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ON SOME INEQUALITIES FOR SOLUTIONS
OF EQUATIONS DESCRIBING THE MOTION OF

A VISCOUS COMPRESSIBLE HEAT-CONDUCTING
CAPILLARY FLUID BOUNDED BY A FREE SURFACE

Abstract. We derive inequalities for a local solution of a free boundary
problem for a viscous compressible heat-conducting capillary fluid. The in-
equalities are crucial in proving the global existence of solutions belonging to
certain anisotropic Sobolev–Slobodetskĭı space and close to an equilibrium
state.

1. Introduction. The aim of the paper is to obtain some inequalities
for a local solution of equations of motion of a viscous compressible heat-
conducting capillary fluid bounded by a free surface. The motion of such
a fluid in a bounded domain Ωt ⊂ R3 (which depends on time t ∈ R1

+) is
described by the following system with the boundary and initial conditions
(see [3], [4]):

(1.1)

%[vt + (v · ∇)v]− divT(u, p) = 0 in Ω̃T ,

%t + div(%v) = 0 in Ω̃T ,

%cv(θt + v · ∇θ) + θpθ div v − κ∆θ

− µ

2

3∑

i,j=1

(vixj + vjxi)
2 − (ν − µ)(div v)2 = %r in Ω̃T ,

Tn− σHn = −p0n on S̃T ,
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(1.1)
[cont.]

v · n = −ϕt/|∇ϕ| on S̃T ,

∂θ/∂n = θ on S̃T ,

%|t=0 = %0, v|t=0 = v0, θ|t=0 = θ0 in Ω,

where Ω̃T ≡ ⋃t∈(0,T )Ωt×{t}, Ω0 = Ω is an initial domain, S̃T ≡ ⋃t∈(0,T ) St
×{t}, St = ∂Ωt, ϕ(x, t) = 0 describes St, n is the unit outward vector normal
to the boundary, i.e. n = ∇ϕ/|∇ϕ|. Moreover, v = v(x, t) is the velocity of
the fluid, % = %(x, t) the density, θ = θ(x, t) the temperature, r = r(x, t)
the heat sources per unit mass, θ = θ(x, t) the heat flow per unit surface,
p = p(%, θ) the pressure, cv = cv(%, θ) the specific heat at constant volume,
µ and ν the viscosity coefficients, κ the coefficient of heat conductivity, σ
the coefficient of surface tension, and p0 the external (constant) pressure.

From the thermodynamic considerations we have

ν > 1
3µ > 0, κ > 0, cv > 0, σ > 0.

Further, T = T(v, p) denotes the stress tensor of the form

T(v, p) = {Tij}i,j=1,2,3 = {Dij(v)− pδij}i,j=1,2,3,

where

D(v) = {Dij(v)}i,j=1,2,3 = {µSij(v) + (ν − µ)δij div v}i,j=1,2,3

and S(v) = {vixj + vjxi}i,j=1,2,3 is the velocity deformation tensor.
Finally, we denote by H the double mean curvature of St which is neg-

ative for convex domains and can be expressed in the form

Hn = ∆St(t)x, x = (x1, x2, x3),

where ∆St(t) is the Laplace–Beltrami operator on St. Let St be determined
by x = x(s1, s2, t), (s1, s2) ∈ U ⊂ R2. Then we have

∆St(t) = g−1/2
(

∂

∂sγ
g−1/2ĝγδ

∂

∂sδ

)

= g−1/2
(

∂

∂sγ
g1/2gγδ

∂

∂sδ

)
(γ, δ = 1, 2),

where the convention summation over repeated indices is assumed, g =
det{gγδ}γ,δ=1,2, gγδ = ∂x

∂sγ
· ∂x∂sδ , {gγδ} is the inverse matrix to {gγδ} and

{ĝγδ} is the matrix of algebraic complements of {gγδ}.
Assume that the domain Ω is given. Then by (1.1)5, Ωt = {x ∈ R3 : x =

x(ξ, t), ξ ∈ Ω}, where x = x(ξ, t) is the solution of the Cauchy problem

(1.2)
dx

dt
= v(x, t), x|t=0 = ξ ∈ Ω, ξ = (ξ1, ξ2, ξ3).
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Integrating (1.2) we obtain

x = ξ +
t�

0

u(ξ, t′) dt′ ≡ Xu(ξ, t),

where u(ξ, t) = v(Xu(ξ, t), t) and x = Xu(ξ, t) describes the relation between
the Eulerian x and Lagrangian ξ coordinates. Moreover, by (1.1)5, St = {x :
x = x(ξ, t), ξ ∈ S = ∂Ω}.

By the continuity equation (1.1)2 and the kinematic conditions (1.1)5

the total mass is conserved, i.e.
�

Ωt

%(x, t) dx =
�

Ω

%0(ξ) dξ = M.

Now, assume that p% > 0, pθ > 0 for %, θ ∈ R1
+ and consider the equation

(1.3) p

(
M

4
3πR

3
e

, θe

)
= p0 +

2σ
Re

.

We assume that there exist Re > 0 and θe > 0 satisfying (1.3). Then we
have the following definition.

Definition 1.1. Let r = θ = 0. By an equilibrium state we mean a
solution (v, θ, %,Ωt) of problem (1.1) such that v = 0, θ = θe, % = %e,
Ωt = Ωe for t ≥ 0, where %e = M/( 4

3πR
3
e), Ωe is a ball of radius Re, and

Re > 0 and θe > 0 satisfy equation (1.3).

Next, we introduce

%σ = %− %e, θσ = θ − θe.
Then problem (1.1) takes the form

(1.4)

%[vt + (v · ∇)v]− divT(v, pσ) = 0 in Ω̃T ,

%σt + v · ∇%σ + %div v = 0 in Ω̃T ,

%cv(θσt + v · ∇θσ)− κ∆θσ + θpθ div v

=
µ

2

3∑

i,j=1

(vixj + vjxi)
2 + (ν − µ)(div v)2 + %r in Ω̃T ,

T(v, pσ)n− σ(H +He)n = 0 on S̃T ,

v · n = −ϕt/|∇ϕ| on S̃T ,

∂θσ/∂n = θ on S̃T

%σ|t=0 = %σ0 = %0 − %e, θσ|t=0 = θσ0 = θ0 − θe,
v|t=0 = v0 in Ω,

where
pσ = p− σHe − p0, He = 2/Re.
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On the other hand we can write

(1.5) pσ(%, θ) = p1%σ + p2θσ,

where

p1(%, θ) =
1�

0

p%(%e + s(%− %e), θ) ds,

p2(θ) =
1�

0

pθ(%e, θe + s(θ − θe)) ds.

