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AN EXISTENCE THEOREM
FOR A STRONGLY NONLINEAR ELLIPTIC PROBLEM
IN MUSIELAK-ORLICZ SPACES

Abstract. We prove an existence result for some class of strongly non-
linear elliptic problems in the Musielak—Orlicz spaces WLy (£2), under the
assumption that the conjugate function of ¢ satisfies the Ags-condition.

1. Introduction. Let {2 be an open subset of R™. This paper is con-
cerned with the existence of solutions for strongly nonlinear elliptic problems
of the form

(1.1) A(u) + g(z,u,Vu) = f in 2,

where A is a Leray-Lions operator: A(u) = —diva(z,u, Vu).

A. Benkirane and A. Elmahi [BE1] have proved the existence of a solution
for problem in the Orlicz-Sobolev space WLy (£2), assuming a sign
condition and a natural growth condition on g.

A. Elmahi and D. Meskine [EM] have proved an existence theorem for
problem without assuming the As-condition on M and its conjugate
function.

In the main result of [BEI], M is supposed to satisfy the Ag-condition
and the domain {2 of R™ is supposed to have the segment property in order
to construct a complementary system (W Lz (£2), Wl En(£2), W L;(92),
W_IEM(Q)). It is our purpose in this paper to prove an existence result for
the strongly nonlinear elliptic problem in the setting of Musielak—Orlicz
spaces WlL(P(Q), under the assumption that the conjugate function of ¢
satisfies the As-condition.
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For some other existence results for strongly nonlinear elliptic problems
see [ABT), [AHT].

2. Preliminaries. In this section we briefly list some definitions and
facts about Musielak—Orlicz—Sobolev spaces [M].

Let {2 be an open subset of R and let ¢ be a real-valued function defined
in 2 x R4 and satisfying the following conditions:

(a) p(x,-) is an N-function, i.e. convex, nondecreasing, continuous,
o(x,0) =0, ¢(z,t) > 0 for all t > 0, and
o(z,t)

t
lim sup M =0, lim inf = 00

t—=02c0 t—o0 zef? ’

(b) ©(-,t) is a measurable function.

Then ¢ is called a Musielak—Orlicz function and we put ¢, (t) = p(z,1).

Let 9(x, s) = supyso{st — ¢(z,t)} be the Musielak—Orlicz function com-
plementary to ¢ in the sense of Young with respect to the variable s.

The Musielak-Orlicz function ¢ is said to satisfy the As-condition if
there exists £ > 0 independent of z € (2 and a nonnegative function h
integrable in (2 such that ¢(x,2t) < kp(z,t) + h(zx) for large values of ¢.

We define the functional o, o(u) = |, ¢(x, |u(z)|) dr and the Musielak—
Orlicz space L, (§2) = {u : 2 — R measurable : g, o(|u(z)|/\) < oo, A > 0}.

The closure in L, (§2) of the bounded measurable functions with com-
pact support in 2 is denoted by E,(f2). The space E,(2) is separable and
Eu(2)" = Ly(82) (see (M),

WL, (£2) (resp. WIE,(£2)) is the space of all functions u such that u
and its distributional derivatives of order 1 lie in L, (§2) (resp. E,(S2)). Let
a = (aq,...,q,) with nonnegative integers a;, |a] = a1 + -+ + ay,, and let
D%u denote the distributional derivatives. We set

Gon(w) =Y 0pa(D%), |ullipe =nf{A>0:0,0(u/A) <1}.
o<1

The spaces WL, (£2) and W' E,(£2) can be identified with subspaces of
the product of n 4 1 copies of L, ({2). Denoting this product by ITL,, we
will use the weak topologies o(IIL,,IIEy) and o (11 Ly, ITLy).

Let WLy (£2) (resp. WLE,(£2)) denote the space of distributions on
(2 which can be written as sums of derivatives of order < 1 of functions in
Ly(£2) (resp. Ey(£2)).

If ) satisfies the Ag-condition, then the space D(£2) is dense in W L, (£2)
for the topology o (11 Ly, IILy) (see [BS, Corollary 1]).

