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ON IMBEDDING THEOREMS FOR
WEIGHTED ANISOTROPIC SOBOLEV SPACES

Abstract. Using the II'in integral representation of functions, imbedding
theorems for weighted anisotropic Sobolev spaces in E" are proved. By the
weight we assume a power function of the distance from an (n — 2)-dimen-
sional subspace passing through the domain considered.

1. Introduction. The aim of this paper is to show some imbedding
theorems for weighted Sobolev spaces. We introduce the weighted Sobolev
spaces W2(0T), 1 =2k, k e NU{0}, 2 CE", 2T = 2 x (0,T), p € R,
p > 1, with the norm

1/p
) ullgrren = (X § IDgOur e @) da)
lal+2a0<l 2T

where a = (a1, . .., ) is a multiindex, |a| = a1 +...+ay,, Dy =03} ... 05"
and o = o(z) is the distance from z to either a subspace of R™ or a point.
In this paper we assume that o(x) = dist(x, M) where M is an (n — 2)-
dimensional subspace of E™. To simplify considerations we assume that M
is defined by x1 = x2 = 0. Finally E” is the n-dimensional Fuclidean space.
Therefore, we can assume that o(z) = \/2% + 3.

More precisely we define Wé:L/Q(QT) as the closure of the set C§°(27\ M)
in the norm (1.1).

We use the standard anisotropic notation (see [1]). We consider more
general anisotropic Sobolev spaces W}i,#(E"“), where [ = (lg,l1,...,1n),
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with the norm defined as follows:

L2l gy = llla, @ + 3 1050
=0

= |lullz, o@reny + llullpr | @iy

|2y un)

where ||ul|z, @1y = (§gnis [ulPoP* dz)'/P. Comparing (1.1) and (1.2) we
see that for a norm equivalent to (1.1) we have

l():l/Z, ll:l, izl,...,n

We also introduce & = (0g,071,...,0,) and 0; = 1/l;, i =0,1,...,n. In the
case of the norm (1.1) we have

0'0:2/l, O'izl/l, izl,...,n.

We use the following integral representation of a function f with inte-
grable [-derivative (see [1, 3]):

(1.3) @ =fe@+\>_ | h o @/h7) Dl f (T +7) dy dh,
0¢=0 En+1
where T = (anl‘l)' "axn)a y = (yanlv"' 7y’n)) o = ta Yo = T, |E| = 0o +

S oy h7 = (h?°,h7t, ... b)), §/hT = (yo/h7°, y1 /R, ... yn/h™), D
denotes the derivative with respect to the ith argument, and

(1.4) for@) =7\ &.(3/)f(@+7)dy.

En+l
We assume that @, ®;, € C°(E"*1), i =0,1,...,n, have compact supports
in the first coordinate angle and for any «,

(1.5) \D°®;(z)dz =0, i=0,1,...,n, |D°®.(z)dz=0.

Moreover, we assume that the supports of @,,®;, ¢ = 0,1,...,n, belong to

the “horn” (see [1, 3])

(1.6)  R(l,re)={F:vy: >0, a;>0,0<ah <y’ < (a; +e)h,
i=0,1,...,n,0<h<r <o},

where e > 0. If [; = 1,7 = 0,1,...,n, the horn R(l,r,¢) becomes the cone

V(re)={y:%: >0,a; >0,0<ah <y <(a;+e)h,i=0,1,...,n,0<

h < r < oo}. For simplicity we shall omit the ¢ in R(l,r,¢) and V(r,¢).

We define

(1.7)  f(@) =fo(@ +§dh2 \ n7"l®,(y/n7) Dl (T +7) dy.

1=0 ]En+1
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From [3] we have the estimate

(1.8) Bt (y/h) dh < ex(y, R (2 ol

)

where x(y, R(I,r)) is the characteristic function of the horn R(I,7) and
@5706)) is defined below (2.3).

For the reader’s convenience we recall some results. From [3] we recall
the following extension of the Calderéon—Zygmund theorem.

LEMMA 1.1. Let the support of ® € C§°(E™) be in the first coordinate
cube and (3, P(x)dr =0. Let 1 < p < oo and let

M) ey 3

Ver(T) = S dh S 1ol (y /0 V(e + ) dy
€ En
forue L,(E"), z,y € E”, 0 € Ry. Then

[verllz, &) < epllullr, &n)
and
Ver — Uor @0 Lp(E™) as e — 0.

