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ON SOME INEQUALITIES FOR SOLUTIONS
OF EQUATIONS DESCRIBING THE MOTION OF
A VISCOUS COMPRESSIBLE HEAT-CONDUCTING
CAPILLARY FLUID BOUNDED BY A FREE SURFACE

Abstract. We derive inequalities for a local solution of a free boundary
problem for a viscous compressible heat-conducting capillary fluid. The in-
equalities are crucial in proving the global existence of solutions belonging to
certain anisotropic Sobolev—Slobodetskii space and close to an equilibrium
state.

1. Introduction. The aim of the paper is to obtain some inequalities
for a local solution of equations of motion of a viscous compressible heat-
conducting capillary fluid bounded by a free surface. The motion of such
a fluid in a bounded domain 2, C R? (which depends on time ¢ € R%) is
described by the following system with the boundary and initial conditions
(see [3], [4]):

olve + (v - V)v] — div T(u,p) =0 in 27,
ot + div(ov) =0 in Q7
0¢y(0r + v - V) + Opg dive — A0
(1.1) ,
g Z (Via, +je;)” — (v — p)(dive)* = or in o7,
TR — o HL = —po7 on ST,
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v-n=—p/|Ve| on §T,
(L.1) 00/0n =0 on ST,

[cont.]
0lt=0 = 00, Vlt=0 =v0, Oli=0 =0y in £,

where 27 = Useo,7) £2¢ x{t}, 20 = 2 is an initial domain, ST = Useo,7) St
x{t}, Sy = 082, p(x,t) = 0 describes Sy, 7 is the unit outward vector normal
to the boundary, i.e. @ = V¢/|V¢|. Moreover, v = v(x,t) is the velocity of
the fluid, ¢ = o(z,t) the density, 6 = (x,t) the temperature, r = r(x,t)
the heat sources per unit mass, § = 0(z,t) the heat flow per unit surface,
p = p(o,0) the pressure, ¢, = cv(g, 0) the specific heat at constant volume,
1 and v the viscosity coefficients, > the coefficient of heat conductivity, o
the coefficient of surface tension, and py the external (constant) pressure.

From the thermodynamic considerations we have
v>ip>0, x>0, ¢ >0, oc>0.
Further, T = T (v, p) denotes the stress tensor of the form

T(v,p) = {T}j }ij=1,2,3 = {Dij(v) — pdij }i =123,

where

D(v) = {Dij(v)}ij=123 = {5 (v) + (v — p)di; divv i j=1.2.3
and S(v) = {Viz; + Vja, }i,j=1,2,3 is the velocity deformation tensor.

Finally, we denote by H the double mean curvature of S; which is neg-
ative for convex domains and can be expressed in the form

Hi = As, (e, @ = (21,22,33),

where Ag, (t) is the Laplace—Beltrami operator on S;. Let S; be determined
by x = z(s1, 52,t), (s1,52) € U C R2. Then we have

_ 0 _ij9~ O
A5 0) = a7 (g0 )
v

0 0
_ —1/2 1/2 ~8 —1.9
g (8379 9" 5, > (7,0 =1,2),

where the convention summatlon over repeated indices is assumed, g =
oz

det{g~s}y,6=1,2, gv5 = preelh 835 {g"%} is the inverse matrix to {gyg} and
{gys} is the matrix of algebraic complements of {g.s}.

Assume that the domain 2 is given. Then by (1.1)5, 2, = {z € R3 : x =
x(&,t), &€ € 2}, where x = x(,t) is the solution of the Cauchy problem

dr

(12) dt (ZL’ t) $|t:0 = 5 € Q; 5 = (51752753)‘
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Integrating (1.2) we obtain
¢

¢+ fulgt)dt' = X, (& 1),
0

where u(§,t) = v(X,(&,t),t) and x = X, (£, t) describes the relation between
the Eulerian x and Lagrangian £ coordinates. Moreover, by (1.1)5, S; = {z :
r=ux(t), €S =00}

By the continuity equation (1.1)s and the kinematic conditions (1.1)5
the total mass is conserved, i.e.

| o(a,t)dz = | 00(§) dé = M.
24 0

x

Now, assume that p, > 0, ps > 0 for p,0 € ]R}r and consider the equation

M 20
1.3 ——,0. ) = —.
13) W) =mt
We assume that there exist R, > 0 and 6. > 0 satisfying (1.3). Then we

have the following definition.

DEFINITION 1.1. Let » = 6 = 0. By an equilibrium state we mean a
solution (v, 0, g, 2;) of problem (1.1) such that v = 0, § = 0., 0 = o,
2; = 2, for t > 0, where g, = M/(%WRE), 2. is a ball of radius R,, and
R, > 0 and 6. > 0 satisfy equation (1.3).

