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EXISTENCE OF SOLUTIONS TO THE POISSON EQUATION
IN Lo-WEIGHTED SPACES

Abstract. We consider the Poisson equation with the Dirichlet and the
Neumann boundary conditions in weighted Sobolev spaces. The weight is
a positive power of the distance to a distinguished plane. We prove the
existence of solutions in a suitably defined weighted space.

1. Introduction. We study the following boundary value problem for
the Poisson equation in weighted spaces:
—Au=f in £,
U zalg, =0,
(1.1) oS,
uls, =0,

uls, =0,

where 2 CR3, 002 = Sy U S; U S, = S (see Fig. 1).
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Fig. 1. Domain {2
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Here, Sy is parallel and 57 and S, are perpendicular to the z3 axis, and
S1 meets the xg axis at the point z3 = a, a < oo, while S, meets the x3 axis
at the point x3 = 0.

The problem arises as an auxiliary system in the analysis of the inflow-
outflow motion described by the Navier—Stokes equations and the aim of this
paper is to prepare tools to examine the NS equations. We want to use the
estimates derived here to remove some restrictions on the boundary inflow
for the Navier—Stokes system.

Let us consider the Navier—-Stokes equations with slip boundary condi-
tions on S = Sp U S; U S, with inflow on Sy and outflow on S;. On Sy the
normal component of the velocity vanishes. The inflow-outflow problem is a
difficult and unclear problem for NS (see [L, Ch. 5| and |Gl Vol. 2, Ch. §].
Usually, such a result requires strong restrictions, for example in the proof
of global existence in [Z2] the inflow flux either must vanish or must be suffi-
ciently small in time. Our goal is to prove long time existence of solutions to
the Navier—Stokes equations without restrictions on the magnitude of the in-
flow flux. The first and most crucial step is to obtain a global estimate (with
nonvanishing inflow flux) for weak solutions. To this end, we homogenize the
problem in question by solutions of some elliptic systems where the function
n (see |LL Ch. 5, Sect. 4]) is used. The derivative of this function implies the
weight introduced in this paper. Moreover, to estimate the nonlinear terms
which correspond to v - Vv, where v is the velocity of the fluid, we need an
L, version, with p = 3, of Theorem 1 (see [RZ]).

To formulate the main result of this paper we introduce

2 ptlal—k)\ /2
Hﬁ((?) = {u : ||u|]H5(Q) = (Z S dx’ dxs |Dg‘u|2x3(“ o )) < oo},
la| <k £2

where k € Ng = NU {0}, p € R, a = (a1, 2, a3) is a multiindex, |a| =
a; +ag +as, a; € No, @ = 1,2,3, DY = 071052073, Moreover, we denote
Ls,(£2) = Hj(2).

Note, that 28", p € (1,00), is not a Muckenhoupt weight so the results
of Coifman—Fefferman [CF] cannot be applied.

THEOREM 1. Assume that f € Lo, (§2) can be expressed in the form
(1.2) f=az, with a=an(xs), a|zs=0=70,
where

(i) n(z3) is a smooth non-increasing function with compact support such
that 0 <n <1 andn =1 in a neighbourhood of x3 = 0,
(i) 0 € H(S.),
(iii) @ is an extension of 0 to xs > 0 such that

lallpo mosmr(s0)) < cllOllms,)-
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Then a solution u of the problem (1.1)) exists and satisfies
(1.3)  lu=u(0)lnz22) < cllfllLa,@) +101m1s,)),  we(0,1),
where u(0) denotes u|yy=0-

REMARK 1.1. The quantity u(0) € H?(S,) must be calculated indepen-
dently. To this end let us consider problem (1.1)) and let G(z, y) be the Green
function to (1.1)) of the form

G(.%, y) = 19(1" y)

+g(z,y
|z — | (@9)

where ¥(z,y) is a smooth function such that
1 for|z—y| <1,
I(x,y) =
0 for|z—y|>2.
Then g(x,y) is a solution to the problem

