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RECURRENCES FOR THE COEFFICIENTS OF SERIES
EXPANSIONS WITH RESPECT TO CLASSICAL
ORTHOGONAL POLYNOMIALS

Abstract. Let { Py} be any sequence of classical orthogonal polynomials.
Further, let f be a function satisfying a linear differential equation with
polynomial coefficients. We give an algorithm to construct, in a compact
form, a recurrence relation satisfied by the coefficients as, in f =", aiPy.
A systematic use of the basic properties (including some nonstandard ones)
of the polynomials { Py} results in obtaining a low order of the recurrence.

1. Introduction. Let {Py(z)} be any system of classical orthogonal
polynomials, i.e. associated with the names of Jacobi, Laguerre, Hermite or
Bessel. Given a function f, a series expansion

(1.1) F=>" axlf]Ps
k

is a matter of interest in numerical analysis, applied mathematics and math-
ematical physics. Important special cases are connection and linearization
problems, where f = P,, and f = P,,P, (m,n nonnegative integers), re-
spectively, and {Py} is a family of polynomials (orthogonal or not). In par-
ticular, positivity of the connection coefficients ¢, = ay[P,], or the lineariza-
tion coefficients I, = ay[P,, P,] is of great importance. See [1, 2, 4, 5, 9, 12,
13, 19-28, 33|.

Usually, determination of the expansion coefficients ay[f] requires a deep
knowledge of special (hypergeometric) functions. See, e.g., [1, 2, 4, 9, 15, 18,
19, 25, 26]. It is important to note that, even in the case when it is possible
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to compute these coefficients explicitly, it is often useful to have a recurrence
relation of the type

(1.2) Lag[f ZA Yagsi[f] = B(k),

where r € N, and A; and B are known functions of k. See, e.g., [10, 29].
Equation (1.2) may serve as a tool for detecting certain properties of ax[f],
or for numerical evaluation of these quantities, using a judiciously chosen
algorithm (cf. [30]).

In the present paper, we give an algorithmic description of the method
generalizing ideas of the papers [11]-[13], to construct the recurrence (1.2)
provided f is a solution of the differential equation

(1.3) anz )D' f(z) = g(x),

where D := d/dz, w,; are polynornlals in x, and the coefficients ay[g] are
known. The difference operator £ in (1.2) is given in terms of the polynomial
coefficients o and 7 of the Pearson differential equation for the orthogonality
weight o associated with {Py(x)} (see Section 3).

Notice that an alternative approach is proposed in [5, 6]; it should be
stressed that there exists a class of important problems for which our method
gives more refined results, i.e. lower-order recurrences of the type (1.2).

As examples we give recurrence relations for (i) the linearization coef-
ficients of the cube f = P2 (Section 4.1); (ii) the coefficients in the pa-
rameter derivative representation for classical orthogonal polynomials (Sec-
tion 4.2); (iii) the connection coefficients between Laguerre-Sobolev and
Laguerre polynomials (Section 4.3). For further examples see [12] and [13].

A Maple implementation of the proposed algorithm is given in [14].

2. Classical orthogonal polynomials

2.1. Basic properties of classical orthogonal polynomials. Let {Py(x)}
be any system of classical orthogonal polynomials (i.e. associated with the
names of Jacobi, Laguerre, Hermite or Bessel):

\o(a)P(2)Pi(x) do = b (k,1=0,1,...),
I

where hy, # 0 (k= 0,1,...); the support I of the weight function g is [-1, 1],
[0,00), (—00,00) and {z € C: |z| = 1}, respectively. See Appendix, Table 1.
Besides the three-term recurrence relation

(2.1)  @P(x) = §o(k) Pr—1(2) + E1(k) Pr(x) + &2(K) Prya (2)
(k=0,1,...; P_1(x) =0, Py(z)=1),
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these polynomials enjoy a number of similar properties which in turn provide
their characterizations ([3], pp. 150-152; or [8]; or [17], Chapter II). We shall
need three of those properties.

First, the weight function ¢ satisfies a differential equation of Pearson
type
(2.2) D(o9) = 7o,

where D := d/dz, o is a polynomial of degree at most 2, and 7 is a first-
degree polynomial.