Next, we introduce
00 =0~ 0, U5=10—0..
Then problem (1.1) takes the form
o[vr + (v - V)v] = divT(v,ps) =0 in Q7
05t + V- Vo, + odivye =0 in 7,
0¢y (0ot +v-VO,) — A0, + Opg divv

3
- g Z (Via, + Vje,)” + (v — p)(dive)® + or  in 07T,
(L.4) =1

T(v,ps)n —o(H+ H.)n =0 on ST,
v-n=—p/|Vp| on ST,
00,/0n =10 on ST
Oolt=0 = 000 = 00 — 0, Oslt=0 = 050 = b — O,

V|t=0 = Vo in 2,

where
Do =p—0H, — po, HeZQ/Re-
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On the other hand we can write

(1.5) Po(0,0) = p10s + pa2bs,
where
1
p1(0,0) =\ po(oc + 50— oc),0) ds,
0
1
p2(0) =\ po(0c, b + (0 — 0.)) ds.
0

Problem (1.4) written in Lagrangian coordinates has the following form:

nuy — divy, Ty (u, ps) = 0 in 27 =2 x(0,7),
Not +ndivy,u =0 in 27T,
NcyVot + Vpy divy, u — %Viﬁg

3
I
=35 Y (e Veu; + &, - Veus)?

ij=1

— (v — p)(divy, u)? 4+ nk in 27
To(t, po)ity — o (H + He)oyy =0 on ST,
Ty - Ve =0 on ST,

Nolt=0 = 060, Volt=0 =00, ult=0 =v¢ in £2,

where 77(§7t) = Q(Xu(éat)ﬂflvﬁ(fvt) - H(Xu(ngvt)? Nlo = 1 — Oe, 790’ =19 —
Oc, k(&) = r(Xu(&,1),1), (&, 1) = 0(Xu(&, 1), 1), mu(& 1) = N(Xu(, 1), 1),
Vu= fmagi = {fz’zjagi }j:1,2,37 Tu(“vp) =—pl + ID)u(u), I= {5ij}i,j:1,2,3>

Dy (u) = {Duij(u) }ij=1,2,3
= {11002, 6, O¢, uj + Ou; ExOgyui) + (v — )iy divy ubi j=1,2.3,

divuu = Vu U = azifkagkui, diVu Tu(u,p) = {Bm],§k85kij(u,p)}i:17273
and 0,,&; are elements of the matrix &, which is inverse to the matrix
Te = I+ Sé Ug(f, t,) dt’.

In this paper we derive estimates for problem (1.1) (see Theorems 3.2 and
3.4) which are essential in the proof of the global-in-time existence of solu-
tions to (1.1) such that (u,¥s,7,) € W22+a’1+0‘/2(!2T) X W22+a’1+0‘/2(QT) X
W21+a’1/2+a/2((2T) NC(0,T; Wyt*(£2)), a € (3/4,1) (see definitions in Sec-
tion 2) and close to the equilibrium state. Problem (1.1) was already exam-
ined in [8], where the global existence of more regular solutions was proved.
Moreover, the free boundary problem for a viscous barotropic compressible
capillary fluid has been considered in [6], [7] and [10].
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2. Notation. By W2k+a’k/2+a/2(QT), k € NU{0}, a € (0,1), we denote
the Sobolev—Slobodetskii space with the norm

||U||W2k+a,k/2+a/2(QT)= Z |\858§U||%2(QT)
|B|4+2i<k

B8 ’ 2
n Z H S |07 u(z,t) — lagré(x,t)’ du da’ di
|8|=k 0 2 02 @ — a7+
TT olk/2] [k/2]
107" " uz,t) — 0y " u(z, t')[?
+11)
20

T g drdtdt’

0

where 07 = 05105202 3 = (B34, B2, B3) is a multi-index, |3| = B1 + B2 + Bs.

Tr1 “x2 X3
Similarly we can define the norms in WA+ (£2) and W§+a’k/a+a/2(ST).

Moreover, we shall use the notation:

||UHW2k+a,k/2+a/2(QT) = [|u|l pta,07;

lullypre ) = lullitaq, Q@ €{£2,5, S'1 (S! is the unit sphere);
||uHLp(Q) = |U p,Q> pE [LOOL Q € {Qa 5}7

[ull @) = lullog, Q€ {2,807, 5T}

+2,a/2+1
Jullot 240 = [l 5, 0r + T~ (JwallE e + S 102Ul )
|B]=2

/
sup [lu( )21 0]
t<T

a,o/2 —a
| {5572 = <uuuiQT+T HuH%QT>1/2, Qe {2,8};

Ju(z @02 N\
[W]a, o7 S S S Iz — $/|3+2a dz dx ;
02N
TT 1/2
|u (z t)|
o = (Sda:s et e gar)
00

Next, we define the isotropic Besov spaces by introducing the norm (see
[1], Sect. 18)

n ho m k 1/p
| A7 (h) 0z, ul?
HUHBé(R") = ||ullz,®n) + Z ( S dh S dx B )
i=1 N0

Rn
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where p € [1, 00],

=Y (=)™ ejmf (@ + jhes),
j=0
Cim = (Zn) = m!/(j!(m —j)!), = € R", e; is the unit vector of the ith
coordinate axis, i =1,...,nand m > 1l —k, m,k e NU{0}, le Ry, [ & Z.
It is proved in [2] (see also [1], Th. 18.2) that the Besov space norms are
equivalent for all m, k satisfying m > [ — k.
Now, we define the Sobolev—Slobodetskii spaces by intoducing the norm

n ho 1] 1/p
|A;(h)0z;u
ullwi®ny = llullz, @) + Z ( S dh S dl’m ;
i=1 Y0 Rn»
where A;(h) = AL(h), I € Z, [I] is the integer part of I.
By the Golovkin theorem [2] the norms of the spaces B]lD(R”) and Wé (R™)
are equivalent.
Now, we recall the following imbedding for Besov spaces (see [1], Sect.
18):

o nl n n n n
07 B,(R™) C B2(R™) for;—a+]0\+9§l.