We also need the Hardy inequality
(1.9) Hal 7 E@)p, @ < el a7 f@)p,@n, 1<p < oo,
where y # 1/p, F(z) = | f(€) d¢ for v < 1/p, F(x) = |2 £(€) d€ for v > 1/p
and Ef ={z €E:z > 0}.

In the case of isotropic weighted Sobolev spaces similar results are proved
in [4].

From [1, Ch. 2, Sect. 8] we recall

DEFINITION 1.2. We say that a domain @ satisfies that the R(l,r)-horn
condition if there exist K open subdomains (), and horns Ry (I, r) such that

K

K
Q=JQr=J@k+Ril,r)).

k=1 k=1

In [1] this property is called the weak R(I,r)-horn condition.

2. Imbedding theorems for p # ¢q. First we prove

THEOREM 2.1. Assume that f € W (Q), Q CE"™, 1= (lo, 1y, ..., 1),
l<p<g<oo,afeR,0<l; €Z,0<vy;€Z,i=0,1,...,n,
o=l =1,

(2.1) %_1—(———>Z——Z'Z—:—%a— B) >0,
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where Q satisfies the R(I,r)-horn condition. Assume

(2.1 a> f3.

Then DY f € L, 3(Q) and

(2.2) ID" I, 5@ < 10”1 fllir (@) + 20 IfllL,.a@
b.a(Q)

where the constants c1,ca do not depend on f, 6 € (0,ho), ho = ho(Q).

Proof. Let x = (z1,...,2,), 2’ = (x1,22), "’ = (x3,...,2,). Then we
introduce the cylindrical coordinates (¢4, ¢, z”") connected with z, where
0z = |2'|, T1 = 04 COS Yy, T2 = 0, SIN Q.

Let k € Ng. Then integrating by parts and using the compactness of the
supports of @,,®;, i =0,1,...,n, we obtain from (1.7) the expression

(2.3)  D"f(T)

oo o0 o

=c | oG { L\ f@ e gto)) diedt .. dty—y dg

En+1 Oy tk—1 ty

H{any | nob g )
€ =0 En+1

[ olNe e} oo

X S S . S Dilf(f—{—y(to))dto .. dtp_1 dy,

Oy trk—1 ty
where 0, = 01 = 09 so that I; = lo = ., v = (vo,V1,...,Vp), U(k) =
(V(),Vl + k171/2 + ]{7271/37 . . '7Vn)7 kl + k2 = k)
(ﬁ(ﬁ(k))(m): Z Chey ky (€OS 0 )71 (sin @x)k28;’38’z’1+k18;’§+k28;’g...8;’:@(:6),
k1+ko=k

@ = (y07 Yiy--- 7yn)7 y(tO) = (yO: tO COS Py, tO Sil’lgOy, Yz, ... 7yn)7 and (67 v) =
oovyg + o011 + ... + opVy. Finally cg,x, are determined by the relation

81‘1 k1 81172 k2

oF ¢ = § Chor k (—) 19k,

Ox 1R2 xT x
iy 90z 90x L

Let us introduce the notation

(2.4) F(y) = S S X f(y(to)) dtodty ... dty—1,
(2.5) F@ =1\ | ...\ Dif@(t) dtodt, ... dtx_s.

Oy tk—1 ty
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Then we can write (2.3) in the following shorter form:

(26) DUf(@)=c | 70 (G/r")F(E+7)dy

]En—‘—l

+chhZ | otk @RgEO) /17 Fy(z + 7) d.

=0 En+1

Now we examine the case s = 0 (see (2.1)). Consider

@7) D@, @ <d| | 2@ FE+7)

En+1 Lq,(Q)
n T
+ed | §dn | ke @n e g n7)
=0 "¢ En+1
2 F/(T +7)dy M+ N
e Fi(@E+7)dy = :
@ Hyleh Lo(@)
where F!(x) = |2/|*"*F;(x) and |2'| = /27 + 23.
First we estimate N. Using (1.8) we obtain
n
N<cz | Xt Bho) (3 1nil")
En+1 1=0
[2')” F/(T+7)dy N
T L Te—gti\ X TY)ay = V1,
2" +y' | k Lg(En+1)

where 7= —(1—=1/p+1/q)|o| + (o — B — k)os.