Problem (1.4) written in Lagrangian coordinates has the following form:

ηut − divu Tu(u, pσ) = 0 in ΩT = Ω × (0, T ),

ησt + η divu u = 0 in ΩT ,

ηcvϑσt + ϑpϑ divu u− κ∇2
uϑσ

=
µ

2

3∑

i,j=1

(ξxi · ∇ξuj + ξxj · ∇ξui)2

− (ν − µ)(divu u)2 + ηk in ΩT ,

Tu(u, pσ)nu − σ(H +He)nu = 0 on ST ,

nu · ∇uϑσ = ϑ on ST ,

ησ|t=0 = %σ0, ϑσ|t=0 = θσ0, u|t=0 = v0 in Ω,

where η(ξ, t) = %(Xu(ξ, t), t), ϑ(ξ, t) = θ(Xu(ξ, t), t), ησ = η − %e, ϑσ = ϑ−
θe, k(ξ, t) = r(Xu(ξ, t), t), ϑ(ξ, t) = θ(Xu(ξ, t), t), nu(ξ, t) = n(Xu(ξ, t), t),
∇u = ξix∂ξi = {ξixj∂ξi}j=1,2,3, Tu(u, p) = −pI + Du(u), I = {δij}i,j=1,2,3,

Du(u) = {Duij(u)}i,j=1,2,3

= {µ(∂xiξk∂ξkuj + ∂xj ξk∂ξkui) + (ν − µ)δij divu u}i,j=1,2,3,

divu u = ∇u · u = ∂xiξk∂ξkui, divu Tu(u, p) = {∂xj ξk∂ξkTuij(u, p)}i=1,2,3

and ∂xiξk are elements of the matrix ξx which is inverse to the matrix
xξ = I + � t0 uξ(ξ, t′) dt′.

In this paper we derive estimates for problem (1.1) (see Theorems 3.2 and
3.4) which are essential in the proof of the global-in-time existence of solu-
tions to (1.1) such that (u, ϑσ, ησ) ∈W 2+α,1+α/2

2 (ΩT )×W 2+α,1+α/2
2 (ΩT )×

W
1+α,1/2+α/2
2 (ΩT )∩C(0, T ;W 1+α

2 (Ω)), α ∈ (3/4, 1) (see definitions in Sec-
tion 2) and close to the equilibrium state. Problem (1.1) was already exam-
ined in [8], where the global existence of more regular solutions was proved.
Moreover, the free boundary problem for a viscous barotropic compressible
capillary fluid has been considered in [6], [7] and [10].
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2. Notation. By W k+α,k/2+α/2
2 (ΩT ), k ∈ N∪{0}, α ∈ (0, 1), we denote

the Sobolev–Slobodetskĭı space with the norm

‖u‖
W
k+α,k/2+α/2
2 (ΩT ) =

∑

|β|+2i≤k
‖∂βx∂itu‖2L2(ΩT )

+
∑

|β|=k

T�

0

�

Ω

�

Ω

|∂βxu(x, t)− ∂βx′u(x′, t)|2
|x− x′|3+2α dx dx′ dt

+
�

Ω

T�

0

T�

0

|∂[k/2]
t u(x, t)− ∂[k/2]

t′ u(x, t′)|2
|t− t′|1+α+k−2[k/2]

dx dt dt′,

where ∂βx = ∂β1
x1
∂β2
x2
∂β3
x3

, β = (β1, β2, β3) is a multi-index, |β| = β1 + β2 + β3.

Similarly we can define the norms in W k+α
2 (Ω) and W

k+α,k/α+α/2
2 (ST ).

Moreover, we shall use the notation:

‖u‖
W
k+α,k/2+α/2
2 (ΩT ) = ‖u‖k+α,ΩT ;

‖u‖Wk+α
2 (Q) = ‖u‖k+α,Q, Q ∈ {Ω,S, S1} (S1 is the unit sphere);

‖u‖Lp(Q) = |u|p,Q, p ∈ [1,∞], Q ∈ {Ω,S};
‖u‖L2(Q) = ‖u‖0,Q, Q ∈ {Ω,S,ΩT , ST };

‖u‖(α+2,α/2+1)
ΩT

=
[
‖u‖2α+2,ΩT + T−α

(
‖ut‖20,ΩT +

∑

|β|=2

‖∂βxu‖20,ΩT
)

+ sup
t≤T
‖u(·, t)‖2α+1,Ω

]1/2
;

‖u‖(α,α/2)
QT

= (‖u‖2α,QT + T−α‖u‖20,QT )1/2, Q ∈ {Ω,S};

[u]α,ΩT ,x =
( T�

0

dt
�

Ω

�

Ω

|u(x, t)− u(x′, t)|2
|x− x′|3+2α dx dx′

)1/2

;

[u]α,ΩT ,t =
( �

Ω

dx

T�

0

T�

0

|u(x, t)− u(x, t′)|2
|t− t′|1+2α dt dt′

)1/2

.

Next, we define the isotropic Besov spaces by introducing the norm (see
[1], Sect. 18)

‖u‖Blp(Rn) = ‖u‖Lp(Rn) +
n∑

i=1

( h0�

0

dh
�

Rn
dx
|∆m

i (h)∂kxiu|p
h1+(l−k)p

)1/p

,
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where p ∈ [1,∞],

∆m
i (h)f(x) =

m∑

j=0

(−1)m−jcjmf(x+ jhei),

cjm = (mj ) = m!/(j!(m− j)!), x ∈ Rn, ei is the unit vector of the ith
coordinate axis, i = 1, . . . , n and m > l − k, m,k ∈ N ∪ {0}, l ∈ R+, l 6∈ Z.

It is proved in [2] (see also [1], Th. 18.2) that the Besov space norms are
equivalent for all m,k satisfying m > l − k.

Now, we define the Sobolev–Slobodetskĭı spaces by intoducing the norm

‖u‖W l
p(Rn) = ‖u‖Lp(Rn) +

n∑

i=1

( h0�

0

dh
�

Rn
dx
|∆i(h)∂[l]

xiu|p
h1+p(l−[l])

)1/p

,

where ∆i(h) = ∆l
i(h), l 6∈ Z, [l] is the integer part of l.

By the Golovkin theorem [2] the norms of the spaces Bl
p(Rn) and W l

p(Rn)
are equivalent.

Now, we recall the following imbedding for Besov spaces (see [1], Sect.
18):

∂σxB
l
p(Rn) ⊂ B%q (Rn) for

n

p
− n

q
+ |σ|+ % ≤ l.

Moreover, for

κ =
1
l

(
n

p
− n

q
+ |σ|+ %

)
< 1

we have the interpolation inequality

‖∂σxu‖Bσq (Rn) ≤ ε1−κ‖u‖Blp(Rn) + cε−κ‖u‖Lp(Rn).

In the above notation Blp(Rn) with l ∈ Z+ is the Sobolev space.
All the above remarks can be applied to spaces of functions defined on

a bounded domain Ω ⊂ Rn (which has the cone property), and by using a
partition of unity we can also define spaces of traces on the boundary of Ω
and formulate the corresponding trace theorems.

Next, we define

‖u‖Lp1,p2 (ΩT ) =
( T�

0

dt

( �

Ω

|u(x, t)|p1 dx

)p2/p1
)1/p2

and

‖u‖Lp1,p2 (ΩT ) =
( �

Ω

dx
( T�

0

|u(x, t)|p1 dt
)p2/p1

)1/p2

,

where pi ∈ [1,∞], i = 1, 2.
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We have the following imbeddings (see [1], Sect. 18):

∂α1
x ∂α2

t W
l,l/2
2 (ΩT )

⊂





Lp1,p2(ΩT ) if n/2− n/p1 + 2/2− 2/p2 + |α1|+ 2α2 ≤ l,
Lp1,p2(ΩT ) if n/2− n/p2 + 2/2− 2/p1 + |α1|+ 2α2 ≤ l,
Lp(0, T ;Bσq (Ω)) if n/2− n/q + 2/2− 2/p+ |α1|+ 2α2 + σ ≤ l,
Lp(Ω;Bσq (0, T )) if n/2− n/p+ 2/2− 2/q + |α1|+ 2α2 + 2σ ≤ l,

where Ω has the cone property.
Moreover, the corresponding interpolation inequalities hold.

