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IVPS FOR SINGULAR MULTI-TERM FRACTIONAL
DIFFERENTIAL EQUATIONS WITH MULTIPLE BASE
POINTS AND APPLICATIONS

Abstract. The purpose of this paper is to study global existence and
uniqueness of solutions of initial value problems for nonlinear fractional dif-
ferential equations. By constructing a special Banach space and employing
fixed-point theorems, some sufficient conditions are obtained for the global
existence and uniqueness of solutions of this kind of equations involving
Caputo fractional derivatives and multiple base points. We apply the re-
sults to solve the forced logistic model with multi-term fractional deriva-
tives.

1. Introduction. Fractional differential equations (FDEs for short)
are generalizations of ordinary differential equations to arbitrary nonin-
teger orders. The origin of fractional calculus goes back to Newton and
Leibniz in the seventieth century. Recent investigations have shown that
many physical systems can be represented more accurately through frac-
tional derivative formulation [I2]. Fractional differential equations therefore
find numerous applications in different branches of physics, chemistry and
biological sciences, including visco-elasticity, feedback amplifiers, electrical
circuits, electro-analytical chemistry, fractional multipoles and neuron mod-
elling [15]. Many excellent books and monographs on this field are available
[5L (6], 7, [9L 14} [TT], 10, [16], 17].

In the literature, Dy, u(t) + f(t,u(t)) = 0 is known as a single term
equation. In certain cases, we find equations containing more than one dif-
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ferential term. These are called multi-term equations. A classical example is
the so-called Basset equation

ADgy(x) +bDgy (@) + ey(a) = f(z),  y(0) = yo,
where 0 < n < 1. This equation is most frequently, but not exclusively, used
with n = 1/2. Tt describes the forces that occur when a spherical object
sinks in a (relatively dense) incompressible viscous fluid (see [1, [10]).

In the left and right fractional derivatives D&, x and D} x, a is called a
left base point and b a right base point. Both a and b are called base points
of fractional derivatives. An FDE containing more than one base point is
called a multiple base point FDE. An FDE containing only one base point
is called a single base point FDE.

In [2], the authors studied the initial value problem (IVP for short) for
the fractional functional differential equation with one base point

{CD0+$( )= f(t,x), te€ (tg,00),t>0,0<a<]l,
.’E(t) = ¢(t)7 te [tU - T, tO]a
where “Df, is the standard Caputo fractional derivative at the base point
t=0,f:JxC%~r,0],R) x R with J = (tp, o0) is a given function, 7 > 0
and ¢ € CO([to —7,t0],R); if x € CY([tg — 7, 00),R), then for any t € [tg, o),
we define x4(0) = z(t + ) for 6 € [—,0].

In [8], the authors studied the global existence of solutions of the initial
value problem for the fractional functional differential equation with one
base point

{ 0+SC() f( ())7 te(0,00),0<a<l,

where D, is the standard Riemann-Liouville fractional derivative at the
base point ¢ =0, and f: J x R — R with J = (0,00) is a given function.

In this paper, we study the following IVP for the nonlinear multi-term
fractional differential equation on the half line:

Dx(t) = q(t)f(t,2(t), Dix(t)), te (0,00),
(1) -
x(O) = X0,

where 29 € R, @ € (0,1}, 0 < p < a, ¢ : (0,00) — R has the property
that there exists | > —a such that |g(¢)| < # for all ¢ € (0,00), ¢ may be
singular at ¢t = 0, °D, is the standard Caputo fractional derivative at the
base points t =t (k =1,2,...),0 =ty < t1 < tg < --- with limg_,o tx = 00
and Ao = infy—o,1,2,..[tk+1 — tk] > 0, ie., DY |t 1, ult) = D u(t) for all

k

t € (tg,tpr1), and f:[0,00) x R? — R is a Carathéodory function.
Malthusian Geometrical Law is expressed as N'(t) = rN(t), where N(t)
is the population at time ¢ and r is the proportionality constant. When one
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considers the case where the growth of the population in any environment
may be stopped due to the density of the population, this model is modified
to the nonlinear logistic model N'(¢t) = rN(¢)(1 — N(t)/7w), where 7 is the
maximum that a given amount of food can support. A generalization of the
nonlinear logistic model is represented by N'(t) = rN(¢)[1 — (N(t)/7)*]/«;
for a — 0 this model is known as the Gompertz model and can be found in
the actuarial literature and in the mortality analysis of elderly persons [3].

In [], Das, Gupta and Vishal presented the following fractional-order
logistic model (Das model):

(2) DI.N(t) = gN(t) [1 - <N7§t)>a] 0<pB<l.

One purpose of this paper is to establish sufficient conditions for the exis-
tence and uniqueness of solutions of (1) (the definitions of positive solutions
can be found in Section 2). Another purpose is to establish sufficient con-
ditions for the existence of solutions of the following forced logistic models
with multi-term fractional derivatives:

Dia(t) = q(t)[r(t) + a(t)z(t) — b(t)((1))° + c(t)z(t)(DEz(t))¥],
(3) t € (0,00),
z(0) = xo,
where a € (0,1] and p € (0,c), 0 < t; < t2 < --- with limg_,o tx = 00
and Ao = infy—0 12 [tpy1 —tk] > 0,0 > 1,0 >0, a,b,¢c,7: (0,00) = R are
continuous functions and r is called a forced term, xy € R.

