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WEAK SOLUTIONS TO THE INITIAL BOUNDARY VALUE
PROBLEM FOR A SEMILINEAR WAVE EQUATION WITH
DAMPING AND SOURCE TERMS

Abstract. We show local existence of solutions to the initial boundary
value problem corresponding to a semilinear wave equation with interior
damping and source terms. The difficulty in dealing with these two compet-
itive forces comes from the fact that the source term is not a locally Lipschitz
function from H'(£2) into L?(f2) as typically assumed in the literature. The
strategy behind the proof is based on the physics of the problem, so it does
not use the damping present in the equation. The arguments are natural
and adaptable to other settings/other PDEs.

1. Introduction. Consider the boundary value problem

uy — Au+ f(z,t,u) + gz, t,u) =0 ae. (z,t) € 2 x [0, 00);
(SW) u(z,t) =0 ae. (z,t) € 92 x [0,00);

(u, ug)|i=0 = (up,u1) a.e. z € (2,
where (2 is a connected bounded domain with C? boundary. In [13] we proved
local existence of solutions to the Cauchy problem (f2 = R™) under a set of
assumptions Ay, Ay concerning the nonlinearities f and g that we will list
below. In this work we are interested in solving the problem on a bounded
domain, issue which is of great interest in control theory ([9, 10]). This paper
complements the work in [13] as we will prove that the techniques of [13]
apply to bounded domains as well; however, some nontrivial arguments have
to be used in order to deal with the boundary conditions.

1.1. Assumptions. Here we present the list of assumptions that govern
our result. Note that (A0)—(A8) concern the source and the damping terms,
while (A9) is a geometric assumption on the boundary.
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(AO) fis measurable in z, differentiable in t a.e., differentiable in u a.e.,
and there exists a continuous function k such that for a.e. z,t,

|fulz, t,u)| < k(r) forae. |ul <.
(A1) Growth conditions on the source term f:

(i) f(x,t,0) =0;
(ii) |f(z,t,u)| < mi|ulP +malu|? for some 1 < ¢ < p < 2*—1 and
my,mg > 0, where 2* = 2n/(n — 2).

(A2) |fi(x,t,u)| < K for some K > 0.

(A2)* f does not depend on ¢ and F(z,u) = {; f(x,v) dv > 0.

(A3) g=g(x,t,v) is measurable in ¢, differentiable in z, and continuous
in v.

(A4) For every x,t the function v — g(x,t,v) is increasing and g(x, t,0)
= 0.

(A5) wvg(z,t,v) > C1|v|™! and |g(z,t,v)| < Colv|™ for some m > 0.

(A6) |Vag(z,t,v)| < Clo].

(A7) ]gt(x,t,v)\ < C‘U’

(A8) Either (a)1 < p < 2*/2, m >0, (b) p+p/m < 2", m > 0, or

(¢) 1 <p<2*—1, where p is given by (Al), and g is either linear

in v or does not depend on v. Note that the range of exponents

(p, m) given by (A8)(c) is strictly included in the set (1,2* —1) x

{0,1}.

(A9) 2 is convex such that £ N B(z,r) are open, bounded, connected
domains with Lipschitz boundary for any z € 2, r > 0 (regular
domains in the sense of Sobolev’s embedding theorem).

The constants C, C7, Cy denote nonnegative numbers which may change
from line to line.

The above assumptions are generalizations of those satisfied by the much
studied differential equation

ugr — Au £ uluP~ £ ulu)t + az, tugu " =0,

where 1 < ¢ < p < 2*—1,m > 0, and a(z,t) > 0. The “-” sign in
the above equation corresponds to a situation when energy is introduced
into the system, whereas the “4” sign gives us a model whose energy is
dissipating. Special cases of this equation arise in quantum field theory (e.g.,
the Klein-Gordon equation) and in mechanical applications (the dynamics
of a membrane in presence of friction when energy is introduced in the
system).

1.2. Relationship to previous literature. The interaction between the
damping and the source terms has been extensively studied, and pertinent
results and conjectures abound in the literature. Thus, it is well-known that
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the source term f(z,t,u) alone can drive the solution to blow up in finite
time if it corresponds to accretion of energy [7, 8, 12, 15]. In contrast, the
damping term g(z,t,u;) leads to global existence of weak solutions. The
decisive factor in establishing long time behavior of solutions under the in-
teraction of these two effects appears to be the power of the nonlinearity: a
higher power of damping would yield long time existence, while a dominant
source term will cause the solutions to go to infinity in finite time. This
relationship has been studied on both bounded and unbounded domains
(2, 3,4,6,9, 11, 13, 16, 19].

The largest set of exponents p and m for which local existence of solutions
was proven for R was found in [13] to be given by (A8). This result extended
the set of exponents found by J. Serrin, G. Todorova and E. Vitillaro in [16]
while using a natural approach with finite energy spaces which are adapted
to the equation. For bounded domains we prove that the local existence holds
for the same range of exponents as for the entire space, thus generalizing
the results of [6, 11] where the source term is locally Lipschitz from H!
into L?. When the mapping f is locally Lipschitz (in other words, f has
subcritical exponent p < 3 for n = 3), local existence of solutions can be
proved through monotone semigroup theory (see the Appendix of [4]); for
global existence the source term has to additionally satisfy a coercivity-
type condition involving the first eigenvalue of the Laplacian. Under these
Lipschitz assumptions for the interior source terms the authors of [3, 9, 4]
study existence of solutions and stability issues, where nonlinear source and
damping terms act on the boundary of the domain. This setup is different
from ours since problems with nonlinear damping on the boundary in general
do not satisfy the Lopatinski condition.

We would like to point out that in contrast with the existing literature
([2, 6, 16]), our arguments do not make use of the smoothing effect of the
damping. This allows us to handle exponents p that go all the way up to
2* —1 in the case of linear damping and in the case of no damping. Several
works mention that the damping is essential in dealing with source terms;
our results, however, prove the contrary. For local existence of solutions,
at least for subcritical exponents for the source term, the extra regularity
given by the damping is not needed. This fact strongly suggests that one
should be able to extend the allowable range of exponents to the full box
1 <p<2*—1, m > 0, as one naturally expects from the Sobolev embedding
theorem. In other words, we conjecture that the exponents p and m do not
have to satisfy the restriction

(R) p+p/m<2* for2"/2<p<2¥—1.