LEMMA 2.1. Let §2 be an open subset of RN of finite measure. Let @, 1
and ¢ be Musielak functions such that ¢ < ¥, and let f : 2 xR — R be a
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Carathéodory function such that for a.e. x € {2 and all s € R,

(2.1) [ (2,8)] < e(x) + katpy, o, kol s)),

where ki, ko are positive real constants and c € E4(§2). Then the Nemytskii

operator Ny defined by N¢(u)(z) = f(z,u(x)) is strongly continuous from
P(E,(£2),1/ks) = {u € Ly(£2) : d(u, E,(£2)) < 1/ka}

into Eg(2).

3. Main results. Let {2 be a bounded open subset of R". Let ¢ be a
Musielak—Orlicz function, and ¥ the Musielak—Orlicz function complemen-
tary (or conjugate) to ¢. We assume here that 1 satisfies the Ag-condition
near infinity, and let v be a Musielak—Orlicz function such that v < .

Let A : D(A) C WiLy(2) — W'L,(£2) be a mapping (not defined
everywhere) given by A(u) = —diva(z,u, Vu) where:

(A1) a: 2 xR xR"— R” is a Carathéodory function,

(Ag) for a.e. x € 2 and all s € R and £ € R”

la(z, 5,6)| < e) + kv (v(x, kals]) + kst (o (@, kal€])),
for some ¢ € E,(£2), and ky, ko, k3, ks > 0,
(Az) for each z € 2, and all s € R, &,&* € R™ with & # £,
la(z,s,€) — a(z,s,&)][€ — €] >0,

(Aq) a(z,s,8)-€ > a-p(z,|€|/N) for some a, A > 0.
Furthermore, let g : {2 X R x R — R be a Carathéodory function such that
for a.e. x € 2 and all s € R, £ € R™,

(Gl) g(x7 Saf) c8 2 07

(G2) lg(z,5,E)| < b(|s))(c'(x) + p(z, [£]/X)),

where b: R — R is a continuous and non-decreasing function and ¢/(z) is a
given non-negative function in L'(£2) and X’ > 0. Finally, we assume that

(3.1) feWE,(9).
Consider the following elliptic problem with Dirichlet boundary condi-
tion:
u € WiLy(02), g(x,u,Vu) € LY (2), g(z,u, Vu)u € L1(£2),
(3.2) S a(x,u, Vu)Vudr + S g(x,u, Vu)vdxr = (f,v),

2 Q
for all v € Wi Ly,(£2) N L°°(£2) and for v = u.

We shall prove the following existence theorem:

MAIN THEOREM 3.1. Assume that conditions (A1)—(A4), (G1), (G2)
and (3.1)) hold true. Then there exists a solution u of problem (3.2)).
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Proof. Step 1. Consider the sequence of approximate equations
(3.3) U € Wy Lp(2), Alun) + gn(2,un, Vup) = f in D'(£2),

where n € N* and

_ g9(z,s,§)
gn(2,5,§) = 1+ (1/n)|g(z,s,&)|

Note that gn(%,5,€) - s > 0, |ga(, 5, )| < |g(z,5,€)| and |ga(z, 5,6)] < n.

Since gn(z,s,&) is bounded for any fixed n > 0, there exists a solution
up, of (3.3) (see [BS, Theorem 1, Theorem 5 and Remark 1]).

Using in (3.3) the test function u,, we get

(3.4) S a(z, up, V) - Vuy de < (f, up).
Q

By Theorems 1 and 5 of [BS],

(3.5)  (uy) is bounded in Wy L,(£2) and S a(x, up, Vuy,) de < Cf,
9]
(3.6)  a(x,upn, Vuy) is bounded in (Ly($2))",
(3.7) S Gn (X, Up,y V) - up dz < Co.
Q

Passing to a subsequence if necessary, we can assume that

u, —u  weakly in Wy Ly, () for o(ITLy,, TEy) = o(IT Ly, ITLy).
Then
(3.8) up = u strongly in £, and wu, —u a.e.in £2.

Step 2. Let ¢(t) = texp(yt?), v > 0. It is easy to see that when v >
(b(k)K /2a)? one has

¢'(t) — (b(k)K/a)|g(t)| = 1/2, VteR,
where K > 0 is a constant which will be specified later.

Take z, = Tg(un) — Ti(u) and use v, = @(z,) € WiL,(£2) as a test
function in (3.3)) to get

(A(un),vn) + S gn (T, Up, Vup)vpdr — 0 asn — oo
2
since v, — 0 weakly in W L, (£2) for o(II Ly, IIEy) = o(II Ly, IILy), as is
easily seen.