The remainder of this paper is organized as follows: Preliminary results
are given in Section 2, the main results are presented in Sections 3 and 4,
and an application is shown in Section 5.

2. Preliminary results. For the convenience of the reader, we present
here the necessary definitions from fixed point theory and fractional calculus
theory. They can be found in [13] 14 [16]. Denote the Gamma function and
Beta function respectively by

o0
I'lag) = S s e ds,  a; >0,
0
1
B(a2752) = S (]‘ - x)OéQ—lez—l d(l?, a2)62 > 0.

0
DEFINITION 2.1 ([I4]). Let ¢ > 0. The Riemann-Liouville fractional
integral of order a > 0 of a function f : (¢,00) — R is given by
t
« 1 a—1
I f(t) = WSU — )" f(s)ds,

c

provided that the right-hand side exists.
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DEFINITION 2.2 ([14]). Let ¢ > 0. The Caputo derivative of order « for
a function f : (¢,00) — R is defined as

t

Vet as

(4) Dy f(t) = Tn—a)

forn—1<a<n,neNIf0<a<l,then
t

! Y097 (s) ds.

(5) D f(t) = Ti—a)

Obviously, the Caputo derivative of a constant is equal to zero.

LEMMA 2.1 ([14]). For a > 0, the general solution of the fractional differ-
ential equation ‘D& x(t) = 0 is given by x(t) = cotert+cat’ +- - 4cpqt" L,
wherec; ER, 1 =0,1,....n—1,n—1<a<n.

DEFINITION 2.3. A continuous function z : [0,00) — R is said to be
a solution of the IVP (1) if x satisfies the differential equation D2 x(t) =
k

q(t) f(t, (), CDfﬁfU(t)) on (ty, tg+1] and (0) = xo.
Choose 0 > a+ 1 and p > 0. Let
CDfx‘(tk,thrl] € CO((tk7tk+l])7 k= 07 17 27 sy
X ={zecC%0,00),R): &#)x(t) is bounded on (0, c0),

A0) (15 iR
th1:_7_;;_lCfom(t) is bounded on (0, c0).
For x € X, define
ta'fafl tp+o'7a7l
o] = max q sup ———————7<[z(t)], sup ————[Dix(t)| ..
te(0,00) (1 +1)(1 +tH) te(0,00) 1+ tH

It is easy to show that X is a real Banach space.

DEFINITION 2.4. f :[0,00) x R? — R is called a Carathéodory function
if it satisfies the following assumptions:

() (tavy) — £t Y, L0 continuous on [0, 00) X R
(ii) for each r > 0 there exists a constant M, > 0 such that |z|,|y| <7
imply

‘f<t’ A+)A+t)  14tm

to—a—l Z, tpto—a—l y)‘ < M,, t e [O, OO)

If b > a > 0, then we have
t® 1
6 sup = —a®’(b—a) 0=/ = M, ,.
( ) t€(0,00) 1 —{—tb b ( ) s
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LEMMA 2.2. Suppose that f is a Carathéodory function, and let x € X.
Then y € X is a solution of

7) {CDSy(t) = q(s)f(t, z(t), Dix(t), te€ (0,00),

y(0) = o,
if and only if y € X is a solution of the fractional integral equation

(-5 ey
(8) MﬂzggggﬂWU@M%D¢W»%+%

I'(a)

k a—1

+ S a4 (s 2(), DY, a(s) ds,

J=1tj—1
t e (tk7tk+1]; k=0,1,2,....

Proof. As x € X, there exists r > 0 such that

oo l
max{ sup ———— |x(¢)],
{tE(O,oo) (L+1)(1+t#)
tp+a—a l

DR alt)]} =
Since f is a Carathéodory function, there exists M, > 0 such that
|f(t7x(t)7ch+x(t))|

)(1—{—25”) ta—a—l 1+ t# tp+a—o¢—lc »
’f< to—a—l (1+t)(1+t“)x( > ¢pto—a—l 14 tH D_,_l’(t)
< M,, te€][0,00).
Assume y satisfies (7). Then
Diy(t) = q(t) f (¢, x(t), Dix(t)), y(0) = zo.

By using Lemma 2.1, we can write the solution of (7) as

sup sup
n=0,1,2,...t€(ts,th+1] 1+

(t_s)al cHP
wwzSg—f@T—«ﬁﬂax@xquw»@+wk

for t € (tg,tg+1], K =0,1,2,.... We see that

whdw — 0, t— 0.

