]a X X

’L

=1 i=1 2
al du
i(x, T
+ i:E 1 a;(x, Ty (u), Vv)aacZ dx

By invoking (4.4), we get

N ou N v N ou
Z hkia—mi dx > Z S hkia—wi dx + Z S ai(z, Ty, (u) Vv)axi dx
i=1 =1 i=1 {2
N ov
- Z S az(x,Tk(u),Vv)a dz
i=10 i
So
al ov ou
> Vaile, Tu(w), Vo) = hyy) < . 83:.) dz>0 for allv e Wy (0)
i=1 0 ! !

Taking v = u+ tw with first ¢t = 1 and then ¢ = —1, and using the technique
of Minty, we have

S (a(z, Ti(uw), V(u+tw)) — hy)Vwdz =0 for allw € W&’p(’)((}).
Q
Consequently,

(4.9) Apu = hy,
is an element of W~17'()(£2), so we deduce that
AkUj — Apu in Wﬁl’pl(')(Q).

Now, since gi(z,u;) — gir(z,u) almost everywhere in 2 as j — oo, and
|gk(z,u;)| < k, the dominated convergence theorem yields

(4.10) gr(z,uj) = gp(z,u) in LP'O(0).

Finally,
(A + Gr)(wj) = (A + G)(w)  in W H0(0).
STEP 2: (Bruj,uj) = (Bru,u). According to and (4.9), we have
lim sup (Aguj, uj) < (Agu,u) = (hg,u),
and by (4.10), (Gruj, uj) = (Gru,u), hence
limsup((Aguj, u;) + (Gruj, uj)) < (Agu, u) + (Gru, u),
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thus,
limsup (Bruj, uj) < (Bru,u).

So it suffices to prove that

liminf (Bruj, uj) > (Byu, u).

We have
al ou
(Bruj, u;) = Z S ai(x, Ty (uj) Vuj)a | dr + S gk (z, uj)u; de
i=1 0 i )
N
= ZS ai(z, T (uy), Vu;) — ai(z, Ti(u;), Vu)) Ouj _ Ou dx
=1 {2
N
ouj  Ou
—i—ZSala:TkuJ )(axz—axi)dm
i=1 {2
N
+ Z S a;(z, Ty, (u; ), Vuj)axz dx + S gr(x, uj)u; de.
=1 {2 2
Now, since
N Guj
Z S ai(x, Ti(uj) Vuj)T dx + S gr(x, uj)ujdx >0,
i=1 0 i 2
we have
N ou; Ou
(Bruj, uj) > ZSalek (uy) Vu)< J >d:v
=10 61‘1 8.7)@
N ou
+ Z S (Ii(SC,Tk(Uj), vu])% dx + S gk(, Uj)Uj dx.
i=1 02 ' o}
Thus,

lim inf(Byu;, u;) > lim inf or;  0x;

QD —

Il
—

ai(x,Tk(uj),Vu)<auj - 8u> dx

(2

dx + lim inf S gr(x,uj)u; de.

N
0
+ liminfz S a;i(z, T (u;), Vuj) 7— “
2 2

ox;
=1 v

So, we deduce that

Mz

| i

Consequently, B}, is pseudo-monotone.

liminf (Byuj, uj) > S 9k (z,u)udx > (Bru,u).
(9}

i=1
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5. Main result. Now, we are in a position to rephrase our main result
under convenient hypotheses. Precisely, we may state the following.

THEOREM 5.1. Under the assumptions (H1)—(H3), problem (P) admits
at least one T-p(x)-solution.

REMARKS 5.2. In the formulation of problem (P), we have a(z,u, Vu)
instead of a(z, Ty (uy), Vuy,) and the term a(z,u, Vu) is not necessarily in
LP'0)(02), nor in LY(£2), therefore (P) need not have a weak solution. For
example, if

ol 0, Vu) = espl(p(a) — 1)) - [Vl 29

with v(s) = exp[(p(z) — 1)s] and g(z,u) = a(x)u|u|?, with a a positive
function in L'(£2) and ¢ a positive constant, then the problem
Ti(u) € Wy (). F € TIY, 270(9),
— div(exp|(p(z) — 1)HUH]HVUHP(33)_2VU) + a(z)ulul/? = f —divF in 2,
u=0 on 912,

has a T-p(x)-solution but no weak solution.