The methods used in the study of nonlinear wave equations are usually
suited to either bounded or unbounded domains and very few methods are
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Fig. 1. The range of exponents p and m in n = 3 where the thick lines mark only the case
of linear damping and no damping, so they do not cover nonlinear terms g(x,t,v) whose
growth exponent is m =0 or m =1

applicable in both setups. We show here that our arguments are some of
these fortunate situations. The proof relies on two main ingredients: the po-
tential well method due to Sattinger ([12, 14]) and a “patching” argument
which was originally used by Crandall and Tartar (see [17, 18]) to show
global existence of arbitrarily large solutions for the Broadwell model. In
both problems ([13] and [17]) the boundary conditions were absent since
the PDEs were considered on the entire space, but we show here that the
methods work in the presence of boundary conditions with appropriate mod-
ifications. We will often make reference to various results and arguments of
[13] without including the proof due to space limitations.

Another fact that distinguishes this paper from other works is that the
existence of solutions is proved by passing to the limit for a sequence of ap-
proximating solutions where only the source term s approximated with Lip-
schitz functions, and not the damping term. This allows us to stay within
the natural framework of Lebesgue spaces. Note that the usual approach
of approximating the damping term with Lipschitz functions is not feasi-
ble in Lebesgue spaces (in [16] this obstacle was overcome through a re-
course to Orlicz spaces). This is due to the incompatibility between the
Lipschitz assumptions and the polynomial growth conditions vg(z,t,v) >
(1/C)|v|™, |g(x,t,v)| < Clv|™~! for some m > 1, and g(x,t,0) = 0, which
makes it impossible to work in a Lebesgue space (see [16] for more details).

In conclusion, we summarize the main contributions of this article:

e We provide an extension of the allowed range of exponents p and m
through a stronger and more substantial use of the monotonicity of g.
Prior to this work local existence results for wave equations with in-
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terior source and damping terms on bounded domains were proved
only for the range of exponents described by (A8)(a) which corre-
sponds to the case of f Lipschitz from H' into L?. Our results extend
the prior range in two directions, by allowing (A8)(b) (p + p/m < 2¥)
and (A8)(c) (p*/2 <p < 2" —1 for linear or no damping).

In the presence of absorption terms (when f satisfies (A2)*) and damp-
ing terms whose range of exponents satisfies (A8) we prove global ex-
istence of solutions.

These results hold for finite energy initial data, not necessarily with
compact support as is assumed in other works (e.g. [16, 19]).

Our work has the advantage of allowing some dependence on t in the
function f.

The results apply to wave equations with variable coefficients, as
pointed out in Remark 1 of [13].

This work together with [13] illustrates the great applicability of these
methods since they work for problems which are set on bounded and
unbounded domains.

2. Main result. We are concerned in this paper with existence of weak
solutions, whose definition we present below.

DEFINITION 2.1. Let 2p := 2 x (0,7), where 2 C R"™ is an open
connected set with smooth boundary 9f2. Suppose the functions f and g
satisfy assumptions (A1) and (A5), and that ug € H}(£2) N LPTL(2) and
up € L2(2)n L™ ().

A weak solution on 27 of the boundary value problem

uy — Au+ f(z,t,u) + gz, t,u)) =0 in Op;

(SW) (u, ut) =0 = (uo,u1);

u=0 ond2x(0,7),

is any function u satisfying

and

u € C(0,T; HY(2)) N LPTY(Q2p), w € L2(027) N L™ (02r),

S (u(zx, s)pu(x, s) + Vu(x,s) - Vo(z,s) + f(z,s,u)p(z, s)

O

+g(z,5,u)p(x, 5)) dv ds = | (u1(z)(x,0) — ug(x)¢y(,0)) da
2

for every ¢ € C°(£2 x (—o0,T)).

In the following, |- |4 is the norm in L4(f2). If the domain over which the
norm is considered is not clear from the context, then we use | - |4 0.
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Below we present our main result and also the main steps of the proof.
The steps which are identical with those on the entire R™ (as presented
in [13]) are only sketched so that we can focus instead on the patching
argument where we have to deal with boundary conditions.

THEOREM 2.2 (Main Theorem). Let (ug,u1) € Hg(£2) N LPTYH(2) x
L2(2) N L™ () and consider the Cauchy problem

up — Au+ f(z,t,u) + gz, t,ur) =0 a.e. in 2 x [0,00);
(SW) u(z,t) =0 a.e. (x,t) € 052 x [0, 00);
(u, ut)|t=0 = (uo,u1) a.e. € {2,

where f and g satisfy (A0)—(A8). Additionally, assume that G(x,0,u1) €
LY(92), where G(z,t,v) = §; g(x,t,u) du. Then there exists a time 0 < T < 1
such that (SW) admits a weak solution on [0,T] in the sense of Defini-
tion 2.1. In addition, if (A2)* is satisfied, then the solution is global, so
T can be taken arbitrary. The solution is also continuous in time in the
topology of the finite energy space, i.e.

u e C(0,T; HY(2)) N CH0,T; L*(12)).

REMARK. The restriction 7" < 1 is arbitrary, the time of existence is
naturally limited by the physics of the problem, since one expects blow-up
of solutions whenever the source term dominates the damping.

Proof. In order to facilitate the exposition we present a brief outline
of the proof. As mentioned in the introduction, we will approximate the
problem with problems that have Lipschitz source terms. We will then use
a compactness and monotonicity argument in order to pass to the limit in
the sequence of approximating solutions. This approach will actually give
us existence of “small” solutions, which we will “patch” to obtain a solution
on the entire domain (2.

