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ON THE CONVERGENCE
OF THE BACKWARD EULER ALGORITHM
FOR THE MULTIDIMENSIONAL HEAT EQUATION

Abstract. The backward Euler algorithm for the multidimensional non-
homogeneous heat equation is analyzed, based on the finite element method.
The existence and uniqueness of the numerical solution is investigated. Also,
the convergence of the numerical solutions is studied.

1. Introduction. The multidimensional heat equation describes diffu-
sion processes or heat transfer. Much progress has been made in developing
more efficient finite difference and finite element algorithms. Some methods
for numerical solving of the multidimensional heat equation are based on
explicit finite differences [MG]. More efficient implicit methods such as al-
ternating directions were studied in [N], [D]. Higher order split schemes in
two or three dimensions were examined by Mitchell and Griffith [MG] and
Gourlay [G].

Finite element splitting constructions were investigated by Fletcher [E]
and Zienkiewicz, Taylor and Zhu [ZTZ]. Also, methods for determining
whether or not the numerical solutions are indeed good approximations to
the solutions were considered in [ZTZ].

Discretizations of the heat equation by #-schemes in time and conforming
finite elements in space were investigated in [V].

Methods based on combining the finite element method with backward
Euler time discretization for the solution of diffusion problems on dynam-
ically changing meshes were studied in [DK]. Error estimates for piecewise
linear nonconforming finite element approximations of the heat equation
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in R", n = 2,3, using the backward Euler scheme were discussed in [NS]. In
[LW] a weak Galerkin method was analyzed, based on totally discontinuous
functions in approximation space. Error estimates in space and time were
established.

In [T, Chapters 1, 2] the backward Euler algorithm was studied for nu-
merical solution of the Dirichlet problem for the heat equation. An error
estimate was obtained using the so-called elliptic or Ritz projection Ry, onto
the approximation space V.

In this paper, we investigate approximation by the finite element method
of the Neumann—Dirichlet boundary value problem for the heat equation.
We establish a convergence result based on the stability and approximation
properties of the numerical scheme.

First, we state the classical problem for the multidimensional heat equa-
tion, then the variational problem is formulated. Further, we deal with
the approximation problem. A theorem on existence and uniqueness of the
numerical solution is presented. We continue with the numerical implicit
scheme and study the convergence of the algorithm.

2. Statement of the problem. Let {2 be a Lipschitz open bounded
set in R™, with boundary I" = I'1 U I, and let T' > 0 be fixed. The classical
problem for the multidimensional heat equation is to find u : [0, T] x 2 — R,
u € C1([0,T],C?(£2)), such that

0
a—? —a?Au= f(t,z) in[0,T] x £,
U‘H :g1<t,.%'),
(2.1) ou )
on n gradu u‘FQ 92( vx)7

u(0,2) = z(x) in 2

(n = the external normal to the boundary).
In the variational formulation of problem (2.1)) suppose that

fec(o,1), L*(£2)),

r
glz{gl L s in CY([o, T, HYA(I)),
0 OHFQ

g2 € L2([07T]’L2(F2))7
z e HY(N).

This means there is a function ug € C*([0,T], HY(I")) such that ug|f = §1
(see [A]).
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3. Main results. Consider the vector space V = {v € H*(§2) : v|r, =0},

and let V* be the dual space of V. Denote u = u—wug, where u is the solution
of (2.1)). It follows that

'U’H:O, ﬂ|F2:u|1j2'

Integration on (2 and the Gauss formula lead to the variational problem:
find uw € L([0,T],V) with a; € L*([0,T), V*) such that

ou ou Ov Oug
(3.1) —uvdz + o de =\ fvde — \ —vdz
§ Do 0?3508 00 = e

" dug v

2 0 2

- }22 or; 0w, O Fgg?”d"’ ae t€(0,T), VoeV.
i= A

Problem ({3.1]) has a unique solution (see [DL]).
Further, we formulate the approximation problem by means of finite
elements. Consider a triangulation T}, for (2:

n=J K
KeTy,
where each K is an n-simplex or n-parallelepiped. Denote
Wy, = {up, € C(2) : up|x = interpolation polynomial, VK € Tj,},

which is included in H'(£2) ([C]).
It follows that

Vi, = {UhEWhZUh’H ZO}CV.