Second, for every k € N, the polynomial P} satisfies the second-order
differential equation

(2.3) LP;(z) = {oD? + tD}Py(z) = -\ Pi(),
where
(2.4) Mﬂ:_%m@_1pﬂ+2ﬂy

Third, we have the so-called structure relation
(2.5) a(w))\,lePk(:v) = 0o(k)Pr—1(x) + 01(k) Py(x) + 02(k) Ppy1(x).

Recently, Yanez et al. [31] (see also [32], or [8], or [21]) have shown that
the coefficients & (k) and §;(k) of the relations (2.1) and (2.5), respectively,
can be expressed in terms of the coefficients o and 7 of the equation (2.2).

Notice that if ¢ is any zero of o, we have the following differential-
recurrence identity:

20 ZEL DN Aulo) +w(G DAL Pl (o)
= Py(z) + 7(C; k) Peta(2),
where
V(k) = &o(k)/bo(k),

L 31 (k)O(k) + ¢ — & (k)
27) AR = A e e Dy (k) — dolk + 1)

(G k) i= n(k)wa (k).

Here

2.2. Fourier coefficients

2.2.1. General case. Let {Py(x)} be any system of classical orthogonal
polynomials. Given a function f define
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alf] = 7-belf)
(2.8) g (k=0,1,...)
belf] = § o) Pela) f(x) da

We have a formal Fourier expansion f ~ Y p°  ag[f]Ps.
Let X, D, P and Q¢ be the difference operators defined by

(2.9) X = &o(k)e" + &1(k)T + &a(R)E,

(2.10) D :=§o(k)E" + 01 (k)T + 62 (k)E,

(2.11) Pe =0+ m((ER)E,

(2.12) Q = wn (G 1T + wal G R)E

(cf. (2.1), (2.4), (2.5), and (2.6), respectively), where J is the identity op-
erator, Jbi[f] = bk[f], and €™ the mth shift operator, E™bk[f] = brtm[f]
m € 7). For simplicity, we write & in place of &1.

Further, let us introduce the differential operators U and Z., ( being
any root of o, by the following formulae:

(2.13) U:=0D+r7l,
(2.14) Z;:=(z—-()D.
Here I is the identity operator.

Using (2.1)—(2.5), and the notation of (2.9)—(2.14), the following can be
proved.

LEMMA 2.1 ([13]). Let { Py} be any sequence of classical orthogonal poly-
nomials. The coefficients by[f] satisfy the identities:

(2.15) brlaf] = q(X)b[f] (g an arbitrary polynomial),
(2.16) Dbi[D f] = be[f],

(2.17) be[U f] = =\ Dby [ f],

(2.18) be[Lf] = —Aibi[f],

(219)  Pebr[Zcf] = Qbrlf].

Later we shall need the following result.

LEMMA 2.2. Given a zero ¢ of o, let P¢ be the operator defined by (2.11).
Then

(2.20) D =RePe,

where D is defined in (2.10), and the operator R¢ is given by
(2.21) Re = 0o(k)E™ + o(C; k)T

with

(2.22) o(Cs k) := d2(k)/m((s k).
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2.2.2. The Jacobi and Bessel cases. Let { Py} be the Jacobi polynomials

P,Ea’ﬁ ) , or Bessel polynomials Y,%(x). Given a zero ¢ of the polynomial o
associated to { Py}, we define the following sequences of operators:

P =34 0 (G R)E,

n(™ (G k)
n(k +m)
R = 6o(k) €T + 0™ (¢ k)T,

(2.23) Q™) = (k)7 + e, (m=0,1,..)

where the notation used is that of (2.7), and

(k+1)(2k+~v+1)2

(Mm)(¢: k) =
oot R = @k Ty +m+ s (¢ e{-1.+1)
0" (G k) = (2k + v +m)a’

with v:=a+ 6+ 1 and

¢t B+l (¢=-1),
(2.25) b¢ = o {a—i— 1 (¢=+1),

in the Jacobi case, and

2kt a+1)22k+a+2)
2k +a+1)(2k+a+m+2)s’
2

(2k+a+m+1)y

(2.26) oM™ (¢ k) =

(2.27) o"(¢5 k) =

with ¢ = 0 in the Bessel case (notice that ¢ = 0 is the double root of ¢ in
this case). The Pochhammer symbol (a), is defined by

(@)o:=1, (a)m:=ala+1)...(a+m—-1) (m=12,...).