STEP 1. We begin by considering the problem with a globally Lipschitz
source term in the uw argument and arbitrary damping. It is known that for
the boundary value problem with f Lipschitz in the third argument and g
taken as general as possible under the assumptions A4, we have the following
theorem on global existence, uniqueness and regularity of strong solutions
for (SW) (see [1] or [13]).

THEOREM 2.3 (Existence and uniqueness of solutions for dissipative wave
equations with Lipschitz source terms). Let 2 C R™ be a bounded domain
with smooth boundary 92, and suppose the functions f(x,t,u) and g(z,t,v)

satisfy assumptions (A0), (A2), (A3)—(AT), and f is globally Lipschitz in the
last argument with Lipschitz constant L, i.e.

|f(33’,t,'l,b) - f(x,t,v)| < L|U_U|
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for every u,v € R. Let ug,u1 € HE(2) x L?(2) with G(z,0,u1) € L*(£2),
where G is defined by the formula
G(w,t,v) = Sg(x,t, y) dy.
0

Then (SW) admits a unique solution w on the time interval [0,T] such that
we C0,T; HY(2)) N P (02r), wu € LX(027) N L™ (07).

The solutions to the wave equation with Lipschitz source terms and
polynomial-like damping have finite speed of propagation. In [13] two state-
ments are proven, one on the growth of the support of solutions, and the
second which regards uniqueness of solutions which start from the same ini-
tial data. Due to the presence of the nonlinearities f and g, these properties
are not equivalent, even though the proofs are very similar. The statement
concerning the size of the support was proven prior to [13] only for source
terms of “good” sign (when their contribution to the energy was a nonneg-
ative quantity). The complete statement of the theorem follows below with
the only modification that the balls are permitted to intersect the boundary.
The proof remains the same as in [13] but we include it here for the sake of
completeness.

THEOREM 2.4 (Finite speed of propagation). Consider the problem (SW)
under the hypothesis of Theorem 2.3 (i.e. we additionally require that the
source terms are globally Lipschitz). Then

(1) of the initial data ug,uy are compactly supported inside the domain
B(zg, R) N §2, then u(x,t) = 0 outside B(xo, R+ t) N §2;
(2) if (uo,u1), (vo,v1) are two pairs of initial data with compact support,
with the corresponding solutions u(x,t), v(z,t), and
(up(z),u1(z)) = (vo(z),v1(z)) for x € B(xo, R) N 12,
then u(z,t) = v(x,t) in B(xg, R —t) N2 for any t < R.
Proof. (1) The proof extends an argument used for the linear wave equa-
tion by L. Tartar [18].
Assume for now that f(x,t,u) = 0 for |z — x9| > R + t. Since the
equation is invariant under translations, without loss of generality we can
take zp = 0. First we approximate the initial data uniformly by smooth

functions (uoy, u1,) with compact support inside B(R,), with R, /" R as
1n — 0. By Theorem 2.3, for any T > 0, the solution of

Ut — Auy + f(x,t,uy) + g(x,t,uy) =0 in 2 x (0,T);
(Swn) (un7u77t)|t:0 = (UOna Uln)?
uy =0 on 02 x (0,T),
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exists on [0, 7] and it has the additional regularity
we CY([0,T); L3(R2)) with gy, Au € L2(0,T; L3(£2)).

Consider a function ¢, with ¢,(r) = 0 on (—oo, Ry], (bn(r) > 0
(Ry,00), such that ¢;(r) > 0 on R. Since u, € L™ (0 T; H (B(Ry)))
are allowed to multiply (SWy,) by uy(t, z)¢,(|z| — t), for any 0 < ¢
The quantity

Ly(t) = {(Juye (2, ) + [Vuy (2, 1) 2) by (|2 — 1) da
Q
is well defined and assume for now that dI,/dt < 0. Then I,,(0) = 0, since

LO)= | (ug@)]® + [Vuoy(@)[*) by (|2]) da
B(R,)N$2

+ | (@) + [Vuoy(@) )y (2] da

S\B(Ry)

)

<

SEE

The first integral is 0 since ¢,(|z|) = 0 for |z| < R,. The initial data has
support inside the ball |z| < R,, so the second integral is also zero.

The assumption that the mapping ¢ +— I, (t) is decreasing leads us to
I, (t) < I,(0) = 0, which means that u,(z,t) = 0 if || —t > R,. We pass to
the limit in 7 (see Theorem 2.2 in [13] on the convergence of approximations
of solutions) to obtain u(z,t) = 0 for |z| —¢ > R, and this is what we set
out to prove in part (1).

It then suffices to prove that dI,/dt < 0. For the regularized initial
data we have u,, € L>(0,T; H}(B(Ry))), unt € L>=(0,T; HY(B(Ry))), untt €
LY(0,T; L*(B(Ry;))), which enables us to compute (we drop the subscript n
in the remainder of the proof)

26(|2| —1) (ututt—l—Zuwium)(m,t) de—\ & (|2] —t) (WP +|Vul?) (2, 1) do
=1 2

|
2

— | 26(a] — D) (e (2, 8) dz — | S ((26(2] — s, )oyur) (@, £) da
2 21i=1

— { ¢'(Jal — ) + [Vul) (1) do

(0]

n

= | 20(Jx| =) ((urr — Au)ug) (z, 1) dz— | Y~ 2¢/( (|z|—t) 2 (ux ug)(z, t) d
(9]

2i=1
— V&' (|2 = (i + [Vul*) (2, 1) da.
2
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By (SW),

Ut — Au = —f(l',t, U) - g(x,t, Ut),
hence the assumptions on the support of ¢ and f, together with the fact
that ¢ is nondecreasing, make the first term on the right hand side of the
above (multiline) equality negative. We factor out ¢'(|z| — t) in the other
two terms, and since ¢'(r) > 0 for every r, it is enough to show that

n
T
(2.1) uf 4 |Vul® + 2 Z ﬁ Uy, up > 0,
i=1

which is obtained by summing the inequalities

2
|z
foralli=1,...,n.