3. Inequalities for global existence. In [9] the following local exis-
tence theorem is proved.

Theorem 3.1. Let S ∈ W 5/2+α
2 , %0 ∈ W 1+α

2 (Ω), v0 ∈ W 1+α
2 (Ω), θ0 ∈

W 1+α
2 (Ω), α ∈ [3/4, 1), %0 ≥ %∗ > 0, cv ∈ C2(R2), cv > 0, p ∈ C3(R2),

assume that r and θ have continuous derivatives of order one and two, r, rxk
and θ, θxk satisfy the Hölder condition with exponent α ≥ 1/2 and suppose
the following compatibility conditions are satisfied :

Π0D(v0)n0 = 0 on S,

n0 · D(v0)n0 = n0 · (p(%0θ0)− p0)n0 + σn0 ·∆S(0)ξ on S,

n0 · ∇ξθ0 = θ(ξ, 0) on S.

Then there exists T > 0 such that there exists a unique solution of problem
(1.1) such that (u, ϑ, η) ∈ W

2+α,1+α/2
2 (ΩT ) × W

2+α,1+α/2
2 (ΩT ) ×

C(0, T ;W 1+α
2 (Ω)) ∩W 1+α,1/2+α/2

2 (ΩT ).

In order to derive global estimates we assume the following condition:
Ωt is diffeomorphic to a ball, so St can be described by

|x| = r = R(ω, t), ω ∈ S1,

where S1 is the unit sphere and we consider the motion near the equilibrium
state (see Definition 1.1).

First we obtain an energy type inequality.

Theorem 3.2. Assume that (v, %, θ) is the local solution to problem
(1.1). Assume that %∗= |%|∞,ΩT , θ∗ = |θ|∞,ΩT , %∗ = min

Ω
T %, θ∗ = min

Ω
T θ.

Assume that α ∈ [3/4, 1), p%, pθ, cv are positive. Then

(3.1)
1
2
d

dt

�

Ωt

(
%v2 +

p1

%
%2
σ +

%cvp2

θpθ
θ2
σ

)
dx

+
σ

2
d

dt

�

St

gγδ
t�

0

vsγ dt
′ ·
t�

0

vsδ dt
′ ds+ c0(‖v‖21,Ωt + ‖θσx‖20,Ωt)
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≤ ε(‖%σ‖20,Ωt + ‖θσ‖20,Ωt)

+ ε1

(
‖v‖22,Ωt +

∥∥∥
t�

0

v dt′
∥∥∥

2

0,St
+ ‖H(·, 0) + 2/Re‖20,S1

)

+ a1(%∗, 1/%∗, θ∗, 1/θ∗)(‖v‖20,Ωt + ‖r‖20,Ωt + ‖θ‖20,St)

+ a2(%∗, 1/%∗, θ∗, 1/θ∗)[(‖θσ‖21+α,Ωt+‖%σ‖21+α,Ωt)(‖θσt‖20,Ωt+‖%σt‖20,Ωt)

+ (‖%σ‖21,Ωt+‖θσ‖21,Ωt)‖θσ‖21+α,Ωt+‖v‖21,Ωt(‖%σ‖21+α,Ωt+‖θσ‖21+α,Ωt)
2],

where ε and ε1 are sufficiently small constants, and a1 and a2 are positive
continuous functions of their arguments.

Proof. Multiplying (1.4)1 by v, integrating over Ωt, using the equation
of continuity, integrating by parts and using the boundary conditions we
obtain

(3.2)
1
2
d

dt

�

Ωt

%v2 dx+
�

Ωt

|D(v)|2 dx−
�

Ωt

(p1%σ + p2θσ) div v dx

− σ
�

St

(∆Stx+Hen) · v ds = 0.

Muliplying (1.4)2 by p1
% %σ and (1.4)3 by p2

θpθ
θσ, integrating the results over

Ωt and adding to (3.2) yields

(3.3)
1
2
d

dt

�

Ωt

%v2 dx+
�

Ωt

(%σt+v·∇%σ)
p1

%
%σ dx+

�

Ωt

%cv
θpθ

p2θσ(θσt+v·∇θσ) dx

+
�

Ωt

|D(v)|2 dx−
�

Ωt

κ
θpθ

p2θσ∆θσ dx− σ
�

St

(∆Stx+Hen) · v ds

=
�

Ωt

p2

θpθ
θσ

[
µ

2

3∑

i,j=1

(vixj + vjxi)
2 + (ν − µ)(div v)2

]
dx+

�

Ωt

%p2

θpθ
θσr dx.

By using the equation of continuity (1.1)2 the second term on the l.h.s. of
(3.3) takes the form

(3.4)
d

dt

�

Ωt

1
2
p1

%
%2
σ dx+ I1,

where

I1 = −1
2

�

Ωt

%2
σ

[
%∂t

(
p1

%2

)
+ %v · ∇

(
p1

%2

)]
dx.
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Hence

|I1| ≤ a3(%∗, 1/%∗, θ∗, 1/θ∗
) �

Ωt

|%σ|2[|%σt|+ |θσt|+ |v|(|%σx|+ |θσx|)] dx

≤ ε‖%σ‖20,Ωt + a4(%∗, 1/%∗, θ∗, 1/θ∗)[‖%σ‖21+α,Ωt(‖%σt‖20,Ωt + ‖θσt‖20,Ωt)
+ ‖%σ‖21+α,Ωt‖v‖21,Ωt(‖%σ‖21+α,Ωt + ‖θσ‖21+α,Ωt)],

where a3, a4 etc. denote positive continuous functions. Similarly, the third
term on the l.h.s. of (3.3) takes the form

(3.5)
d

dt

�

Ωt

1
2
%cvp2

θpθ
θ2
σ + I2,

where

I2 = −1
2

�

Ωt

θ2
σ

[
%∂t

(
cvp2

θpθ

)
+ %v · ∇

(
cvp2

θpθ

)]
dx,

so

|I2| ≤ a5(%∗, 1/%∗, θ∗, 1/θ∗)
�

Ωt

θ2
σ[|%σt|+ |θσt|+ |v|(|%σx|+ |θσx|)] dx

≤ ε‖θσ‖20,Ωt + a6(%∗, 1/%∗, θ∗, 1/θ∗)[‖θσ‖21+α,Ωt(‖%σt‖20,Ωt + ‖θσt‖20,Ωt)
+ ‖θσ‖21+α,Ωt‖v‖21,Ωt(‖%σ‖21+α,Ωt + ‖θσ‖21+α,Ωt)].

By the boundary condition (1.4)6 the fifth term on the l.h.s. of (3.3) is equal
to

(3.6) −
�

St

κp2

θpθ
θσθ ds+

�

Ωt

κp2

θpθ
|∇θσ|2 dx+

�

Ωt

∇
(
κp2

θpθ

)
· θσ∇θσ dx.

