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SOME RESULTS ON STRONGLY NONLINEAR
ANISOTROPIC DIFFERENTIAL EQUATIONS

Abstract. The paper concerns the existence of weak solutions to nonlin-
ear elliptic equations of the form A(u) + g(z,u,Vu) = f, where A is an
operator from an appropriate anisotropic function space to its dual and the
right hand side term is in L'*™ with 0 < m < 1. We assume a sign condition
on the nonlinear term g, but no growth restrictions on wu.

1. Introduction. Let {2 be an open bounded subset of RV, N > 3.
Let p1,...,pn be N real numbers with p; > 2,7 =1,..., N. Let X be the
Banach space, called an anisotropic Sobolev space, obtained as the closure
of C}(£2) with respect to the norm

ou
0

N
lull = lulli41/m + Z
i=1

illp;

where m is a real number such that 1/(p; — 1) <m < 1.
Let A be the nonlinear operator from X into the dual X* defined as

Au = —div(a(z,u, Vu)),

where a(z,s,€) = {aj(z,5,6)} : 2 xR xRY - RV i =1,...,N,is a
Carathéodory vector-valued function, that is, measurable with respect to
z in 2 for every (s,€) in R x RY, and continuous with respect to (s, &)
in R x RY for almost every z in 2. Suppose that A satisfies the follow-
ing conditions of strict monotonicity, coerciveness and growth: there exist
positive constants a and  and a nonnegative function & € L'(£2) such
that
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(A1) for ae. 7 € 2, all (s,§) eRxRY andalli=1,...,N,

141 N 1-1/pi
ai(w,,€)| < Blk(@) + s + 3 g1

j=1
(A2) for a.e. x € £2 and every &, £* € RV with & # ¢&*,

la(z, 5,8) —a(z,s,&)] - [€ &> 0
(A3) for a.e. z € 2 and every (s,&) € R x RV,

N
a(z,5,8)-£>ad &

i=1
Consider the nonlinear elliptic equation
(1.1) Au+ g(x,u,Vu) = f in 2,

where ¢ is a nonlinear lower-order term having no growth conditions with
respect to |u| and satisfying the following assumption:

(G) g: 2 xR xRN — R is a Carathéodory function satisfying

l9(, 5,6)| < h(]s]) { +Z\§Z|pz} D)

for a.e. z € 2 and all (5,£) € R x RN, where h : Rt — R is a
continuous increasing function such that h(u) € L*($2) forallu € X,
cis a positive function in L (£2), and m satisfies 1/(p; — 1) < m < 1.
We also assume the “sign condition” g(zx,s,£)s > 0 for a.e. x € 2
and all s € R.

Let us mention that in the isotropic case (p; = p, i = 1,...,N), the
problem (1.1) has been investigated by Bensoussan, Boccardo and Murat [4].
In particular, they proved the existence of solutions using different ideas
based essentially on the strong convergence of the positive and negative
parts of the approximate solution.

Note that some results have been proved for the problem (1.1) in the
isotropic case in the framework of weighted Sobolev spaces; for more details,
we refer the reader to [2].

The purpose of this paper is to study the above problem in the anisotropic
case. More precisely, under the hypotheses (A1)-(A3) and (G), we prove an
existence result for the anisotropic problem (1.1). Our study is motivated
by an anisotropic Sobolev inequality due to Troisi [1§].

Let us point out that interesting work in the anisotropic case has been
done e.g. in [7], [10] and [I4]. Finally, when g does not depend on Vu, we
refer the reader to the recent works [3] and [8], dealing with elliptic equations
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for a general class of operators of finite and infinite order, and proving the
existence of solutions in anisotropic spaces.
As a prototype example, one can consider the problem

_i 8 (| ou P2 ou
i1 89:1 al‘l

8:61> +g(z,u,Vu) = f in £,

where
N 1—m
glw,5,€) = sgn(s)(1+ Is) | 3l |
i=1
withp; >2and 1/(p; — 1) <m<1lfori=1,...,N.

2. Preliminaries

Anisotropic Sobolev spaces. We start by recalling that anisotropic
Sobolev spaces were introduced and studied by Nikol’skii [12], Slobodeckit
[17], and Troisi [18], and later by Trudinger [19] in the framework of Orlicz
spaces.