1 1
—Ag=2V—Vi+ A,
|z —y| [z —y|
99| _ 45 Y
on S, " |z — ?J”
o
gd|SousS; = ‘.’IJ — y"

where y € 2. Then any solution to (1.1]) can be expressed as

u(x) = | Glx,y) f(y) dy.
2

Since f = a4, (see (1.2))) we obtain
u(z) = | Gla,y)aly) dy' — | 0,,G(z, y)aly) dy.
S N
Using the form of the Green function we have

[(0) [ 7225,y < ellOllrrs.)-

2. Estimates. Although the solution u can be expressed by the Green
function, we have to use another approach to show the properties of the
solution described in the main theorem. Namely, to prove Theorem 1 we
shall use local considerations.

LEMMA 2.2. Assume that f € Lo, (§2), p € [0,1]. Then there exists a
solution to problem (1.1)) such that
u' =u—u(0) € H(2)N Ly _,(2)
and
(2.1) 1wl () + 1/l s 2) < lf a0
where u(0) = u|y,—0 and f' = f + Au(0).
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Proof. First we obtain an energy type estimate. We reformulate (1.1]) as
follows:

—Ad = f in 0,
u =0,
(2.2) ;"“’3|S*
u'ls, =0,
u/’,go =0.

Multiplying (2.2)); by «’, integrating by parts and using the boundary con-
dition (2.2))2 we have

(2.3) S V! |2 da < Sf’u' dx
9]

1/2 B 1/2
< (V17 Pagraw) ™ (§ g™ dr)
Q Q
We calculate

a3
w(x',x3) —u(z',s) = S Ogu(z’,s") ds,
where 2/ = (x1, z2). By the Holder inequality

3
|U(x3) U(3)| < S |881u($’,s’)\2 ds’.

|23 — s

Setting s = 0 and integrating the inequality over 2 = {z € 2 : x3 = const €
[0,a]} we have

x3
(2.4) | Ju(zs) = wO)} ;00 < | da’ | |ogu(a’, o) ds'.
|z3]
174 3 194 0

Now, we consider the second expression on the r.h.s. of (2.3]). We obtain

- 'xg) —u(0)? ¢ d
Syu’\2x32“d:):§ [ do’ sup lu(x', z3) — u(0)] S T3

Q 1o 3 3 0 x§u4
a
<c S S |0psu(z, x3)|% drs
20
where we used and p < 1.
Summarizing, we have
(2.5) S ]u'\za}g?“ dz + S V! |2 da < cS ]f’\%g“ dr, pe€]0,1].

2 9 2

The existence of weak solutions to problem (|1.1]) satisfying (2.5)) now follows
from the Lax—Milgram theorem. m
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To increase regularity of the weak solutions we consider problem (|1.1J)
locally. Let ¢ = ((z') be a smooth function from a partition of unity. Intro-
ducing functions @ = u(, f = f¢ problem (1.1)) takes the form

Au=2VuV(+uAl+ f =g,
(26) a|8supp(ﬂ{x3:a} =0,

a,xsbsupp ¢N{xz3=0} — 0.
Suppose supp¢ N Sy # (. Assume that problem (2.6)) is written in local
coordinates = = (x1, x2, x3) with origin in supp (NSy. Now by using the local
mapping y = @(x) such that y3 = x3, we flatten the boundary supp ¢ N Sp.