¢

t —
S 5)° ~ 2 M, ds = M+
0

I'«

From y(0) = zp, we get ¢y = xg. Since



366 Y. Liu and P. H. Yang

t—g)>! . t— )1
e s, Do) ds| < v, §
tk 173
1
1— a—1
= Mt S ﬁwldw%O ast—>tk+,k:1,2,...,
I'()
te/t
we get

te 5 a—1
T ( S (tkl“m))q@)f( (), CD: 1I( ))d5+ck—1> =0.

k—1
It follows that

tk (tk _ S)a—l

cr=ck1+ | q(s)f(s,2(s), Dy x(s))ds

tp—1 F(a) e
tj t _ S a 1
—xo+Z S L —q(s) f(s,x(s), DY, x(s))ds, k=0,1,2,....
j ltj 1 J 1
We have the following form of the solution:
t
(t — S)Oé_l c
y(t) = tS W@I(S)f(&x@% D%l‘(S)) ds + o
k
k a—1
+> S () f (s, 2(s), CD+ 2(s)) ds,
j= 1tj 1

te (tk,tk+1], k=0,1,2,....
Hence y satisfies (8). We need to prove that y € X. In fact, we have

¢ (t—s)opl

Cszy(t) = S Ta—p) q(s)f(s,z(s), CDf:x(s)) ds.

It is easy to see that
yEC’O([O,oo)), Cszy|(tk7tk+1] S Co(tk,tk+1], k=0,1,2,....

Furthermore, for ¢ € (tx, tx+1] we have

tafafl

axna et
to—a—l t s)o‘_l -
:u+thg§ Ty () (5,2(5), Dpyn(s)) ds + o
kot .
+20 | ) (s (), D a(s) ds

J= ltj 1
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- ta—a—l t (t _ S)a—l
- (1—|—t)(1+t“) I'a)

M, st ds + My _a—1,u|mol

E ot

to—o— l t —S
M bd
M TEDF ] 2 S ) o
J:1 tj-1
to 1 (1 w)a—l
< M, d M,
(14 t)(1 + th) S @ ° v a=tulol
jo—a—l C(1—w)et
+(1+t)1+t“ Z ) L) %
ti— 1/tJ
1
(1—w)* '
< M, M, (S) T Tl Y dw + Mo—a—1,u|Tol
k —a—la+l 1 -
to—a—la (1_w)a 1
M J Ld
+ TZ(Ht)(Hw) S @) %
j=1 -1/t
B(o,+ 1)
S MTMU,u Ta) + MO’*Dl*l,,u|x0‘
k o—a—lya+l 1 _
7ot L (et
+ My Z sy (S) Ta) ™
k a+l
B(o, [+ 1) t5 B(o, 1+ 1)
SMTMU,NW‘FMJ a— lu|x0‘+M Z ;H—l o+a+l F(Oé)
Jj=1 J
B(a,l+1) B(a,l+1)
< My Moy =55+ Mo—atulwo] + My Z} u+1 ° T T(a)
=1t

Since t; —t;_1 > Mg and tg = 0, we get t; > jAg for all j =0,1,2,.... Then

oo B(a,l +1)
- < St s
(1 + t)(]. + t“) ‘y(t)’ = MTMO'7N F(O[)

T B(a,l+1) i 1

N T

+ Ma—a—l,,u|$0‘

te (tk,tk+1], k=0,1,2,....
j=1

So

ta—a—l
(T+t)(1 4 t#)
For t € (tg,trs1] we have

ly(t)| is bounded on (0, 00).
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pptro—a—l ) pto—a—l|t (t — s)o—p1 )
c _ c
D0 = F | V(o) (s, D) s
tp+a'fa7l ¢ t— a—p—1 M.t 1 1— a—p—1
< (t—s) M, s ds = —~ S ( w) w! dw
1+tr I'(a—p) 1+tr I'(a—p)
173 ty/t
B(a—p,l+1)
<M M,,———————~ <0, te€ (tg,trr1],k=0,1,2,....
> Wy N F(CM — p) o0 ( k k+1]
So
thrafafl
T “DPy(t)| is bounded on (0, c0).

It follows that y € X.

Conversely, assume that y satisfies (8). By a direct computation, it fol-
lows that y € X satisfies the system (7). This completes the proof of the
lemma. =

3. Main theorems. We are now in a position to prove the existence
and uniqueness of solutions of (1). Let us define an operator T" on X by

~+

_Sa—l
o  @m- | F(é) (5 (55(6). D2, () s +
k ko (t-—s)a*1
J c
3§ ey a0 Dy ale)ds

t € (th,tiy1], k=0,1,2,....
LEMMA 3.1. Suppose that f is a Carathéodory function and

9Ly

Ag = kjng (tk — tk—l) > 0.

Then

(i) T: X — X is well defined;
(i) the fized points of the operator T coincide with the solutions of (1);
(iii) T : X — X is completely continuous.

Proof. (i) For x € X, we get

tO’—Oé—l
r=max{ sup ———— |z(t)],
{tG(O,oo) (1+8)(1 + )
thrafafl
sup sup ———

|°DP x(t)|} < 0.
k=0,12,... t€ (L by LT t
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Since f is a Carathéodory function, there exists M, > 0 such that
F(ta(t), DPa()| < My, te[0,00),
k

It is easy to show that
Tz € CO([O,OO)), CD%Tx‘(tk,tkH] € Co(tk,tk+1], k=0,1,2,....