Moreover, for

1/n n
%z—(———+\a|+g><1
I\p ¢

we have the interpolation inequality
107 ull Bg (rmy < €' |lull 1 ny + ce™ [t L, rn)-

In the above notation BII,(R") with [ € Z, is the Sobolev space.

All the above remarks can be applied to spaces of functions defined on
a bounded domain {2 C R™ (which has the cone property), and by using a
partition of unity we can also define spaces of traces on the boundary of {2
and formulate the corresponding trace theorems.

p2/p1\ 1/p2
|u(z, )P dm) )

Next, we define

T
[0y = (  ( §

0 (9]
and
P /p 1/p2
||u||fp1,p2(QT)=<Sdaj<S xt|p1dt)2 > ,
2 0

where p; € [1,00], 7 =1,2.
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We have the following imbeddings (see [1], Sect. 18):
o 07wy 2 (27)
Ly, 1, (£27) if n/2—mn/p1+2/2=2/p2+ || + 202 <,
LPl,Pz(QT) ifn/2—n/p2+2/2—2/p1—}—]alH-QozgSl,
L,(0,T;B7(£2)) ifn/2—n/q+2/2—2/p+ || + 202 +0 <,
L,(£2;B7(0,T)) ifn/2—n/p+2/2—2/q+ |a1]| + 202 + 20 <,

where (2 has the cone property.
Moreover, the corresponding interpolation inequalities hold.

3. Inequalities for global existence. In [9] the following local exis-
tence theorem is proved.

THEOREM 3.1. Let § € W5/ gy € W2tTe(02), vy € Wit (), 6, €
Wyt (0), a € [3/4,1), 00 > 0« > 0, ¢, € C?(R?), ¢, > 0, p € C3(R?),
assume that r and 6 have continuous derivatives of order one and two, T, T
and 0,0, satisfy the Hélder condition with exponent @ > 1/2 and suppose
the following compatibility conditions are satisfied:

H()D(Uo)ﬁo =0 on S,
o - D(vo)Mo = Mo - (p(00bo) — po)Tio + oMo - As(0)§  on S,
ng - v§90 = g(f, 0) on S.

Then there exists T > 0 such that there exists a unique solution of problem
(1.1) such that (u,9,n) € W22+a’1+a/2(QT) X W22+a71+a/2((2T) X
C(0, T W3 (@) n W, T2 (o),
In order to derive global estimates we assume the following condition:
{2; is diffeomorphic to a ball, so .S; can be described by
| =r=R(w,t), weSs,

where S is the unit sphere and we consider the motion near the equilibrium
state (see Definition 1.1).
First we obtain an energy type inequality.

THEOREM 3.2. Assume that (v,0,0) is the local solution to problem
(1.1). Assume that 0* = |0|, o7, 0" = |0|s, 07, 0« = mingr g, 0, = mingr 6.
Assume that o € [3/4,1), p,, Po, €y are positive. Then

1d D1 o . 0CuD2 49
3.1) -—— 24 = 6% ) d
(3.) 2dt(§t<@v+gga+9pe 2 ) s

t t
{97 Vo, dt' (v, dt'ds + co(|[v]} g, + 100213 0,)
St 0 0

_l’_

o] 9
Sl
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< e(lleals, o, + 10:15.2,)

+1H(,0) +2/Re 3 51 )

t
2
2 /
el oo,
0
+a1(0%,1/04,0%,1/0.)([0][5 o, + 17115, + 110115.5,)
+as(0",1/04, 0%, 1/0.)[(105 17 10,0, Hl1 0o 0, 2.) 52 15,2, + 1 0613, 2,)

+ (loollf o, + 110011 010513 0,0, H1V11T 0, (lealT a0, + 100174 0,0,)%];

where € and €1 are sufficiently small constants, and a; and as are positive
continuous functions of their arguments.

Proof. Multiplying (1.4); by v, integrating over (2, using the equation
of continuity, integrating by parts and using the boundary conditions we
obtain
(3.2) S ov?dx + S ID(v)|? d — S (p100 + p2b,) divo dx
24 24 24

N —
SIS

-0 S (Ag,x+ Hen) -vds = 0.
S

Muliplying (1.4) by Z B o, and (1.4)3 by 9%90, integrating the results over
£2; and adding to (3. 2) yields

1d
33) == | ov*da+ | (0o +o Voo )2 0o da;+§ Y 00 (0t +0-VO,) da
2dt 0 Opo
2 2 24
+ | ID)Pde — | Zp26,20, de — o | (As,e + Hen) - vds
2 2 Opo St

3
_ P2 H , Ry _ c N2 op2
= S -0, [5 E (Viz; + Vjz,)” + (v — p)(divo) } d:v—i—é 7 —0,rdx.