Assume that in the new coordinates y the flat boundary supp { N Sy takes
the form y; = 0. Let v(y) = u(® (y)), h(y) = g(®7(y)). Then problem

([2.6)) takes the from
ngzvgv—vgv—i—hzk’
(27) ’U’ylzo = 07
U’y‘&:a = 07
U7$3|963=0 =0,
where Vg = %|x:¢—1(y)vy and v vanishes outside of supp (| w=d1(y)-

Let us consider the reflection with respect to y; such that the reflected
function u satisfies

u(ylay27y3) :v(ylay27y3)7 Y1 > 07
u(y1, y2,y3) = v(—y1,y2,¥3),  y1 <O0.
After the above reflection problem (2.7)) takes the form

Vzu =h in R? x (0,a),
(2.8) Uyy—a = 0 on R?,

_ 2
Uyylys—0 =0 on R?,

where u has a compact support with respect to 1/'.
If supp¢ NSy = 0 we can extend problem (2.6 by zero with respect to
x' = (x1,22). Then problem (2.6 can also be expressed as ([2.8]).

Let us consider the Fourier transform
(€, x3) = S e~ u (e’ xs) da,
RQ

where & = (&1,&2), xN’ <& = x1&1 + x2&. Applying this transformation to
problem 1} where h is replaced by f and y by z, we obtain, in the domain
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0= {(2/,23) : ' € R?, 0 < 23 < a}, the problem

d?a .
) + &0 =f,
2.9 3
(2.9) Ul gg—a = 0,

ava ‘333=0 = 0.
We can solve this problem explicitly:
LEMMA 2.3. Problem (2.9) has the solution

¢ cosh(|¢]T) f(&,7)

(210) @ = Bocosh(|¢|zs) — | 7 dr sinh(|¢]x3)
0
L IEDIE) o et
A
where
iy gt coh(EnF€ ) | sinh(lgla) _{ simh(gln)F(ET)
e N et ) @
Proof. General solutions of homogeneous equations 1 have the form
(2.12) G = acsinh(|€|z3) + [ cosh(|¢|z3).

We can find solutions to ([2.9) by variation of constants. We have the following
equations for a(z3), 5(x3):

da

sinh([€]es) + ji cosh([¢las) = 0,

dl’g
do ag . _ f
. cosh(|¢|z3) + . sinh(|¢|zs) = T

Solving this yields
doao cosh([{|z3) ; dBg  sinh(|¢]z3) ;
T A e
Hence, we get

_ T eoshllelniten) ;g sinbeln) e

G "
Using the formulas for o, 3 in (2.12)) we postulate the general solution of ([2.9)
x3

(2.13) @ = agsinh(|¢]x3)+ 5 cosh(|¢|zs) — | COSh(K:;)f(faT)
0

dr.

dr sinh(|¢|z3)

7 sinh(eln) i

) 6 dr cosh(|¢|x3).
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The boundary conditions ([2.9))23 imply the following equations for « and fy:

cosh([¢|7)f (€, 7)
€]

(2.14) + Sinh(lﬁlgy)f(iﬁ)
0

ag sinh([¢|a) + o cosh(|¢|a) — | dr sinh(|¢]a)
0

dr cosh(|¢|a) =0,

—ao¢] = 0.

Solving (12.14)) with respect to g, Bp implies formula (2.11]) with oy = 0, and
inserting the result in the general solution formula (2.13]) we obtain ([2.10)).

This concludes the proof. m

COROLLARY 2.1. The function 4 given by formula (2.10) is the unique
solution to problem (2.9)).

Now we obtain an estimate for the solution to problem ({2.9)), given by
(2.10). We set 1i|p,—0 = @(0) and @ — @(0) = .

LEMMA 2.4. Assume that
S d¢ S ]f\zacg“ dxs < 00,
R2 (0,a)

(2.15) S ¢rdg ||ﬂ(0)||%2#(0,a) < o0,
R2

| ¢2de | Jul23' 2 das < oco.
R2 (0,a)

Then the solution u to the problem (2.9)) satisfies
(216)  §€2de | (il + a3 das + | d€ (103,117, , 0.0

R2 (0,a) R2

+ 10317,y 0.0) T 18017, p(22)

< S €2 de¢ S i) 223" 2 das + ¢ S d¢ S |f 23" das

R? (0,a) R2  (0,a)
+e | ¢4 del|a(0)][7, , 0.a)-
R2

Proof. Multiplying 1' by ﬁa:%“ and integrating on (0,a) we get

V (“dagayti + E)i)a3 dos = | fuad des — & | a(0)iad! dus.
(O)G/) (07‘7') (0,(1)
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Integrating by parts we obtain