Since ¢ > p > 1 we can assume that 1/p — 1/g = 1 — 1/s and we
also assume also that a —  — k < 1/s. To estimate Ny we apply the one-
dimensional Young inequality

11 1
(28) M «gllzy < llgle.liflle,  for 2= - =1-2,1sp<g<oo,

with respect to the variables xg, x3, ..., Zy.
Using (2.8) with respect to z( we find that the kernel in N; is estimated
as follows:

() )™ = (Tl + a0 ) ™ (o= 20y
0 =0 0

T 1/loy7sl 1/s 1 1/loy7slo41[Y0=00 e
= <S(y0+a0 O)Tsod‘%) N (W( 0 ag )T 0)
0

1/s
1 T41/(slo)
prnd _ = B

( Tsly + 1> o b

li)
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where we have used the fact that

1 1 1
7slp +1= I:——<—+l—+—+...+—>+(Oé—,3—k‘)l—]8lo+1
1

*

1 1 1 1 l
— (4t )+ =B k)
li lo s ln I

1 1
< —— -— — Db — — — —
> l* + l* (CY ﬂ k) lo<l3 + + ln>

since ly =l =1, a— -k <1/s.
Using (2.8) with respect to z3 we see that the kernel K is estimated by

TS Ts+1/lo 1/s o 1/s
(St ™" )™ < (i 5 )
0 =1 0

1/s

_ (- 1 (s 1/10)15+11/ (sls)

- L :
T8l3 +l3/l0 +1

where a3 = |y1 |1 + |ya]'2 + >y lyal,

1 1
TSl3+l_3+1: TS+ —+ - |3
lo lo l3

1 1 1 1 1 s 1 1
= (—4+=+—F+—+...+— —B—k)—+ =+ —|1
[<l0+l1+l2+13+ +ln>+(a 3 )l*+lo+l33

< L 1+1—|— +1 I3 <0
=1, L s L)

where we have used the fact that l; =l =1, a— -k <1/s.
Continuing the calculations we obtain
n
Ny <ed | x' =, Bl ho))la! — |72/ o+ Pk
i=0 ! g2

Ed
/Y

where Gi(y) = (§o [F{ @) P dyo dys . . . dya)/?.

To estimate Ny we use Remark 3.1 from [2], which we formulate in the
following form. Assume that

29 p>1, a>1, 1/;pm+1/a>1, §<2/q), X<2/pi+2/q,
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where " is dual to r, so 1/r + 1/r’ = 1. Then

(2.10) <§

1 d
S 9(y) dy

Pl 1/p}
2/p1+2/q1—(A+9) — Ml dx §C||9||qu(]E2),
|| lz — Myl

E2 ly|<|z|
1 f({ll‘) dx q1 1/‘11
(21) (S [yl? S iz — y| Mz [2/Pi 2/ —(Fo) dy < el flley, e
B2 ly|<l|=|

Inserting p} :=q, q1 := p, § := 07 into (2.10) yields

1 gly)dy |* \"*
(2.12 ( - _ DI gy < cllglL. (2.
) 1382 |z[2/5—OFo0) y|£|z Iz — yyl® 9|z, &2

Inserting p1 :=p, ¢} :=q, x:=y, y:=x, f :=g, § := d in (2.11) implies

1 9(y) dy TN
(2.13) (g o | | 4] <ol
]EZ

|| <[yl
The conditions (2.9) imply for (2.12) the restrictions

(2.14) 51<2(1—1/p), A<2/s.

For case (2.13) conditions (2.9) yield

(2.15) 02 <2/q, AN<2/s.

Comparing (2.12) with N we see that

2 2
(2.16) A=-—(a=p—-k), h=a—-k —p=-—(A—0d1),
s S
where the last condition follows from the first two, and comparing (2.13)
with Ny we obtain
2 2
(2.17) A=——(a—F—k), 6=—-0, a—k=—-—(\+0d9),
s s
where the last condition also follows from the first two.
However to estimate No we need estimate (2.13). Therefore we have to

impose the following restrictions:

(2.18) -08<2/q, 2/s—(a—p—k)<2/s,
where the last inequality implies
(2.19) a—k> Q.
For k = 0 the condition gives
(2.20) a>f,

so the case a =  cannot be considered. Since the first condition of (2.18) is
trivial and (2.19) with k£ = 0 is less restrictive we see that (2.20) is exactly
(2.17).
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Now using Remark 3.1 from [2] we obtain the estimate

n n
(2.21) Ny < e |IFllz, @y <D IDE flig, @
i=0 i=0

where in the second inequality we exploited the Hardy inequality.
Similarly using (1.8) we have
(2.22) M < dl|F' 1, @) < ellflln, . qensry-
From (2.21) and (2.22) we obtain (2.2) with § = ¢, 5 = 0 and Q = E"*!
after letting € — 0 (see [3, p. 139]).
To show (2.2) with parameter ¢ and 3¢ > 0 we exploit the considerations
from [1, Ch. 3].
To obtain (2.2) for @ bounded we apply the standard considerations with
a partition of unity. This concludes the proof.