Denoting the last expression in (3.6) by I3 we obtain

|I3| ≤ a5(%∗, 1/%∗, θ∗, 1/θ∗)
�

Ωt

|θσ||θσx|(|%σx|+ |θσx|) dx(3.7)

≤ ε‖θσx‖20,Ωt + a7(%∗, 1/%∗, θ∗, 1/θ∗, ε)

· (‖θσ‖21+α,Ωt‖%σ‖21,Ωt + ‖θσ‖21+α,Ωt‖θσ‖21,Ωt).
In view of the considerations from Lemma 4.1 of [10] the boundary term on
the l.h.s. of (3.3) takes the form

(3.8)
σ

2
d

dt

�

St

gγδ
t�

0

vsγ dt
′ ·
t�

0

vsδ dt
′ ds+ I4,

where
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|I4| ≤ ε1

(∥∥∥
t�

0

v dt′
∥∥∥

2

0,St
+ ‖v‖21,Ωt + ‖H(·, 0) + 2/Re‖20,S1

)
(3.9)

+ a8

∥∥∥
t�

0

v dt′
∥∥∥

2

2,St
+ ‖v‖22,Ωt + a9‖v‖20,Ωt ,

where ε1 ∈ (0, 1).
Taking into account (3.3)–(3.9) we obtain estimate (3.1).

Next, we obtain estimates for supt1≤t≤T ‖u‖22+α,Ω , supt1≤t≤T ‖ϑσ‖22+α,Ω

and supt1≤t≤T ‖ησ‖21+α,Ω , where (u, ϑσ, ησ) is the local solution of problem
(1.6) and t1 > 0. To do this we use the argument from [5] (see Theorem 6).

Let ζλ ∈ C∞ be a function such that ζλ(t) = 1 for t ≥ t0 + λ (t0 > 0,
λ > 0, t0 + λ < T ), ζλ(t) = 0 for t ≤ t0 + λ/2, 0 ≤ ζλ(t) ≤ 1, |ζ̇λ(t)| ≤
C/λ, where ζ̇λ = dζ/dt. Let wλ = wζλ, where w ∈ {u, ϑσ, ησ, k, ϑ}. Then
(uλ, ϑσλ, ησλ) satisfies the problem

ηuλt − µ∇2
uuλ − ν∇u∇u · uλ = −pη∇uησλ − pϑ∇uϑσλ + ηuζ̇λ in ΩT ,

Π0ΠuDu(uλ)nu = 0 on ST ,

n0 · Du(uλ)nu − σn0 ·∆u(t′)
t�

0

uλ(t′) dt′

=
t�

0

[
ζ̇λn0 · Tu(u, pσ)nu − σn0 · ζλ∆̇u(t′)

(
ξ +

t�

0

u(t′′) dt′′
)

− ζλ∂t′
(

2
Re

n0 · nu
)]

dt′ + (p1ησλ + p2ϑσλ)n0 · nu

≡
t�

0

B(t′) dt′ + (p1ησλ + p2ϑσλ)n0 · nu on ST ,

uλ|t=0 = 0 in Ω,

ηcvϑσλt + ϑpϑ divu uλ − κ∇2
uϑσλ

=
µ

2

3∑

i,j=1

(ξxi · ∇ξujλ + ξxj · ∇ξuiλ)

· (ξxi · ∇ξuj + ξxj · ∇ξui)
− (ν − µ) divu uλ divu u+ ηkλ + ηcvϑσ ζ̇λ in ΩT ,

nu · ∇uϑσλ = ϑλ on ST ,

ϑσλ|t=0 = 0 in Ω,

ησλt + η∇u · uλ = ησ ζ̇λ in ΩT ,

ησλ|t=0 = 0 in Ω,
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where Π0g = g−n0(n0 ·g), Πug = g−nu(nu ·g), and n0 is the unit outward
vector normal to S.

Next, we introduce the differences

w(s)(ξ, t) = wλ(ξ, t)− w′λ(ξ, t),

where w ∈ {u, ησ, ϑσ, k, ϑ}, w′λ(ξ, t) = wλ(ξ, t− s), and

w
(s)
∗ (ξ, t) = w(ξ, t)− w′(ξ, t),

where w ∈ {u, η, ϑ}, w′(ξ, t) = w(ξ, t− s).
Then we obtain the following problem:

(3.10)

ηu
(s)
t − µ∇

2
uu

(s) − ν∇u∇u · u(s)

= −pη∇uη(s)
σ − pϑ∇uϑ(s)

σ

− η(s)
∗ u′λt + µ(∇2

u −∇2
u′ )u

′
λ

+ ν(∇u∇u −∇u′∇u′ ) · u′λ − p′η(∇u −∇u′)η′σλ
− p′ϑ(∇u −∇u′ )ϑ′σλ − (pη − p′η)∇u′η′σλ
− (pϑ − p′ϑ)∇u′ϑ′σλ + η

(s)
∗ uζ̇λ

+ η′u(ζ̇λ − ζ̇′λ) + η′u(s)
∗ ζ̇′λ ≡ F in ΩT ,

Π0ΠuDu(u(s))nu

= −Π0(ΠuDu(u′λ)nu −Πu′Du′ (u′λ)nu′) ≡ Π0G on ST ,

n0 · Du(u(s))nu − σn0 ·∆u(t)
t�

0

u(s)(t′) dt′

= p1(η, ϑ)η(s)
σ n0 · nu + p2(η, ϑ)ϑ(s)

σ n0 · nu
− n0(Du(u′λ)nu − Du′(u′λ)nu′ )

+ σn0 ·
t�

0

(∆u(t′)−∆u′(t′))u′λ dt′

+
t�

0

(B(t′)−B′(t′)) dt′ + p1(η, ϑ)η′σλn0 · (nu − nu′)

+ p2(η, ϑ)ϑ′σλn0 · (nu − nu′)
+ [p1(η, ϑ)− p1(η′, ϑ′)]η′σλn0 · nu′
+ [p2(η, ϑ)− p2(η′, ϑ′)]ϑ′σλn0 · nu′

≡ H1 +
t�

0

H2(t′) dt′ on ST ,

u(s)|t=t0+λ/2 = 0 in Ω,
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(3.10)
[cont.]

