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MAcIE] WILCZYNSKI (Wroctaw)

MINIMAX NONPARAMETRIC PREDICTION

Abstract. Let Uy be a random vector taking its values in a measur-
able space and having an unknown distribution P and let Uy,...,U, and
Vi,..., Vi be independent, simple random samples from P of size n and
m, respectively. Further, let zq,..., 2z, be real-valued functions defined on
the same space. Assuming that only the first sample is observed, we find a
minimax predictor d°(n,Us,...,U,) of the vector Y™ = Z;n:l(zl Vi), ...
ooy 2k(V;))T with respect to a quadratic errors loss function.

1. Introduction. Let Uy be a random vector taking its values in a
measurable space (Y, B) and having an unknown distribution P, which is
assumed to be an element of the set

P = {all probability measures on (), B)}.

Let Uy,...,U, and V1,..., V,, be independent, simple random samples from
P of size n and m, respectively. Further, let z = (21,...,2;)7 be a mea-
surable function on the space (), B) with values in (R”, Bgx). In the paper
we consider the problem of predicting the value of a k-dimensional random
vector Y™ = Z;nzl z(V;) from the data U™ = (Uy, ..., U,). Assuming that
the loss function has the form

(1) LdY™)=(d-Y™)"Cd-Y™),

where C = [¢;;] is a nonnegative definite, symmetric & x k matrix, we
find a minimax solution of the above prediction problem. We show that
the minimax predictor d°(n, U™) of Y™ is an affine (inhomogeneous linear)
function of the random vector X" = 37, 2(U;).

The decision rule d°(n,U™) has a risk function which is not constant
and therefore proving its minimaxity cannot be accomplished by showing
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that this predictor is Bayes with respect to some prior on P. Instead, we use
the method proposed in Wilczynski (1992). First we show that d°(n,U") is
minimax among all predictors which are affine functions of X ™. Next, using
some implications of this fact, we calculate the upper bound for a mini-
max risk of d°(n,U"). Then, via nonparametric Bayes approach proposed
by Ferguson (1973), we construct a sequence of priors on P for which the
corresponding sequence of Bayes risks converges to this upper bound. From
this we deduce minimaxity of d°(n, U™).

2. Minimax estimate. The statement of our main result requires in-
troducing the following notation. Let the function z, : (¥, B) — (R¥, Bgx)
be defined by

z(y) =C2(y). yeY,

where C'/2 is the square root of the matrix C, i.e. CY/2C"/? = C. The
random vector z,(Up), its expected value and the sum of the variances of
its components are denoted by Z., p. and R;(P) respectively, i.e. we put
Z*ZZZAL%%
Ri(P) = Ep|Z. — EpZ.|* = Ep||Z. — p.|*.
Now, let (P;) be any sequence of probability measures on (), B) such that
(3) lim R, (P;) = sup R(P)
j—o0 Pep

and let (b;) be the corresponding sequence of points from RF defined by
(4) b, = Ep, Z..

In Theorem 1, we show that the above prediction problem has a nontrivial
solution only when the vector-valued function z,.(y) is bounded on Y, i.e.
when
M? := sup ||z.(y)||* = sup 2" (y)Cz(y) < co.
yeY yeY
Obviously, if M is finite then the random vector Z, and its expected value
p. are bounded. This implies that suppcp Ri(P) < 0o and, because

1651 = |1 Ep, Zu|* < Ep, || 2.7 < M2,
the sequence (b;) takes its values in a convex compact subset M of R*,

defined by
M ={becRF:|b|? < M?}.

Therefore, this sequence has a cluster point by € M. Now, we define ag as
a vector from R* which solves the equation

(5) C'%ay = by.
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To see that (5) can be solved, we denote by (C'/?)~ any g-inverse of the
matrix C/2. Since C'/2(C'/?)~C'/? = C'/?, we have

bj = Ep,C'*2(Uy) = Ep,C'/?(C'?)~C?2(Up)
_ 01/2(01/2)_Epj01/22(U0) = CY*(CV/?) b,
This implies that (C'/?)~bg solves (5), because
by = CY2(CY?*)"by = C'/?ay.
Now, let the number «g satisfy the condition
agn+m = (aen —m)* and ayn—m <0,

i.e. let

nm —y/nm(n+m — 1)

(6) g = n(n 1)
E— ifn=1
2 )

The following theorem is the main result of the paper.

ifn>1,

THEOREM 1. If sup,cy z(y)" Cz(y) < oo then
(7) d’(n,U™) = ap X" + (m — agn)ag

s a minimax predictor of the unobservable vector Y™ and its minimaz risk
equals

sup R(d°, P) = (agn — m)? sup Ry (P).
PeP pPepP

If sup,ey z(y)"Cz(y) = oo then

inf R(d, P) =
Jnf, sup (d,P) =00

and therefore a minimax predictor for Y™ does not exist.