The norm in V, and Wj, will be the induced norm of H'(2). Let upg €
C1([0,T),W},) be defined by the values at the nodes of the triangulation:

0 for a; € 2 U 5,
uno(t, a;) =

91(t, ;) for a; € I'.
Now we formulate the first approximation variational equation: find u;, €
C1([0,T],V},) such that

(3.2) Saath(t x)op(z) dz + o SZZZ’I 8vh( ) da
N 2i=1 '
= S f(t,x)vp(x) dx — S ag:()(taﬁ)vh(x) dx
9] n
_a25§:8uh0(t )8vh( ) dx + o S (t, x)vp(z) do
0 8(1}1 8‘%.2 F292 P h



354 I. A. Cristescu

for all v, € Vj, and t € (0,T). The initial condition is
i fi i € 22U Ty,
(3.3) (0, a) = { z(a;) fora 2
0 for a; € I7,

where a; are the nodes of the triangulation.

THEOREM 3.1. The variational problem (3.2)), (3.3) has a unique solu-
tion.

Proof. We denote by ag, s = 1, N, the nodes which are in 2 U I's.
The approximation space Vj is finite-dimensional; consider its basis
{vni(x) : i =1, N} such that vp;(as) = dis, 3,5 = 1, N. We deduce that

N
ap(t,x) = Z%(t)vhz‘(l’)
i=1

and up(t,as) = ¢s(t), s =1, N. It follows that ¢s(0) = z(as), s =1, N. On
the other hand, (3.2)) yields

N
(34) D @i(t) | vni(@)on;(z) do
i—1

n

n

N

Ovp; Ovp .

+a? Y e | DG G e = Fi(t), j=TN.
=1 k=1

Taking into consideration the inclusion V;, C C(£2), we deduce that

(u,v) = S u(x)v(z) dz
9}
is a scalar product in V},. Thus,

det ((vp, Uhj>)i,j:1,7N # 0.
From (3.4) we infer that
e1(t) p1(t) Fi(t)
(3.5) Al ... |+®B| ... | =] ...
v (?) on(t) Fn(t)

Here A is a nonsingular matrix, so this provides a linear differential system
of equations with initial conditions:

.6 { % _cowy+ P, tep,
©s(0) = z(as), s=1,N.

This yields the existence and uniqueness of the solution of the variational

problem , . n
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Consider a partition of the interval [0, 7| with t,,, = mk, where k = T'/M,

M € N*. We proceed to the second variational problem: find u(mJr ) ¢ Vi
for m = 0, M — 1 such that

3.7 {any ™ @ (@) do + ok |3 ()2 (2) do
2 21i1=1

=\ (@)vn(z) do + k | f(tmer, 2)on(@) de

2 9]
—k S Dtno —Z(tms1, z)vp(z) dz — %k S z”: il m+1,:c)%(1:) dz
4 ot o= 0x; ox;
+ ok S 92(tm+1, x)vp(z) do
Iy

for all vy, € V},. The function QZSL) € V}, is defined by

—(0) z(a;) for a; € 2U Iy,
Uy, (a;) =
0 for a; € I,

where a; are the nodes of the triangulation. It follows from the Lax—Milgram
lemma that the variational equation (3.7]) has a unique solution.

Further, we shall prove that the solution 715:2“) € V, of (3.7) is an
approximation for p(ty,+1), where @, is the solution of the variational
problem (3.2)), (3.3). This will follow from the approximation and stabil-
ity properties [M].