It can be checked that

(2.28) PO =, o =09, RY =z
(2.29) PrQlm=t — gmpim=h (> 1),
(2.30) RIWPI = PIIRITD (1 > 1),

Further, for 7,7 > 0, define
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87 = {Ju) D) o) (i
< PP P (i =)
2 =8 (i >0),

(2.31) Uéi) = {J (i—1) (1) (0) (Z =0
o™ oM (i >1),
> J (i >7)
(6,4) ._ o _ ’
M= {ng%zg’“)...ﬂzgﬂ 0<i<j),

(1) ._ »(0,5-1)
NC = MC .
LEMMA 2.3. We have
v r v, v+r—1 v+r
2D = MY (00 =0,1,.00).

Proof. The main tools used in the proof are Lemma 2.2 and (2.30). =

LEMMA 2.4. Let T; := Zévi)D” (i = 1,...,m), where v;, 7; are non-
negative integers. Define T := ZéU)DT, where v 1= maxi<j<m (r; + v;) — 1,
ri=maxi<i<m 5. Then T=C;T; (i =1,...,m), where

e, = Méwz-ﬂi71)8211#%71,@1-)
and v, :==v 41— (v; +15).

Proof. Making use of (2.31) and Lemma 2.3, we obtain

€. T, = Mév,vi-‘r’yi—1)82111'4-%—1,111')Zévi)Dri
_ Mév,vﬁr%*l)zévﬂr%)gm _ UEU)TD’“*”D” v

foranyi=1,...,m. m

LEMMA 2.5. We have
(2.32) 20zl f) = uPblf]  (i=0,1,...).

Proof. We use induction on ¢. For ¢ = 0, (2.32) is obviously true, and

for i« = 1 it takes the form ?éo)bk[Zcf] = Qéo)bk [f], which is equivalent to
(2.19). Now, assume that (2.32) holds for some i (i > 1). We have

1+1 i 7 7 4 i i
2025 ] = P20 20 2 1] = POUL 0 Z £
It can be checked that
(D)D) _ o) (2) (M) p(0)
PoUST =907 ... Q7P
Hence, by the first part of the proof,
220 ] = U] m
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The Jacobi case. The case where P, = P,EO‘”B ) are Jacobi polynomials
differs significantly from the others. To begin with, it is the only case where
the associated polynomial o(x) has two different real zeros, namely —1 and 1.
An important role is played by the following special second-order differential
operators:

(2.33) K. :=(Z:+vI)D ((e{-1,+1}),

where v¢ is given by (2.25). The following two lemmata contain reformulated
and slightly improved results of [11].

LEMMA 2.6. Let

(2.34) Q= K!Z,
where g € ZT, r € {0,1}, and ¢ € {—1,+1}. Then
(2.35) ZE0Qf] = pg(C k) EUT by [£],
where
k
(236)  p(GR) =L (R e e n ),

i1 0o(k +1)
Proof. First we prove the identity
(2.37) Kb [Kc f] = bi[f],

where
1

fKC = :R_C k‘—f—l/c

Pe.

To this end, notice that
PebilZef +vef] = (U +veP)brlf] = (k +ve)P-cbe[f]

(cf. (2.19), (2.11), (2.12), and (2.25)). Using (2.20), (2.16), and the above
equality, we obtain

Kcbi[Kcf] =R-¢ ? : Pebk[(Ze +vcI)Df]

+ v
= R_¢P_cbp[D f] = Dby [D f] = bk [f].
Now, it can be checked that
(2.38) 28" = p(GR)EmKE, 2P = (G REm K,
for m =1,2,... The result follows from Lemma 2.5 and (2.37). =
LEMMA 2.7. Let Ty := Zév)DT, Ty = Zg)fDS, where ¢ # C, and v, T, u,

s are nonnegative integers such that v+r > u+s. Define T := Zéw)th with
t:=max(u+s,7), w:=v+r—t. Then T=C;T; (i =1,2), where

— ap(wo—1) o () s ()
€y =M, L Gy i= 2 ptuee N,
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Note that the assumption of the above lemma that the polynomial ¢ has
two different zeros is satisfied in the Jacobi case only.