It seems that condition (2.1") is artificial. It follows from applying [2] to
estimate the integral No. However we do not know how to estimate N5 in a
different way.

From (2.1)" we see that the case

(2.23) 0>a>p
is not included in Theorem 1. Hence we need

COROLLARY 2. Assume that Q) is bounded and satisfies the R(1, ho)-horn
condition, f € W} ,(Q), and

(2.24) a<f.

Take o > 3 such that
I N\w—1 w1

(2.25) %:1—(———) — Nl (- B) >0
poqg) =l Sl

Then D" f € Ly 5(Q) and

(2.26) D7 fllz, p@ < e Ifllz @)+ L@

for all € € (0, hg), where ¢ does not depend on f and e.
Proof. Since @ is bounded we have f € W;a,(Q) and
(2.27) HfHWEYO/(Q) < CHfHW;a(Q)'

Using Theorem 1 we obtain (2.26). This concludes the proof.

The results of this paper, especially Corollary 2, are necessary for the
proof of the existence of global regular special solutions to Navier—Stokes
equations (see [5]).
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3. Imbedding theorems for p = q. First we prove

THEOREM 3.1. Assume that f € W;va(Q), Q C E"! and Q satisfies the
R(1, ho)-horn condition, 1 = (lo,l1,...,1,), 1 < p < oo, a,3 € Ry, a > 3,
0<l;€Z,0<y;€Z,i=0,1,...,n,l1 =l =1, and

n : 1
(3.1) w=1- ’l’——l—(a—ﬁ)zo.
i=0 't U*
Then D" f € L, 3(Q) and
32) D" fliya@ < b1l o) + b Ly o
where c1,ca do not depend on f and h € (0,hg), ho = ho(Q).

Proof. We consider the case « — =k + v, k € Ng, v € [0,1).
First we examine the case s = 0 and v = 0. Then we write (2.6) in the
form

(83) D'f@=c | & @/)F@E+7)dy
En+t1
+efdny s § e g/ Fi(z + p) dy.
€ i=0 En+1

Estimating (3.3) implies
(34) D" flln, i <c| § 2@ F@ +7)dg

Ent Lp.p(Q)
n T _
+ed|[Jan § w1 g7 Py + ) dy = My + M,.
=0 € En+1 Ly,p(Q)
Using estimates for integral operators we have
My < C||f||Lp,a(Q)-
Next we examine
My < e || §r e /07 F(z + ) dy dh|
2] EORE D],
o> [[ja e g 1 e V1 g dh|
i=0 !l e ' |2’ + g/ ' Ly(Q)
= M3 + M47

where F!(x) = |2/|*"kF;(x).
Lemma 1.1 and the Hardy inequality (1.9) yield

Ms < CZ 1E{ ]z, 0) < CZ ||D£if||Lp,a(Q)'
i=0 i=0
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Using (1.8) in My implies

M4<cz I Xy R, ho)) (ZIy] )

]En+1
[ +y ’ Ly(Q)
Applying the one-dimensional Young inequality
(3.5) 1f = gllz, < gl Iz,
to M with respect to the variables xq, x3, ..., x,, we obtain
Ve < e3 | a0/ R hol
X % - 1'||Fi/($/ + )L, @n-1) dy’
[+ vl L,(Q)
< eS| X — o R, ho))la! — |2
=0 Il g2
|2'|8
== — YIF @)lL, @) dy’ = Ms.
/| Ly(Q)
Introducing the polar coordinates z’ = (pcosp,, psing,), ¥ = (1cospy,
nsin ¢, ) we obtain
n o) 27 0o 27 1
Ms < c < odo | deg | |\ ndn
; (S] S ’ é S ! 0%+ 17 = 20mco8(pr — py)
B N\ 1/p
x |2 — 1| F}(n cos sin @,)) =M
77°‘_k i\" Py, N Py = T,

where F; = ||F/(y/')|| 1, &n—1)-
Using the Young inequality (3.5) with respect to ¢, and the expression

e

S ng . 2T
D P+ —20mcosp 02—
we obtain
n o oo 1 Qg 1/P_
vy e (Voe| | ooyt o Foman]|) =
0 e