2 Opo i,j=1 Po

By using the equation of continuity (1.1)s the second term on the L.h.s. of
(3.3) takes the form

d 1
(3.4) A —%gid:HIl,

where
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Hence
1] < as(0"1/00,67,1/0.) § 100 Plloot] + oe] + [0](lo0e] + [652])) da
2
<elloslf. o, + as(e,1/0+,0*,1/0.) oo l3 0.0, (lootlF 0, + 1054150,
+ ool a0 vl o, (ool a0 + 106031000,

where as, a4 etc. denote positive continuous functions. Similarly, the third
term on the Lh.s. of (3.3) takes the form

d ¢ 1ocyps o
. — \ = I
(3:5) dt S 2 Opy bo + 12,
2
where
1 (% U
n=-y L2 52 ) 4 o0 (52) ] an
2 o Opo Opo
SO

12| < a5(0",1/ 04,07, 1/0) § 02(100t] + 105t] + [0](lo| + 052 ])] dev
2

< e)lll3,c, + as(0”,1/04, 0%, 1/0.) 10513 10, (00t 15 2, + 1052115, 2,)
1100 1T a2, 101 2, (oo 1o, + 105117 4a,2,)]-

By the boundary condition (1.4)¢ the fifth term on the Lh.s. of (3.3) is equal
to

V0| da + | V(%) 0, V0, da.
£

(3.6) s

_ S @905d8+ S >P2
Opo o, B

Denoting the last expression in (3.6) by I3 we obtain

(37) sl < as(0",1/04,07,1/6.) | 10511600 |(|00a| + |6oal) da
2
< EHHUHU”(%,Qt +ar(0",1/0+,0%,1/6.,¢)
106115 10,2 lea T 2, + 1061100, 1011 2,)-

In view of the considerations from Lemma 4.1 of [10] the boundary term on
the Lh.s. of (3.3) takes the form

d t t
(3.8) %E S q7° S v, dt’ - SUSE dt' ds + I,
Se 0 0

where
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t
39 Ll <a(|fvar| +lolE o+ IHC0 +2/R|E )
0 t

2

0,
¢ 2

vas|fodt |+ lvlEa, +aslvl o
Y,

where ¢; € (0,1).
Taking into account (3.3)—(3.9) we obtain estimate (3.1). m

Next, we obtain estimates for sup; ;<7 Hu||§+a79, SUPy, << Hﬁaﬂg_mﬂ
and sup, <;<7 1613 4o, 0» Where (u,95,75) is the local solution of problem
(1.6) and t; > 0. To do this we use the argument from [5] (see Theorem 6).

Let (x € C* be a function such that (y(t) = 1 for t > to + A (to > 0,
A>0,t04+A<T), () =0fort <tg+A/2,0< () <1, ()] <
C'/\, where (\ = d(/dt. Let wy = w(y, where w € {u,d,,ny,k,9}. Then
(ux,sx,Mox) satisfies the problem

nuxt — MV%U)\ - Vvuvu U\ = _pnvuna)\ - pﬁvuﬁa)\ + UUéA in QTv
Iy IT, Dy (up)y = 0 on ST,
t
Mo - Dy (ux) T — o7 - Au (') {ua(t') dt’
0
t

t
= S |:C‘>\ﬁ0 : Tu(uapa)ﬁu —ong - C)\Au(t/) (5 + Su(t//) dt”)
0 0
2 , o
— (\Oy 2.0 Ty dt' 4+ (p1Mox + D2¥or)T0 - Ty

e
t

= SB(t,) dt' + (plna/\ + p219a/\)ﬁ0 "Ny, on ST,
0
uxlt=0 = 0 in £2,
7701,190)\t + 19]919 leu Uy — %viﬁo‘)\

3
1

ij=1

“(&x; - Veuy + oy - Veu;)

— (v — p) divy, uy divy, u + nky —i—ncvﬁgg:,\ in 27,
M - Valor = Ux on ST,
Vorlt=0 =0 in (2,
Noxt + 1V - ux = 700x in 27,

Nolt=0 = 0 in {2,
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where IIpg = g—7no(Ro - g), 11,9 = g— 7y (T, - g), and 7g is the unit outward
vector normal to S.
Next, we introduce the differences

w(S)(£7t) = w)\(£7t) - wg\(£7t)7
where w € {u,n,,05,k, 0}, wh(£,t) = wa(€,t — s), and

Wl (€ 1) = (. t) - w'(&,0),
where w € {u,n, 9}, w'(§,t) = w(,t — s).
Then we obtain the following problem:
nul® = p2u® — v, v, - ul®)
= —py Vs = pgVuds)