2.2.3. Back to the general case. Let us return to the general setting. We
have the following

LEMMA 2.8. Let {Py(x)} be any system of classical orthogonal polyno-
mials, and let ¢ be a root of the associated polynomial o (in the Laguerre or
Hermite case, the value of this parameter is inessential). Further, let

(2.39) Q= D'K{!Z/L°U",
where p,s € ZT, t € {0,1} and
zt (Jacobi case),
(2:40) 7€ { {0} (other cases),
{0,1}  (Jacobi case),
(2.41) reqzt (Bessel case),
{0} (Laguerre and Hermite cases).
Then
(2.42) Tbk[Q f] = Abk[f],
where
(2.43) T {Zéqu)Dp (Jacobi, Bessel),
' ' DP (Laguerre, Hermite),

(2.44) A e {uq(c;k)ﬁqug)(—)\k)”tﬂt (Jacobi, Bessel),
(= Ap)sTD! (Laguerre, Hermite),

and g is defined by (2.36).
Proof. This readily follows from Lemmata 2.1, 2.5 and 2.6. =

3. Main results. The first step of the algorithm is to convert the LHS
of the equation

(3.1) Zwm )D'f(x) = g(x)
to the form
(3.2) P,f= ZQz(sz)

where the z; are polynomials, and the differential operators @Q; have the
form

(3.3) Qi = D"K&Z' L U",
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where (; is a root of the associated polynomial o (this refers to the Jacobi
and Bessel cases only), p;,s; € Z1, t; € {0,1} and

(34)  aqe {%0*}

(
(
{0,1} (Jacobi),
(3.5) ri€q 2t (Bessel),
{0} (Laguerre, Hermite).

To this end, define the differential operators P; (i =0,1,...,n—1) and Q;

(j =1,...,n), and the polynomials zg, 21, ..., 2z, in the following recursive

way. '
Fori=n,n—1,...,1, given the operator P; = Z;:o w,-ij,

Jacobi case),
Bessel, Laguerre and Hermite cases),

e represent the leading coefficient w;; in the form
wii(x) = [o(2))% (& — ) rui(z)
where the polynomial u; has no roots in common with o, and

€ Z* (Jacobi, Bessel, Laguerre),
=1 Hermite),

' (
5, € Z* (Jacobi, Bessel),
‘) =0 (Laguerre, Hermite),

¢; being a root of o (if §; = 0, the value of (; is inessential), then find out
which of the following cases holds:

— case A: a; > m,

—case B: a; + 5, >m>a,

—case C: m > a5 + 03,

where m = | (i +1)/2];

o define
[o(@)]* ™ (@ — )% (case A),
zi(z) == wi(x) { (x — Q)utBi—m (case B),
1 (case C);
o define
. Jimod2 (case B), b imod 2 (case A),
0 (case A or C), 10 (case B or C),

s; :=min{ay, |i/2]}, ¢ = min{f;, [i/2] — t;},
Pi =1 —2¢; —28; — 1 —t5;

e define the operator Q; by
Qi:=DVK!Z'L*U",
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e define the operator P;_; of degree i — 1 as
Pi_1f(z) :== P, f(z) — Qi(z f)(z).
For convenience, set
(3.6) Qo:=1, zo:=wop,

where wg o is the only coefficient of the operator P.
Now, we prove

THEOREM 3.1. Let {Py} be any sequence of classical orthogonal polyno-
mials, and let the function f satisfy the differential equation

(3.7) P, f(z) = ) Qi(zf)(x) = g(a),
i=0
where the z; are polynomials, and the ith-order differential operator Q; (i =
0,1,...,n) is of the form
e i T i r7Ti T Si Tt
(3.8) Qi:=D"K Z 'L*U",

where ¢ is a fized root of the associated polynomial o (this refers to the
Jacobi and Bessel cases only), p;,s; € Z", t; € {0,1} and

Z*  (Jacobi) {0,1}  (Jacobi),
€< { {0} (other fC;milies) ri €4 L° (Bessel),
7 {0} (Laguerre, Hermite).