ηcvϑ
(s)
σt − κ∇

2
uϑ

(s)
σ = κ(∇2

u −∇2
u′)ϑ

′
σλ − η(s)

∗ cvϑ
′
σλt − η′cvηη(s)

∗ ϑ′σλt

− η′cvϑϑ(s)
∗ ϑ′σλt + η

(s)
∗ cvϑσ ζ̇λ + η′cvηη

(s)
∗ ϑσ ζ̇λ + η′cvϑϑ

(s)
∗ ϑσ ζ̇λ

+ η′c′v(ζ̇λ − ζ̇′λ)ϑσ + η′c′vϑ
(s)
∗ ζ̇′λ

− ϑpϑ divu u
(s) − ϑpϑ(∇u −∇u′) · u′λ

− ϑ(s)
∗ pϑ divu′ u

′
λ − ϑ′(pϑ − p′ϑ) divu′ u

′
λ

+
µ

2

3∑

i,j=1

[(ξxi · ∇ξujλ + ξxj · ∇ξuiλ)(ξxi · ∇ξuj + ξxj · ∇ξui)

− (ξ′xi · ∇ξu′jλ + ξ′xj · ∇ξu′iλ)(ξ′xi · ∇ξu′j + ξ′xj · ∇ξu′i)]

− (ν − µ)(divu uλ divu u− divu′ u
′
λ divu′ u

′) + η
(s)
∗ kλ + η′k(s) ≡ I in ΩT ,

nu · ∇uϑ(s)
σ = −nu · (∇u −∇u′ )ϑ′σλ − (nu − nu′) · ∇u′ϑ′σλ + ϑ

(s) ≡ J on ST ,

ϑ
(s)
σ |t=t0+λ/2 = 0 in Ω,

η
(s)
σt + η∇u · u(s)

= η(∇u −∇u′) · u′λ + η
(s)
∗ ∇u′ · u′λ + η

(s)
∗ ζ̇λ + ησ(ζ̇λ − ζ̇′λ) in ΩT ,

η
(s)
σt |t=t0+λ/2 = 0 in Ω.

First, we prove

Lemma 3.3. Let the assumptions of Theorem 3.1 be satisfied and let
α ∈ (3/4, 1). Then

(3.11) (‖u(s)‖(α+2,α/2+1)
Qλ

)2 + (‖ϑ(s)
σ ‖(α+2,α/2+1)

Qλ
)2 ≤ c1(K)Ks1+ω1 ,

where 0 < s < t0, ω1 > 0 is a constant , K = ‖u‖22+α,ΩT + ‖ϑσ‖22+α,ΩT ,

K = K + ‖ησ‖21+α,ΩT

+ sup
0≤t≤T

‖u‖21+α,Ω + sup
0≤t≤T

‖ϑσ‖21+α,Ω + sup
0≤t≤T

‖ησ‖21+α,Ω ,

c1(K) is a positive nondecreasing continuous function of K, Qλ = Ω ×
(t0 + λ, T ), and λ ∈ (0, 1).

Proof. By Theorem 1.2 of [7] and Lemma 3.2 of [9] we have

(3.12) ‖u(s)‖(α+2,α/2+1)
Qλ

+ ‖ϑ(s)
σ ‖(α+2,α/2+1)

Qλ

≤ c(‖F‖(α,α/2)
Qλ/2

+ ‖I‖(α,α/2)
Qλ/2

+ ‖G‖α+1/2,Gλ/2

+ ‖H1‖α+1/2,Gλ/2
+ ‖J‖α+1/2,Gλ/2

+ ‖H2‖(α−1/2,α/2−1/4)
Gλ/2

).

We have to estimate the terms on the right-hand side of (3.12).
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First, we estimate K1 = pϑ∇uϑ(s)
σ . We have

[K1]2α,Qλ/2,ξ
≤ c

T�

t0+λ/2

�

Ω

�

Ω

|ησ(ξ)− ησ(ξ′)|2|ϑ(s)
σξ (ξ)|2

|ξ − ξ′|3+2α dξ dξ′ dt

+ c

T�

t0+λ/2

�

Ω

�

Ω

|ϑσ(ξ)− ϑσ(ξ′)|2|ϑ(s)
σξ (ξ)|2

|ξ − ξ′|3+2α dξ dξ′ dt

+ c

T�

t0+λ/2

�

Ω

�

Ω

| � t0(uξ − uξ′) dt′|2|ϑ(s)
σξ (ξ)|2

|ξ − ξ′|3+2α dξ dξ′ dt

+ c

T�

t0+λ/2

�

Ω

�

Ω

|ϑ(s)
σξ (ξ)− ϑ(s)

σξ′(ξ
′)|2

|ξ − ξ′|3+2α dξ dξ′ dt ≡
4∑

i=1

Ji.

First, we get

J4 = c

T�

t0+λ/2

‖ϑ(s)
σξ ‖2α,Ω dt(3.13)

≤ ε
T�

t0+λ/2

‖ϑ(s)
σ ‖22+α,Ω dt+ c(ε)‖ϑ(s)

σ ‖20,Qλ/2

≤ ε‖ϑ(s)
σ ‖22+α,Qλ/2

+ c(ε)s1+α sup
0<s<t0

T�

t0+λ/2

|ϑ(s)
σ |22,Ω
s1+α dt

≤ ε‖ϑ(s)
σ ‖22+α,Qλ/2

+ c(ε)Ks1+α.

Next, we have

J1 ≤ c sup
t0+λ/2≤t≤T

( �

Ω

�

Ω

|ησ(ξ)− ησ(ξ′)|4
|ξ − ξ′|3+4(1/4+α)

dξ dξ′
)1/2

·
T�

t0+λ/2

( �

Ω

�

Ω

|ϑ(s)
σξ (ξ)|4
|ξ − ξ′|2 dξ dξ′

)1/2

dt

≤ c sup
t0+λ/2≤t≤T

‖ησ‖21+α,Ω

T�

t0+λ/2

‖ϑ(s)
σξ ‖2α,Ω dt

≤ ε‖ϑ(s)
σ ‖22+α,Qλ/2

+ c(K)Ks1+α,

where we have used the imbeddings W 1+α
2 (Ω) ⊂ W

1/4+α
4 (Ω), Wα

2 (Ω) ⊂
L4(Ω) for α ≥ 3/4 and we have estimated � T

t0+λ/2 ‖ϑ
(s)
σξ ‖2α,Ω dt in the same

way as in (3.13).
Similarly, we estimate J2 and J3.
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Summarizing the above considerations we get

(3.14) [K1]2α,Qλ/2,ξ
≤ ε‖ϑ(s)

σ ‖22+α,Qλ/2
+ c(K)Ks1+α,

where c(K) is a positive nondecreasing continuous function.
Next, we calculate

[K1]2α/2,Qλ/2,t
≤ c

�

Ω

T�

t0+λ/2

T�

t0+λ/2

|ησ(t)− ησ(t′)|2|ϑ(s)
σξ (t′)|2

|t− t′|1+α dξ dt dt′

+ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

|ϑσ(t)− ϑσ(t′)|2|ϑ(s)
σξ (t′)|2

|t− t′|1+α dξ dt dt′

+ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

| � t
t′ uξ dτ |2|ϑ

(s)
σξ (t′)|2

|t− t′|1+α dξ dt dt′

+ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

|ϑ(s)
σξ (t)− ϑ(s)

σξ (t′)|2
|t− t′|1+α dξ dt dt′

=
8∑

i=5

Ji.

We estimate J8 in the same way as J4.
Next, we have

J5 + J7 ≤ c
T�

0

|uξ|∞,Ω dt
�

Ω

T�

t0+λ/2

T�

t0+λ/2

|ϑ(s)
σ (t′)|2
|t− t′|α dξ dt dt′

≤ c‖u‖22+α,ΩT

T�

t0+λ/2

|ϑ(s)
σξ |22,Ω dt

≤ ε‖ϑ(s)
σ ‖22+α,Qλ/2

+ c(K)Ks1+α.