Let £2 be a bounded open subset of RN (N > 3) and let po,p1,...,pN
be real numbers with 1 < p; < oo, i = 0,..., N. We denote by WPi(£2) the
anisotropic Sobolev space consisting of all real-valued functions u € LPO(§2)
whose derivatives in the sense of distributions satisfy

ou
c%:i

This set of functions forms a Banach space under the norm

N i 1/p;
el = ( § fut)p dx)l/Po N <§ ‘a;;;) v dx) "
(9] ] g

i=1
The space Wol’pi (£2) is the closure of C§°(§2) with respect to the norm ||-||1 -
The theory of anisotropic Sobolev spaces was developed in [13], [15], [16] and
[18]. It was proved that (Wol’pi(ﬁ), I| -
any po, ...,pnN with 1 < p; < 00,7 =0,..., N. The dual space of Wol’pi(Q) is
equivalent to W17 (), where p} is the conjugate of p;, i.e., p; = p;/(pi — 1),
i=0,...,N.
In the following, we assume

e LPi(f2) foralli=1,...,N.

1,p;) is a reflexive Banach space for

1
pi>2 foralli=1,...,N and » —>1

Let m be a real number such that 1/(p; — 1) <m < 1foralli=1,... N.
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We define X to be the closure of C¢(£2) with respect to the norm

(2.1) Jull = llull141/m

tlip;

REMARK 2.1. X endowed with the norm (2.1) is a reflexive Banach
space. This can be easily deduced by constructing an isometric isomorphism
from X to a closed subspace of L't1/™(2) x Hf\il LPi((2).

We prove the existence of distributional solutions for the nonlinear ellip-
tic equation
(P) { Au+ g(z,u,Vu) = f in £2,
u=0 1in 02,

where f € L'*™(£2). Herein, the operator A and the function g satisfy
(A1)-(A3) and (G) respectively.
We use the following anisotropic Sobolev inequality given by Troisi [1§].

THEOREM 2.1. Let ¢; > 1,i=1,...,N, and u € C*(2). If "N 1/q;
> 1, then

[Jullge <

Fox(en)

and C' depends only on g; and N.

where

Now we state the main result of the paper.

THEOREM 2.2. Let m be a real number with 1/(p; —1) <m < 1, i =
., N. Assume that (A1)-(A3) and (G) hold and f € L*T™(£2). Then the
problem (P) has at least one solution u € X such that
g(z,u,Vu) € LY(2) and g(x,u, Vu)u € L' (2),
(Au,v) + S g(x,u, Vu)vdr = (f,v) Yve X.
2

REMARK 2.2. Note that v € X, therefore v € L'T1/™(£2). Then the
condition (G) guarantees that {, g(x,u, Vu)v dx is well defined since h(u) €
L2(£2) and m < 1.

REMARK 2.3. To enlarge the class of operators A for which the conclu-
sion of Theorem 2.2 remains true, we can also assume instead of (A1) the
following condition:
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(A1) for ae. x € £2, all (s,§) € RxRY alli = 1,..., N and some
function k € LFi(£2),

N /
lai(z,s,&)| < ﬂ[k‘(x) || /), (Z ‘£j|pj>1/pi}’
=1

Proof of Theorem 2.2.

STEP 1: Existence for the approzimate problem. Let ¢ € C(RN) be
such that 0 < ¢ < 1 and ¢ =1 in some neighbourhood of 0. Set

gr(z,u, Vu) = o(z/k)Trg(x,u, Vu),  bg(u,v) = S 9k (z,u, Vu)v dz
9
for a.e. x € (2 for all u,v € X, where T}, is the usual truncation given by

{u if [u] <k,
H = .
kp/lpl if [u] > k.

Observe that by (u, v) is well defined since g (z, u, Vu) is bounded with com-
pact support. Define the following operator:

Gru: X =R, v S 9k (z,u, Vu)v de.
Q
Since v € L'*1/™(£2) it is easy to see that Gj, : X — X* is well defined.

PROPOSITION 2.1. Under the assumptions (A1)—(A3), the operator A+ G,
is coercive, strictly monotone, hemicontinuous and bounded. Precisely:

(i) Lm0 ((A+ Gr)u,u)/[|ul| = +oo.
(i) (A+Gr)u— (A4 Gr)v,u—v) >0 if u#v, u,v € X.
(iii) The map X € R — ((A + Gg)(u + \v),w) is continuous for each
u,v,w € X.
(iv) If Y C X is bounded, then (A+ Gi)(Y) is bounded.