The Fourier coefficients ay|f] satisfy the recurrence relation

(3.9) L(hwak[f]) = B(k),

where

(310) L= zn: Giﬂizi(f)C),
i=0

(3.11) B(k) := T(hgaklg]),

and

— (D gye
(3.12)  T=2{De,

(3.13) A, := {“%‘“3 k)gqiugi)(_/\k)si+ti@ti (Jacobi, Bessel),
(= Ag)sithDh (Laguerre, Hermite),
(3.14) € = {Méd,d+epi1)Séd+epi172(h+7‘i) (Jacobi, Bessel),
' ' Dempi (Laguerre, Hermite),
with

— ) — 4 9. ) el
€= max pi, d Oréliagxn(pﬂr gi+1ri)—e
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The order of the recurrence (3.9) equals

1 - 2 i =0 pi +qi — i),
(3.15) d+6 e—l—OSiISnnaP;zo( degz; — 0 - [pi + qi — ti])

where § := dego.
Proof. Observe that by Lemma 2.4, the operators (3.12) and (3.14) sat-
isfy
TH=0T; (i=0,1,...,n), where T,:=2P"")pri,
Obviously, in view of (3.7), we have b; [P, f] = brlg]. Apply the operator

T to both sides of the above equation, then use Lemmata 2.8 and 2.1, and
(2.8) to transform the left-hand side of the resulting equation:

Tbi [P, f] = ZG‘J’kazzZ Zeﬂz, k[f]

= Lbk[f] = L(hwar[f])-
This implies the identity (3.9) with the operator £ and the function B(k)
given by (3.10) and (3.11), respectively.
The formula (3.15) follows easily from (3.10), in view of (3.12)—(3.14).
(Notice that the orders of the operators D and X are dego and 2, respec-
tively; see Tables 3 and 2 in the Appendix). m

Let us return to the differential operator (3.2). In the Jacobi case, it
is possible that not all ¢;’s in (3.3) are equal, so that Theorem 3.1 is not
applicable. The next theorem is a reformulated and corrected version of a
result in [11].

THEOREM 3.2. Let {Py} be the sequence of Jacobi polynomials, and let
f satisfy the equation

(3.16) P,f(z) =) Qi(zif)(x) = g(x),
=0

where the z; are polynomials, and the differential operators Q; have the form
(3.17) Qi:=DVKFZ'L*U",

where ¢; € {=1,+1}, pi,qi,si € ZT, riyt; € {0,1}, pi+2q;i +7r; +2s; +t; = i,
and the expansion of the function g in Py is known. Set

(3.18) 2:={1,...,n}, 2,:={ie:¢=n (ne{-1,+1}),
(3.19) v, =2q+1r (i€ 1),

(320)  ep:=maxp;, dy:= zrggf(pi +vi) —e;, (ne€{-1,+1}),

1€82,

o pm {7 dteazaia

+1 ’Lf d_14+e_1<di+eq,
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(3.22) e:=max(e,,d_, +e_y), d:=d,+e,—e

Further, define difference operators T, A;, B;, C;, d, by

(3.23)  T:=zdDe,

(3.24)  A; = g, (w; k)ETUTD (=)Dl (i=0,1,...,n),
(3.25) B i= Midwentdompimlglentdy=pi=lv)  (j ¢ Q0 n=—1,41),
(3.26)  Ju =MD g, = gONL em)gle e mhd ),

ngi (Z € Qw)7
I_oB; (i€ 2_).

The Fourier coefficients ay|f] satisfy the recurrence relation

(3.27) Co:=7, C;:= {

(3.28) L(hrar[f]) = B(k),
where
(3.29) =) Cifizi(X
i=0
(3.30) B(k) := T (hgaklg])-
The order of the recurrence (3.28) equals
(3.31) d+2e+2 ogiglfiizo(deg Zi — Pi — Qi + ti).