Finally, we get

J6 ≤ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

| � t
t′ ϑστ dτ |2|ϑ

(s)
σξ (t′)|2

|t− t′|1+α dξ dt dt′

≤ c
T�

t0+λ/2

|ϑστ |24,Ω dt
T�

t0+λ/2

|ϑ(s)
σξ |24,Ω dt ≤ c‖ϑσ‖2α,Qλ/2

T�

t0+λ/2

|ϑ(s)
σξ |24,Ω dt

≤ ε‖ϑ(s)
σ ‖22+α,Qλ/2

+ c(K)Ks1+α.
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Summarizing the above considerations we get

(3.15) [K1]2α/2,Qλ/2,t
≤ ε‖ϑ(s)

σ ‖22+α,Qλ/2
+ c(K)Ks1+α.

Estimates (3.14) and (3.15) yield

(3.16) (‖pϑ∇uϑ(s)
σ ‖(α,α/2)

Qλ/2
)2 ≤ ε‖ϑ(s)

σ ‖22+α,Qλ/2
+ c(K)Ks1+α.

The next term we consider is K2 = η′cvϑϑ
(s)
∗ ϑ′σλt.

First, we have

[K2]2α,Qλ/2,ξ
≤ c

T�

t0+λ/2

�

Ω

�

Ω

|ησ(ξ)− ησ(ξ′)|2|ϑ(s)
∗ |2|ϑ′σλt|2

|ξ − ξ′|3+2α dt dξ dξ′

+ c

T�

t0+λ/2

�

Ω

�

Ω

|ϑσ(ξ)− ϑσ(ξ′)|2|ϑ(s)
∗ |2|ϑ′σλt|2

|ξ − ξ′|3+2α dt dξ dξ′

+ c

T�

t0+λ/2

�

Ω

�

Ω

|ϑ(s)
∗ (ξ)− ϑ(s)

∗ (ξ′)|2|ϑ′σλt|2
|ξ − ξ′|3+2α dt dξ dξ′

+ c

T�

t0+λ/2

�

Ω

�

Ω

|ϑ(s)
∗ (ξ)|2|ϑ′σλt(ξ)− ϑ′σλt(ξ′)|2

|ξ − ξ′|3+2α dt dξ dξ′

≡
12∑

i=9

Ji.

We estimate

J9 ≤ c sup
t0+λ/2≤T≤T

|ϑ(s)
∗ |2∞,Ω sup

t0+λ/2≤t≤T

( �

Ω

�

Ω

|ησ(ξ)− ησ(ξ′)|4
|ξ − ξ′|3+4(1/4+α)

)1/2

·
�

t0+λ/2

( �

Ω

�

Ω

|ϑ′σλt|4
|ξ − ξ′|2 dξ dξ

′
)1/2

dt.

Using the imbeddings W 1+α
2 (Ω) ⊂W 1/4+α

4 (Ω) and Wα
2 (Ω) ⊂ L4(Ω) (which

hold for α ≥ 3/4) and the interpolation inequality

sup
t0+λ/2≤t≤T

|ϑ(s)
∗ |2∞,Ω ≤ ε1−κ

1 ‖ϑ(s)
∗ ‖22+α,Qλ/2

+ cε−κ1 ‖ϑ
(s)
∗ ‖20,Qλ/2

(which holds for κ = 5/(4 + 2α) and α > 1/2) we get

J9 ≤ c
[
ε1−κ

1 ‖ϑ(s)
∗ ‖22+α,Qλ/2

+ cε−κ1 s1+α sup
0<s<t0

T�

t0+λ/2

|ϑ(s)
∗ |22,Ω
s1+α dt

]

· sup
t0+λ/2≤t≤T

‖ησ‖21+α,Ω‖ϑσt‖2α,Qλ/2

≤ ε‖ϑ(s)
∗ ‖22+α,Qλ/2

+ c(K)Ks1+α,
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where we have taken ε1 = (ε/(cK2))1/(1−κ) and c(K) is a positive nonde-
creasing continuous function of K.

In the same way we estimate J10.
Next, we have

J11 ≤ c sup
t0+λ/2≤t≤T

( �

Ω

�

Ω

|ϑ(s)
∗ (ξ)− ϑ(s)

∗ (ξ′)|4
|ξ − ξ′|3+4(1/4+α−δ)

)1/2

·
T�

t0+λ/2

( �

Ω

�

Ω

|ϑσλt|4
|ξ − ξ′|2+2δ

)1/2

dt,

where δ > 0 is a sufficiently small constant such that 2 + 2δ < 3. Using the
interpolation inequality

‖ϑ(s)
∗ ‖L∞(t0+λ/2,T ;W 1/4+α−δ

4 (Ω)) ≤ ε
1−κ
1 ‖ϑ(s)

∗ ‖22+α,Qλ/2
+ cε−κ1 ‖ϑ

(s)
∗ ‖20,Qλ/2

with κ = (2 + α− δ)/(2 + α) and the imbedding Wα
2 (Ω) ⊂ L4(Ω) (both

holding for α ≥ 3/4) we obtain

J11 ≤ ε‖ϑ(s)
∗ ‖22+α,Qλ/2

+ c(K)Ks1+α

where we have set ε1 = (ε/(cK))1/(1−κ).
Finally,

J12 ≤ c sup
t0+λ/2≤t≤T

|ϑ(s)
∗ |2∞,Ω‖ϑσt‖2α,Qλ/2

≤ ε‖ϑ(s)
∗ ‖22+α,Qλ/2

+ c(K)Ks1+α.

Taking into account the above considerations we get

(3.17) [K2]2α,Qλ/2,ξ
≤ ε‖ϑ(s)

∗ ‖22+α,Qλ/2
+ c(K)Ks1+α,

where c(K) is a positive nondecreasing continuous function of K.
Now, we consider

[K2]2α/2,Qλ/2,t
≤ c

�

Ω

T�

t0+λ/2

T�

t0+λ/2

|ησ(t)− ησ(t′)|2|ϑ(s)
∗ |2|ϑ′σλt|2

|t− t′|1+α dξ dt dt′

+ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

|ϑσ(t)− ϑσ(t′)|2|ϑ(s)
∗ |2|ϑ′σλt|2

|t− t′|1+α dξ dt dt′

+ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

|ϑ(s)
∗ (t)− ϑ(s)

∗ (t′)|2|ϑ′σλt|2
|t− t′|1+α dξ dt dt′

+ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

|ϑ(s)
∗ (t)|2|ϑ′σλt(t)− ϑ′σλt(t′)|2

|t− t′|1+α dξ dt dt′

≡
16∑

i=13

Ji.