3. Proof of the main result. Define the following two random vectors:
X =Cc'?x", y!=C'*v"
To prove the first part of Theorem 1 it suffices to show that the decision
rule d2(n,U™) = C/2d°(n,U™), which, by (7) and (5), has the form
(8) di(n,U") = C'2d’(n,U") = ao X' + (m — agn)by,
is a minimax predictor of the vector Y, under the loss function
Lo(d,Y™) = (d— Y (d—Y") = ||d — Y"||2

Moreover, to complete the proof of Theorem 1 it suffices to show that the risk
function for any predictor of ¥, is unbounded when sup, 5, z(y)" Cz(y)
= 00.
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Let D be the class of all predictors d = d(n,U"™) of the vector Y.
We start the proof by calculating the risk function R(d, P) of any decision
rule d from D. Since the vectors d(n,U") and Y, = Z;n:l z.(Vj) are
independent, and since

(9) EpY" =) Epz.(V;) = mEpz.(Up) = mEpZ. = mp.,
j=1

this risk is equal to
R(d,P) = Ep|ld(n,U") = Y."||” = Ep||d — mp.|* + Ep||Y," — mp.|*.

Moreover, since z.(V1),. .., z«(Vy,) are i.i.d. random vectors with expected
value p.,

U 2
(1) Bell¥r —mp|? = Bp| Y (= (%) o)

j=1

= mEp|Z. — p.||> = mR.(P).
Therefore, the risk for any predictor d(n,U™) € D may be rewritten as
(1) R(d, P) = Epld — mp.|? + mRy(P).

Assume now that sup,cy z(y)"Cz(y) < oo. According to the defini-
tion of minimaxity, to prove that the predictor d2(n,U™) defined by (8) is
minimax we have to show that
(12) sup R(d?, P) = inf sup R(d, P).

PeP deD pep
To do this, we denote by Dy the following class of affine predictors:
Dy ={d’ € D:d"(n,U") = ap X" + (m — agn)b, b € M},
where the number aq is defined by (6), and we prove that d? = d* is
minimax in Dy, i.e.

(13) sup R(d?, P) = inf sup R(d, P).
PeP d€Do pecp

Next, using some implication of the minimaxity of d¥ in Dy, we calculate
the upper bound for R(d?, P). Then, if m > 1, we construct a sequence of
priors on P for which the corresponding sequence of Bayes risks converges
to this upper bound. From this we deduce minimaxity of d? € D. If m = 1,
we use a different approach to prove that d? is minimax in D.

We start proving minimaxity of d2 in Dy by calculating its risk function.
We first note that (cf. (9) and (10))

EpllaoX" + (m — agn)b — mp, ||
= agBp|| X1 — np.||® + (aon —m)?||b — p.|?

= agnRi(P) + (agn — m)?|[b — p.|.
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Since agn + m = (ayn — m)?, we conclude, by (11), that the risk function
for a predictor d® € Dy, denoted for simplicity by R(b, P), is given by
(15) R(b, P) = (agn +m)Ri(P) + (aon — m)?||b — p.||”
= (aon —m)*[Ri(P) +||b — p.|?].
Furthermore, if sup,cy, [|z«(y)||* < oo then the random vector Z, and its
expected value p, = EpZ, are bounded, and R;(P) can be rewritten as
(16) R\(P) = Ep||Z. — EpZ.|]” = Ep|| Z.|* — || ErZ.|*.
Therefore,
Ri(P) + [[b—p.|* = Epl|Z. — pul” + [[b — p.||?

= Ep|Z.|” — [p«[? + 116 — p.|?

= Ep| Z.|]” - 26" p. + [|b]|?

= Ep||Z.|* - 2b"EpZ, + ||b]*.
This implies that
(17) R(b, P) = (agn — m)?[Ep||Z.||* — 26" EpZ. + ||b]?].
Obviously, to prove that the decision rule d9(n,U™) defined by (8) is mini-
max in Dq it suffices to show that