Proof. Let the operator W,, be given by
W, = 2D (n = 1),
where d,, e, are the numbers defined in (3.20). By Lemma 2.4,

(3.32) W, =B;T; (i€ 2,; n==1),
where B, is given by (3.25), and
(3.33) T, = 200D (i=0,1,...,n).

Obviously, T;bx[Q: f] = Aibk[f], where A; is the operator (3.24). Now, using
Lemma 2.7, we see that the operator (3.23) satisfies T = 3, W,, (n = £1),
J, being given by (3.26). Hence, in view of (3.32) and (3.27), T = C;T;
(t=0,1,...,n), and

Tbi[Pof] = ZG‘J’kaZzz ZGAbkzz

_ {Z CoAizi(X) pbilf] = Lhelf]

where L is given by (3.29). The formula (3.31) follows readily from (3.29),
in view of (3.23)—(3.27). =
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4. Examples

4.1. Linearization of cubes of classical orthogonal polynomials. Given a
system {Pj} of classical orthogonal polynomials, let us construct a recur-
rence relation satisfied by the coefficients c,, ;. in

3n

(4.1) P}=> carPe (n€N).
k=0

Let us recall the following recent result of Hounkonnou et al. [7] (see
also [21]).

LEMMA 4.1 ([7]). Let {Px(x)} be any system of classical orthogonal poly-
nomials. For any n € N, the cube w := P32 satisfies the fourth-order differ-
ential equation

Row o 0
(4.2) Pow = | Raw n 1 =0,
Ryw o(n —=3\,)—2mm 2n—71
where 1 := o' — 27, and
Ry :=0D?+ 7D + 3\, I, R3:=D(Ry+4\,1),
Ry :=0DR;3+ 4)\,nD.
Now, the LHS of (4.2) can be written in the form
(4.3) Pyf = L*(2af) + LU (23f) + L(22f) + U (21f) + 20f.
where
o,  z3:=4T1 — 60/,
(116" — 107" + 10A\,)o + (27 — 30') (7 — 207),
21 := (47 — 60") (40" — 47" + 5)\,),
[(60” — 107" +17X\,)0” + (21" — 3X,)% — 2\, 7)o
— (0" =741 — 60")T + N\ (30" — 27) (20" + 7).

24t

z9 =
Zo ‘=

On applying Theorem 3.1, we obtain the following.

THEOREM 4.2. Let {Px(x)} be any system of classical orthogonal poly-
nomials. For any n € N, the linearization coefficients ¢, 1 in (4.1) satisfy
the fourth-order recurrence relation

(44) {Ak24( ) + )\292’3(%) — Ak-ZQ(x) — Dz (I)C) + ZQ(:XI)}(hkCnJC) =0.
Let CY be the ultraspherical (Gegenbauer) polynomials,

Ci@) = 73, (+2V1)/k2)k PYTEYR (@) (v > 12, v £0).
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Theorem 4.2 implies that the linearization coefficients ¢y, j, in
3n
(CR)P =) enaC
k=0
satisfy the three-term recurrence relation
Ao(k)eni—2 + Ar(k)en i+ A2(k)enkie =0 (2<k<3n+1)
where ¢, 3, = 1, ¢, = 0 for m > 3n, and
Ao(k) =16(k+v+1)(k+v —1)4(k —3n—2)
X (k+n+4v —2)(k —n+2v —2)(k+ 3n+ 6v — 2),
Ai(k) :=8(k+v)s{4KN[K + (2v — 1)(3v + 1)]
+ (3N — K)(8V2[K + (v — 1)(6v — 1)]
+[8v(l1—3v) —3N+K|[K+ (v—1)2v+1)])},
Ag(k) == (k+1)2(k+v—1)(k+2v)2(k+n+2)
X (k—n—-2v+2)(k+3n+2v+2)(k—3n—4v+2).