— b + (V5 — Vo

+0(VuVu = Vo V) - ud = py(Va = Vi )igx

—Py(Vu = V)06 = (py = Pn) Vartiga

— (P9 — D) Vardlyy + 0 uly

+rully - &) +n'ulVE = F in 27,
oI, Dy (u'®)7y,
= — (D (uh) oy — My Dy (uh) Ay ) = HoG on ST,

t
7o - Dy (u') iy — 0T - Au(t) S W () dt!
0

(3.10) = p1(0,9)n5 0 - Tou + pa(m, )95 70 - T

—nyg (Du(u&)ﬁu - ]D)u’ (ul)\)ﬁu’)
t
+ om0 - | (Au(t') = Aw () a
0
t

+\BW) = B'@)) dt' + 10, 9)nlpsm0 - (1 — 7o)
0

+ p2 (777 19)’[9;.)\ﬁ0 ' (ﬁu - ﬁu’)

+ [pl (775 19) — D1 (n/a 19/)]/’7:7)\ﬁ0 My

+ [p2(777 19) — P2 (77,7 ﬂl)]ﬂ;AﬁO C My
t

=H; +SH2(t’)dt/ on ST,

0

U(S)|t:to+)\/2 =0 in (2,
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nevdS) — 2VadS) = (Vi — V2N, — 1l vl — 1 connt Ty
) eu90Cx + 1 conn 9o lx + 1 eyt 006
40y = )o + 10t

— Ipy divy, ul®) — Ipg(Vu — Vi) -

— eyl )190/\16 + 7

— 9 py divys uh — 9 (g — py) divys uh

3
+ g > [(€wi - Veujn + &ay - Veuin) (Ea, - Veus + &y - Veuy)
i,j=1
(3.10)
[cont.] — (&, - Veuln + &y - Veuin) (€, - Veul + &, - Veuy)]
— (v — p)(divey wy divy w — divy wh divy ') + n&s)k)\ + n/k(s) =1 in 07,
T - Vad$) = 7w - (Va = Vo )0or — (u — ) - Vardor + 9 =7 on 57,
195;3)|t—t0+,\/2 =0 in £2,

ne? + 1V - u
= (V= Vo) -ty + 18V -y + 1808 + (6 — ) in 27,
?7¢(75t)|t:t0+/\/2 =0 in 2.
First, we prove

LEMMA 3.3. Let the assumptions of Theorem 3.1 be satisfied and let
a € (3/4,1). Then

s) || (a+2,0/2+1 s) 1 (a+2,a/2+1 = 14T

(311 (g% + (09l )? < e (RO Kt

where 0 < s < to, w1 > 0 is a constant, K = ||ul|2 rraor T 0o ||2+a oTs
K =K+ 06|} 10,0

+ sup fullfia0+ sw [sliiae+ sup [n0liia0;
0<t<T 0<t<T 0<t<T

c1(K) is a positive nondecreasing continuous function of K, Qx = {2 X

(to+\,T), and X € (0,1).
Proof. By Theorem 1.2 of [7] and Lemma 3.2 of [9] we have

s) | (a+2,a/2+1) s) 1 (a+2,a/2+1)

(312)  [u® g, + 11011,
a,a/2 a,a/2
< c<||F||égk P S5 + 1 Gllat /2.0,
a—1/2,a/2—-1/4
1 ot /2.5 + 1 llas1/2.64 0 + [HlIS 222719,

We have to estimate the terms on the right-hand side of (3.12).
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First, we estimate K; = pwuﬁfﬁ). We have

T 9 (¢
75 (€) — 1o (E) P[0 ()]
[Kila gy pe S € S SS € ¢pr2a dg d¢’ dt
to+A/2 02 02
T (s)
95(€) — 9o (&) P[05¢ (€)1
+e | Fgpe de¢ de' dt
to+N/2 0202
T (s)
‘So — ug ) dt'|? ‘79 &
+e | || e op de de' dt
to+A/2 02 02
T (s) (s) 4
1057 (§) — 954 (&)
+c | ) ’5 T dede’ dt =" ;.
to+A/2 020 i=1
First, we get
T
(313) Ji=c | 02 pdt
to+A/2
T
<e | 19513 1a,0 dt + (@195, .
to+A/2

Tz,
<e| 031 aq,,, He(e)s'T sup | 2
0<s<to t0+)\/2 S

dt

< <091 + ()RS

Next, we have

o 5 — Yo 5/ : / v
J <ec sup (S S ‘?_(5),‘%2(1(/42!1) ds dﬁ)

to+A/2<t<T

T 9 (8)( )|4 1/2
| (1 e teae)

to+A/2 0202

T
<c swp |nellfiae | I9S22 o dt
to+A/2<t<T to+A/2

< 9D 1B gy, + c(K) K™,

where we have used the imbeddings W, () C W41/4+a((2), Wg(§2) C
L4(82) for a > 3/4 and we have estimated Sz;w\/z Hﬁg?”ig dt in the same
way as in (3.13).

