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LIMIT THEOREMS FOR BIVARIATE EXTREMES OF
NON-IDENTICALLY DISTRIBUTED RANDOM VARIABLES

Abstract. The limit behaviour of the extreme order statistics arising from
n two-dimensional independent and non-identically distributed random vec-
tors is investigated. Necessary and sufficient conditions for the weak conver-
gence of the distribution function (d.f.) of the vector of extremes, as well
as the form of the limit d.f.’s, are obtained. Moreover, conditions for the
components of the vector of extremes to be asymptotically independent are
studied.

1. Introduction. Only in the last few years are general results on order
statistics from non-identically but independently distributed random vari-
ables (r.v.’s) coming out. However, most of these results concern recurrence
relations for the d.f. (see, e.g., Cao and West, 1997) or for the single and
product moments of order statistics (see, e.g., Balakrishnan, 1994, and ref-
erences therein). The work on the asymptotic behaviour of order statistics
from non-identical r.v.’s is still limited. An earlier result and perhaps the
most important one for this problem is due to Mejzler (1949-1956). Under
a natural uniformity assumption (that the initial suitably normalized r.v.’s
should, in some sense, be individually negligible in the limit), Mejzler proved
that a nondegenerate d.f. & (z) is the limiting distribution of a suitably nor-
malized maximum for some sequence of independent r.v.’s if, and only if,
either (i) log®4(z) is concave, or (ii) w = sup{z : ?1(x) < 1} < oo and
log®1(w — e~ %), & > 0, is concave, or finally (iii) o = inf{x : #1(x) > 0} is
finite and log @1 (a + €%), x > 0, is concave. Mejzler and Weissman (1969)
extended this result to kth extremes. They proved that the d.f. of the kth
extremes (suitably normalized), under the uniformity assumption, converges
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weakly to a nondegenerate limit d.f. &5 (x) if, and only if, the d.f. of the max-
imum converges weakly to the d.f. ¢;(z). Balkema et al. (1993) (Theorem
A.1) proved Mejzler’s result on limit distributions for maxima of a sequence
of independent r.v.’s, replacing the uniformity assumption by less restrictive
conditions (imposed on the normalizing constants). Additional interesting
results on independent sequences were given in Weissman (1975a, b), Tiago
de Oliveira (1976), Mucci (1977) and de Hann and Verkade (1985). A survey
of recent developments can be found in Galambos (1987).

The main aim of this paper is to study the limit behaviour of the
order statistics of bivariate independent non-identically distributed r.v.’s.
Namely, consider n two-dimensional independent random vectors X, =
(X1, X2;), j = 1,...,n, with the respective d.f.’s F;(z) = F;(x1,22) =
P(Xyj; <1, Xoj <x2),j=1,...,n. The order statistics of the tth compo-
nents are

Xt,l:n < Xt,Z:n <...< Xt,n:n7 t= 172

The main object of this paper is to investigate the limiting distribution of
the random vector Zy 1., = (X1,n—k+1:n, X2,n—k'+1:n), Where k and k' are
constants. Necessary and sufficient conditions under which the d.f. of Z; ,..,
converges weakly to a nondegenerate limit d.f., as well as the form of this
limit, will be obtained in Theorem 2.1. Necessary and sufficient conditions
(in terms of the original sequence of d.f.’s {F;(x)}) for the components
of Zy ., to be asymptotically independent are derived in Theorem 2.2.
The problem can also be stated in terms of Wy, . = (X1 g:n, Xo,k7:n) and
Vi = (X1 ki, Xon—k/+1:n) by turning respectively to (—X1;, —Xs;) and
(_leyXQj)a ] = 1a sy T

The results of this paper can be applied to many natural problems, e.g.,
project scheduling by PERT technique. In this practical problem we assume
a large number n of different activities, each of them has a random duration
and a random cost (which usually depends on the duration). In many cases,
the durations of different activities are non-identically distributed r.v.’s, and
so are the costs of different activities. On the other hand the duration and
the cost of each activity are in general dependent r.v.’s. Therefore, we get a
sequence of n two-dimensional non-identical r.v.’s {X ; } = {(X1;, X2j)}, j =
1,...,n, where X;; and X; denote respectively the duration and the cost
of the jth activity. It is well known that the vectors Z1,1:na Witmand Vi1
for this sequence play a major role in the investigation of the above stated
problem.