Here K := k(k+ 2v), N :=n(n+ 2v).
The linearization coefficients c,, 1 in

3n

3 E :
Hn = CTL,]CH’{H

k=0

Hj, being the Hermite polynomials, satisfy the recurrence relation
DO(k)Cn,k—2 + Dl(k)cn,k + D2(k)cn,k+2 =0 (2 g k S 3n + 1),
where ¢y, 3, =1, ¢pm = 0 for m > 3n, and

Do(k) :=12(3n —k+2), Di(k):=3n(3n+ 2k +4) — k(Tk + 4),
Dy(k) := —(k+1)2(n+k+2).

4.2. Parameter derivative representation for classical orthogonal polyno-
mials. Let Py(x) = Pi(z;¢) (k > 0), be any sequence of classical orthogonal
polynomials, depending on parameters, i.e., Jacobi, Laguerre or Bessel poly-
nomials. Here ¢ = [c1, ..., ¢y| is a parameter vector. In what follows, ¢ is a
generic symbol for any member of c¢. Given a function f(z) = f(z;¢), we
use the notation

T

1) (e o)
f (ZL‘,C). 8Cr

flz;e)  (r=0).



Recurrences for coefficients of series expansions 111

7]

Let us look for recurrences for the coefficients C,L in the expansion

(4.5) Pl(z;c) = ic,&“Pm;c) (r>1).

A partial solution to the problem might be a recurrence linking C,[;] and
C’,Ezrfl] (r>1).
We start from the equality [23]
(4.6) L,PI = —pple) plr=1l,
where L, = L + A\, I, and
do or o\,

—D?’+—D+-"T.
oc +Gc +80

Let us apply the theory of §3 to
fx):= P,[Lr_l] (), Py:= —rM7(LC), g(z) := LnP#”} (z).
Using Lemma 2.1 and (2.8), we obtain
belg] = (A — Ne)bi[P] = (A, — )\k)hkC[T]

Now, observe that for the Jacobi and Bessel polynomials we have

)\
M =A.Z:+ 21
" ¢t oc

where ( is a root of o, and A, = const. Thus, by Theorem 3.1,
Pe(hnarlg]) = —r{AcQc — nPc}(hrax[PY ™)),

Méc) =

hence
(4.7) Pe{ (A — M)heC} = —1(AeQc — nPo){hiCl ™Y,

For instance, in the monic Jacobi case,

O plei) (4 Z Clr P

dar P
formula (4.7) takes the form
48) ¢l —(n—k-1AMKR)C]], =~

r

T oM g rak)cl!

k41 5
where r > 1, w:=a+ 3+ 1, and

G+ Dk +A+1)(n+k+w+1)

A(k) = (n=k)(n+k+w)(2k+w+1)

Observing that C’,[CO} = dp1, we deduce the formula

ol —
k n—k n+k+w)2k+w+ 12, 2k-1
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equivalent to the one given in [4] (see also [9]). For general r, the formula
off - e

E:] satisfies the recurrence

can be obtained, where the auxiliary sequence u

i i r r—1] r r—1]
b = T T T e T T Uk

rl  _ r [r—
n—1" 2ntw-—1 Uy, —

with the initial condition u 11 ). For instance,

uf] =2{y2n+w) —Y(n+k+w)—y(n—k)—~},
where « is Euler’s constant, and ¢ (z) = I''(z)/I'(z). Notice that in [23, §3.2],

. 2] . .
a nonhomogeneous second-order recurrence relation for C’,E l'is obtained.

4.3. Connection between Laguerre—Sobolev and Laguerre polynomials.
The monic Laguerre—Sobolev polynomials {ngf )} are orthogonal with re-
spect to the inner product

(fr9)s = | (@) f(@)g(x) de+ A § o'V (@) f (@)g (2) du,
0 0
where a > —1, A > 0, and o(®(z) := x%~* is the classical Laguerre

weight, associated with the monic Laguerre polynomials {L,(f)}. See [16].
For convenience, let us add the superscript « on the related symbols, thus,
o () = o(z), 79 (2) = 7(x), h,(f‘) =hy, D =D, X =X, L™ =L
etc.