It remains to show that the function f vanishes for |z| > R+ ¢. A fixed
point argument will establish this fact now. Consider the iterative equation:

ubFL — AUkt 4 f(tub) + gl tuf ) =0,

(W uf ™) o = (ug, ur)m

uF*t1 =0 on 002 x (0,7),
for every k € N, with (u®,u?) = (ug,u1). The existence of a unique weak
solution is guaranteed by Theorem 2.3. An induction argument, together
with the first part of the proof, will show that u*(z,t) = 0 for |z| > R+t
and all k& € N. It is then enough to show that u*(z,t) — wu(z,t) a.e. as
k — oco. Since f is Lipschitz we find that f(z,t,u*(z,t)), which is zero for
|z| > R+ t, converges a.e. to f(z,t,u(z,t)), hence f vanishes outside the
cone |z| < R+ t. The sequence of difference functions
oz, t) == uF(x, t) — u(z, t)
satisfies
of L AR 4 f( t o ) — f(zt )
+ g(z, t,vF™ 4 uy) — g(z,t,ur) = 0;
(W 0 =0 = (0,0);
VP =0 on 902 x (0,T).
Upon multiplication by vf“ and integration over (0,t) x {2, we use the
monotonicity of g to derive the following inequality:
V(™ (@, 0)? + |Vor (2, )] da
Q

<

O ey

V2l f (@, t,0" + ) = (@ t,w)] [0 T (2, )| da ds,
0
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which by the Lipschitz assumption on f is

t t
< V2L]0"(s)[olof T (s) ]2 ds < LY (10" (5)[3 + [T (s) 3] ds.
0 0

We now need a bound for Sf) |v*(s)|2 ds, which we obtain by writing

t
[vk (t)[3 = 28 S ¥ (x, s)vF(z, s) dx ds
00
¢

< S S[(vk(:c, )%+ (vF(z, 5))?] dx ds.

04

Gronwall’s inequality for the function [v¥(s)|3 will give us for any ¢ < T the

bound
t

" ()15 < e { g (s)13 ds.
0

At this point, to simplify the writing let

t

¢"(8) = V[lof ()3 + V0" ()[3] ds.

0
By summarizing the estimates above, we see that ¢*T! satisfies the inequal-
it
" o (t) < LoTH(t) + Cot (1),
which after integration becomes

t t

¢ (t) < C\eMm) g (s) ds < CeT | ¢F(s) ds.

0 0

A simple induction argument shows that
Ok LT (k+1) pht1
k+1
t) < K
o) < (k+1)! ’

where K is a bound on |¢!(¢)| for all ¢ in [0,7]. Thus we proved the con-
vergence of u¥(x,t) for a.e. (z,t), so u(x,t) = 0 outside the domain of

dependence, i.e. for x € {2 with |z|] > R + t. Recall that this is actually
proven for the sequence of approximate solutions u,. By Theorem 2.2 in
[13] we have the convergence uy,(t) — u(t) € H}(£2), hence u,(t) — u(t) a.e.
This concludes the proof of part (1).

(2) We follow here a similar argument to that in part (1). Initially, we
work under the assumption that

(2.2) flz, t,u(z,t)) = f(z,t,v(z,t))



A semilinear wave equation 365

for |x| < R —t (again, take xp = 0). The difference v — v satisfies
(U - U)tt - A(’LL - U) + f(fE,t,U) - f(l‘,t,’U) + g(l’,t,Ut) - g(l’,t,vt) = Oa
((u— ’U), (u— v)t)’tzo = (0,0);
u—v=0 ondf?2x(0,T).
Consider a function 1, strictly positive on (—oo, R), such that ¢(r) = 0 on
[R,00) and ¢'(r) < 0 everywhere. Define

Rn
If we show that dJ/dt < 0, then as before, this will imply that u(z,t) =
v(x,t) on the support of ¢ (|z| +t), i.e. if |z| < R — t. The proof follows the
same lines as in part (1). =

The energy identity allows us to obtain bounds for solutions by using a
natural approach based on the physics of the problem (a complete proof can
be found in [13]).

PROPOSITION 2.5 (The energy identity). If w is a weak solution of
(SW), then under the assumptions of Theorem 2.3 we have the following
equality:

(2.3) E(t)—f—SF(a:tuxt SSftxsuazs)da:ds
2 04

~

+S S gz, s,u(z, s))ur(x, s) dr ds = E(0),
0
where E(t) := %|Ut(t)‘% |Vu( £)2.

At this point we employ the well known Sattinger potential well method
to obtain bounds for |Vu(t)|2 if the initial data satisfy the smallness as-
sumption

1 1
(2.4) |Vugl2 < a 3 ]u1|§+§ |Vug|3+ S F(z,0,up(z)) de+ K|2] < (),
2
where |£2| is the Lebesgue measure of {2, K is the constant from (A2), and ¢
is the potential well function with « being its global maximum point. More
precisely,

2
(2.5) b(z) = % — Az — Bzx?, x>0,

where A and B are given by
A =miCP(R+ 1)"2 /2"

B = myCI(R + 1) —0)/2"
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and « is the only positive root of the equation pAaP=2 + ¢Ba?72 = 1 (see
(3.2) in [13] for more details). As a consequence of Sattinger’s potential well
argument we obtain

(2.6) [Vu(t)lz <«

for all t > 0 if the smallness assumptions (2.4) are satisfied. If (A2)* is satis-
fied then the positivity of F'(u) = {; f(v) dv immediately gives us the desired
bounds and we also have global in time estimates for the gradient of the so-
lution. It is important to remark that once the Lipschitz approximations f:
of f are used in the above problem, these bounds remain independent of ¢
SO one can use a compactness argument in order to pass to the limit.

STEP 2. At this stage we show how one can construct small solutions
which will be later “patched” to obtain a solution on the entire domain.
Consider initial data (ug,u1) such that ug € H?*(2),u; € H(£2), and
G(z,0,u1) € L'(£2) (recall that G(z,t,v) = {; g(z,t,y) dy). The higher dif-
ferentiability assumptions on the initial data are removed with a standard
approximation argument, exactly as in [13]. For now, we keep the Lipschitz
assumptions for f.