Throughout this paper the following conventions and notations will be
adopted. For numerical vectors z = (z1, z2), the components are signified by
a subscript. Basic arithmetical operations are always meant component-wise.
Thus z < y means z; < y;, t = 1,2. Further, z £y = (21 & y1, 22 £ 32),
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zy = (11, 2y2) and z/y = (x1/y1, x2/y2). The special vectors 0 = (0,0)
and oo = (00,00) will be used. Let G;(z) = P(X; > z) be the survival
function of F (), j = 1,2,..., and let @ . (x2), P n(x1), Fij(z1),
ng(l‘g), Glj(lli'l) =1- Flj(lli'l) and sz(l‘z) =1- sz(ﬂj‘z) be the Inarginal
d.f’s and the marginal survival functions of @, y.n(z) = P(Zy 4, < 1),
Fj(z) and Gj(z), j = 1,2,..., respectively. Finally, for any sequence of
suitable normalizing constants a, = (ain,a2,) > 0 and b, = (b1, bay),
write Z]: k'n (Zk Lkl — b /an, k k’ ( ) @k k'm (ang —i—bn) * (.%') =
F; (an$+b ) G n(aj) G (an$+b ) tj: n( ) Ft](atn$t+btn)’Gt] n(mt)
Gt](amxt+bm) =1,2, 915.7 1 (@2) = D pron (a2, 22 + bay) and st,..n<x1)
Qk,.:n(alnxl + bln)

We conclude this section with a theorem which is a combination of the
results of Juncosa (1949), Sec. 3 (see also Galambos, 1987) and Mejzler and
Weissman (1969), Theorem 4.1. This theorem will be needed in what follows.

THEOREM 1.1. Assume that, for suitable normalizing constants a1, >0,
bin (resp. az, >0, bay),

01., = max Glj (1) — 0 asn — o0
1<j<n

(1.1)
(resp. daun = max G3jn(22) — 0 asn — oco).

Then @, ., (1) (resp. *,,.,(x2)) converges weakly to a nondegenerate d.f.
Dy (x1) (resp. D i (x2)) if, and only if, for all x1 (resp. x2) for which
Py, (x1) > 0 (resp. D_gr(x2) > 0), the limit

Tim 7 Gl (o) = k() (resp. lim 3 G (w2) = hale))
i=1 i=1

is finite, and the function

19) & _kil hll(ml) —hi(z1) o s h —h2(12)
( . ) k’.(.%'l)—ig Te resp. N J}Q £ '

is a nondegenerate d.f. The actual limit d.f. of

X1 n—kt1n — b1 Xon—k/g1m — b2
Z;; — ,n—k+1:n n resp. ka,:n — M +1:n n

on
’ A1n a2n,

is the one given in (1.2).

As a direct result of this theorem we see that the convergence of &5 . (1)
(resp. @*,,.,.(x2)) for at least one fixed value of k (resp. k') implies its
convergeflce for all fixed values of k (resp. k’). Moreover, the possible types
of the function hi(z1) (resp. ha(x3)) may be determined from the above
mentioned results of Mejzler (1949-1956) (since @1 (z1) = e (1) and
B4 (xs) = eha(2)),
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2. Main results. It is easy to show that the d.f. of the vector Zj, 1.,,
is given by @, . (x) = P(at most k — 1 and k" — 1 of events {Xy; > z1}
and {Xo; > x2}, ,j = 1,...,n, occur respectively). Consequently, by tak-
ing into account the fact that the vectors (X1;, Xs;), j = 1,...,n, are in-
dependent and by collecting terms according as {X1; > x1, Xo; < 22}, or
{le >, ng > 1‘2}, or {le <z, ng > 1‘2}, or {le <z, X2j < xg},
j=1,...,n, we get

k—1k'—1 tAs

21)  Dppml@ =D > > > HP X1, > w1, Xoi, < x2)