Below we denote by ¢;(n) (i = 1,2, ...) various sequences of real numbers
which tend to 0 as n — oo.
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Since gn (x, un(x), Vup(z))vp(z) > 0 on the subset {x € 2 : |uy(z)| > k},
we have
(3.9) (Alun),vn) + | gnl@,un, Vig)v, do < e1(n).
{lun|<k}
Fix a real number r > 0, define 2, = {x € 2 : |VTi(u(z))| < r} and denote
by x, the characteristic function of (2,.
Taking s > r we have
(3.10)
0< | [0, tn, VTk(n)) — (@, tn, V()] [V T (1) — VTi(w)] d
2
<\ [a(@, un, VT (un)) = a(@, tn, V()] [V Tk (un) — VT (u)] da
25
< S [a(az, Un, VTk(un)) - CL(ZE, Un, VTk?(u)XS)] [VTk(un) - VTk(u)Xs} dx.
2
On the other hand,

(A(un),vn) = \ al@, un, Vun) [VTi(up) — VT (u)]d' (2,) do

QD Q=

Then
(3'11) <A(un)a Un) = S [CL({L‘, Unp, VTk(un)) - a(a:, Un, VTk(u)Xs)]

? X [VTg(un) — VTi(u)xs]¢' (2) dx

S a T, Up, VI un)) ka(u)XQ\QS ¢,(Zn) dx

Q

+ S a(z, un, VT (u)xs) [VTx(un) — VT (w)xs) ¢ (2n) dx.

Denoting by xg, the characterlstlc function of G,, = {|un(x)| > k}, the
second term on the right-hand side of (3.11)) reads

— S[a(m, Un, Viiy) — a(x, un, 0)]xa, VTk(uw)¢' (2,) dr;
0

this tends to 0 since xq, VIk(u)¢'(2,) — 0 strongly in (E,(£2))" by Le-
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besgue’s theorem while a(x, u,, Vu,) — a(x, uy,0) is bounded in (L (£2))"

by and (Ap).

Since |a(z, un, VI (un))| < |a(z, un, Vuy)| + |a(z, upn, 0)| it follows that
a(x, upn, VI (uy)) is bounded in (L (£2))" for o(II Ly, I1E,), for some h €
(Ly (£2))"

We deduce that the third term on the right-hand side of (3.11]) tends to

- S a(x,u,0)VTi(u) dx
O\ 2,
since a(x, uy, VI (u)xs) tends strongly to a(x, u, VTk( )Xs) in (Ey(£2))™ by
Lemma - while VT (uy,) tends weakly to VT (u) by (3.8 .
This implies that

(3.12) (A(up), vn) = S[a(m,un, VTi(un)) — a(x, un, VI (u)xs)]
2
X [VTk(un) - VTk(u)Xs}(b/(Zn) dx
+ | (al@,u,0) — h)VTi(u) dz + e5(n).
A\ 02,

We now turn to the second term of the left-hand side of (3.9):

[ gnle,un, Van)onda| < b(k)(c’(a:)+cp<x,|V)\1fn|>>\vn]dx

{lun|<k} {lun|<k}
Ty (uy,
< e3(n) +b(k) | go(w, W) |on| da
2

since (vy,) is bounded in L*°(£2) and v, — 0 a.e in 2.
Using (A4) we can write

(3.13) S gn (T, Up, Vuy)vp dx‘
{lun|<k}

G“

<es(n S a(x, up, VT (un))VTk(up)|vn| de

(k)

o
9]

k)

b

T $ y Un, VTI{: un)) - a(x, Un, ka(u)Xs)]

X [VTj(un) — VI (u)Xs]|vn| dz

a(x, Un, ka(un))VTk(u)Xs’vn’ dzx

a(z, up, VT (u)xs)[VTE(un) — VT (uw)xs]|on| dz.
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The second term on the right-hand side of tends to 0 since
a(x, un, VI (uy)) is bounded in (Ly (£2))™ while VTj(u)xs|v, | tends strongly
to 0 in (E¢(Q))” by Lebesgue’s theorem.