(217) | (P23 + 2 e5") das

(0,a) -
= —2u S 117:5311@63”_1 dxs
(0,a)
+ S ffmg“ drs — €2 S 12(0)1333%“ dzxs.
(0,0) (0,0)
By the Holder and Young inequalities we estimate the first term on the r.h.s.
of ([2.17) by
€1 24 4p § 12 2p—2
—= S |ux3| Ty dz:g—i—— S |a 25" " ds,
2 261
(0,0) (0,0)
the second by
€92 o 2 1 1 A 2
g2 S i *23" dos + — — S |f12x3t dxs
2 2¢e9 f
(0,0) (0,0)

and the third by
1
—& | [a(0)]*23" dxs.

€ o
5352 | [i)a3" das + 5
(0.0) P o0
Setting 1 = 1, e = €3 = 1/2, we obtain from (2.17) the inequality
1 y . y
B S (11,25 +52\U|2)$§H dzg < 27 S et 12 g + ?2 S bk ”dl“:s
(0,a) (0,a) 0,a)
+&2 | Ja(0) P23 dus.
(0,a)

We multiply this by 262 and integrate with respect to & to get

(218)  § ¢2d¢ | (|t oy |* + € |)a3" dug<ap® (& de | |23 dus

R2 (0,a) R2 (0,a)
+2 | de | |fPa3 das+2 | gde | |a(0)]*23" das.
R2  (0,a) R2 (0,a)

This yields an estimate for the first integral in (2.16)). To deal with the other
terms, we slightly reformulate problem ([2.9) to the form

d*t .2
a2 & - f,
3
2.19 .
( ) U‘xg:a = 07

U zg|zg=0 = 0.
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We derive the bound
102, (D17, , 0.0y < ENEZ, , 0.0y + ENAUONT, , (0.0) + £ 1 Ls0,0)-

Consequently, integrating with respect to ¢ implies

(2.20) | d€)|9%,(@)|I2, 00 < | € dENIUIT, 00

R2 R2
+ § € dea0)I17, 00 + | dE N1l 00):
RQ RQ

On the other hand, by the Hardy inequality we have

(2:21) [ de 102, (@)112, 0 = ¢ § dEN10ay (@12, L0
R2 R2
Z c S dé- ||ﬂ||%27u,2(0,a)’
R2

and this with (2.20) gives an estimate for the second integral on the lh.s.
of (2.16). Therefore, combining ([2.18]), (2.20) and (2.21)) we derive (2.16)),

which concludes the proof. =

Next, we need to improve the lemma dealing with the term on the r.h.s.
of (2.16) involving @. To this end, we introduce the sets:

Q1= {(&23) e RZ xRy« [¢] a3t <y},
Q2 = {(&23) € R* x Ry : [¢] 'ag ! > aa),
Qs = {(&23) € R? x Ry say < €] hag! < an),

and prove the following result:

LEMMA 2.5. Let assumptions (2.15)1.2 of Lemma 2.3 be satisfied. Then
for a solution G to problem (2.9) and @ = 4 — 4(0),

(222) | &de | |ifaidos <af | )il]*23 dE das
R2 (0,a) Q1
1 _ . .
+5 | a3t dgdas+e | a(0) eyt dEdagte | |fPad dE das.
“2 g, R2x(0,a) R2x(0,a)
Proof. Let us consider the expression

3 3
| ag | (a3t 2des = | Sifai 2 ddas =) T,
i=1

B (00) i-1Q

where
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L <d S e u|?x3t de das,
§ |2zt de das,
Q

2\ g2 de das,
Qs

Let us express problem (2.19) in the form
07,0 = &% — [+ £%0(0).
Then from [ZS] and [Z1], (4.12)] we extract the inequality
I <c | |¢[* (i) dg das
Q3
<c S f4|12(0)|2a:§“ dédxs + ¢ S |f|2x§“ d¢ dzs.