(18) sup R(bg, P) = mf sup R(b, P).
pPcP M pep

For this we note that M and P are convex sets and M is compact. Moreover,
for each fixed P € P, the mapping R(b, P) : M x P — [0,00) is convex,
continuous with respect to b € M and, for each fixed b € M, it is, by (17),
concave (linear) with respect P € P. This means that all the assumptions
of the Nikaido theorem (see Aubin 1980, p. 217) are fulfilled and thus there
exists a point b for which
19 sup R(b, P) = inf sup R(b,P) = sup inf R(b, P
(19) PP ( ) beM pep ( ) pepbeM ( )
Now it remains to prove that b = by. We first observe that, by (19) and
(15), the minimax risk in Dy equals
(20) mf sup R(b, P) = sup inf R(b,P) = (agn —m)? sup R;(P),

pepbeM PeP
because, for a fixed distribution P € P, the convex function R(b, P) of
the variable b attains its global minimum over M at the point b(P) = p..
Moreover, an easy computation shows that, for each P € P, 0 < § < 1 and
J=1

sup 1 (Q) = R1(BP + (1 - B)F;)
QeP

= BRi(P) + (1 = B)Ri(F)) + (1 = B)(Ep, Z. — EpZ.|*,
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because SP + (1 — 3)P; € P and, by (16),
Ri(BP + (1= B)F)) = Egpra-p)p | Z:11° = | Bspr-pp, Z:?
— BEPI|Z.IP + (1 — B)Ep, | Z. |2 — ||3Ep Z. + (1 — 6)Ep, Z.

= B(Ep||Z.|I° = |1EPZ.|I*) + (1 = B)(Ep, || Z.|* — | Ep, Z.|I)
+B8( =) Ep, Z. — EpZ.|I?
= BR1(P) + (1 = B)Ri(F)) + (1 = B)| Ep, Z. — EpZ.|I*.

Since by is a cluster point of the sequence (b;), where b; = Ep, Z,, and since
lim; .o R1(P;) = supgep R1(Q), we conclude that
sup R1(Q) = BR1(P) + (1 - B) sup Ri(Q) + B(1 — B)l|lbo — EpZ.|*.
QeP QEP

Therefore,

B sup Ri1(Q) = BR1(P) + (1= B)|bo — EpZ,|?
QEP

and, since (3 is positive,

sup R1(Q) = Ri(P) + (1 - B)llbo — EpZ.||*.
QeP

Letting 3 — 0%, we can see that

SHI;Rl(Q) > Ri(P) +lbo — EpZ.||* = Ri(P) + b — p|%,
S

which implies, by (15), that
(aon —m)? sup Ri(Q) = (aon —m)?*[R1(P) + [[bo — p:[*] = R(bo, P).
€

Because this is true for all P € P, it follows, by (20), that

sup R(bg, P) < (apn —m)? sup Ry (P) = inf sup R(b, P) < sup R(by, P).
PcP PcP beM pep PcP

Thus the predictor d2(n,U™) = d* (n,U™) is minimax in Dy and its mini-
max risk is given by

(21) sup R(d?, P) = (agn — m)? sup Ry (P).
pPeP pPeP

To prove that d%(n,U™) is minimax in D we assume first that m = 1.
Then ay = 0 and, for any predictor d € D, we obtain, by (11) and (21),

sup R(d, P) > m sup R;(P) = sup R;(P) = (apn —m)? sup R, (P)
Pep PeP PeP Pep
= sup R(d, P),
PeP

which implies minimaxity of d?(n,U™) in the case where m = 1.
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Now we assume that m > 1. Then ag > 0 and to show that d2(n,U") is
minimax in D we make use of the nonparametric Bayes approach proposed
in Ferguson (1973). The structure of the argument will be the same as in
Wilczynski (1992).

For each j > 1 we denote by II; a Dirichlet prior process on (), B) with
parameter 3; = [(m — agn)/ag|Pj, where (P;) is a sequence defined by (3).
From Ferguson (1973), Example b, the II; Bayes nonparametric estimator
of mp, = mEpZ,, and therefore, by (11), the II; Bayes nonparametric
predictor of Y, is given by

(m — agn)/ao
Ep Z, x
n+ (m — agpn)/agp Fi +n+(m—a0n Yoo Zz

—m| A —Oxg} = db (n,U™).
m m
Moreover, the Bayes risk o(j) for this decision rule has the form
0(j) = Em, R(bj, P) = (agn —m)*[Ep, | Z.||* — [|b;]*]

= (con —m)*[Ep, | Z.|* — | Ep, Z.|1%] = (con — m)*Ra(Fy),
because, by (17),

R(bj, P) = (agn — m)*|Ep|| Z.||* — 2b] EpZ. + ||bj||’]
and, by Ferguson (1973), Theorem 3,
(22)  Ep,|Ep|Z.|*) = Ep,||Z.||> and Ep,[EpZ.) = Ep,Z, =b;.

As j — oo, the Bayes risk o(j) converges to (agn — m)? suppep Ri(P),
which, by (21), is the upper bound for the risk of d%(n,U™). This implies
that d?(n, U™) is a minimax predictor of Y, (see Ferguson 1967, Theorem 2,
p. 91) and thus the proof of the first part of Theorem 1 is complete.