We show that the method of Section 3 provides a third-order recurrence
relation for the connection coefficients \S), , in

Q) = ZSn,kLg") (a > —1),
k=0

as well as a second-order recurrence for the coefficients S7 , in
b

QW =3"8:, L (a>0).
k=0

In view of the well-known identity
(4.9) Ll(cafl) _ Lgfa) 4 kLi‘”_)l,
we have
Sk =Sne+(k+1)Sh 1 (k=0,1,...,n; S} 4y :=0),

provided all the quantities are well-defined.
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In [16], the following differential equation satisfied by Q%a) was given:
FQI(@) = (7T = X7 =)D ~ 30 D) Q o)
Z bn+z 7(1021 )
i=—1

where b,_1(n) := ncy, by(n) := n+1+4cp, byy1(n) := 1, ¢, being a constant.
Writing the differential operator F' in the form

F =0T+ X' D - AL,

applying the method of Section 3 to f := (a) and Py := L( ) , and using the
data of Table 2, we conclude that the S), ;,’s satisfy the recurrence relation

(D@ 1 ANMT) + ATH RS, 1) = D (W by (n)),
where b (n) := 0 for k < n — 1. The scalar form of the recurrence is
Spk—2+[(A+3)k+a—X—1]S, -1 +E[(A+3)k+ 200+ X+ 1]S,

+ (k)2(k + a4+ 1)8y k41 = br—1(n) + kbx(n)
2<k<n+1;by(n):=0form<n-—1).

The starting values are S, ,, := 1, Sy nt1 := Snpy2 :=0.

If @ > 0, we can write the right-hand side of (4.10) as (cf. (4.9))

en LD (z) + LIV ().

Now, writing the operator F' in the form

F =gl pe-b,
and applying Theorem 3.1 to f := 7(1&) and P, := L
following recurrence relation for the Sy ,’s:

(a_l), we obtain the
(XD L NIRRTV ) = BT Sen,

or, in scalar form,

Spp1 FIAF2k+a]Sh +(k+1D)(k+a)S; .1 =0 (1<k<n-1).

The starting values are S, , =1, S, , 1 =c, — (A +2)n -«

Appendix. In the tables below, we collect some relevant data for the
classical orthogonal polynomials.
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Table 1. Hypergeometric series representations of the classical monic
orthogonal polynomials

Family Hypergeometric series
: @By _( \k(k+DB —k,k+o¢+ﬂ+1‘1+m
Jacobi PP a) = (-1 (P ) (TR >)
Laguerre 12@) = (a+ De-0" () [2)
g k k (LN
ok —k k+a+1 x
Bessel Y e) = — 2 ( » ‘ _z
esse k (x) G asDy 2o o )
Hermite Hk(;[,’) = ;L’k 2F()<_k/27 _5/2 + 1/2 ‘ _ %)

Table 2. Data for the monic Laguerre and Hermite polynomials

Laguerre Hermite
o(x) x 1
7(z) l+a—=z —2z
Ak k 2k
By, KIC(k+a+1) 727k
€o(k) k(k + o) k/2
&1(k) 2k+a+1 0
£2(k) 1 1
do (k) kE+a 1/2
01 (k) 1 0
02 (k) 0 0
Table 3. Data for the monic Jacobi and Bessel polynomials
Jacobi Bessel
o(x) 2?1 2
7(z) (v+1z+46 (a+2)z+2
Ak —k(k+7) —k(k+a+1)
L o2kt KDk + o+ DI (k+ 6 +1) (—1)k+12kp
b T2k +~+1)(k+7)k (a+ o1k +a+ 1)
£o (k) 4k(k+o)(k+ B)(k+~v—1) —4k(k + a)
0 2k +~ — 2) 2k +~ —1) (2k + )2k + a — 1)3
£1(k) (=P =1 _ 20
(2k+’y—1)(2k+’y+ 1) (2k + ) (2k + a + 2)
&2(k) 1 1
5o (k) Ak + ) (k+B)(k+~v—1) B Ak + )
0 (2k +~v —2)3(2k +~— 1) (2k+ )2k +a—1)3
61 (k) 2(a — 5) 4
(2k+~—1)2k+~+1) (2k+a)(2k+a+2)
5t i R
k+~ E+a+1

Note: v:=a+ [+ 1.
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