We recall that in the following calculations, the symbol C' is a constant
with changing value.

Proof of Theorem

STEP I: The approzimate problem and a priori estimate. We recall that
(fn)n is a sequence of L*°({2) functions which is strongly convergent to f in
LY(£2) such that

Iallr < Ifln for all m € N.

Let u,, € VVO1 P (')(_Q) be a solution of the approximate problem (P,,), whose
existence is guaranteed by Theorem Choosing Ty (uy,) as a test function
in (Py), we have

S a(xv Tn(un)a vun)VTk(un) dx + S gn(l'v un)Tk (un) dx
Q 10
= | faT(un) dz + | FVT}(uy) da.
[0 19
Using VT},(un) = VpX{ju,|<k} and thanks to the coercivity condition (H3),
we obtain

p(z)

8:&

N
S a(x, Tn(upn), Vun) VI (uy) de > o S
2 i=1 {2



354 E. H. Azroul et al.

Since gn(x, un)Tk(u,) > 0, one has

OTy (un) [P ATy (un
ZS ku d:L‘<k:||f||L1+ZS k(u) dx
10 =1 2
N —1/p(x) 1/p(z)
o) 0Tk (un) | (@
< | = hd .
_k\|f||L1+;!§2|FZ|(2) Sl (§) a
Now, by Young’s inequality, we obtain
N (z)
8Tk Un P [0 /(2
a) | 8:55) dr < k| f|[z1 +ZS (x)’Fi’p(
i=1 0 ! i=1 0 P
N (z)
a 0Tk (un) |
+ dx.
> gl
So,
N N
o7, Unp, p(@) _ /
o> §| 2 T g < b+ D [ €l IE )
i=10 ! i=10
N p(z)
« 8Tk )
+ Z S dx.
i=1 2 2p~ O
Then

(g o1

for k > 1, Wthh 1mphes that

w. ) |P@)
(5.1) ZS 8Tk( n)

ol 9

() P) N ,
da (||f||L1+ ) (e dx)
0

=1

dr < Ck forall k> 1.

STEP 1I: Local convergence in measure of u,. We prove that (uy,), con-
verges to some function u locally in measure (and therefore we can always
assume that the convergence is a.e. after passing to a subsequence). We shall

show that (uy), is a Cauchy sequence in measure in any ball Bp.
For k£ > 0 large enough, we have

kmeas({|un| > k} N Bg) = | T (un)| dz <\ [Ti(up)| do

{lun|>k}NBRr Br
p(z) \1/ps
dx)

N
< Ol VTi(un)|lp) < C(S Z

=1

8Tk (un)
8xi

< CkL/Ps
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with
_ p~ it [[VT(un)llpey < 1,
? pt i |V (un)|pey > 1,

which implies

C
(5.2) meas({|un| > k} N Bg) < RESyN for all k& > 1.

We have, for every § > 0,
(5.3) meas({|un — um| > 0} N Br) < meas({|u,| > k} N Bg)
+ meas({|um| > k} N Br)
+ meas({| Tk (un) — Ti(um)| > 6}).
Since (Tj(up))n is bounded in Wol’p(’)(ﬁ), there exists vy in Wol’p(')(ﬁ) such
that
Ti(un) — vr  weakly in Wol’p(')(ﬁ),
Ti(up) — v strongly in LPO)(£2) and a.e. in 2 (by (2.1)).

Consequently, we can assume that Ty (u,) is a Cauchy sequence in measure
in 2.
Let € > 0. Then by (5.2) and ([5.3)), there exists some k(g) > 0 such that
meas({|u, — um| >0} N Bgr) <e for all n,m > no(k(e),d, R).