Proof. (i) Let iy be such that

Ou :max{ng :izl,...,N}.
Pig Lillp,

8%1‘0
Since 1/(p; — 1) <m < 1, we have 1 + 1/m < p; for all i = 1,..., N. This
easily implies that

N
1 1 1 1
14— <p" wh —=_—-1 E — .
+m_p where ( + >

Then by Theorem 2.1 we have

ou
(91'1'0

ull i m < Kl < KH

Pig
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where K, K are positive constants. Hence, thanks to (A3) and (G) we obtain

N pi
Sa gu dz
(A+ Gru,u) _ o =1 19%
Wl = Tl
N y2 Pig
\(FX | +ilam] ) e
A o
Tl + || 2
. ou
t/m 8551'0 Po
i s
7’0 Pig
Huuwm H
’L()p

where K’ is a suitable positive constant. Then the coercivity follows im-
mediately since the powers in the numerator are greater than those of the
denominator in the above inequality.
(ii) The strict monotonicity of A+ Gy, follows easily from (A2) and (G).
(iii) To show that A + Gy is hemicontinuous, we will prove that

(A+ Gr)(u+ Av),w) — ((A+ Gg)(u+ Av),w)
as A — Ag for all u,v,w € X. Since for a.e. x € {2,
ai(z,u+ v, V(u~+ \v)) — a;(z,u + Mv, V(u + Agv))
as A — Ao, thanks to the growth condition (A1) we have

ai(x,u+ v, V(u+ Av)) — ai(z,u+ Av, V(u+ Agv)) weakly in 11_\7[ LPi(02
i=1
as A\ — Ag. Therefore
(A(u+ Av),w) — (A(u+ Xv),w) as A — Ao.
On the other hand,
gr(x,u~+ M, V(u+ \v)) — g(z,u+ Aov, V(u + Agv))
as A\ — Mg for a.e. x € £2. Then
ge(T,u + M, V(u+ ) — g(z,u+ Aov, V(u+ Av)) in L1(2)
as A — Ag since (gx(z,u + v, V(u + Mv)))y is bounded in L!(£2). Therefore
(Gp(u+ Mv),w) — (Gr(u+ Agv),w) as XA — Ao.
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(iv) For the boundedness we have
(A + Gru,v)| = (Au,v) + | gi(a,u, Vu)o de

0
1/p;
1)) (15
o 19T

(R

+cllvllis1/m
< cal|vl|(es + [Jul[)™

ou
< | Ox;

Pi 1/pi
dm) ]

where ¢; and ¢y are positive constants and v; is a positive number. This
implies the boundedness of A 4+ Gj.

Therefore, thanks to Theorem 2.1 of [I1], there exists a solution uy € X
of the problem

A’U,k + gk(.%','U/k, vuk) = f')

or variationally

ov
(2.2) Z | aiz, Uk,vuk)axi dz + \ gr(z, wp, Vug)vdz = (f,v)
i=1Q Q
for all v € X.

STEP 2: A priori estimates. Substituting v = uy in (2.2) and using (A3)
and (G) results in

Auy, [P
dz < || fll prem o lukll,

i=1 0 v

where ¢ is a positive constant. Then similarly to the proof of (i) in Propo-
sition 2.1, we get

Pig Ouy,
”UkH1+1/m (9:60 )
ig
e aym + || < ellfllzema.
U
k 1+1/m axzo

Pig
If we suppose towards a contradiction that |lug|| is not bounded, the left
hand side of the above inequality becomes unbounded since
ot 4yt
im
zty—+oo T + Y

=400 forz,y e Ry and t > 1.

Thus,
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(2.3) Jul] < C,
(2.4) S 9k (z, ug, Vug)up de < C
2
for some constant C' > 0 independent of k. By a similar argument, we can
prove that A is a bounded operator, and we get
(2.5) JAug]lx- < €
for some constant C’ > 0 independent of k.

STEP 3: Convergence of ug. In view of Remark 2.1, X is reflexive, and
we deduce from (2.3) and (2.5) that
U — U weakly in X,
ouy, ou
—

Aug — x weakly in X™.

weakly in L (£2),

This implies that we can take a subsequence still denoted by uj such that
(2.6) up — u  a.e.in (2.

This is not sufficient to pass to the limit in g;. We need for instance

(2.7) Vui — Vu  a.e. in (2.

We will not give the proof of this since it is identical to one in [4]. In fact,
we can prove as in [4] that

UZ —ut, u, —u  and Vug — Vu ae.

Therefore, since ¢ is continuous, we get the conclusions
gk (z, ug, Vug) — g(x,u, Vu) a.e. in {2,
gk (z, ug, Vug)up — g(x,u, Vu)u  a.e. in §2.
From (2.4) and in view of Fatou’s lemma, we obtain

S g(x,u, Vu)udr < lim S 9k (z, u, Vug)ug de < C,
k—+oo
Q Q
which implies that g(z,u, Vu)u € L'(£2).
Now let § > 0. Since |gi(z,s,8)|0 < |gk(z,s,§)s| for |s| > 0, we obtain
g (,5,€)] < 67 gr(z, s,€)s| for |s| > 6. In view of Holder’s inequality, for
any measurable subset E of {2,
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28) | lgk(e, u, Vug)| do

B
< N lgw(@,up, Vg de+ 671 | gi(e, g, Vag)uy| de
|u|<8 |u|>8

< h(3) | [c(:z:) +§; pz] i

E
< h(8)es(ca + csllux| )| E| + 67C

Ouy,
8@-

dx + 61O

where c3, ¢4 and c; are positive constants, 72 is a positive number and C
is the constant of (2.4). Thanks to (2.3), the above inequality implies the
equiintegrability of gx(x, ug, Vuy).