As in Lemma 2.2, we can prove that

tU’—Oé—l

W(Tﬂf)(t) is bounded

and

tp—l—a—a—l » o}
sup — D (T:):)(t)} is bounded.
{ teltptrs] LHEE T k=0

Hence Tw € X. Thus T : X — X is well defined.

(ii) It follows from Lemma 2.2 that the fixed points of T' coincide with
the solutions of (1).

(iii) To prove that T is completely continuous, we must show that

e T is continuous,
e T maps bounded subsets of X to bounded sets,
e T maps bounded subsets of X to relatively compact sets.

The proof is divided into five steps.

STEP 1. We prove that T is continuous.

Let y,, € X with y, — yo as n — oco. We will prove that Ty, — Ty as
n — o0. It is easy to see that there exists 7 > 0 such that

ta—a—l tp—i—a—a—l
sup 77—~ |Yn(?)],  sup sup  —————|DY yy ()| <7 < oo,
te(000) (LA +14) 7" )0 1o te(ttr,] 1HEH 07"
n=01,2,...,
and
ta—a—l
sup —————|yn(t) —yo(t)] = 0  asn — oo,
te(0,00) (1 +t)(1 +t“) "
(10)
tp—l—a—a—l
sup sup |DP Ly, (t) — DP yo(t)] = 0 as n — oo.
k=0,12,... te(ty,trrq) 1+ b 2

Since f is a Carathéodory function, there exists M, > 0 such that
|f(t,yn(t), DY yn(t))| < My, te€[0,00), k=0,1,2,....
k
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One sees that, for ¢t € (tg, txr1],k=0,1,2,...,

t—g)o1
1) @)t = | = 0(6) £ (5, n(5), D () ds + 20
i F(Oé) tk
EC (4 — )t
;-
+Z S F(Oé) q(s)f(s,yn(s), Dt;-_lyn(s)) ds,
J=1tj1
and
(12) DL )0 = | S ) s (51, D)) ds
tk n e F(a 7p) s gn ) tz- n .

From Ao = infr—1o  (tk — th—1) > 0, we get t > kXo for all k& =
0,1,2,.... Since Z;’;KH 1/j#*179 is convergent, there is K > 0 such
that

> e <
ut+l—o :
j=K+1 s
Then

tafozfl
T+ +) ) T()
X 1q(8)f (s, yn(s), Dy yn(s)) — a(s)f (5, 90(s), Dy yo(s)) | ds

ET (ty )
I'(a)

(13)

ta—oz—l

aroavm o !

Jj=K+1tj—1
X 1q(8)f (5, yn(s), Dy yn(s)) — a(s)f (5, 0(s), Dy yo(s)) | ds

t

+

tO’—Oc—l
< 2M,
=T m ) T

to—a—l k t

EnET IO

J=K+1tj1

+2M,

1 § (1 —w)>!
I'(a)

l
< 2M, e w' dw
t/t
k 1
1 ot (1-w) !
oy g | e,
j=K+1 tjfl/tj
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[y

a 1

!
t““ U(S) F w' dw
1 1
afd—w)*
+2M, Z 1= a+a+l 5 I'(a) dw
J=K+17j 0
k
1 B(a,l+1) B(a,l+1) 1
S cay Blolth) g~ 1
+1—0 — r ; +1—
Lt I'(a) Tla) 2= (Popi=e
B(o,l4+1) 1 > 1 B(a,l4+1) 1
= 4M, , < 4M, — €.
" I(a) VAR j;l juti=o " () ALFI=e

Since f is a Carathéodory function, there exists d; > 0 such that
o« l tpro—a l
‘f< Ao+ 1+ )

o« l tpro—o l €
- f<t, u, U2>‘ < =K o5
(1+1)(1 +tr) 14 tw Do Lt

for all t € [0,tx+1] and uy,uz € [—r,r| with |ug — uz| < d1,|v1 — vo| < d1.
From (37), there exists an integer Ny > 0 such that

por—a—l
(T+t)(1 4 t#)
tpro—a— l
1+ tr
So for t € [tg,tg+1] (kK < K) and n > Na, we have

lyn(t) — yo(t)| < 61, t € (0,00), n > Ny,

’Dt+yn( ) — Dt+yo( )| <61, t€ (ty i), n> Na.

po—a—l ty al

K
(14) 1+t (1+1t0) Jz:tjgl

1
< Jq(s) (5. yu(s), t+yn< 9) = a(s) (5. 90(5). Dl ()] d

K 1 a—l
S t] — S 1 €

s ds
K pt+l—o
j=1t5_1 (@) Zj:l 1/tj

K 1

€ L Zt}’” S 7(1_w)a_1wldw

<
- K ptl—0o putl—o+ta+l I
S 1t =7 (a)

toal

<
(T4 t)(1 +tm)

K 1

< € Z S (1= w) 1fu;ldu)<]376.
T T lt;‘“ °) I(a) - I(a)
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Using (13) and (14), we see that for ¢t € (tx,tx1] (k = 0,1,2,...) and
n > No,
ta—oz—l
ml(fyn)(i) — (Tyo)(1)]
- to'fafl t (t _ S)afl
T (1414t 0 I'(a)

£ (8 4m(5), Di yn(s))

= f(5,50(5), Dy o(s))| ds

to—a— l E oY _ .
s T ZS a1y () D yas))
— F(5,90(), Dy yols)lds
B(a,l+1) 1 B(a,l+1)

< 4M, €.