This proves that (u,), is a Cauchy sequence in measure in Bpg, thus con-
verges almost everywhere to some measurable function u. Then

(5.4) Ti(upn) = Tp(u)  weakly in Wol’p(')(ﬂ),
Tio(un) — Ti(u)  strongly in LPO)(2) and a.c. in £2 (by (2.1)).
STEP I11: Equi-integrability of the nonlinearities. We need to prove that
(5.5) gn(x,up) = g(z,u) strongly in L1(12).
It is enough to prove the equi-integrability of g, (z, u,). We take Tj1(uy,) —

Ti(uy,) as a test function in (P,) to obtain

| a(z, T (un), Vun)V(Tisr (un) — Ty(un)) dz
n

+ { gu(@wn) (T (un) = Ti(un)) da
N

N
= S fn(z_’l-l—l(un) T’l un T + Z S sz T‘l—s—l un ﬂ(un)) dﬂ?,
9] i=1
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which implies that

S a(x, T (up), V) Vuy, dr + S |gn (z, uy)| dx
{i<]un|<l+1} {lun|>1+1}

N o\ /P o) V/p@)
<o | iplesY § R(S) T wwl(3) e

{lun|>1} i=1 {I<|un|<I+1}

By Young’s inequality,

S a(z, Ty (un), Vun)Vu, de + S lgn(z, un)| da
{I<]un|<l+1} {lun|>1+1}
N
<C | |faldz+Clap)d. | |FF@da
{lun|>1} =1 {Jun|21}

a & Ty (un)
SN

c Ty
i=1 1< {Jun |<I+1}

p(z)

Thus, by the coercivity condition (Hj),
N
| lm@uw)lde<C | faldz+Clap )Y | [FP™) da
{lunlzi+1} {lunl=l} =1 {Jun |21}
Let € > 0. Then there exists [(¢) > 1 such that

(56) [ lgnr un)l de <
{lun|>U(e)}
For any measurable subset F C {2, we have
S \gn (T, up)| dz < S |gn (2, un)| dz + S |\gn(x, up)| dx
E En{lun|<l(e)} En{lun|>()}
< S ’hl(a) (:L')’ dx + S ’gn(xv ’U,n)‘ dz.
E Enflun|>(e)}
In view of (3.2)) there exists n(e) > 0 such that
€
(57) § 1oy ()] i <
E

for all E such that meas(E) < n(e). Finally, by combining (5.6 and (5.7)
one easily sees that

S |gn (2, upn)|dz < e for all E such that meas(E) < n(e).
E
STEP IV: The intermediate inequality. In this step, we shall prove that
for all p € Wol’p(')(ﬂ) N L>°(£2), we have

DN ™
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(5'8) S a(ac, Un, V‘P)VTk(un - ‘P) dx + S gn(% un)Tk(Un — 90) dx
2 02
<\ faTe(un — @) do + | FVT}(up — @) da.
02 02

We now choose Ty (u, — ¢) as a test function in (P,), with ¢ in Wol’p(')(ﬂ) N
L*>®(£2) and n large enough (n > k + [|¢||s), to obtain

S a’(xv Tn(un)a vun)VTk(un - 90) dx + S gn(a:, un)Tk(un - 90) dx
Q 19
= S a(x, up, Vun)VTi(u, — @) dx + S Gn (@, un) Ty (un — @) du,
Q o}
which implies that

S a(z, up, Vup)VTi(u, — @) de + S Gn (2, un) Tk (up — @) do
n (9]
=\ fuTi(un — ¢) dw + | FVT(up — ) da
9] 9]
Note that since n > k + ||¢||co, we have T}, (uy) = uy,.
Adding and subtracting the term §, a(x, uy, V) VT (u, — @) dz yields

(5.9) S a(x, Up, Vun)VTg(uy — @) dx + S a(x, un, VO)VTi(un — @) dz

2 (9}
— { a(@, un, Vo)V Ty (un — @) da + | gn (@, un) Ty (un — ) du
(9] 2
= | fuTi(un — @) dz+ | FVTy(u, — ) da.
(9] (9]

Thanks to the weak monotonicity condition (Hs) and the definition of the
truncation function, we have

(5.10) V(a(, tn, Vun) — a2, tn, Vo)) VTi(tn — @) dz > 0.
2

Combining ([5.9) and ( -, we obtain

STEP V: Passing to the limit. We shall prove that for ¢ € Wol’p(')(!?) N
L>(£2), we have

S a(x,u, Vp)VTi(u — @) dx +
n

g(z,u)Ti(u — ) dx

fTi(u— @) de + S FVTi(u— ¢)dz.
9]