R2x(0,a) R2x(0,a)

Collecting the estimates for I; we obtain (2.22)), and this concludes the

proof. m

COROLLARY 2.2. Consider the solution @ of (2.9). For suﬁciently small

a1 and sufficiently large as, assuming (2.15))1.2, estzmates and ([2.22} -
imply

(2.23) 52 A€ |t 3200y + | € dE N1 0.0 + 82 et de |l 0.0
R R2 R

< [ dellfI2, 0 + | E dENAO)Z, 00
R2 R2

Next, we want to estimate the last term in (2.23)). It takes the form
(2.24) | 102u(0)|as* da' dws < ¢ | [92u(0)[ do,
R2x(0,a) R2
where we used the fact that the support of v with respect to x3 is compact.
Now we postulate that the function f in (1.1]) can be written as
(2.25) f=oa,, where a=an(xs), a|yy—0=7~0

and 7n(x3) is a smooth non-increasing function with compact support, 0 <
n < 1and n(z3) = 1 in a neighbourhood of {x3 = 0}. We extend the function
6 onto R? in H!(R?) norm using the Hestenes-Whitney theorem in such a
way that

Ols, =0, 110l ez < cllbllmes.)-
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Then we solve the problem
Au=ay,, x3>0,
(2.26) T
u,fﬂ3’$3=0 = 0.

LEMMA 2.6. Assume that u is a solution to ([2.26)), where o is described
by (1.2). Assume that 0 € H'(S,). Then
(2.27) 102u(0) | L2m2) < €llOlls1(s.)-

Proof. Using the Neumann function, any solution to (2.26)) can be ex-

pressed by
1 1
= d
o) = | (G g o
R

where § = (y1, 42, —43), R} = {x € R? : 3 > 0}.
Integrating by parts we obtain

= § o (g ) o § o (g o

R3 R3
1 1 ~ T3—Y3 T3+ Y3\~
= | ( + )!y309dy'— | < - D andy
AN | go Mz —9l® |z =1
+
9 _ _
= | dy | <x3 L x3+_y‘°;>dndy.
pe VI =y + a3 R lz -y |z — 9
In view of this formula, the r.h.s. of (2.24]) assumes the form
| 102u(0)[? da’
R2 9
I 5 Y3 i
/192 /12 / 2
<4\ d|02 | | _y,|0dyy +4 | da’ |07 | T
R2 R2 R2 RS 3
2
2 2 Y3 G
=4 | do gax| — |edy +4§ 11 oz Wﬁdyg
R2 R2 R2 R2 € y y3

< |0l g ey < cllO)l s,y
This concludes the proof. »

Using ([2.23)), (2.27)) and applying a partition of unity for {2 we deduce
the following result:

LEMMA 2.7. For problem (|1 , where f € Lo ,(R*x(0,a)), f is expressed
by (1.2 . and 6 € H'(R?), the solutwn u satisfies

(2.28)  lu—=u(O)lm2r2x(0,0)) < Ul f L2, ®2x0,0)) + 10111 (R2)),

where u(0) denotes u|yz—o.
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Proof of Theorem 1. We apply the regularizer technique for elliptic equa-
tions (see [S], [LSU]). Let us define two collections of open subsets {w*)} and
{R®} k€ MUN, such that w®) c *), Upw® = U, 2®) = 2nP, where
P is any plane perpendicular to the x5 axis. We assume that w®*) NS = ¢ for
k€ Mand w®NS # @ for ke N. Then |, w® x (0,a) =, 2¥) x(0,a)=1.