= I@) N " Tay

It follows that
ta—a—l

(15)  sup sup  ———————
k=0,12,... te(tptnsq] (1 + 1)1+ 1H)

Similarly we can show that

[(Tyn)(t) — (Tyo)(t)| — 0 as n — oco.

tp+<77017l
(16) sup sup

CD+Ty t—CD+TyO t _>0
k=012, te(tp,tps] LTt Dyt (Tyn)(2) i+ (Tyo)(1)]

as n — oo. From (15) and (16) we get
lim Ty, = Tyo.
n—r00

Thus T' is continuous.
Recall that 2 C X is relatively compact if

(i) £2 is bounded,

(ii) both K := %Q and L := %CDW {2 are equi-continuous

on any closed subinterval [a,b] of (tg,trx+1] (K =0,1,2,...),
(iii) both K and L are equi-convergent at t = t; (k=0,1,2,...),
(iv) both K and L are equi-convergent at ¢ = co

Let W C X be a nonempty bounded set. To prove that T" is completely

continuous, we need to prove that 7(W) is bounded, both %T(Q)
tp+o'7a7l

and “——Dp, T(2) are equi-continuous on finite closed subintervals of
(tgytg+1] (K =0,1,2...), both are equi-convergent at t =t (k =0,1,2,...),
and both are equi-convergent at ¢ = oco. Since W is bounded, there exists
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r > 0 such that

tofafl

sup  ———————<|z(t)| <,
te(0,00) (1 +1)(1 +1#)
tp+0'7017l »
sup sup D x(t)| <r, xecW.
k=0,1,2,... t€(ty,tpee] 1+ by

Since f is a Carathéodory function, there exists M, > 0 such that
|f(t,x(t),CDfo(t))| <M, tete(tytpg], k=0,1,2,....

STEP 2. By similar methods to those used in the proof of Lemma 2.2,
it is easy to see that TW is bounded. We omit the details.

to—a—l

+o—a—I
STEP 3. We prove that both WT(Q) and tpchD&T(Q) are
equi-continuous on finite closed subintervals of (¢, tx+1] (k=0,1,2,...).

For [a,b] C (tk, tx+1] with s, so € [a,b] with s; < sg and z € W, we have

T ) o o6 D)

R W ) "

(T4 s2)(1+sh) tsk Ty 48)/(s2(s), Dyls)) ds

< ‘ siet s

(14+s1)(L+s))  (14s2)(1+sh)

% 32 092;(2))&_1IQ(S)f(va(S),Cszx(s)ﬂ ds
R -

T s+ 581 Flay 1961 (5 2(s), Dipa(s)) | ds
s‘l’_o‘_l

T syt

Tl(sy —8)2 L — (89 — )L
o= o o 2T ) s (), D ) ds

) I(a)
Scf—a—l so—a—l S2 (82 _ s)afl
< 1 _ 2 Mr N S ld
- ‘(1 +s)(1+s0)  (T4s2)(L+35) 5 Ia) =%
o—a—l 52 a—1
31 (52 — ) l
+ r d
1+ s1)(1+s5) S ra) =%
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M 57! 881 (51— 8)* " = (52— 8)* | L ds
") I'(a)
ST a—l Sg a—l1

@ s)(A ) (Tt so)(1+sh)

P S VP SV G ST
(1+s)(1+sh) "2 ), 1@ waw
s1/89
o—a—l S1 a—1 -1
S (s1—s) — (52— 5) !

+ M, 1 s"ds

(14 s1)(1+s4) tSk I'(a)

o—a—l1 o—a—l1 1 a—1

57 9 atl (1 —w) I

— s5 M, dw
- '(1+81)(1 +s)) (I+s2)(l+s5)]7° (S) I'(a)
1
1— a—1
+ M, max{a®*!, b1} S (le;))wl dw
s1/82
1 s51/82 (1 — w)e!
+1 a—+l — l
[ S I’ =~ whdw — 55 S Ww dw}
0 0
59 a—I Sg—a—l

max{a®*, p*H} M,

- '(1+51)(1 +s))  (1+s2)(1+sh)

1 a 1
X S F w! dw
0
o1 —w)et
+ M,« max{ao‘+l, bOH_Z} S le dw
s1/82
1 a 1
+ M |Soz+l a+l| S F dw
0
1(1—w)a—1
+ M, max{a®*! '} S le dw — 0

s1/82

uniformly as s — s9 with s1,s9 € [a,b] C (tk, tkr1]. So

Pl ool
Ao 60~ i (796
_ sg—at S (s — )1 .
- ‘ (14 51)(1 + 1) }k I'(a) 4(s)f (s, 2(s), "Dy 2(s)) ds
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s T (sg— )™