Consider a certain construction of the space V}, by means of interpolation
polynomials:

| = [DF (g Vixs - [p(@)]sx1
where
DFx (g Vixs = [ (af), . ) (al)]

are the degrees of freedom of ﬂgk) in K and

p(@))sx1 = [p1(2),- .. pa(2))'

is a basis in the local polynomial space Pg.
Inserting these in (3.7) we obtain

S DFk(on)]ixs | p(@)]sxt[p(@)]h o do [DFc ()]
KeTy, K

i 8]? t m—+1
+ a2k E [DFK('Uh 1><s S I:axz] 3 [ax1:| o dz [DFK(U}(ZIC ))]sxl
KEeTy, K i=1 s s
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= Y [DFx(n)ixs 5 ()]st [p(2)]L s d [DF (@)

KETh
+k Y [DFx(vy) IXSS )]sx1 f(tmi1, ) do
KeTy, K
ou
—k Y [DFxc(n)lixs | p(@)sxalp(@))i g dr [DFi =g 2 (tme1)Joa
KeTy, K
—a?k > [DFic(on)]ixs | 2 G st
02; | 51 LOTi |15 " o
KeTy K i=1 s s
+a®k Y [DE(vn)isr - | [P(@)]rx192(tm1, ) do.
IeTy I
Here
UI=1,
IeTy,
pi(x)
op(x)|r = [vn(al), ... 0] - | ... for v, € Vi, I € T},
pr(r)

The process of numerical integration and assemblage produces a linear al-
gebraic system:

(3.8) (A+a2kB)[DF (@)
m ou t
= a(1ra - k| P ()| )
+ k[F (tm41)] + *k[Ga(tmr1)] — o’k BDF (upo(tm+1))]",
for all m € N.
The function ﬂggg was defined before. The matrix A (mass matrix) and

B (stiffness matrix) in (3.8) are symmetric and positive definite, so that
the matrix R = A 4+ okB is also symmetric and positive definite. We have

[DF(U%)) = [ﬁ%)(dl), . ,ﬂ%)(d]v)] € RV, where N is the number of the
unknown degrees of freedom for ag’,’j) Further, we define the space Uy, =
{uhk TUpE : {to, t1,... ,tM} — Vh} and the operator Ly : Upp — RM+1N by

Lk (unk) = Lk ((unk(tm))y—g37)

B (zlfA([Dthk(th))r — [DF (unk (tm))]')

+ 0 BIDF (b)) i [DF(uhmo))]f) |
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Consider the function upx € Upgk, Upk(tm) := ﬂ%) for m = 0, M, where ﬂ,(ﬁgl)
is the unique solution of (3.7). We deduce that (3.8]) can be rewritten as
(3.9) Luktng = i

where

Fh = (FUY), o, 2(@1), -, 2(aw)),
~ ou
F(erl) =—-A |:DF< 81’:0 m+1 ):| (tm+1)] + « [GQ( m+1)]
— &B[DF (upo(tm+1))]'
form=0,M — 1.
We consider the following norm over the space Upy:
[[unk|| = sup{[|[DF (unk (tm))]|l : m =0, M}

where ||[DF (upk(tm))]|| will be defined later so as to obtain stability.

THEOREM 3. 2 Let ay, € C2([0, T, Vy) be the solution of the variational

problem (3.2 , . Then Lyt = Epg, + 05 with limy_,g ||0k|| = 0.
Proof. By Taylor s formula in integral form we infer that

8’L_Lh o ﬂh(thrl,l’) - ﬂh(tmax) : 82@7}1
(3:10) 5 *(tmi1,2) = - +k§)( 7

From (3.2)) and (3.10) it follows that
U tm ) — U tma
(3.11) S @n(bmt1,) = m)Uh(l‘) dx

(tm+Ck,z)dC.

p k
" Ou ov
2 h h
0t} 3 G e ) 5 (@)
0
= | ftmsr, @on(@) do = § (b, 2)on () da

Q

" Ou ov
2 hO h 2
= 2

—k S Sgaa:gh (tm + Ck,x)vp(x) d¢ dx
20

for m =0, M — 1. Equation (3.11) yields

FADE (b))~ [DE (b)) + 0> BIDF @t 1))