Let ¢®)(2') be a smooth function such that 0 < ¢*)(z') < 1,¢®(2) =1
for 2’ € w® supp ¢(*) < 2*) and |DY,¢®)(2)| < (¢/|A|) v, where A is the di-
ameter of 2. Then 1 < 37, ¢¥)(2') < Np. Introducing the function n*) (z') =
¢®)(a')/ 32,(¢M("))? we have suppn® (a’) € 28), 37, 9¥) (2/) (W (2') = 1,
D% ™ ()] < e/|A.

By f%e denote a fixed internal point of w®) and 2*) for k € M and a
point of w®) NS and 2*) N S for k € N. Let us introduce a local coordinate
system y = (y1,y2) with centre at £€¥) k € NV. We assume that yp = F(y;)
describes the part S*®) = § N 2F) of the boundary. Let us introduce new
coordinates by

(2.29) 2=y, 22=1v2—F(y).

Let ¥, denote the transformation

QW sy sy =2 € Q¥ Wk sy dy) =2 e o),
where &®) and 2®*) are described by the relations

ly1] <A, 0<yo— F(y1) <A,
|y1‘ < 2)" 0< Y2 — F(yl) < 2)\7

respectively. Let y = Yi(x) be a transformation from global coordinates x to
local coordinates with origin at £(*) which is a composition of a translation
and a rotation. We denote &, = ¥y, - Yi.. We set

(2.30) a®(z) =u(@;'(2), @ (2) =M (2)¢W(2).
For k € M problem translates into the equation

(2.31) “v2a® = 1% i R? % (0,q)

and for k € N into the equation

(2.32) —v2® = F% i R? x (0,a),

which is appropriately extended onto zo < 0. Let R%*) be the operator which
solves problems (2.31)) and ([2.32), respectively. Then we define the operator

Rf= 3 y0u®

ke MUN
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where
() = RK) (k) keM,
@10, RP (0, f)), keN.
The solvability of problems ([2.31)) and (2.32) is settled by Lemma 2.4.
Let us introduce spaces H = Lg,,V = Hz Let £L = —A. Then we
examine operators T, W, where
(2.33) LRf=I+T)f, RLv=(I+W)v.
We calculate
Tf= Z (ﬁn(k)u(k) _ n(k)ﬁu(k))
ke MUN
+ > N L. — VFOL,) — £(9.)]RY (@1¢M )
keN
=T+ 15
and
Tif =Y n* ~0,,F0,, FO2, — 0,,F0.,0.,
keM
~ 0., F9.,0,, — 8,,F0,,., F0.,)JR™ (&M f),

Tof = Z (ﬁn(k)u(k) _ n(k)gu(k))
ke MUN

+ > W (02 Fo.,) R® (9, ).
keN

Since [0, F| < ¢\, we have

ITufller < el fller

so ||T1||g < 1 for sufficiently small A\. On the other hand 7% is completely
continuous. Similarly, W = Wy + W5, where

Wiu

= > W@ ' RW[-0,, F0., FO2, - 20, F0.,2, — 0z F0., (02, F) 02,04 ™)
keN

and
Wou = Z n(k)R(k)(C(k)E — Eg(k))u + Z ﬁ(k)d’/le(k) [@g(f(k)ﬁ _ Eg(k))u]
kem keN
— Z n(k)élle(k)(F2121622)¢k§(k)u
keN

By the same arguments as above we have [|[Wi]ly < 1 and Wh is compact
and continuous.
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We write (2.33))2 in the form
(2.34) (I + Wl)v =Rf + Wsv.
Here R is a bounded operator from Hi in Ly ,,, Wa is a completely continuous
operator with
IWallm2(0) < ellvllmzie) + c(1/e)|[vll L)

and W is the operator with norm less than one. Then from ([2.34]) we obtain

(2.35) [0l r2(2) < cllLvllpz0) + cllvliL, @),

where by using the Green function and the Hardy inequality we find that

[vl[zo2) < cllellzy) < cllfllz,.@)-
We have

[l 2 (2) < €l £l ()
Hence there exists an inverse operator to £ so we have existence in Hi(()) .
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