(Lt s2)(L+sh) }k I(a)

-1

q(s)f(s,x(s), Cszm(S)) ds

o—a—l1 gI—a— l
+ |@ol - I 2 0
(T4s1)(L+s7)  (14s2)(1+s3)
N 5(17 a—l1 B Sg a—l1
<1+sl><1+s’f> (1+52) (1 + )

1

XZ S k_sa S la(s) f(5,2(s), DYy a(s))] ds

J=1tk—1
o—a-l 51 S1 — a—1
5 ‘(1 Fa D) ( 1r<2)> a(5)f (5, 2(5), Diya(s)) ds
0
gTo— l s (82 _S)afl .
(1+s22)(1+32) (S) T(a) q(s) f(s,x(s),°Dh, x(s)) ds
o—a—l So'fafl
+ ’.750| 1 = 2
(1+s1)(1+s)) (14 s2)(1+sh)
+ M S‘f—a—l Sg—a—l i tSk (ty — 5)° y
TA+s)1+s) (T4 s2)(1+sh) 2 ) T s
o—a-l S1 _ Ja—1
: ‘ (1 +Zl1)(1 + s’f) (Slp(z)) q(s)f(s,z(s), "Dy x(s)) ds
oc—a—l 82 .
T AT ) 2 (5) 5060, D () s
0
‘1770‘7[ Sg a—l
+ |zo I+s)1+s)  (1+s2)(1+55)
5‘17 o=l Sg a—l

TA+s)@+s)  (T+s2)(1+sh)

k 1 (1 w)a—l
§ : a-+l — l
X - tk‘ é]—'(a)w dw — 0
uniformly as s1 — sg with s1,s2 € [a,b] C (tg, tg+1]. It follows that
o—a—l1 o—a—I
s s
17 1 Tx)(s1) — 2 Tx)(s9)] — 0
(17) '(1+51)(1+s';)( )(s1) (1+52)(1+sg)( )(s2)

uniformly as s; — so with s1,s2 € [a,b] C (tg, tir1]-
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Furthermore, similarly we have

S;;H—U—a—l ]27+O'—C¥—l
cyp _ cyp
(18) 5o th (Tx)(s1) 15 o th (T'z)(s2)

8p+afafl 81 (81 B S)a_p_l

1
1+ st tgk I'la—p)

q(5)f (s, 2(s), Dy x(s)) ds

Serafozfl 82 (82 . S)O‘_p_l

- =2 —0
1+ sh t{ I'(la—p)

q(s)f (s, x(s), ch:ﬂU(S)) ds

uniformly as s; — sg with s1,s2 € [a,b] C (¢, tx+1]. From (17) and (18), we
see that TW is equi-continuous on finite closed subintervals of (x, txt1].

Dy, T(£2) are

tafafl

STEP 4. We prove that both [(EDIED)
equi-convergent as t — t; (k=0,1,2,...).
Since 1 > o > 0 we see that

+o—a—1

T(£2) and ¢ T

tafafl

m“ﬂlﬁ)(t) — o]

to'fafl

< §(t—s
T A+)A+) g I(a)
1

w' dw — 0

< M,t° S (1—w)>t
T (1+t)(A 4t 5 I'a)
uniformly in W as t — 0. It follows that
tafozfl
(T+t)(1 4 tr)

Furthermore, we have

(19) |(Tx)(t) — x| — 0  uniformly in W as t — 0.

tp+0'7a7l erp
1+7t“| Dy, (Tx)(1)]

thro'fafl t

(t —s)2P-1
= 1+tr § I'a—p)

la(5).f (s, 2(s), Dy (s))] ds

M,.tpHo—a—l t t — g)x—p—1
r ( 5) ldS

l
= dw — 0
= 1ttr ) T(a-p) 1+tm e

Mo §(1 — )Pl
5 Ila—=p)
uniformly in W as t — 0. It follows that
tp—i—a—a—l
1+t+
From (19) and (20), we see that TW is equi-convergent as t — 0.

(20) 1Dy, (T)(t)] — 0 uniformly in W as t — 0.
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For t — t;r, we have
ta—a—l
(1+ t)(l + t“)

k _
<Z S S a(s) f(s,a(s), DYy a(s)) ds + 360)
1

taozl
<
= A+ 01+t

J=

L — S
tk
oy to § (1_w)a 1
ST A+ O

k

and

tp+crfa7l t

(t —s)ep-t
1+t

I'(a —p)

D, (T)(t) -

q(s)f(s,x(s), Ckafo(S)) ds

173

t § (1 —w)o»-?

< \47‘
- + th —
1+¢ st I'(a — p)

Hence we have shown that TW is equi-convergent as ¢t — ¢t} (k=1,2,...).

o—a—l1 +o—a—1
STEP 5. We prove that both WT(Q) and & i D+ T(82) are
equi-convergent as t — 00.