Motion of capillary fluid 47

First, we have

J13 ≤ c sup
t0+λ/2≤t≤T

|ϑ(s)
∗ |2∞,Ω

�

Ω

T�

t0+λ/2

T�

t0+λ/2

| � t
t′ uξ dτ |2|ϑ′σλt|2
|t− t′|1+α dξ dt dt′

≤ c[ε1−κ
1 ‖ϑ(s)

∗ ‖22+α,Qλ/2
+ cε−κ1 ‖ϑ

(s)
∗ ‖20,Qλ/2

]

·
T�

t0+λ/2

|uξ|2∞,Ω dt
T�

t0+λ/2

|ϑ′σλt|2,Ω dt

≤ ε‖ϑ(s)
∗ ‖22+α,Qλ/2

+ c(K)Ks1+α,

where κ = 5/(4 + 2α) and we have taken ε1 = (ε/(cK2))1/(1−κ).
Next, we get

J14 ≤ c sup
t0+λ/2≤t≤T

|ϑ(s)
∗ |2∞,Ω

T�

t0+λ/2

T�

t0+λ/2

| � t
t′ ϑστ dτ |24,Ω |ϑ′σλt|24,Ω
|t− t′|1+α dt dt′

≤ c sup
t0+λ/2≤t≤T

|ϑ(s)
∗ |2∞,Ω

T�

t0+λ/2

‖ϑσt‖2α,Ω dt
T�

t0+λ/2

‖ϑ′σλt‖2α,Ω dt

≤ ε‖ϑ(s)
∗ ‖22+α,Qλ/2

+ c(K)Ks1+α,

where we have used the same interpolation inequality as before and the
imbedding Wα

2 (Ω) ⊂ L4(Ω), which holds for α ≥ 3/4.
Now, we have

J15 ≤ c
T�

t0+λ/2

T�

t0+λ/2

| � t
t′ ϑ

(s)
∗τ dτ |24,Ω |ϑ′σλt|24,Ω
|t− t′|1+α dt dt′

≤ c[ε1−κ
1 ‖ϑ(s)

∗ ‖22+α,Qλ/2
+ cε−κ1 ‖ϑ

(s)
∗ ‖20,Qλ/2

]‖ϑ′σλt‖2α,Qλ/2

≤ ε‖ϑ(s)
∗ ‖22+α,Qλ/2

+ c(K)Ks1+α,

where κ = 3/(4α), α > 3/4 and ε1 = (ε/(cK))1/(1−κ).
We estimate J16 similarly to J12.
Summarizing the above estimates we get

(3.18) [K2]2α/2,Qλ/2,t
≤ ε‖ϑ(s)

∗ ‖22+α,Qλ/2
+ c(K)Ks1+α.

Inequalities (3.17) and (3.18) yield

(3.19) (‖η′cvϑϑ(s)
∗ ϑ′σλt‖(α,α/2)

Qλ/2
)2 ≤ ε‖ϑ(s)

∗ ‖22+α,Qλ/2
+ c(K)Ks1+α.
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Notice now that

divu uλ divu u− divu′ u′λ divu′ u′

= divu u(s) divu u+ (divu−divu′)u′λ divu u+ divu′ u′λ(divu−divu′)u

+ divu′ u′λ divu′ u
(s)
∗

≡
6∑

i=3

Ki.

Consider for example K4. We have

[K4]2α,Qλ/2,ξ

≤ c
T�

t0+λ/2

�

Ω

�

Ω

| � t
t−s(uξ − uξ′) dτ |2|u′λξ|2|uξ|2

|ξ − ξ′|3+2α dt dξ dξ′

+ c

T�

t0+λ/2

�

Ω

�

Ω

| � t
t−s uξ dτ |2|u′λξ − u′λξ′ |2|uξ|2

|ξ − ξ′|3+2+α dt dξ dξ′

+ c

T�

t0+λ/2

�

Ω

�

Ω

| � t
t−s uξ dτ |2|u′λξ|2| � t0(uξ − uξ′) dτ |2|uξ|2

|ξ − ξ′|3+2α dt dξ dξ′

+ c
�

t0+λ/2

�

Ω

�

Ω

| � t
t−s uξ dτ |2|u′λξ|2|uξ − uξ′ |2

|ξ − ξ′|3+2α dt dξ dξ′

≡
20∑

i=17

Ji.

First, we estimate

J17 ≤ c
T�

t0+λ/2

|u′λξ|2∞,Ω
( �

Ω

�

Ω

| � t
t−s(uξ − uξ′) dτ |4
|ξ − ξ′|3+4(1/4+α−δ) dξ dξ

′
)1/2

·
( �

Ω

�

Ω

|uξ|4
|ξ − ξ′|2+2δ dξ dξ

′
)1/2

dt,

where δ > 0 is so small that 2 + 2δ < 3. Using the interpolation inequality

∥∥∥
t�

t−s
uξ dτ

∥∥∥
2

W
1/4+α−δ
4 (Ω)

≤ ε1−κ
∥∥∥

t�

t−s
u dτ

∥∥∥
2

2+α,Ω
+ cε−κ

∥∥∥
t�

t−s
u dτ

∥∥∥
2

0,Ω

with κ = (2 + α− δ)/(2 + α) and the imbedding Wα
2 (Ω) ⊂ L4(Ω) (which
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both hold for α ≥ 3/4) and taking ε = s we obtain

J17 ≤ c sup
t0+λ/2≤t≤T

‖u‖21+α,Ω‖u‖22+α,Qλ/2

· (s2−κ‖u‖22+α,Qλ/2
+ cs−κs2 sup

t0+λ/2≤t≤T
‖u‖20,Ω)

≤ c(K)Ks1+ω1 ,

where ω1 > 0.
Next, we have

J18 ≤ c
T�

t0+λ/2

|uξ|2∞,Ω
( �

Ω

�

Ω

|uξ − uξ′ |4
|ξ − ξ′|3+4(1/4+α)

dξ dξ′
)1/2

·
( �

Ω

�

Ω

| � t
t−s uξ dτ |4
|ξ − ξ′|2 dξ dξ′

)1/2

dt.

Using the imbedding ∂σξW
2+α
2 (Ω) ⊂ W

1/4+α
4 (Ω) with |σ| = 1 and the in-

terpolation inequality
∣∣∣
t�

t−s
uξ dτ

∣∣∣
2

4,Ω
≤ ε1−κ

∥∥∥
t�

t−s
u dτ

∥∥∥
2

2+α,Ω
+ cε−κ

∥∥∥
t�

t−s
u dτ

∥∥∥
2

0,Ω

(where κ = 7/(8 + 4α), ε = s) we obtain as before

J18 ≤ c(K)Ks1+ω2 ,

where ω2 > 0. In the same way we estimate J20.
Finally, we get

J19 ≤ c
T�

t0+λ/2

∣∣∣
t�

t−s
uξ dτ

∣∣∣
2

∞,Ω
|u′λξ|2∞,Ω

( �

Ω

�

Ω

| � t0(uξ − uξ′) dτ |4
|ξ − ξ′|3+4(1/4+α)

dξ dξ′
)1/2

·
( �

Ω

�

Ω

|uξ|4
|ξ − ξ′|2 dξ dξ

′
)1/2

dt

≤ c(K)Ks1+ω3 , ω3 > 0.

Taking into account the above considerations we obtain

(3.20) [K4]2α,Qλ/2,ξ
≤ c(K)Ks1+ω4 ,

where ω4 > 0.
Now, consider

[K4]2α/2,Qλ/2,t

≤ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

| � t
t−s uξ dτ − � t

t−s−r uξ dτ |2|u′λξ|2|uξ|2
|t− t′|1+α dξ dt dt′
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+ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

| � t
t−s uξ dτ |2|u′λξ(t)− u′λξ(t′)|2|uξ|2

|t− t′|1+α dξ dt dt′

+ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

| � t
t−s uξ dτ |2|u′λξ|2|uξ|2| � t

t′ uξ dτ |2
|t− t′|1+α dξ dt dt′

+ c
�

Ω

T�

t0+λ/2

T�

t0+λ/2

| � t
t−s uξ dτ |2|u′λξ|2|uξ(t)− uξ(t′)|2

|t− t′|1+α dξ dt dt′

≡
24∑

i=21

Ji.