~ : 9y t
= Fm ) — kA ¢ [DF( 7 " (b + gk)ﬂ d¢.
0
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It follows that

1 _ t
3 82y,
Lyitin = Fhp + <<—kASC[DF< 0 " (tm +§k)>} dg“) ,0N>.
0 m=0,M—1
Since 0%uy, /0t? € C([0,T],V},) with V}, € C(£2), we deduce that

||<5kH:SHp{H—k‘A§([ ((%2 (tm + Ck) >] dgH m=0 M—l}

< cHAIIk- .

Equation can be rewritten as

IDF @™t = RVADF (™))" + kR~ D),

[DE@)) = [2(@). .., 2(an))

The stability of the approximation scheme arises from a proposition re-

ferring to symmetric, positive definite matrices which we shall prove later.
For this purpose we apply a result due to Householder:

(3.12)

PROPOSITION 3.1. Let A be a symmetric, nonsingular matriz, and A =
M — N with M a nonsingular matriz. Suppose the symmetric matriz Q) =
M + M?t — A is positive definite. Then the following assertions are equivalent:

(1) the spectral radius p(M~'N) < 1;

(2) A is a positive definite matriz.

We now prove the following result:

PROPOSITION 3.2. Let A, B be symmetric, positive definite matrices and
a > 0. Then there is a matriz norm such that

(A4 aB)™ Al < 1.

Proof. We know that A + aB is a symmetric, positive definite, nonsin-
gular matrix. Define now M = A+aB, N=Aand A= M — N = aB. We
infer that A is symmetric, positive definite, and nonsingular, M is nonsin-
gular and Q = M + M! — A=2A+aBis symmetric and positive definite.
Proposition 3.1 yields

(3.13) p((A+aB)™tA) < 1.

From a known result in numerical analysis, (3.13]) is equivalent to the exis-
tence of a norm such that ||(A + aB) 1A < 1. u

THEOREM 3.3. The numerical approximation scheme (3.9) is uncondi-
tionally stable.

Proof. Consider a perturbation of the scheme (3.9)),
Hy=F+ep = ((F(m+1) + 5;(€m+1))m:m, z(@1) +e1,...,2(an) +en)
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with 5,(60) = (e1,...,en) and 5(m+1) € RN, m =0, M — 1. From the relation
Lywi, = Hy, it follows that
[DF (™))t = RADF(w{™)]' + kR E™) 4 R 1™+
(3.14) m=0,M-1,
IDF(w)] = (z(@) +e1,..., 2(an) + en).

Denote

o™ = [DF(w{™)]* — [DF (@™ € RN for m =0, M,
=R Al
Considering the norm provided by Proposition 3.2, we deduce L < 1. Rela-

tions and - yield
(3.15) ™) = | R Aul™ 4 kR
< Ll + kIR e
< Lo VN + IR IeS™ 1) + kIR lel
< L2lo"™ V) + BRI + L)flell < -+ <
< L™ olP|l + KR+ L+ -+ L™) e
for m =0, M — 1. We have
(316)  lvy H = H[DF(w;i W = DF@EII = ll(er - en)l < llexll-

Substituting (3.16)) in and taking into consideration that L < 1, we
obtain

(317) o™ V) < 0+ R ke(m+ D]kl < 14 [[(A+a?kB) | T]|ex

for m =0, M — 1.
We have limy_o [|(A + o2kB) Y| = ||A™Y|, which yields

(3.18) (A4 a?kB)™ Y| < ¢ for k < k.
Now (3.16))(3.18) yield
i — will = sup_[lof™ || < calle]
m=0,M

with co > 0 a constant independent of k. =
Teorems 3.2 and 3.3 prove the convergence:

i, — anll = sup |[DF(a\)] = [DF(an(tn)]]l < esk — 0.
m=0,M
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