Similarly, we estimate Js and Js.
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Summarizing the above considerations we get
(3.14) K e < 013 0.q0 0 + (KK,

where ¢(K) is a positive nondecreasing continuous function.
Next, we calculate

d¢ dt dt’

T T 121,908 (472
o (t) — na (T 190 t
[Kl]i/ZQ/\/z,t < CS S S |7] ( ) ‘:_(t/ﬁ-i-’a 5( )’

Qto+N/2to+N/2

T T 9,(t) — 9. () P95 ()7

/
+el | PRI dé dt dt
Rto+A/2to+A/2
T T t 21,9(8) (471\[2
| §3 ue dr[?[9,¢ (t)] ,
AN e dé dt dt
Rto+N/2t0+N/2
A ORIl
23 23 /
+ef 1 TP dedtdt
Rto+A/2to+A/2
8
=%
=5
We estimate Jg in the same way as Jy.
Next, we have
T T T (s) 4|2
05 (¢
Js+ Jr < c\lugloodt | | | %d&dtdt’
0 2to+N/2to+N/2
T
<cllulfraor | 105 dt
to+A/2
< e 9513100, 0 + C(K)Ks' T
Finally, we get
T T ‘St 9 d7‘2‘19(s)(t')‘2
t/ oT 0'£ /
Jo<el | | PR dg dt dt
Rto+A/2to+A/2
T T T
<c | Worfodt | WSBod<cvolig,, | WLEqdt
to+X/2 to+A/2 to+A/2

< 9913 1m 0, + c(H) K.
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Summarizing the above considerations we get

(3.15) (K112 .05 0 < M08 1310 0 + (B K s
Estimates (3.14) and (3.15) yield
s a,a/2 s > o
(3.16) (2o V6522 )2 < el 95013 1 aos o + (B K52

The next term we consider is Ko =7 cmgl?( )790 At
First, we have

T (s)}2 2
2 116 (&) = 1o (§") 21937 2[00,
[KQ]an/\/27€ S ¢ S S S |é— §,|3+2a t dtdéd{
to+A/2 02 02
T (s)}2 2
95(€) = 05 (&) 7|07 2|07,
te | ) P dt dg de
to+)\/2.QQ
T (5) (S) 2
957 (8) = 97 (€) P90
to | NV e drdede’
to+)\/2.QQ
vo | [ENOPIALE) — V&R 4y e g
¢ € — ¢/[3+2a
to—l—)\/ZQQ
12
-3
=9
We estimate
&N
Jo<c¢  sup 92 sup ( [15(€) = 10 (€ )
’ to+>\/2§T§T| | ’Qto+,\/2gt§T éé\f 5\3+4(1/4+a)

10l e ae)”
(1 e acae)
to+A/2 N2 0
Using the imbeddings W2t (2) ¢ W,/*"*(2) and W () C L4(£2) (which
hold for a > 3/4) and the interpolation inequality

sup 082 0 < el N0 3 a0y 0 + 021 I R 0
to+A/2<t<T
(which holds for »» =5/(4 + 2a)) and o > 1/2) we get
O B
Jo <clet 0By ag,,, +eer s sup | 20 dt]
0<s<tot +2/2 §

UtHOt ,Qx/2

sup ”770
to+A/2<t<T

< ell9 )30, 0 + (FOKS",
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where we have taken e, = (¢/(cK?))"/0=%) and ¢(K) is a positive nonde-
creasing continuous function of K.

In the same way we estimate Jig.

Next, we have

Jiu<ec  sup
to+A/2<t<T

T 104 1/2 »
P55 )
to+r/2 S22
where § > 0 is a sufficiently small constant such that 2 + 26 < 3. Using the
interpolation inequality

( [ § e - 19£8><5'>|4>”2
20 |§ _ 5/|3+4(1/4+a—6)

191 o s ot/ o-s gy < E8 19 Bran e + 021 %1957 13 04
with > = (24+ a —9§)/(2+ a) and the imbedding W (£2) C Ly4(£2) (both
holding for o > 3/4) we obtain

Ju < el 310, + (FOKs"
where we have set £1 = (¢/(cK))"/(1=%),
Finally,

Jiz<c sup Wfks)’io,ﬂwatui

< ell98 31,0, + C(H) K
to+X/2<t<T

7QA/2
Taking into account the above considerations we get
(3.17) K3l e < €05 3haq, o + () KST,

where ¢(K) is a positive nondecreasing continuous function of K.
Now, we consider

T T
at_at,219>(ks)2”l9/ 2
[K2]i/2»Q/\/27t < CS X X |7] () 77|t(_)t|/|l+a | | UAt‘ dﬁdtdt,
Q2 to+A/2 to+N/2
r T (8)121,0/ |2
95 (t) = 0o (') P[0 2|95 ¢ )
+ef § M dg dt dt
Qto+A/2to+A/2 jt =¥
T T (s) (8) (47\12 1.9/ 2
937 () — 0 ()29
sef §§ SO deaar
Qto+A/2to+A/2 [t =t
T T (8) (11121.9 / N2
97 () 7[5 (1) — U5, (F)] /
+ef IAL d¢ dt dt
Qto+A/2 to+A/2 jt =]