For each point zp € {2 we will find a domain w,, around it such that
the smallness assumptions are satisfied on w,,. We will distinguish between
(a) interior points that are far away from the boundary and (b) points which
are close to the boundary.

(a) First fix xg € {2 far away from the boundary (this will be made more
precise below). As in [13] we find a domain w,, small enough, and construct
new initial data (ug”, u7®) such that (ug®, u7®) satisfy (2.4) inside wy,. More
precisely, wgy, = B(xo, 0) where the radius ¢ < 1 is chosen independent of
xo and small enough such that

B(a) \" 3
< 4K w, ) ’vu0|2,B(wo,g) < Ot/27 ’vu0|27B(gjo7g) < @(a)/&

2(C'*Wn)l/n(wuo|2,B(:1:0,g) + [uol2,B(z0,0) < min{a/2,/®(a)/8},
* * * ].
AC2 w7 uol3 pag.g) < P(@)/8, §‘u1|§,B(:po,g) < &(a)/4,

ml(C*)pﬂvuOb,B(u’co,g) + ’u0‘2,B(x0,g)(2/Q + 1))]) < @(a)/&
ma(C*)(|Vuol2,B(ag,e) + 1102, B(zo,0)(2/0 + 1)) < &(a)/8,

where w,, is the volume of the unit ball in R™ and C* is the constant from
the Sobolev inequality. It can be easily shown that the above inequalities
are satisfied by o < (®(a) /4K w,)"/™ such that

(2.7)
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. a a
(28) |VUO|Z7B($07Q) < min {2, ¢(05)/87 W?
1 (9@)\"" 1 ((a))""
20* \ 8my 120% \ 8my ’

) a 1 d(a)
2,B(z0,0) < min 4(C*wn)1/n7 u)nc* 32@)7(3*_2)2* y

1 (d()\? 1 [(®(a)\V1
C* 8m1 780* 8WL2 ’
and

(210) ‘ulg,B(mg,g) S v @(a)/S

The fact that ¢ can be chosen independently of x( is motivated by the
equi-integrability of the functions ug, Vug, u1. More precisely, for each of
these functions we apply the following result of classical analysis:

If f € LY(A), with A a measurable set, then for every given £ > 0, there
exists a § > 0 such that (. |f(z)|dz < e for every measurable set £ C A of
measure less than 0 (see [5]).

Note that § in the above result does not depend on E, hence ¢ does not
vary with xg.

In order to apply the results of Step 1 we need to know that ug has zero
trace on Owg,, so we multiply it by a smooth cut-off function 6 such that

1, |z —z0| < 0/2,
0(x) — | ol <o/
07 |$ - ':CO’ Z 0,

(2.9) |U()

and

(2'11) |0|oo,B(x0,g) <1, |ve|oo,B(a:0,g) < 2/9-
On wy, we define
ug® = Oug, ui® = uy,
and let ™ be the solution generated by (up°,u7°). In order to show that
the smallness conditions are satisfied we start with the following estimate:
Vg |2,B(xo,0) < |bloo,B(wo,0)|Vt0l2,B(z0,0) T 1Vloo,B(ao,0)[U0l2,Bw0,0)-

By (2.11),(2.7), Holder’s inequality, and Sobolev’s inequality we conclude
that

2
|vugo|273($0,9) < a/2+ |B(wo, Q)|1/n E |uo 2*,B(x0,0)

(2.7)
< Oé/2 + 2(O*wn)1/n(|vu0|2,B(1’0,g) + |u0|2,B(xo,g)) < a/2 + a/Q = .
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so the first part of (2.4) is satisfied. For the second part, first note that by
(2.7) we have

1 2
5 ’uT0’2,B(x0,Q) < @(a)/47
since u; = ui® on B(xzg, ). Also with a similar argument we have

2 2 2 2 2
(2.12)  [VUs" 2 Bag,0) < 10156,B(r0,0) V8015, B(20,0) 1V 150, Blr0,0)[ 1012, Bro.0)

(2.7)
< @(O&)/S + 4(C*wn)2/n(|vu0|2,B(Jzo,g) + |u0|2,B(1’0,g))2 < @(()&)/4

For the third term in the second inequality of (2.4), we use assumption
(Al)(a), the Sobolev embedding theorem and the restrictions on p in (2.7)
to obtain

| Fla0up@)de< | (milug® (@) + melug® (2)|9) da
B(z0,0) B(xo,0)
< ma(C*)P(IVUG | B(o,0) + 116° | Bwo,0))
+ma(C) (IVug® | Blag,0) T 146° [ B(z0,0))
< mi(CY)P([VuolB(a,g) + U0l B(ro,0) (2/0 + 1))°
+m2(C)(|Vuo| Bag,0) + [t0]B(ao.0) (2/0 + 1))
<P(a)/8+ P(a)/8 = () /4.
We also know that K|B(zo, 0)| < ¢(«)/4, so by summing the above inequal-
ities we see that (uj”,u]°) satisfies the second inequality of (2.4), i.e.

1 2 1 2
(213) §|ualco|2,B(xo,g) + §|vugO|B(zo,g)

+ | F(2,0,u(x))dz + K|B(x, 0)| < &(a).
B(zo,0)

In order to eliminate the higher regularity restrictions on the initial data
we approximate uy € H'(R"), uy € L*(R™) by smooth functions and pass
to the limit in (2.13) to obtain the conclusions of this step for finite energy
initial data.

Since we showed that the pair (uy°,u7") satisfies (2.4) we apply the
results of Step 1 to obtain

(2.14) IVu™(t)]2 < a, t>0.
(b) Assume now that zy € {2 is such that dist(xg,0f2) < p, where o
satisfies (2.7). Let
wz, = B(zo, 0) N 2.
Note that Ows, = v U~1, where 79 C 042 and y; C 2. We need to construct

ul® € H}(wy,); to this end we use again the cut-off function ¢ introduced
in part (a). Note that we already have ug°|,, = 0 so multiplication by 6
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will ensure that the trace on =1 is also zero. The smallness assumptions are
satisfied on wy, (the proof is identical with the proof in part (a)).