)
-
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First, we claim that
S a(x, U, Vo)VTi(up — ) de — S a(x,u, Vo)VTi(u — p)dxr as n — oo.
) 9]
Since Tas(uy) — Tar(u) weakly in Wol’p(')(ﬁ), with M = k+ ||¢||0, we have
(5.11) Ti(up — ) = Tx(u — )  weakly in Wol’p(')(_(?),
which gives
Ty,
(‘9xi
Now, thanks to (H1),

Jas(, Tas(un), V)@ < (k(2) + [Tas () PO + (10| Vipl 1),

thus
(5.13)

jai(, Ts(un), V)P < (k{2 @ + [Tas (un) P + 16| P),
with vo = sup {|v(s)| : |s| < k+ ||¢]ls}, and 8 a positive constant.

Now, since Ty (u,) — Ths(u) weakly in Wol’p(')(ﬂ) and by (2.1), we have

Tar(un) = Tar(u)  strongly in LPO)(£2).

(Up—p) = O (u—y) weakly in LPO)(02) for alli =1,..., N.

(5.12) T,

Thus,
i (2, Tag (un), Vo) ') = ai(z, Tas (), V) ') ae. in 12,

and

Bk(@P @ + |Tar (wn) P + )|V ®)

= Bk + [Ty (u)") + AT @),

a.e. in §2. According to Vitali’s theorem, we deduce that
(5.14) ai(z, Tar(up), Vo) — as(ax, Tar(u), Vi) strongly LP 0)(£2) as n — oo.
Combining (5.11)), (5.14) and the fact that Ths(u,) = u, (since M = k +
l#lloc), one has
(5.15)
S a(x, un, Vo)VTi(up — ) de — S a(x,u, Vo)VTi(u —)dr asn — oo.
Q Q

Secondly, we show that

(5.16) \ £ (tn — @) dz — | fTh(u — ) da.
(0] (0]

We have f,Tx(un — @) = fTi(u— @) a.e. in 2 and | f,Ti(un — ©)| < k| fnl
and k|f,| — k|f] in L'(£2). By using Vitali’s theorem a second time, we

obtain (|5.16)).
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Similarly thanks to (5.5]), we can show that
(5.17) S n (@, un) Tk (up, — @) de — S g(z,u)Tp(u — p)dx asn — oo.

07 N
In view of (5.12) and since F € Hf\il LP'()(02), we obtain
(5.18) SFVTk(un—gD) dx — SFVTk(u—gp)dx as n — oo.
) 0

Thanks to ((5.15]), (5.16) and (5.18]) we can pass to the limit in (5.8]), so that
for all ¢ € Wol’p(')(ﬂ) N L>(£2), we deduce

(5.19) S a(z,u, Vo)VTi(u— ¢)dx + S g(x,u)Tk(u — @) dx
0 0
<\ fTe(u— @) dz + | FVT}(u— @) da.
Q 2

Now we introduce an L!-version of the Minty lemma.

LEMMA 5.3. Let u be a measurable function such that Tj(u) belongs to
Wol’p(')(ﬂ) for every k > 0. The following assertions are equivalent:

(1) S a(x,u, Vp)VTi(u — @) dr + S g(x,u)Ti(u — ) dz

0
<\ fTe(u—p)do+ | FVT}(u— @) da,
2 2

g(z,u)Ti(u — ) dx

= | fTu(w — ) do + | FVT(u — o) da,
] 9]

for all ¢ € Wol’p(')(ﬂ) N L>($2) and for all k > 0.
In view of Lemma the proof of Theorem [5.1] is finished.

Proof of Lemma (ii)=-(i). This is easily proved by adding and sub-
tracting
S a(x,u, Vo)VTi(u— ¢)dx
Q
and then using the weak monotonicity condition (Hy).
(i)=(ii). Let h and k be positive real numbers, let A € |-1,1] and ¢ €
Wol’p(')(Q) N L*>(£2). Choosing

o = Th(u — NTio(u — ) € Wy P (2) N L= ()
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as a test function in (i), we have
(5.20) Ihie < Jhi
with
Ink = alw, u, VT (u = XTi(u = 9))) Vi(u = Ti(u = Mi(u — 1)) da
Q
+