16

1=13
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First, we have

T T t
1\, ue dr |29 ;)2
Jiz<c  sup ‘ﬂis)’io,ﬂ S S S k |t£— t/|1+g>\t dg dtdt’
to+X/2<t<T Rto+A/2to+A/2
< C[Ei_”lwis)\@w,@/z + 651_%”19£S)H37QA/2]
T T
[ fuelodt | koo
to+A/2 to+A/2
g €HQ9>(¢<S)||%+O¢7QA/2 —+ C(K)I?81+a’
where 3 = 5/(4 + 2a) and we have taken £, = (¢/(cK?))Y/(1=%),
Next, we get
T T t 2 Ly |2
| , 19 d’7'| 9’19 | o]
Juu<c sup |19i5)\30,n S S X J|Tt _ ,54/7|1+am\t =2 dt i’
to+A/2<t<T to+A/2 to+A/2
T T
<ec¢  sup |19is)\c2x,,g S [90¢)12 ¢ dt S 1045120 dt
to+A/2<t<T totA/2 to+\/2

<031 aq,,, + c(K)Ks'H,

where we have used the same interpolation inequality as before and the
imbedding W¢*(£2) C L4(f2), which holds for o« > 3/4.

Now, we have

T T t q(s) 2 ro2
’St/ Vsr d7\4 Q’ﬁa/\t‘4(2 /
Jis <c¢ S S T dt dt
tot+A/2to+A/2

< clel 013 1 aan 0 + ez 1913 0, 10002 0

< el 0273 4a.q, 0 + c(HOKs",

where s = 3/(4a), a > 3/4 and g1 = (g/(cK))/ 1),
We estimate Jig similarly to Jyo.
Summarizing the above estimates we get

(3.18) (K12 5,050 < €0 31y + (KRS,
Inequalities (3.17) and (3.18) yield

/2 T «
(319) (I eon? a5/ P)? < |98 1310y 0 + (KK
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Notice now that
divy, uy divy u — divy, vl divy o
= div, u'® div, u + (divy, — divy )uh divy, u + divy uh (dive, — divy )u

+ divy ul/\ div,, ui s)

6
Z K
1=3

Consider for example K. We have

2
[K4]Q7Q)\/2a§

T 2
‘St ((ug —ug )drl? luxg‘ |ue|
<c | |} ’5 T dt d d¢’
to+A/2 02 02
T t 21,1 r2 2
’St,s ug dr| |U>\g_“)\g/| |ug| ,
tc S SS € — ¢/p+2ta dt dg dg
to+A/2 2 2
T i 21,7 12 ¢t 2 2
| §o e dTPude|?] § (ue — ugr) dr[?fug] )
+c S SS € — ¢/3r2a dt dg d§
to+A/2 0282
| §i_ s e 7|2l g — uer| ,
+c S SS € — ¢/[3+2a dt dg d§
to+A/2 2 2
20
i=17

First, we estimate

T t _ 4 1/2
| §i_ o (ug —ugr) dr
2 t—s
Jirsc X |“/A£|oo,9< S S € — ¢/|3+a(1/a+a=d) dg dg,)

to+A/2 20
Jugl* > 2

AN e dede dt
_ 2426 ’

(m € —¢

where d > 0 is so small that 2 + 2§ < 3. Using the interpolation inequality

2
] <o e, o+ § ver]
Ht§ Ug aT WL/Ate=s (o) € R uar 2t 2 + ce t§su T 0.0

with 3¢ = (2+ a —9)/(2 + ) and the imbedding W3*(£2) C L4(§2) (which
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both hold for o > 3/4) and taking € = s we obtain
Jir<e  suplullf o ellul3iag, .
to+A/2<t<T
x 2

(P 0l gy, Fes TS s [l )
to+A/2<t<T

< ce(K)Ks'ter,

where w; > 0.
Next, we have

T ”U, —u /’4 1/2
Jis<c | |ud§o,n(5 | €~ ;/|3+451/4+a) d§d£’>
to+A/2
(S S 5 i
. 13, uedrl” de d¢ ) dt.
o 1E=¢P

Using the imbedding (95W22+°‘(Q) C W41/4+a(_(2) with |o] = 1 and the in-
terpolation inequality

t 5 t
’ S u§d7’ §€1*"H udTH caf"H S udTH
t

4,02 ‘ 24,82

(where s = 7/(8 4+ 4a), € = s) we obtain as before
Jig < o(K)Ks' ez,

where ws > 0. In the same way we estimate Joq.
Finally, we get

T 2 | §o(ue — ugr) dr* 2
Jig <c S ’ X Ug dTLOQ‘u)\é‘oo,Q S S ’f 5‘3+4(1/4+o¢) dfd{
to+A/2 t—s ’