t=0 s=0 r=0V(t+s—n) Prs,t j=1
t

X H P(Xlij > T, Xgij > ZEQ)

j=t—r+1
t+s—r
X H P(X1i; < x1, Xoi; > x2)
j=t+1
n
X H P(X1i; < x1, Xog; < x2)
j=t+s—r+1
k—1k'—1 tAs
> 2 X H Gui, (1) = Gi, (2))
t=0 s=0 r=0V(t+s—n) Pr.s,t j=1
t t+s—r
< JI Gi@ [] (Ga,(2) - Gi, ()
j=t—r+1 j=t+1
n
X H (1 =Gy, (x1) — Goy; (22) + Gy (2)),
j=t+s—r+1
where min(a,b) = a A b, max(a,b) =a Vb, and for 0 < s < k, 0 <t <k’
and 0 < r < t A's, P, s+ denotes the set of permutations (iy,...,7,) of
(1, .o ,n) such that ’il < ... < Z't,r, it77«+1 < ... < ’it, it+1 < ... < Z't+377«

and it+s—r+1 < ... < p.

REMARK 2.1. In (2.1), and in what follows, we adopt the convention

that the product of the sort H?:a A;, for any integers a, b and any sequence
{A;}, 18 AgAut1 ... Ap if a < b, and 1 if b < a. Therefore, if z; — oo (say)
we get Gij(x1), Gj(z) — 0,7 =1,...,n. We thus have t = r = 0, implying

k' —1

D 1ren Z ZH GQzJ T3) (.%'))

30735]1

x TT (1= Gy 1) — Gy (02) + Gy (@),

Jj=s+1
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where P; is the set of permutations (iy,...,7,) of (1,...,n) such that i; <
.<isand ig1q < ... < i,. Moreover, when k = k' =1, we get

@11” Hl_Glj ZE1 sz(l‘z +G HF

Relation (2.1) may be written in term of permanents as follows:

k—1Kk'—1 tAs

1
(22) Pewm@ =3 > > tE—r)l(s—r)i(n—t—s+7r)

t=0 s=0 r=0V(t+s—n)
x PerlYy —-Yy1 Yu Yi-Yn 1-Y, -Yi+Yi],

t—r T s—r n—t—s+r
where Y1 = (Gn(ffl) Gln(il?l))/, Y= (021(1172) G2n($2)),, Y=
(G1(z) ... Gnp(z)) and 1 is the n x 1 column vector of ones. Moreover, if
ai, as, ... are column vectors, then
an  ax ..

i1 12
will denote the matrix obtained by taking i1 copies of a1, i copies of as and
so on. Finally, in (2.2), Per(A) denotes the permanent of a square matrix A,
which is defined similarly to the determinant except that all terms in the
expansion have a positive sign (see Minc’s book, 1978, and the survey papers
of Minc, 1983, 1987). It is worth mentioning that the permanent in (2.2) is
a stochastic one.

REMARK 2.2. In view of Remark 2.1, we adopt the convention that

Perja; a> ... a; ..]
i gzt g=0
is understood as
Per[gl az ... Gj—1 @Qaj+1 .. ]
i1 12 ij,1 ij+1

THEOREM 2.1. Assume that the uniformity assumption

(2.3) Otin = max Giin(xe) =0, t=1,2, asn — oo,

is satisfied. Then the d.f. 5 ko (z) converges weakly to a nondegenerate
d.f. @ (x) if, and only if, for all z for which Dr. (1) and D (x2) are
positive, the limits

(2.4) lim Y Gp (@) = helz), t=1,2,
=1

and

(2.5) lim Y~ G, (z) = h(z)
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are finite, and the function

k—1k'—1 tAs

(26) @k k’ Z Z Z "I“' 7“)' (hl (l‘l) - h(@))t—Thr(z)

t=0 s=0 r=0
x (ha(w2) — h(z))* " exp(—hi1(z1) — ha(z2) + h(z))

is a nondegenerate d.f. The actual limit d.f. of Z ., s the one given
n (2.6).