We now turn to the proof of the second part. Since we assume that
sup, ey 2(y)T Cz(y) = oo, there exists a sequence (y;) C Y such that

(23) Tim 2. (3)]> = .
Let the distribution P; of Uy be defined by
Pj(Ug = yl) = Pj(Ug = yj) =0.5.
Then lim;_,oc Ri(P;j) = suppep R1(P) = oo, because an easy calculation
shows that

Ru(p,) = 1220 2 I

and, by the triangle inequality and (23),
[24(y;) — 2z«(y)l| = 1z (W) || = |24 (1) || — o0
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Therefore, the sequence of Bayes risks o(j) defined above converges to oo.
This implies, in turn, that the risk of any predictor d(n,U™) € D is un-
bounded, because

sup R(d, P) > Ep, R(d, P) > o(j) — oo
PEP '

The proof of Theorem 1 is complete.

The first part of Theorem 1 can be slightly generalized. For this we denote
by I the k-dimensional identity matrix and we put H = (C/2)~C"/2. Since
C'/?(I — H) = 0, we have the following result:

COROLLARY 1. If sup,cy z(y)" Cz(y) < oo then, for each ¢o € R, the
decision rule

d’(n,U™) = aoX"™ + (m — agn)ag + (I — H)co

s a minimax predictor of Y.

4. Examples. As an application of the results obtained we consider the
following three examples.

ExaMPLE 1. Suppose that the set ) is centrosymmetric about 0 and
that, for each y € Y, z.(y) = —z4(—y). Let (P;) be a sequence for which
(3) holds and let P;” denote the distribution of the random vector —Up
whenever Uy is distributed according to P;. Then the sequence (P}), with

P = (1/2)(P; + P} ), satisfies (3), because
Ri(P}) = Ep| Z.|* ~ ||Epy Z.|* = Ep, | Z.|1* — [|0]]*
> Ep,||Z.|* = | Ep, Z.|* = Ri(F)).

Therefore, we may assume that b; = Ep; Z, = 0, which implies that by =
ap = 0 and thus the decision rule

d’(n,U™) = ap X"
is a minimax predictor of the unobservable vector Y ™.

EXAMPLE 2. Suppose that C = [¢;5] is a diagonal matrix and that there
exist two sequences {7,} and {7,} in ) such that, for each 1 <1i <k,

lim z(7;) = inf zi(y) > —oo,  lim 2(y;) = sup 2;(y) < oc.
Jj—oo yey Jj—oo yeY

Let the distribution P; of Uy, j > 1, be defined by
Pj(UO = ?j) = Pj(UO = 53) =0.5.
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Then it is easy to verify that for each 1 < < k,
ISDUI?))[EP(Z@'(UO))2 — (Epzi(Up))?] = Jfim [Ep, (2i(U0))* = (Ep,;2i(U))?]
c — 00

(7)) — 2 (7))
— lim ‘Z'L(yj) zl<y])‘ )

This implies that (P;) is a sequence of distributions as in (3), because C'is
assumed to be a diagonal matrix and thus

k
Ri(P) =) cilEp(2(U0))* = (Epzi(Uo))?].

i=1
Since the function z(y) is bounded on Y,

C1/2a0 = bg = hm EijI/zz(Uo) = Cl/z hm Eij(Uo)
J—00 J—00

Z@j) ‘1‘2@3‘)

= CY? lim 27
gggo 2
Therefore, the coordinates of the point ag = (a1, a2, - - .,aox)’ are given
by
zily.)+ z; Y. inf Zi + su Zi
ao; = hm (yj) 5 <y]) _ yey (y) 5 pyey (y)7 1 S i S k,
j—0o0

and
d’(n,U™) = apX™ 4 (m — agn)ag
is a minimax predictor of the unobservable vector Y .

EXAMPLE 3. Let {A;}%_, be a measurable partition of ), i.e. let Aj,...
..., Ax be measurable, pairwise disjoint subsets of ) whose union equals ).
Furthermore, let z;(y) = 14, (y), 1 <i < k, be the indicator functions. Then
the random vectors Z = z(Up), X™ and Y™ have (1,p), (n,p) and (m,p)

multinomial distributions, respectively, in which the parameter p = EpZ
takes its values in the simplex S defined by

S={(s1,...,8;):forall1 <i<k, s, >0, and $1 + ...+ s = 1}.
Furthermore, it is easy to calculate that
Ri(P)=c"p—p'Cp,

where ¢ = (c11, Ca2, - - ., cpi) L stands for the diagonal of the matrix C' = [cij].
This function attains its maximum over P at the distribution P, for which
Ep,Z = pg, where

c"'po — pj Cpo = glgg[ch —p'Cpl.
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Therefore, by = Ep, Z, = Ep,CY?Z = C'/?Ep,Z = C'/?*p, and
d’(n,U™) = ap X" + (m — agn)po

is a minimax predictor of the unobservable vector Y .
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