<H uel* d§d§>/2dt
€ —¢&'|2

20
<c(K)Ks'™s, w3 >0.
Taking into account the above considerations we obtain
2 i7 w
(3.20) (Kl gy o < (E)Ks' 8,

where wy > 0.
Now, consider

[K4]i/2,QV2,t
T T ’ St

<c) §

Rto+N/2to+A/2

_ugdr — St o ru5d7'|2|u’>\£|2|u5]2

|t—t/|1+a

d¢ dt dt’
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T T t 20,1 / N2 2
|5, we dT]?|ule (8) — ude ()7 |ue] ,
+el | T de dt dt
Qt0+N/2t0+N/2
T TS e drPlub e Plug ] 5, ug dr?
t—s € AE 3 ¢ We T /
+el ) PRRTES de dt dt
.Qt0+>\/2to+)\/2
T T ue drPlube [P lue(t) — ue(t)]?
t—s UE Agl U 3 /
+el | T pe de dt dt
to+A/2to+N/2
24
1=21
We estimate
T T t 21,7 12 2
| §, (ue (1) — ug(T — 5)) dr[?ul\ g [*[ug] ,
J21 = S S S ’t—t"1+a dgdtdt
Rto+N/2t0+N/2
T T
<cl | Vlue(r) = ue(r — 5)|? dr |uhe|?|ue|* d€ dt
Qto+x/20
T T
<c | \Ués)’i,ﬂdt““dgﬁdt
to+A/2 0
(s) O,
<l (I B 54 sup | R )
s<to
to+A/2

< el uf |31 nqy,, + c(K)KsMH,

where 3 = 7/(8 + 4a) and &1 = (¢/(cK?))V/ (=),
Next, we have

T T t / / |2
’uxg(t) - U,\g(t N1
Jo<e || ( { uidT( Jueli o e et

2
to+A/2to+A/2 t—s >

<e(si™s [ llulfiaodt+esi s s ulf )
to+ta/2 to+A/2<t<T
T T 1|12
() - u(®) 3,0
swpfuelio || e ddt
to+A/2<t<T it =t

to+A/2 to+A/2
< c(K)Ksttes,

where > = 5/(4 + 2a), ws > 0 and we have taken 1 = s.
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We estimate Jos in the same way.
Finally,
T t 9 t
Jaz <c X ‘ S Ug dT‘ |Ul,\g|421(2’"u£|4219§ ’uf|c2>o(2 drdi
00,2
to+A/2 t—s ’ t

T t t
2
<ok | (] Juar] vei] § war] et
<c S €] udr 2+aQ+C€1 S udr 0.0 luely o
to+A/2 t— ts

< e(K)Ks'tvs,

where s = 5/(4 4 2a), wg > 0 and we have taken £; = s.
By the above calculations we get

(3.21) (K42 5,05 0t < 7 31 ay o + c(B) K s,
where wy; > 0.
Hence, (3.20) and (3.21) yield
(3.22)  (||(divy — divy )ul divy, u||(a a/2)) 5||u>(f) ||%+a,QA/2+C(K)K5Hw77

where wy > 0.

The other terms on the right-hand side of (3.12) are estimated exactly
in the same way and we obtain for them estimates similar to (3.16), (3.19)
and (3.22).

This yields the estimate

s a+2,a/2+1 s a+2,a/2+1
(3.23)  (Ju@|STPFEN2 4 (0|22

< (|31 a0r 0 + 1471310010 T 195134 0o
+ 198113 4,0, ) + (K K5,

)

where w; > 0 is a constant. Since ul®) = uis) and 19((75 = 19&5) on () inequal-

ity (3.23) yields o
Y (A) < 2eY(\/2) + c(K)Ks' T,

where
Y(A) = ([u® ) 5F22)2 4 ([

s a « a+2,a/2+1
+ ([9Sotel2t N2 (gl (ota/zi)y2

Therefore, after iteration we get

Y <

KK1+UI
< )R

where we assume ¢ < 1/2.
Hence estimate (3.11) holds. m

Lemma 3.3 implies
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THEOREM 3.4. Let (u,9,n) € Wi T/2(QT) 5 witelte/2(QTy «
W21+a’1/2+a/2(QT)ﬂC(O,T; Wyt (02)) (a € (3/4,1)) be the local solution of
problem (1.1). Then for any 0 < to < T and A > 0 we have u € C(tg + o, T}
W2t (02)) and

(3.25) sup_ull3 a0 <@ (KK,
to+ASE<T
(3.26) sup_[[0sll3 10,0 < E(K)K,
to+A<t<T
where K = ||ull2, , or + 195]12, . or»

K=K+ sup |lulf a0
0<t<T
+ sup [Uoltia0+ 106l aer + sup [Ineliia.e
0<t<T 0<t<T
and ¢;(K) (i = 1,2) are positive nondecreasing continuous functions of K.

Proof. First, we have

(327) | uC)llorasl gyzrnsrsg gy
T
[ [u®)ll24a.0 = llult = s)l24a.0/
< sup = e L dt+ | )]l 0dt
0<s<to , % \ to+A
T 2 T
HU(S)H2+ n
< sup S ?ma’dt—l- S ||u(t)Hg+a,.Q dt.
Oss<to, 4 to+A

Now, the imbedding By/2"™/?(ty + \,T) C BZ(to + A, T) (which

means that ||u||24q,0 is continuous on [ty + A, T]) and inequalities (3.28)
and (3.11) give (3.25).

Estimate (3.26) can be obtained in the same way as (3.25).

This completes the proof of the theorem. m
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