The third term on the right-hand side of (3.13) tends to 0 since
a(z, un, VI (u)xs)|vn| tends strongly to 0 in (Ey(£2))" by condition (As)
while VT},(u,) — VTj(u)xs is bounded in (L, (§2))".

We deduce that

(3.14) ‘ S gn (T, Up, Vg )vp dl"
{lun|<k}

< ca(m) + " {0l e, V) — (e, VTi() )]

a
n
X [VTi(upn) — VT (u)xs)|vn| dz.

Combining (3.9), (3.12) and (3.14) we obtain

S [a(l'v Un,, VTk(“n)) - a(l‘, Un, VTk(u)Xs)]
(9}
< V() = TT)a) (o) = * o))
<es(n)— | (a(z,u,0) — h)VTi(u)da,
O\,

which gives, by using the inequality ¢'(t) — (b(k)K/a)|o(t)| > 1/2,

S[a(x, Un,, VIE(up)) — a(x, tn, VI (w)xs)] [V (un) — VT (uw)xs) dz
Q
<2e5(n) -2 | (a(2,u,0) — h)VI}(u) dz.
O\Q2,

Using (3.10) yields

S [a(x, un, VT (up)) — a(z, up, VI(w)] [V (un) — VIg(u)] dx
2y
<2e5(n) -2 | (a(2,u,0) — h)VT}(u) dz.
2\ 2

This implies that
0 < timsup | [a(z, wn, VTk(un)) — al@, wn, V()] [V Tk (un) — VTk(w)] da

n—oo 0
<2 | (a(z,u,0) = h)VTi(u)dz.
O\ 2,
Using the fact that (a(x,u,0) — h)VTy(u) € L'(£2) and letting s — oo we
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get
S [a(z, up, VT (upn)) — a(z, up, VIE(w)] [V (un) — VI (u)] dx — 0.
2,

Passing to a subsequence if necessary, we can assume that
[a(x, Un,s VTk(un)> - a(x, Un,s VTk<u))][VTk(un) - VTk(u)] —0 ae in (2.

As in [BE2], we deduce that there exists a subsequence, still denoted by u,,
such that
Vu, — Vu a.e. in £2.
Step 3. We shall prove that g, (z,un, Vu,) — g(x,u, Vu) strongly in
LY(£2) by using Vitali’s theorem.
To prove that g,(x,un,, Vu,) are uniformly equi-integrable in (2, let
E C (2 be a measurable subset of 2. We have, for any m > 0,

B Enflun|<m}

+ S ’gn(xvunyvun”dx
EN{|un|>m)}

Moreover,

| oo Vulde s § [+ (2 0 | a

En{lun|<m} En{lun|<m}

< b(m S d(x)dx + b(am) S a(x, Up, VT (un)) VT (uy,) de
(

E E
<b S d(z)dx + bam) [255(71) +2 S (a(z,u,0) — h)VT(u) dx}
E 2\
Tm S a(x, Upn, VT (un)) VI, (u)xs dx
E
- Sa (2, U, VI (0) X)) [V T () — VT (1) xs] dit.

We claim that a(z, up, VI, (un)) VT (u)xs = a(z, u, VI, () VT (w)xs
and a'(x7 Un, VTm(u)XS)[VTm(un)) - VTm(u)Xs] - a(x, u, O)VTm(u)XQ\QS
strongly in L!(§2). To prove this claim we can use Lemma 2.4 of [BET].

Let € > 0. We have

1 C
S |gn (2, tpn, Vuy,)| de < — S Gn (T, Up, Vg )uy, de < =2
m m
EN{[un|>m} Q
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Thus for m sufficiently large, we can write
Vo lgn(@,un, Vun)| do <
En{|un|>m}

Furthermore, there exists ng > 0 such that 2(b(m)/a)es(n) < €/10 for
all n > ng, and there exists s large such that

b(m)

Vn.

l\D\(T)

2 | (a(z,u,0) = B)VTy (u Ydo < —.

10
2\
There exists 01 > 0 such that |E| < §; implies

Mg a(, 1, VT (1)) V T () s di < =,

v
o 10 ™

10’

E‘
- Sa:p Uty Vi (0)X8) [V () — V() xs] d < —,  Vn,
E

Sc’ da:<—.