REMARK 2.3. The conditions of Theorem 2.1 show that the d.f. & ;... (z)
converges weakly to the nondegenerate d.f. @y ,/(x) (which is defined by
(2.6)), for all fixed values k and k', if there exist at least two fixed integers
ko and k{ for which the d.f. P, Kn (z) converges weakly to the nondegener-

ate d.f. @y, i, (z). Moreover, the different types of the functions hi(z1) and
ha(z2) can be determined from Theorem 1.1. For the function h(z), it is
easy to show that for all x for which ®;_(z1) > 0 and @ _j/(x2) > 0, we have
either 0 < h(z) < hi(x1) A ho(x2) < 0o or h(z) = hi(z1) A ha(z2) = 0.

Proof of Theorem 2.1. Since the proof is somewhat lengthy, we split it
up into several steps, some of which are of independent interest.

STEP 1. For any 0 <y; <1/2,i=1,2,...,

(2.7)  exp ( (1+ [max Y;) zn:y) < ﬁ(l —yi) < exp (— zn:y)

=1 =1 =1

The right-hand inequality remains to hold for all 0 < y; < 1.

Proof. The right-hand inequality follows immediately from the trivial
inequality 1 —y < e™ ¥, for all y. The left-hand inequality can be proved by
using the inequality In(1 —y) > —y — y? whenever 0 < y < 1/2 (which is
a consequence of the Taylor expansion). Therefore, for all 0 < y; < 1/2, we
have

mJ-v) =Y Mm@ —y) > 5> y?
i=1 i=1 i=1 i=1

n n n
> = ui- Z}y jnax y; = —(1+ max y; Z}y .
— 7 4 =

STEP 2. For each fixed s (independent of n) and for any subset S =
{i1, . yis 1 1 <ip <...<is<n} CN={1...,n}, (24) and (2.5), in
view of the uniformity assumptions in (2.3), yield

Z thn:rt — he(zy), t=1,2, asn — oo.
JEN -8
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Moreover, since

0, = max G

1<i< ].()S(Sl:nAéZ:n_’O as n — 00,
<j<n

we get

Z Gi.n(z) — h(z) asn— oo,

JEN-S
for every fixed s and any subset S C N.

STEP 3. Let {atj:n t=1,2,3, be sequences such that

Jl’

(2.8) €4:p = MAX Gy — 0 asn — 00
1<j<n

and

n
E Qtim — ¢, t=1,2,3, asn — oo.

Then, for any fixzed s1, so and s3, we get

S1+S2 S1+82+s3 $1
§ : ai' as’ a3
Halltn H A2i;:n H A34,:n — F; ol as n — o9,
Q t=1 t=s1+1 t=s1+80+1 1> 220 =3:
where at., = (A1 -« Q) t = 1,2,3, and Q is the set of permutations
(T1y s lsy4s04s5) Of (1,...,81 + S2 4 s3) such that i1 < ... < g, is,41 <

- < i51+82 and Z'51+52+1 <...< i81+52+53'

Proof. In view of (2.8),

n n n
51 52 53 S1 82 S3
A1j5:n a25:m a35:m — a; ay"ag",

J=1 J=1 Jj=1
which is equivalent to
S2 83
A1iy:n A25,:n a34,:m al Ay CL3 as n — oo,

1Si1,i2, 151,131+17 tECl t€C2 t€C3
i51+527 Zsl+52+53 <7’L

where C; = {1,...,81}, Cy = {81 +1,...,81 +82} and C3 = {81 + 59 + 1,
, 81 + 82 + s3}, or is equivalent to

( g + g ) Halztn HQQ'Ltn Ha?ntn_)aila?ag:i as n — oo,
c’ teCy teCq teCs

where ). signifies summation over those subscripts (i1,...,%,4s,4s,) for
which all the subscripts related to each C;, j = 1,2,3, are different, i.e.,

C= {1 <u 7é #Iis1 <n;l Si81+1 75"'7&2'81+32 <n;l Si81+82+1 7é
. F s, 455455 < n} and C’ is the complement of C. Clearly,
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E H A1ip:n H a2i,:n H a3i,:n