A key observation here is that the geometrical assumption (A9) we im-
posed on 942 implies that w,, is a nice domain with Lipschitz boundary on
which the embedding inequalities (Sobolev and Rellich-Kondrashov) and
the Green identities hold (the integration by parts formula is needed to
establish the energy identity).

In both cases (a) and (b) we have uj®(z) = up(z) and ui°(z) = ui(z),
for all x € B(zo, 0/2) N 2.

STEP 3. At this point we construct Lipschitz approximations f. for f
such that f. satisfy the assumptions (A0) with a new function k. instead of
k, and (A1), (A2) with constants mj, ma,p,q,1+ K (see [13] for details). It
is easy to see that the coefficients A, B from (2.5), corresponding to f, as
well as the root «, and the radius o chosen above, will not depend on . By
solving the problem with initial data (u;°, u7®) on wg, we obtain a solution
u® which satisfies the estimate

(2.15) VU2 (82,0, < @

for all t > 0. The maximum time of existence will be restricted through the
patching argument by 0/2 so all the estimates to follow will be considered
for 0 <t < p/2.

The energy identity (2.3), (A2), and the fact that g is increasing imply
that

W2 (O3 ,, + VU2 (O, + | Fla,t,ul0(2,1)) do < 2K |wy,| + E(0),

sz

so, with the growth condition (Al)(a) on F*¢, Sobolev’s inequality and (2.15)
we obtain the bound

(216)  [E (OB, + VU (DB,
< 2K+ BO) + | (mifud® (@, )P + mofuZ®(, 5)|7) du

UJIO

< 2K |wa| + E(0) +C(o,ma)[Vu ()3, +Clo,m2)[Vul* ()3, <C

2,wg

if 0 <t < p/2. By integrating (2.16) over time up to g/2, we deduce from
Alaoglu’s theorem the existence of a subsequence, denoted also by uZ°, for

which we have the convergences:

(2.17) u® — u™  weak” in L™(0, 0/2; Hy(way)),
' u®? — uf®  weak® in L°°(0, 0/2; L*(way))-

Also, by Aubin’s theorem and the Rellich—-Kondrashov compact embedding
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theorem we have the convergence

o

u — u®  strongly in L?((0, 0/2) X way),

so for a subsequence we have

(2.18) u®(z,t) — u™(x,t) a.e. (x,t) € wy x (0,0/2).

It is shown in [13] that this implies

(2.19)  fe(z,t,ul’(x,t)) — f(z,t,u™(z,t)) ae. (x,t) € wy X (0,0/2),
so we finally have (after using the subcritical growth of f)

(2.20) fe(x, t,u®(z,t) — f(z,t,u™(z,t))  in LY (wg, x (0,0/2)),

hence also in the sense of distributions.

A monotonicity argument will be applied in order to pass to the limit
in the nonlinear dissipative term g(z, ¢, uzy). From (A4), the energy identity
and the bounds on F; obtained above, we have

t
(221) [ (OB, + VU O, + | 1@, )" deds
0wz
t
< (O, + VU OB+ | gl 5,0l (@, )0l (@, 5) dods < C.

Ow()f()
Therefore, we can again extract a subsequence u?° such that
uz) — uy® in L™1((0, 0/2) X wa,),
gz, t,ulp) = ¢ in L(mH)l((O, 0/2) X wg)-

Passing to the limit in € we obtain (we drop the *° superscript for v in what
follows)

(2.22)

(2.23) up — Au+ f(z,t,u) +€ =0 in the sense of distributions.

We need to verify that £ = g(z, ¢, uy).
Let ue, uy be two terms in the sequence (uc)c>0. We subtract the equa-
tions satisfied by u., u, to obtain

(2.24) S (|uet(x,t) — umg(:c,t)|2 + |Vue(z,t) — Vun(:c,t)\z) dz
. zQ

-+ S S (9(z, 5, uet (2, 8)) — g, s, upe(z, 9))) (uet(x, s) — upe(x, 5)) de ds
0 wag
= —S S (fe(z, s,uc(z,8)) — fn(z,s,up(x, s))) (uet(x, 8) — up(z, s)) da ds.

0 way
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The standard process through which we obtained the above equality (mul-
tiplication by ue; — uy, integration by parts etc.) is motivated exactly as
in obtaining the energy identity for equations with Lipschitz source terms
with nonlinear damping (Proposition 2.5).

In the spirit of the monotonicity argument found in [9, p. 518] (although
we are here in a different setup with approximations on the source terms,
not on the damping) we obtain

t

(2.25) lim S S (9(z, 5,us) — g(z, 8, upt)) (Uer — Upe) dzds = 0.
77,5—»00(%0
This equality is obtained by passing to the limit as 7,6 — 0 in (2.24).
The convergence to zero of the term on the RHS of (2.24) is shown below.
After using the positivity of all the terms on the LHS the conclusion of
(2.25) follows. We will now repeat the argument used in [13] to show the
convergence to zero of the difference of source terms, i.e.

t

(2.26) nlirilos S (fe(z,s,ue) — fn(z, s, up)) (et — upe) dxds = 0.

First we multiply out the quantities in the integrand and show conver-
gence for each of them. We start with the study of the “non-mixed” product
fe(ue)uer (identical analysis for fy(uy)u,:). We have the equality

t

S S fe(x, s,us(x, s))ue(x, s) de ds

szo t
=t
= S F.(z,s,us(z,s))dr ’ —S S Fo(z,s,us(z,s)) dx ds,
Wz s=0 0wz

where we notice that we can pass to the limit in the first term of the RHS
by (2.16) combined with the subcritical growth for F'. For the second term,
by (A2), we have |F.;(u.)| < K|u.|, and since u. is bounded in L! (as a con-
sequence of the Sobolev embedding theorem), by the Lebesgue dominated
convergence we get f-(z,t,u:) — f(z,t,u) in L'((0,t) x B(xg, 0%)).