| 9(z, ) Th(u — Tp(u — ATp(u — ) da = Iy, + Iy,

02
and
T =\ fTe(u=T(u =T (u=1))) da+ | FVTy(u—Ty(u=ATy(u—1))) da.
I?) (%
We set

App =A{z € 2 |u—Tp(u— ATj(u — )| < k},
By, = {LL‘ €N |u—)\Tk(u—w)] < h}

Then we obtain

p= | ale,u, VT,(u— \Th(u— ) VTi(u — Th(u— ATk (u—1)))) do
AgnNBhk
+ | a(e,u, VT (= NT(u = ) VTk(u — Th(u — AT (u — 1)) d
AppNBE,
+ | al@,u, VIh(u = M(u — 9))) VT (u — Ty (u — ATi(u — ) da.
AC

kh

Since VT (u — Th(u — ATk (u — 1)) is different from zero only on Ay, we
have

(5.21) S a(x,u, VI (u— ATk (u—1))) VI (u—Th(u— ATk (u—1))) dz = 0.
A
Moreover, if z € B, we have VT},(u — AT (u — %)) = 0 and using the
coercivity condition (Hs), we deduce that
(5.22)
Vo al@u, VTh(u = NTi(u = ) VT (u = Th(u = ATy (u — ¢))) da
AkhmB}?k
= | al@u0)VTi(u— Th(u — ATy (u — v))) dz = 0.
AppNBE,
From (j5.21)) and ([5.22), we obtain
p= | a(z,u,VTh(u—AT(u—))VTh(u— Tp(uw— ATp(u—1)))) da.

AgnNBhk
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Letting h — oo, and |A| < 1, we have
Apn = {x A [Tk (v — )| < k} = 12,
By — (2, which implies Ay, N By — £2.
By using Lebesgue’s dominated convergence theorem, we conclude that
lim

h—o0 S
AgnNBhk

a(@, u, VI, (u— ATk (u—1))) VT (u—Th(u— ATk (u—1)))) dz

= S a(x,u, V(u— ANTi(u—1v))VI(u— 1) de,
Q
which implies that
Jim I, = A Va(@,u, V(u— N(u — ) VT (u — ¢) da.
—00
9]
Moreover, it is easy to see that
hli_}ngo S g(x,u) T (u — Th(u — AT (u — ) de = A S g(x,u)T(u — ) dx,
Q Q
which implies that

(5.23) hli)rfoo Ik = A S a(z,u, V(u — NTx(u—1))VTi(u—1)de
(0}
+ A | gz, w)Ti(u - ¢) da.
2

On the other hand,
Tnk =\ FTe(u=Th(u= ATy (u—1))) dz+ || VT (u—T)(u— AT} (u—1v))) da.

02 2
Thus,
Jim \ T (u=T (=T (u—1))) da+ | FY Ty (u—Tj (u—ATj(u—1p))) dac
02 02
=M\ fTh(u— ) do+ A | FVTi(u— o) da,
02 02
which implies that
(5.24) Jim Ty = A \ fTu(u— ) do+ X | FVYT(u— ) da.
> Q Q

Using ((5.23)), (5.24]) and passing to the limit in (5.20]), we obtain

A(S a(x,u, V(u— ANTi(uw—9)VT(u—v)de + S g(x,u)Ti(u — ) d$>
n n

< A((S) FT(u— ) dx + éFVTk(u — ) dx)
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for every ¢ € Wol’p(')(ﬁ) N L>®(§2), and for k£ > 0. Choosing A > 0, dividing
both sides by A, and then letting A\ tend to zero, we obtain

(5.25) S a(z,u, Vu)VTi(u — ¢) dx + S g(x,u)Tk(u — ) dx
0 0
< S fTe(u— ) dx + S FVTi(u— ) dz.
19 9]
Doing the same for A < 0, we obtain

(5.26) S a(z,u, Vu)VT(u — @) dx + S g(x,u)Tp(u — ) dx
[0 02
>\ fTi(u— @) da + | FVT,(u — ) da.
2 9]
Combining (5.25)) and ([5.26]), we conclude that

(5.27) S a(x,u, Vu)VTi(u — @) dx + S g(z,u)Ty(u — ) dx
9} 02

= S fTi(u— @) dx + S FVTi(u— ) dz.
2 9]
This completes the proof of Lemma
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