C' teC teCa teCs
< (Z—FZ-FZ) H A1iy:n H A2iy:n H a3i,:n,
Ci Cé Cé teCy teCo teCs
where ) ., signifies summation over those subscripts (i1, ...,%s,+s,4s5) fOr
J
which at least two of the subscripts related to C; are equal, j =1,2,3 (e.g.,
if j = 2 (say) then ch signifies summation over those (i1,...,%s; +sy+s5)
for which at least two of 1 < ig 41,...,%s,4+s, < n are equal). On the other

hand, for each j = 1,2, 3, we can write

Sj
E H Ali:n H A2, :n H A34,:n = E E H Q14 :n H A2, :n H A3, :n 5

C; tECl tGCQ t€C3 =2 C;l tECI tECQ t663

where ZC;Z, l = 2,...,s;, signifies summation over those subscripts
(41,05, 4s5+s5) for which [ subscripts related to C; are equal, [ = 2, ..., s;,
Jj=1,2,3 (eg., if j = 2 (say) then chl signifies summation over those
(41505, 4+s54s5) for which I of 1 < g 41,..., 45,45, < n are equal). How-
ever, in view of (2.8), for each [ = 2,...,s; and j = 1,2, 3, it is easy to verify
that, as n — oo,

5 H A14:n H a2i,:n H a3i.:n

¢y, tety teCa teCs
-1 2
g El:n H alit:n H a2it:n H a3it:n _>07
1<i1,eeyBsq fsgtsg3—14+1 <N tEC11 teCa teCs1
§ H Q14,:n H A2, :n H a34,:n
él teCy teCo teCs
-1 § :
S 52:n H alit:n H a2it:n H a3it:n - 07
1<81,0isq dsgtsg—1+1 <N tECT t€Ca2 teCz2
and
E H Q14;:m H A24y:n H A3y :n
Ci, teC teCq teCs
< gl-1 s o 50
S €3 liz:n 2i¢:m a34.:n y
1<i1,0s8sq 459453 —141 <N LECY teCs teCss

where Ci11 = {1,...,51 -1+ 1}, Co = {81 —l+2,...,81+8 — 1+ 1},
C31:{81+82—l+2,...781+82+83—l+1},C22:{81+1,...,81—|—82—l+1},
632:{51—|—82—l—|—2,...,81—|—82+83—l—l—l} and633:{81—|—82—|—1,...
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., 81+ S22+ 83 — 1 + 1}, from which we deduce that
Z H Aliyin H 24y H asi,.m — 0 asmn — oo.
C’ teCy teCo teCs
On the other hand, we have

E H A14,:n H A2, :n H a34,:n

C teC teCa teCs

= s1!s9s3! > [ [ aviem [[ a2im [] a3ivn-
Q telCy teCo teCs
Hence the result. =

STEP 4. Let n be sufficiently large such that G}, (x:) < 1/2,t = 1,2
(consequently, G}, (xz) < 1/2). Then

k—1k'—1 tAs

29 > > > ZHGmxl — G} . (2)

t=0 s=0 r=0V(t+s—n) Pr st j=1

t t+s—r
x JI Ginl@ [T (G3inla2) - G (@)
Jj=t—r+1 j=t+1
X 67(1+51:n+62:n)Z;'L:t+s_r-+1(GL'j:n(af'l)+G§ij:n(x2)7GZj:n(E))
< B (@)
k—1k'—1 tAs t
< Z Z Z Z H l'L n G:Jn(z)) H G;(j:n(m)
t=0 s=0 r=0V(t+s—n) Prs,t j=1 j=t—r+1
tJrs*T n * * *
% H (Ggij:n(m2) B sz:n(g))e_Zj:t+s—r+1(Glij:n(x1)+G2ij:n(x2)_Gij:n@))‘
j=t+1

Proof. Upon replacing the functions @ ir.n(z), G1(21), G2j(z2) and
Gj(z), j =1,...,n,in (2.1) respectively by @7 ;... (2), G7;.,(71), G3;.,,(z2)
and G}, (z), j = 1,...,n, the proof follows immediately by applying in-
equality (2.7) to (2.1) (note that maxyys—ri1<j<n (Gl (21) + G310 (T2) —
G} . (2)) < 01in + 02ip). m