We get

ta—a—l
A+ )1+ 1)

x |(Tx)(t —<x0+2§ t_s

-1

(6 5,0(6). Do) s

Jj=1t;—1
to—a=l t (t_s)a—l -
S+ 00+m ti (o) la(s)f (s, 2(s), Dy, x(s)) | ds
+ﬂ i tSj M| (s)f (s, 2(s), °D¥, x(s))| ds
I+ +w) 4= T(a) WIS, 28), Dy
ad ‘ (1 —w)et
< Mr(l +1)(1 +tr) tks/t () w dw
t7—! G o : (1-— w)oc—l
+Mrm Z th S ledw

j=k+1 tj-1/t;
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1 B(a,l+1) 1 S 1 B(a,l+1)
< M,M, M, —0
O, 1+¢ F(a) + T)\,g—a—I—l j_zk;_l j,ufcr+1 F(Oé)

uniformly in W as t — oo (k — 00). Furthermore, we have

tpro—a—l . tpro—a—l 1 (1 _ w)a—p—l
D" (Tz)(t)| < ———t P\ = — _ Mawld
T | Py Tl < S I'(a) r
tr/t
1
t° 1— a—p—1
< S ( w) Mrwl dw — 0
1+t I'la)

uniformly in W as t — oo. Hence TW is equi-convergent as t — oo.
From the above discussion, we see that T is completely continuous. =

We now present the main assumptions:

(G) Suppose that 6; = d1; +d2; > 0 (i = 1,...,m) and §; <

< O,
and f is a Carathéodory function such that there exist A >0
(¢ =1,...,m) and a continuous bounded function r : (0,1) — R
such that
(1+8)(1+tH) 14+ “ _ _
f<t’ a1 “bipro—ait2) T ()] < ZAZ'|“1’611|“2’622
i=1
for all t € (0,00) and uy,us € R.
Let
t
(t _ S)Oé—l
vit) = | S —a(r(s) ds
ti
k a—1
+Z S Q(S)T(S) dS+£L’0, le (tkatk-i-l]a k:071727"'a
J=1t;—1
B(a,l+1) 1 Blal+1)< 1 = i
N = MO’ - A W % m’
= (PG s P X ) S

Ba ,l—i—
Ny = M, — o P22 ZA“
=1

No = maX{Nl,NQ}.
THEOREM 3.1. Suppose that (G) holds. Then IVP (1) has a solution
xeX if
Om <1, oréd,, =1 with Nog < 1, or
][ =0 (8 — 1)
o

(21) > Np.

Om > 1 with
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Proof. Let the Banach space X and its norm || - | be defined as in Sec-
tion 2. Let T': X — X be defined by (9). Since by (G), f is a Carathéodory
function, by Lemma 2.2 we seek solutions of (1) by looking for fixed points
of T'in X, and T is well defined and completely continuous.

It is easy to show that ¥ € X. Let > 0 and define

Q. ={zeX:||z-v|<r}
For = € 2, we have ||z — ¥|| < r. Then

tU—a—l

z(8)],

||| = max{ sup —————
te(0,00) (1 +1)(1 +t#)

tp+0'7047l

sup sSup
k=0,1,2,... t€(tp,tps1] L4

D2 a(0)]
k

<l — ) + 2] < v+ 2],
Using (G), we find

o—a—l
e T v o)

tafozfl S (t _ S)afl

la(s)I1f (s, 2(s), Dy x(s)) — r(s)| ds

SWaoa+m ) T
to—a—l kot oy
+<1+t1+ﬂL§;JI () 15, 2(5), D (s) — r(s)] ds

R R
S A+ o+ tgk F(a) l

m ta—a—l 014 tp+a—a—l » 024
Al ———— — D d
x {Z; Tarnazm W |Tre Potl) } s
t.
to—a— l k J t —S -1
O PR
(1+t (1 +th)
j= lt] 1
m o—o— l 014 tp+a—a—l » d2i
(&
{52 lTraarm*®| |TTra Do) }ds
ta—a—l (t—S)a_l . m 5
s'ds A;llx]|%
- (1+t)(1+t“)sk I'(a) ; illl
{o—o— l kot 5,
Ld A;
TS ]thg T T(a) SZ ™
7j—1
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1 m
t7 (1—w) " 5
< d A; *
SRR Ty S Ia) " w Al
tk/t i=1
e i | a3 A
)] I'(a)
=1 i—1/t
1(1_ _
< Mo §—F 5 F( ldeAna:n‘S
0
il S E—uldu Y el
S Z | wZ v
t; 1/tJ
P (1—w)e?
— di

1 m
1 (1—“))&71 ! 5
+D_ g )y e X Al
t] 0 i=1
Bla,l+1 S B(a,l+ 1) "
SM,MTZA”JS” +Z - UHM 7T I'(a) ZAZHQC”
i=1