The analysis of the “mixed” terms (fz(uz)uy and fy(uy)ue) will, how-
ever, impose some restrictions on the exponents p and m. We first analyze
fe(ue)uy which converges a.e. to f(u)u, as e — 0 by (2.19). By Egorov’s
theorem for every 6 > 0 there exists a set A C (0,t) X wy, with |A] < § such
that fe(ue)ug — f(u)uy uniformly (hence, in L') on (0,1) X wy,\A.

We write

t
(2.27) S S Je(ue)un: da ds = S fe(ue)un da ds+§ Je(ue )y dx ds.
0 wag (0,t) xwap \ A A
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Due to the uniform convergence f.(uc)uye — f(w)uy (as e — 0) on (0,t) x
Wz, \A, we have

(2.28) liH(l) S fe(ue)up deds = S f(uw)uy dx ds.
e— (0,8) Xwz \A (0,t) Xwey \A

In order to analyze the integral on A in (2.27) we apply Holder’s inequality
with conjugate exponents «, 3, and ~:

(229) [ 1f-(uJugeldads < O § fuel? ds)l/“( [ fuel do ds)l/ﬁ|A|1/7.
A A A

Our goal is to bound the first two factors on the RHS above, and to this
end we have two options for choosing «, 3, and ~. First we take

I 100

p ) ) 9 _ 2pa

and by the Sobolev embedding theorem and by (2.15) we have the desired
bounds in (2.29) if v > 0. The positivity of v amounts to p < 2*/2, which is
condition (a) in (A8). The second choice is

m+1 3 1 1
o= =m = -
m—(m+1)v’ Ty
for some 0 < v < 1. We need to require that ap < 2* and by letting
v — 0 (v #0), we get the restriction p + p/m < 2* (condition (b) in (AS8)).
Now we go back in (2.27) and take limg_,¢ lim._,¢ on both sides. First, in
(2.28) take lims_.o and notice that we can bound the integrand as in (2.29),
and since (0,t) X wg, X (0, 0/2)\A — (0,) X wz, x (0,0/2) as 6 — 0, by the
Lebesgue dominated convergence theorem we have
limlim | fo(u)updrds= | fw)uydeds.

0—0e—0
(0,t) Xwgp \A (0,t) Xwaz,

From (2.29) we have

. . <1 /v 13 —
}gr(l];%i\fe(ue)unt\d:cds_%LI%C\A| ;%M 0,

where M is a bound for the first two factors on the RHS of (2.29). Thus we
obtain

¢ ¢
limx S Je(ue)une dx ds = S S J(uw)uy dx ds.
=0 0wz 0 way

We let 7 — 0 and by using (2.20) and (2.17) we find that the limit of this
mixed term is Sf) §., f(u)usdxds. The analysis of the second mixed term is
0o

similar and so we omit it. Thus we conclude that (2.26) holds, hence (2.25)
is valid. Note that (2.24)—(2.26) also give us the continuity with respect to
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time,
u € C(0,T; H (2)) nCH0,T; L*(12)).
We continue the monotonicity argument by multiplying out the quanti-
ties in (2.25). By using (2.17) and (2.22) we have
t

lir%g S (g(x, s, uet)uer — &(x, S)uer — g, 8, ugt)ur) da ds
E—
szo t

+ lim S S 9(x, 5, upt)upedx ds = 0.

—0
K 0 way

After using again (2.17) and (2.22) and changing 7 to € in the last term
above we get

t t
(2.30) 211H(1)S S g(w,s,uat)uetdafds:ﬂ S &(x, s)us dx ds.
£e—
wao OW:CO

By the monotonicity of g we have
t
(2.31) S S (9(x, s, uet(z,8))—g(z, s, 0(x, 8))) (Ut (x, 8)—p(x, 8)) drds > 0

0 Wz

for every ¢ € L™T1((0,t) X wy,). In order to close the argument we use
(2.30) to obtain

t
(2.32) 51_1)1(1)8 S (9(z, s, uet(z, ) — gz, s, P(x, s))) (uet — P(x, s)) drds

0 wgy ‘

< | | €@.5) — 9@, s, 6(w, ) w2, 5) — b(x, 5)) du ds,
0 way

By combining (2.31) and (2.30) we obtain

t

[ ] (€)= gl s, 6(2, ) (wi(a, 5) — B(a,5)) dwds > 0

0wz
for all t < p/2, so by passing to limit as t — p/2, it holds also for ¢t = p/2.
We choose ¢ appropriately (¢4 := uy £ Av for A > 0) and take v arbitrary
in C°(wy,). Let A — 0 for both choices, ¢4+ and ¢_, to obtain the desired
equality & = g(uy).

If m = 0 and g does not depend on u;, or m = 1 and g is linear in u;, then
one does not need the monotonicity argument in order to obtain g(u;) = &,
only (2.17)2 and (2.22);. Since there is no other restriction imposed on p,
these values for p and m cover case (c¢) in (A8).

At this stage we have global existence of the small solutions u*® on the
domains w,,. Through the patching argument described in Step 4 we will
construct an arbitrarily large solution w on the entire domain {2.
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STEP 4. In this last step will put together the previous arguments to
construct the solution w from arbitrarily large initial data (ug,u;) consid-
ered on the domain §2. The order in which we assemble all the pieces is
very important, so for a better understanding of this intricate procedure we
identify the following substeps:

Step 4.1. Cut the initial data in small pieces on bounded domains wy,
and for each piece obtain global existence of solutions for the approximate
problems with Lipschitz source terms f-.

Step 4.2. For each bounded domain, obtain bounds for |VuZ°(t)|2 and
pass to the limit in the approximate solutions; hence, we obtain existence
for the problem with a general source term.

Step 4.3. Up to some time T < 1, “patch all solutions” obtained in Step
4.2 to obtain a solution for the problem with a gemeral source term with
initial data on (2.

Step 4.4. Show that the solution defined in Step 4.3 is well defined and
it is the solution generated by the initial data (ug,uq).

Below is a detailed discussion of the above construction.