For |E| sufficiently small and § = 2C'/e with € > 0 we obtain

| lon (@, we, Vuy) | dz < e.
E
Thanks to (2.6), (2.7), (2.8) and Vitali’s theorem we get
gz, ug, Vug) — g(z,u, Vu)  strongly in L'(£2).
Hence g(z,u, Vu) € L'(£2). Passing to the limit, we obtain
(x,v) + S g(x,u, Vu)vdr = (f,v) forallve X.
Q

It remains to show that Au = y. For this purpose, note that since A is
bounded, hemicontinuous and monotone, it is pseudomonotone (see Propo-
sition 2.5 of [II]). Now, substituting v = wuy in (2.2), in view of Fatou’s
lemma we get

lim sup (Aug, ug) < (f,u) — Sg(m,mVu)u dx.
k—+o0 )

This implies

lim sup (Aug, ug) < (x, ).
k——+o0

Since A is pseudomonotone, we obtain y = Auw.
Finally, we conclude that
9(x,u, Vu) € L), g(x,u, Vu)u € L'($2),

(Au,v) + S g(x,u, Vu)vdr = (f,v) forallve X.
2

This completes the proof.
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3. Data in the dual case. Let p;, i = 1,..., N, be N real numbers
such that
Ay}
pi>1 foralli=1,...,N and » —>1.
—1 Pi
Set p = min{p; : ¢« = 1,..., N} and suppose further that the nonlinear
lower-order term g satisfies the following condition instead of (G):

(G") g: 2 xR xRN — R is a Carathéodory function satisfying

N N
|g(x, 57§)| < h(|5|) |:C(ﬂj) 4 Z ‘£z|pl] T—1/p—1/q
i=1

for a.e. x € 2 and all (s5,£) € R x RY, where h : R* — RT is
a continuous increasing function such that h(u) € L2({2) for all
u € X, ¢ is a positive function in L'(£2), and ¢ satisfies 1 < ¢ < p
with 1/p 4+ 1/¢ < 1. We also assume that g(x,s,&)s > 0 for a.e.
x € (2 and all s € R.

Define the anisotropic space E to be the closure of C}(£2) with respect to

the norm
N
ull = lfull, + >
i=1

It has been shown in [I4] that E is a reflexive Banach space. Consider the
following nonlinear elliptic equation with Dirichlet boundary condition:

P { Au+ g(z,u,Vu) = f in 02,
u=0 1in 042,
where f € E*, with E* denoting the dual of F.
The existence result is the following.

THEOREM 3.1. Assume (A1)—(A3) and (G') hold and f € E*. Then the
problem (P') has at least one solution, i.e., there exists u € E such that
g(z,u,Vu) € LY(2) and g(x,u, Vu)u € L' (£2),
(Au,v) + S g(x,u, Vu)vdx = (f,v) Vv e E.
9}

The conclusion of Theorem 3.1 follows by adapting the techniques used
in the proof of Theorem 2.2.

0

U
85[31'

y2

REMARK 3.1. As in [14], consider the operator A of the form
Au = —div(b(Vu) + a(z, u, Vu)),
where a(z,s,€&) = {ai(z,s,£)}, i =1,...,N, are as in the introduction and
b(&) = (b1&1,...,bnEn) for € = (&1,...,&n) € RY with
b € L*°(82), bi(z) >0,
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for a.e. x € (2 and all ¢ = 1,..., N. Further, consider the weighted space
associated to b; on {2 which is given by

L2(02,b;) = {u = u(z) : b2y € L*(2)}

)

In this space we define the norm

1/2
Juals, = ( § bulul*dzr) "
o}
We define X to be the anisotropic Banach space obtained as the closure of

C(£2) with respect to the norm
1/2
\Y S bilu|? da ] .
(fhis )

The space X endowed with the norm (3.1) is a reflexive Banach space. This
can be deduced as in [14] by constructing an isometric isomorphism from X
to a closed subspace of

N ou
3.1 = Ox;
Bl llu||1+1/m+%1af‘waxi n

N
L) x TP (92) N L2 (82, b5)).
=1

The authors of [14] have shown the reflexivity of the space LPi(£2)NL?(£2,b;)
endowed with the norm || - ||, V || - ||, for i =1,..., N.

Note that as in the previous section, Theorems 2.2 and 3.1 remain true
for such operators.
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