We estimate

J21 ≤
�

Ω

T�

t0+λ/2

T�

t0+λ/2

| � t
t′(uξ(τ)− uξ(τ − s)) dτ |2|u′λξ|2|uξ|2

|t− t′|1+α dξ dt dt′

≤ c
�

Ω

T�

t0+λ/2

T�

0

|uξ(τ)− uξ(τ − s)|2 dτ |u′λξ|2|uξ|2 dξ dt

≤ c
T�

t0+λ/2

|u(s)
ξ |24,Ω dt

T�

0

|uξ|48,Ω dt

≤ c‖u‖42+α,ΩT

(
ε1−κ

1 ‖u(s)
∗ ‖22+α,ΩT + cε−κ1 s1+α sup

0<s<t0

T�

t0+λ/2

|u(s)
∗ |22,Ω
s1+α dt

)

≤ ε‖u(s)
∗ ‖22+α,Qλ/2

+ c(K)Ks1+α,

where κ = 7/(8 + 4α) and ε1 = (ε/(cK2))1/(1−κ).
Next, we have

J22 ≤ c
T�

t0+λ/2

T�

t0+λ/2

∣∣∣
t�

t−s
uξ dτ

∣∣∣
2

∞,Ω
|uξ|24,Ω

|u′λξ(t)− u′λξ(t′)|24,Ω
|t− t′|1+α dt dt′

≤ c
(
ε1−κ

1 s

T�

t0+λ/2

‖u‖22+α,Ω dt+ cε−κ1 s2 sup
t0+λ/2≤t≤T

‖u‖20,Ω
)

· sup
t0+λ/2≤t≤T

|uξ|24,Ω
T�

t0+λ/2

T�

t0+λ/2

‖u(t)− u(t′)‖22,Ω
|t− t′|1+α dt dt′

≤ c(K)Ks1+ω5 ,

where κ = 5/(4 + 2α), ω5 > 0 and we have taken ε1 = s.
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We estimate J24 in the same way.
Finally,

J23 ≤ c
T�

t0+λ/2

∣∣∣
t�

t−s
uξ dτ

∣∣∣
2

∞,Ω
|u′λξ|24,Ω |uξ|24,Ω

t�

t′

|uξ|2∞,Ω dτ dt

≤ cK
T�

t0+λ/2

(
ε1−κ

1

∥∥∥
t�

t−s
u dτ

∥∥∥
2

2+α,Ω
+ cε−κ1

∥∥∥
t�

t−s
u dτ

∥∥∥
2

0,Ω

)
|uξ|44,Ω dt

≤ c(K)Ks1+ω6 ,

where κ = 5/(4 + 2α), ω6 > 0 and we have taken ε1 = s.
By the above calculations we get

(3.21) [K4]2α/2,Qλ/2,t
≤ ε‖u(s)

∗ ‖22+α,Qλ/2
+ c(K)Ks1+ω7 ,

where ω7 > 0.
Hence, (3.20) and (3.21) yield

(3.22) (‖(divu−divu′)u′λ divu u‖(α,α/2)
Qλ/2

)2 ≤ ε‖u(s)
∗ ‖22+α,Qλ/2

+c(K)Ks1+ω7 ,

where ω7 > 0.
The other terms on the right-hand side of (3.12) are estimated exactly

in the same way and we obtain for them estimates similar to (3.16), (3.19)
and (3.22).

This yields the estimate

(3.23) (‖u(s)‖(α+2,α/2+1)
Qλ

)2 + (‖ϑ(s)
σ ‖(α+2,α/2+1)

Qλ
)2

≤ ε(‖u(s)‖22+α,Qλ/2
+ ‖u(s)

∗ ‖22+α,Qλ/2
+ ‖ϑ(s)

σ ‖22+α,Qλ/2

+ ‖ϑ(s)
∗ ‖22+α,Qλ/2

) + c(K)Ks1+ω1 ,

where ω1 > 0 is a constant. Since u(s) = u
(s)
∗ and ϑ(s)

σ = ϑ
(s)
∗ on Qλ inequal-

ity (3.23) yields
Y (λ) ≤ 2εY (λ/2) + c(K)Ks1+ω1 ,

where

Y (λ) = (‖u(s)‖(α+2,α/2+1)
Qλ

)2 + (‖u(s)
∗ ‖(α+2,α/2+1)

Qλ
)2

+ (‖ϑ(s)
σ ‖(α+2,α/2+1)

Qλ
)2 + (‖ϑ(s)

∗ ‖(α+2,α/2+1)
Qλ

)2.

Therefore, after iteration we get

Y (λ) ≤ 1
1− 2ε

c(K)Ks1+ω1 ,

where we assume ε < 1/2.
Hence estimate (3.11) holds.

Lemma 3.3 implies
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Theorem 3.4. Let (u, ϑ, η) ∈ W
2+α,1+α/2
2 (ΩT ) × W 2+α,1+α/2

2 (ΩT ) ×
W

1+α,1/2+α/2
2 (ΩT )∩C(0, T ;W 1+α

2 (Ω)) (α ∈ (3/4, 1)) be the local solution of
problem (1.1). Then for any 0 < t0 < T and λ > 0 we have u ∈ C(t0 + α, T ;
W 2+α

2 (Ω)) and

sup
t0+λ≤t≤T

‖u‖22+α,Ω ≤ c1(K)K,(3.25)

sup
t0+λ≤t≤T

‖ϑσ‖22+α,Ω ≤ c2(K)K,(3.26)

where K = ‖u‖22+α,ΩT + ‖ϑσ‖22+α,ΩT ,

K = K + sup
0≤t≤T

‖u‖21+α,Ω

+ sup
0≤t≤T

‖ϑσ‖21+α,Ω + ‖ησ‖21+α,ΩT + sup
0≤t≤T

‖ησ‖21+α,Ω ,

and ci(K) (i = 1, 2) are positive nondecreasing continuous functions of K.

Proof. First, we have

(3.27) ‖ ‖u(·)‖2+α,Ω‖B1/2+w1/2
2,∞ (t0+λ,T )

≤ sup
0≤s≤t0

T�

t0+λ

| ‖u(t)‖2+α,Ω − ‖u(t− s)‖2+α,Ω |2
s1+w1

dt+
T�

t0+λ

‖u(t)‖22+α,Ω dt

≤ sup
0≤s≤t0

T�

t0+λ

‖u(s)‖22+α,Ω

s1+w1
dt+

T�

t0+λ

‖u(t)‖22+α,Ω dt.

Now, the imbedding B
1/2+w1/2
2,∞ (t0 + λ, T ) ⊂ B

w1/2∞,∞(t0 + λ, T ) (which
means that ‖u‖2+α,Ω is continuous on [t0 + λ, T ]) and inequalities (3.28)
and (3.11) give (3.25).

Estimate (3.26) can be obtained in the same way as (3.25).
This completes the proof of the theorem.
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