We now conclude the first part of Theorem 2.1 by taking the limit

of (2.9), as n — oo, as follows. Apply Step 3 with a1., = (G71.,(21) —

){n( ) GlQn(ajl) 577,(33) c ,l(nn( ) G* ( )),76—1’2271: ( ){n(g)v

* G:L:n(—» a3:n = (G21 n(mQ) Gl n( ) GQQ n(x2) ng(g)‘) M ngn(xQ)

-Gy, (2), s1=t—r, s =r and s3 = s —r. On the other hand, by ap-

plying Step 2 with & = {i1,...,is,+s,+s5}, the sum in the exponent of e in
(2.9) tends to hi(x1) + ha(x2) — h(x). This completes the proof. m
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We now turn to the proof of the converse of the theorem. The idea of the
proof is based heavily on the proof of Theorem 5.3.1 of Galambos (1987)
(the converse part of Theorem 5.3.1). Namely, we assume that the uni-
formity assumptions in (2.3) are satisfied. Furthermore, assume the d.f. of
Z}; yron converges weakly to a limit d.f. @ x(z), given by (2.6). Let  be such
that @5, (z1) > 0 and @ s (x2) > 0. We shall prove the validity of (2.4), for
t = 1,2, and (2.5). The proof will be accomplished in the following two steps.

STEP 5. For any fixred h1, ho and all values of h for which 0 < h <
hi N he < 00, the function
Dy s (ha, b, h)

k—1k'—1 tAs

- Z Z Z (t—r) ‘r' (s —7)! (h1 —h)* "R (hy — h)*~" exp(—hy — ha + h)

t=0 s=0 r=0

s uniquely determined by h.
Proof. The proof immediately follows if we observe that

8Py 1 (hy, ha, h)
oh
kE'—1k—1(i— 1)/\1

— h)I TR (hy — h)IT
- _ZZ Z Z_T_l)lrl((]_r)l)

7=0 =1 r=0

exp(hl + hy — h)

K —1k—1iA(G— 1) hz THT (h2_h)j—r—1
n ZZ Z Z_rlrl(j_r_l)

j=1 =0 r=0

kK —1k—11iAj z rpr 1(h2—h) _r
DRI

j=1 i=1r=1

kK —1k—11iAj _
hl z Thr(hz _ h) T
*%22 G

which after routine calculations yields

ODr 1 (hi, ha, h)

Oh

B (k—l)/\z(:k -1 (hl . h)kfrflhr(hQ _ h)k'frfl

(k—r =1k —r—1)!

exp(—hy —ha +h) >0,
r=0
when h; and hg are fixed and 0 < h < hy A ha < o0, i.e., the function
Dy 1 (h1, ha, h) is strictly increasing in h when h; and hy are fixed (see
Lemma 2.2 of Barakat, 1999, and Barakat, 1997). Hence the result. m
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STEP 6. Since (2.6) implies (2.4) for ¢ = 1,2 (by letting respectively
x1 — 00, T2 — oo and by applying Theorem 1.1), the elementary inequali-
ties G7.,, ( ) < Gij (2)AGS;, (22), 5 = 1, n, yield that {37, G, (z)}
is bounded. Therefore, we can select a subsequence {n’} of {n} for which
(2.5) holds. Let us repeat the first part of the proof (Steps 1-4) for this sub-
sequence. We find that the limit @, i/ (z) of @} ..., (x) satisfies (2.6) where
the limit in (2.5) may depend on the actual subsequence {n'}. However, in
view of the result of Step 5, we conclude from the representation (2.6) that
(2.5) cannot depend on n’. This completes the proof. m

COROLLARY 2.1. Let (2.3)—(2.5) be satisfied with a1, = a2, and by, =
bon. Then wi = we < 0o, where wy = sup{z1 : Pk, (z1) < 1} and wy =
sup{zs : @ (z2) < 1}.

Proof. We first note that Theorem A.3 of Balkema et al. (1993) is closely
related to the special case k = k' = 1 of Theorem 2.1. Therefore, together
with Remark 2.3 it implies the conclusion of the present corollary. =

The following result is an immediate consequence of Theorem 2.1.