B(a, 1+ 1) 1 B(a,l—i—l) 1 -
= (M ’ A;
( o1 F(a) + )\gfa+1 F(a) ;ju—a-l—l g

< Nifr + || @]
Furthermore, we have
P e, () 1) — DR, ()|
1+t 6
_ o] C(t—s)epl
- 14t 0 I'(a — p)

la(s)] £ (s, 2(s), Dyy2(s)) — Cl ds

pro—a—l t (t — s)o—p1 l

< S
14t 0 I'(a—p)
m po—a—l 014 tpro—a—l . d2;
Ajl———— ——D d
X [Z i (1—|—t)(1—|—t/‘)x(8) T qx(s) ] s

i=1

thrO'fafl (t _ S —p—1 5
< ZZAnxn ds
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B(a p,l+1 " B(a—p,l+1)
< Myp—— 2> Az <M,MWZA e
i=1 =1
B (o — p,z+1 - 5
< Mpy———— Z r )< [+ (@] N

=1
It follows that
T2 —&|| < [r+ [|@]]]°" No.

(i) If 6,, < 1, we can choose 79 > 0 so large that [ro + ||¥[]]*" No < 7o.
Let 2,, ={z €Y : |z —¥| <ro}. It is easy to see that T2, C 2,,. Then
the Schauder fixed-point theorem implies that 7" has a fixed point = € 2,
which is a bounded solution of (1).

(ii) If 9,, = 1, we choose
ro > 1Z1No
- 1- N()
Let 2,, ={z €Y : |z —¥| <ro}. It is easy to see that T'2,, C 2,,. Then

the Schauder fixed-point theorem implies that T" has a fixed point = € (2,
which is a bounded solution of (1).

(iii) If 6, > 1, we choose r = rg = ||¥|| /(6 — 1). By assumption,

1—6m _ 1\0m—1
O | T V Y
(ro + 1217 i

Let 2, ={z €Y : |z — | < ro}. It is easy to see that T(2,, C §2,,,. Then
the Schauder fixed-point theorem implies that F' has a fixed point x € (2,
which is a solution of (1). m

THEOREM 3.2 Suppose that (G) holds with 6, = 1, and Ny < 1. Then
(1) has a unique solution x.

Proof. By (G) and Theorem 3.1, (1) has at least one solution. If it has
two different solutions z7 and xg, then |x; — xo| > 0, Ty = x1 and
Tx9 = x9. So the methods used in the proof of Theorem 3.1 imply that

o—a—l1
T o)) — ()0 < Nifer — o]

and
tp+a—a—l

1+ t#
It follows that

D+ (Tx1)(t) = Dy (Tx2)(1)] < Naolzy — 22

|Tx1 — Txz|| < Nollw — z2]|.
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We get
0 < [|z1 — 22| = ||[Tz1 — Tx2|| < Nollr1 — 22| < [|21 — 22,

a contradiction. m

4. Application. In this section, we apply the main theorem to solve
the fractional order logistic model (3).

THEOREM 4.1. Suppose that Ao = infy—o 12, [tk+1 — tx] > 0, r 8 con-
tinuous and bounded and there exists | > —a such that lqt)| <t for all
t € (0,00) and there exist 0 > a+ 1 and p > o such that

(L+6)(1+tH)

to—a—l |a(t)| < ao, te (07 00)7
19
e (P wor<n e (0.00),
n
LD () et <o t€ (0.00)

Then (3) has a solution if
||!p‘|1—max{5,1+u}(max{6’ 14 M} _ 1)max{5,1+u}—1

(23) max{é, 14+ M}max{é,H»u} > No,
where
t
_ (=)t
U(t) = S Ta)q(S)T(S) ds
7%
K t —5) -1
+Z S ) NI a(s)r(s)ds + zo,t € (trtesa) k= 0,1,2,. ..,
j lt] 1
B(a,l+1) 1 Bal+1) X 1
Ny = | M,
1 < " I(a) " )\g_U"H I'(@) ; ju—otl
% (GOHWHl_maX{&’l—W} + bo|‘¥7||6_max{6’1+u} + CO||W||1+M_maX{5’1+”}),
B(a—p,l+1)
Ny =M, , ——2——~ ’
2 Y F(Oé — p) (a() + bO + Co)

NO = max{Nb Ng}

Proof. Let f(t,u,v) = r(t) + a(t)u — b(t)u’ + c(t)v*. Then

‘f<t’ (1+t)(1+t“)u 14+ ) _T(t)‘

to—a—l P gpto—a—l
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é
= G et + o) ()

(I+6) (1 +t") [ T4+t \*
C(t) to—a—l tp—l—a—a—l uv’

< aplu| + b0]u|5 + colul [v]*.

It is easy to see that f is a Carathéodory function. Choose 411 = 1,d21 = 0,
012 = 0,092 = 0 and 013 = 1,823 = p. Then §; = 1,09 = 6,03 = 1 + p with
max{dq,d2,03} = max{d, 1+ u} > 1.

Corresponding to Theorem 3.1, we choose Ay = ag, A2 = by, A3 = ¢o.
Then (G) holds. By Theorem 3.1, (3) has a solution. =
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