STEP 4.1. Let d > 0. Consider a lattice of points x, k € N, in {2 situated
at distance d from each other, such that in every ball of radius d we find
at least one xp. With ¢ that satisfies (2.7) (where g depends only on the
norms of the initial data), construct the balls of radius ¢ centered at x.
The procedure outlined in Step 2 for truncating the initial data around xg
to obtain a “small piece” denoted by (u;°, u7°), will now be used to construct
around each xj, the truncations (ug*,u;*) which will satisfy the smallness
assumptions

IVug* |, < a,

1 1
5 [ R, + 5 V2, + | P00t (@) do + K| < 9(a).

Wy,

On each ball w,, we apply Theorem 2.3 to obtain global existence of so-
lutions uZ* for the problem (SW) with initial data (uy*,u;*) and with the
Lipschitz approximations f. for the source term.

STEP 4.2. At this point, the arguments of Step 3 for passing to the limit
as € — 0 in the sequence of approximate problems are applied, where x is
successively replaced by different x;’s. First, we apply Sattinger’s argument
to estimate |VuZk|y on w,, for each k. (Note that we need the smallness
assumptions of Step 4.1.) The convergence uZ* — u®* holds on every domain
waz,, X (0, 0/2), so we obtain a global (in time) solution to the boundary value
problem (SW) for wy, , for every k.
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STEP 4.3. The solutions u®* found in Step 4.2 will now be “patched”
together to obtain our general solution. First, for £ € N let

Cr = {(y,s) €R® x [0,00) : |y — 1| < 0/2 — s}

be the backward cone with vertex at (x, 0/2). For d small enough (i.e. for
0 < d < p/2) any two neighboring cones C}, and C; will intersect. On every
intersection set

I kj = Ci N Cj

the maximum of the time coordinate is (¢ — d)/2 (see Figure 3 below).
For t < p/2 we define the piecewise function

(2.33) u(zx,t) == u*(x,t) if (z,t) € Cy.

This solution is defined only up to time (¢ — d)/2, since this is the height
of the intersection set of two cones with their vertices situated at distance
d from each other. By letting d — 0 we can obtain a solution well de-
fined up to time p/2. Thus, we have defined w up to time /2, which
is the height of all cones Cj. Every pair (x,t) € R™ x (0,0/2) belongs
to at least one Cf, so in order to show that the function from (2.33) is
well defined, we need to check that it is single-valued on the intersec-
tion of two cones. Also, we need to show that it is the solution gener-
ated by the initial data (ug,u;). Both proofs will be done in the next
step.

STEP 4.4. To prove the desired properties, we will go back and look at
the solutions u®* as limits of the approximate solutions uZ*.

Consider first balls which do not intersect the boundary.

For each k € N we have (up®, ui*) = (up,w1) for all z € w,, = {y e R™:
|y —xk| < 0/2} (see the construction of the truncations (ug*, u7*) in Step 2).
Therefore, uZ* (defined in Step 4.1) is an approximation of the solution gen-
erated by the initial data (ug,u1) on Cj (from the uniqueness property
given by Theorem 2.4(2)). We let ¢ — 0 (use the argument from Step 3)
to show that the solution u on each C} is generated by the initial data
(ug, uy).

To show that u defined by (2.33) is a proper function, we use the same
result of uniqueness given by the finite speed of propagation. First note that
for n > 3 the intersection I}, ; is not a cone, but it is contained in the cone
Cy,; with vertex at ((xx +x;)/2, (0 — d)/2) of height (9 — d)/2. In this cone
we use the uniqueness asserted by the finite speed of propagation as follows.
First note that the cone C} ; contains the set Iy ;, but C}; C Cp U Cj. In
Cy we have the solution uZ*, while in C; the solution is given by us? (see
construction in 4.1); hence, in Cj ; we have two solutions and we need to
show they are equal. Since u® and i’ start from the same initial data
((ugk,uf®) = (uo,u1) = (ug’,ui’) on wy, N Bj), they are equal on Cj
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0/2

(0—d)/2

Tk Lj x

0/2
Fig. 2. The intersection of the cones Cy and C;

by Theorem 2.4(2). We let € — 0 to obtain u;° = u;° in Cy,;, and since
I, j C Cy; we have u;° = u;.co on I, ;. Therefore, u is a single-valued (proper)
function.

Two issues arise when we treat the case of balls that intersect the bound-
ary. The first is the geometry of the intersection sets, so that we can apply
the uniqueness from Theorem 2.4(2). The second is to show that the Dirich-
let boundary conditions are still satisfied.

Assume B(zj, 0) and B(zy, o) intersect 02 and let w,; := B(x;,0) N 2
and wy, := B(zg, 0) N 2. On wy, and w,; we have again two solutions which
by the same finite speed of propagation argument can be shown to coincide
on the intersection. In the picture below the line x = 0 represents 9f2. We
see that on intersecting the boundary 02 with the cones Cj, and C; we can
still show that on the intersection Iy ; we have a unique solution.

t
d

0/2
o /Cj
(o—d)/2 /

VI I,

Tk Zj x

0/2
Fig. 3. The intersection of the domains C, N {2 and C; N 2

The above method of using cut-off functions and “patching” solutions
based on uniqueness will also work when we additionally assume (A2)*. Since
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we can choose the height of the cones as large as we wish, the solutions exist
globally in time under the positivity hypothesis for F.

The boundary conditions are satisfied since u** = 0 on each dw,, N 0S2.
Since the solution u is obtained by patching all the solutions u®* we obtain
u=0o0n002. u

Acknowledgements and errata to [13]. The author would like to
warmly thank the referee for pointing out an error in the original draft of
the manuscript and for making other suggestions which helped improve the
paper. The error (which unfortunately also appeared in [13]) regards the
range of exponents (p, m) which does not include the full set (1,2* — 1) x
{0,1}, as previously thought. In the case (p,m) € (1,2* — 1) x {0,1} we
can only allow g linear in the velocity argument (subcase of m = 1), or g
independent of the velocity (subcase of m = 0). The correct assumptions
and arguments for dealing with this case are outlined in this paper.
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