~ 27-‘- —_— .
where F!(n) = (SO | F(n cos @y, nsin )P d@y)l/p-
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Introducing a new variable A by n = Ap in the inner integral in Mg and
using the generalized Minkowski inequality (see [1, Ch. 1]) we obtain

o0 AL—2/p

| m(l =A@ AN T g, ey
1

=0

MgSC

n
<c HDiifHpra(]En+1),
i=0
where in the last inequality the Hardy inequality (1.9) was also used.
Let us consider the case »x =0 and a — 3 = k+, v > 0. Then M; takes
the form

Ml—cZH fan § w17 gM O gt Bz + ) dy)

e En+1 p,ﬁ(Q)'
In view of (1.8) we have
i [&+7/1«
M{<ed || xR ko) (z|y|)
i=0 |l gnt1
N F(T+7)dy M,
— —F(T+7)dy = M.
[yl L@
Applying the one-dimensional Young inequality (3.4) with respect to xg, z3,
.y T, gives
M; < S X', R, ho))|y'| =27
LMH Fi(@" +y) o, @ dy’ = M.
2" + /| L, (E2)

Changing variables implies

n

Mézcz

where Fl(y’) = |F;(¥")|lz,@n-1)- Introducing the polar coordinates z’ =
(0cos g, 0sing,), ¥y = (ncosy’,nsing’), ¢ = v, — ¢, in M} yields

N -
[ X — 2/, Rl ho))la’ — /| M,y’,ﬁmy') ay
EQ

)

Ly (E?)

n [e%e) 27 o) 27
dpy
M} < do \ dy’ d
3 C§<§JQ QS ® §)77 77§J (924-772—2@77008((,03;—@’))1_7/2
1
Q Fl ! . ! P /p:M/
X o i (ncos ', nsin ) = Mj.
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Using the fact that the integral over ¢, can be made independent of ¢’ and
then applying the Minkowski inequality (see [1, Ch. 1]) we obtain

oo o] 2m
dy o’
M, <c¢ d d
! 2(5 oo 577 ! § (0% +n? — 20n cos )1 =7/2 o=
27 1/p|P\ /P
X (S IF{(ncossD’,nsincp’)l”dw’) ) = M;.
0
Changing variables n = \p gives
n 00 0o 27 ng
M} = do| \ Adx A~(@=h)
= > (S ode| A0 (g
27 1/p|P\ /P
X (S |F/(Aocos @', \osin’)|? d(p') ) )
0

Applying the Minkowski inequality (see [1, Ch. 1]) yields

n oo 27
dp (o
M, < AdA A~ (k)
5_C§§ (SJ (A2 41 —2\cosp)t—7/2
o] 27
/ ! / . / l/p !
X (S odp S dy" |Fj(Aocos @', Aosing )]p> = M.
0 0

Introducing a new variable ¢ = Ao, do = Adp, implies

2w

do (a—k)—
o i A (@k)-2/p
6 c§§ S (A2 4+ 1 —2\cosp)t=—/2
oo 27 1/p
X (S odo S d(p']F{(Ucosgol,asincp’)]p)
0 0
<cy OSOAdAXW i AR By, iy = M.
— (A2 4+ 1 —2\cosp)t—/2 ! !

Passing to the Cartesian coordinates z; = Acos g, zo = Asing, Zo = (1,0),
Z = (21, 22) we write M7 in the form

, n K (a—k)—2/p
My =cY |Fp,@y | dz

I NP
=0 Z>1 [z = Zol*™

For |Z| large the integral converges for o — k +2/p > ~.
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For |z| in a neighbourhood of 1 we can show convergence by passing to
the coordinates with origin at Zy. Finally we have

M7 <Y || Filln, @y
i=0
Applying now the remarks from [3] we can let ¢ — 0 to obtain (3.2).
Let s¢ > 0. Using the considerations from [1, Ch. 3] we obtain (3.2) with
a parameter ¢ > 0.
For @Q bounded we apply the standard considerations with a partition of
unity. This concludes the proof.
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