COROLLARY 2.2. Assume that Z,: w.n Pas a nondegenerate asymptotic
distribution Py, /(). Then the components of Z ., are asymptotzcally n-
dependent if , and only if , the limit in (2.5) is identically zero i.e., h(z) =

We are now in a position to obtain a general condition under which the
components of the vector Zy ,,.,, will be asymptotically independent. The
following remark will be needed.

REMARK 2.4. Let Firn(z:) =n~ ' 30 Frjon(2), t = 1,2, and Fo(z ) =
n~t 3%, Fj(z). Then, keeping the notations of Section 1, (2.4) and (2.5)
may be written respectively as nGy,, (v:) = n(l — F, (7)) — he(ze), t =
1,2, as n — oo and nG,(z) — h(z) as n — oo, where Gy, (74), t = 1,2, and
G (z) denote respectively the survival functions of F'f, (7), t = 1,2, and
F ().

THEOREM 2.2. Let Ty, = sup{wy : Fyn(wy) < 1}, t = 1,2. Let further
limy, o0 Tt = Tt < 00, t = 1,2. Then, the components of the vector Z,;k,:n
are asymptotically independent if , and only if

(2.10) lim — = —
" 1-Fh(z)

r—x

)

where T = (Z1,%2).

Proof. We first observe that, in view of Corollary 2.2, the components of
the vector Zj ;,.,, are asymptotically independent if, and only if, h(z) = 0.
Thus, in order to prove the theorem, we have to prove h(z) = 0 if, and only
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if, (2.10) holds. On the other hand, in view of the elementary relation
(211) an(@) = alzn(xl) + 62:71(332) - (1 - Fn(z))v
(2.10) is equivalent to

(2.12) lim Gin(@) + Ganlrs)

n—00 51;71(531) +§2:n($2) - Gn(ﬁ)

r—Z

Suppose now that (2.12) holds. Appealing to (2.4), (2.5) and Remark

2.4, we can easily get
hi(z1) + ha(22)

hi(x1) + ho(2) — h(z)

for all z such that hi(x1),he(x2) < oo, ie., for all z such that @i (z1),

& 1(z2) > 0 (note that, in view of Remark 2.4, a,z + b, — Z when

¢k,.($1)7¢k,k’($2) > 0), which yields h1(£171) + hg(xg) — h(g) = h1($1) +

ha(x2), i.e., h(z) = 0. Conversely, suppose that h(z) = 0 and (2.10) does

not hold. Then there exist ¢ > 0 and sequences {vy, } = {(Vim, Vam)}s {nm}
such that v,,, — Z and n,, — oo as m — oo, and

(213> alznm(vlm,) + GQ:nm (’UQm) Z anm (ym) 2 6(1 - an (l)m))
Now choose a subsequence {nj} = {n,, } of {n,,} so that
hi(z1) + ha(x2)

=1

(2.14) Tl S Gin (V1)) + Ganz (v5)) — 2Gnz (v])
_ — hi(z1) + ho(xs)
< Gl:n{ ('U‘{l) + GQ:nf (vgl) S n .
!
(Note that nG?%(z) — 0. Therefore, ”1*527 (v;) — 0, where v, = v} =

(v1,,v5;) and {v.,, } is a subsequence of {v,,}.) Clearly, we have either
(i) le* (z) > F;f (vy) for infinitely many [, or
(i) F7.x (z) < F7.(vy) for infinitely many [.
If (i) holds, then for such I,

(2.15) ni (1= Fp(2) < nf (1= FpL(v)).