Thus When |E| < d; one has SEH{\un|§m} |gn (2, Un, Vuy)| dx < /2 for all
n > ng. Consequently, |E| < &1 implies § |gn (2, un, Vuy)|dz < e for all
no. But § . [gn(z, un, Vun)| dx < nol|E| for all n < ng. Thus |E| <
6 = inf(d1,e/ng) implies g |gn(x, un, Vuy)|de < e for all n. This shows
that g, (x,un, Vu,) are uniformly equi-integrable in 2. Applying Vitali’s
theorem yields g, (, un, Vu,) — g(z,u, Vu) strongly in L!(§2).

Going back to the approximate equation , one has

n

Y

(3.15) S a(z, up, Vuy)Vodz + S In (T, Up, Vuy)vde = (f,v)
n 2
Yo € Wy Ly(2) N L™®(£).
Note that a(z, un, Vu,) — a(x, u, Vu) weakly in (L (§2))" for o (I Ly, ITE,)
by Lemma 2 of [BS].
Letting n — oo in (3.15)), we get

(3.16) S a(z,u, Vu)Vudr + S gn(z,u, Vu)vdx = (f,v).
9] 2

This equality also holds for v = u.
Indeed, taking v = Ty (u) € W Ly(£2) N L®(£2) in (3.16)), one has
Q 0

From (3.7) we deduce by Fatou’s Lemma that g(x,u, Vu)u € L1(£2).
Observe that Tj(u) — u in W L,(£2) for modular convergence and a.e.
in {2 when k — oo.
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Note also that |g(z, u, Vu)Tj(u)| < g(z,u, Vu)u € L*(£2).
Hence, by Lebesgue’s theorem, letting k& — oo we obtain
S a(z,u, Vu)Vudzr + S g(x,u, Vu)udr = (f,u).
Q 2
This completes the proof of Theorem

EXAMPLE 3.2. As an application of this result, we can treat the following
model problem:
{—A¢u + up(z, |Vu|) = f on £2,

u=0 in 042,
where A, is the p-Laplacian operator Aju = div (%VU) and where a

is the derivative of ¢ with respect to t. The second member f is supposed to
lie in the dual space W™ Ey(£2) where ¢ is the Musielak-Orlicz conjugate
to .

References

[ABT] L. Aharouch, J. Bennouna and A. Touzani, Ezistence of renormalized solution of
some elliptic problems in Orlicz spaces, Rev. Mat. Complut. 22 (2009), 91-110.

[AHT] E. Azroul, H. Hjiaj and A. Touzani, Ezistence and regularity of entropy solutions
for strongly nonlinear p(x)-elliptic equations, Electron. J. Differential Equations
2013, no. 68, 27 pp.

[BE1]] A. Benkirane and A. Elmahi, An existence theorem for a strongly nonlinear el-
liptic problem in Orlicz spaces, Nonlinear Anal. 36 (1999), 11-24.

[BE2]  A. Benkirane and A. Elmahi, Almost everywhere convergence of the gradients of
solutions to elliptic equations in Orlicz spaces and application, Nonlinear Anal. 28
(1997), 1769-1784.

[BS] A. Benkirane and M. Sidi El Vally, An existence result for nonlinear elliptic
equations in Musielak—Orlicz—Sobolev spaces, Bull. Belg. Math. Soc. Simon Stevin
20 (2013), 57-75.

[EM] A. Elmahi and D. Meskine, Fxistence of solutions for elliptic equations having
natural growth terms in Orlicz spaces, Abstr. Appl. Anal. (2004), 1031-1045.

[M] J. Musielak, Modular Spaces and Orlicz Spaces, Lecture Notes in Math. 1034,
Springer, 1983.

Abdelmoujib Benkirane, Fatimazahra Blali Mohamed Sidi El Vally
Laboratory LAMA Department of Mathematics Department of Mathematics
Faculty of Sciences Dhar El Mahraz Faculty of Sciences
University Sidi Mohamed Ben Abdellah King Khalid University
B.P. 1796 Atlas Abha 61413, Kingdom of Saudi Arabia
Fez, Morocco E-mail: med.medvall@gmail.com

E-mail: abd.benkirane@gmail.com
fatimazahra.blali@gmail.com

Received on 25.2.2014;
revised version on 18.7.2014 (2223)


http://dx.doi.org/10.1016/S0362-546X(97)00612-3

	1 Introduction
	2  Preliminaries
	3 Main results
	References