Clearly, we have

ny (1= Fre () = ha(z1) + ha(w2)

h +h
+nf (— 1(:!71)n* 2(z2)
l

G (1) + Gy (131) — Cong @7))

< h1(1171) + hQ(IL’Q)
4 TL? <_ h1(:171) + h2(m2) + h1(IL’1) + hg(CEg
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which yields
(L+e)ny (1= F}. () < ha(21) + ha(x2).
It follows that
lilrgcigfnl*(l — Fri(v])) < ha(z1) + ha(z),
and hence by (2.15),
hg(i)lgf nf (1= Fr(z)) < hi(x1) + ha(22),
which contradicts the fact that n(1 — F%(z)) = nG}.,(z1) + nG%,, (12) —

nGr(z) — hi(z1) + ha(x2) as n — oo (note that nG%(z) — 0).
If (ii) holds, then for such ¢,

(2.16) ny(1=Fr,(2) > ng (1= Fp. (v7)).
Clearly, we have (in view of (2.13) and (2.14))

ni (1= Fr (v))) = hi(a1) + ha(z2)

(_ hi(z1)+ha(z2)

+nJ
*
L/

+(Griny (V1) +Gain: (v3;) —2Gn; (7)) + Gy (l)z*)>

> hi(x1) + ha(z2)

h h h h
+ (_ 1(561)4; 2(T2) " 1(931)*+ 2(T2)
n; n; +1

el - F; )

hi(x1) + ho(x2)
ny+1

= h1(z1) + ha(w2) +enf (1= Fre (vf)) —

)

which yields

* * * h + h
(1= 2 (1= P 01)) 2 M (0n) + o(ay) — 12O helz)
ny +1
Since clearly n} — oo, it follows that (since 0 < hi(x1) + ha(x2) < oo by
assumption)
timsupnf (1 — Fa, (67)) > b (1) + hala),

l—o0

and hence by (2.16),

limsupnj (1 — F7. () > hi(z1) + he(z2),
l— o0
which contradicts again the fact that n(1—-F*(z)) = nG*., (v1)+nG%,, (z2)—
nGy(z) — hi(x1) + he(xz2), as n — oco. Hence the result. m

REMARK 2.5. Theorem 2.2 can be considered as a substantial general-
ization of Theorem 2.3 of Barakat (1999). On the other hand, Theorem 2.3
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proves the necessity of the Geffroy condition (see Sarhan and Greenberg,
1962) in the case of independent and identically distributed r.v.’s.

We now briefly go over parallel results for V, .,. Keeping the notation
of Remark 2.1 and using the elementary relation min(X1, Xi2,..., X1,) =
—max(—Xi1,—Xi2,...,—X1p), it is easy to write explicitly the d.f. of Vi .

Epk,k’:n(g) — Q.,k/:n(q/‘Z) - Mk,k’:n(g)v
where
Mk,k’:n(@) — P(Xl k:n > X1, X2 n—k'+1:n < $2)
1k —1 tAs

-YY Y YIinw

t=0 s=0 r=0V(t+s—n) Pr s, j=1

t t+s—r
< JI (Fu, @) -F,@) [ G
j=t—r+1 Jj=t+1
X H (1 —ng‘j(l’g) +F1J(g))
j=t+s—r+1

Moreover, for any sequence of suitable normalizing constants a,, = (a1, a2y)
> 0and b, = (B1n, b2n), in View of the identity Y . | G%,. (2)=>""_| G5,.,.(x2)
=3 () + Y Ff,(z) we have the following theorem.

THEOREM 2.3. Assume that the uniformity assumptions

8" = max F z1) — 0 and d9., = max G5, (x9) — 0
1:n 1<i<n lzn( 1) 2:n 1<i<n Qz.n( 2)

asn — oo are satisfied. Then the d.f. ¥y, 1., (z) = ¥} 1.1, (a;,2+D},) converges
weakly to a nondegenerate d.f. Wy, v (z) if, and only if, for all x for which
the two marginals ¥y, (1) and ¥ i (x2) of Y 1 (x) are positive, the limits

lim Y Flig(21) = (o), lim Y Ghiy(22) = ho(zs)
i=1 i=1

are finite, and moreover at least one of the limits

lim Y Gi(@)=M(z), lim Y F(2) =)
i=1 i=1

is finite. The function Yy 1 (z) = @1 (x2) — My i (z), where

k—1Ek' —1 tAs

(2.17) My ( Z Z ;74 —7)!

t=0 s=0 r=

0
> fltir(ﬁ)(fl(g’tl) _ él(2))rh/sfr(Z)efhg(xz)fgl(y’
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is a nondegenerate d.f. The actual limit d.f. of Vi ., = (Vi o — 1) /a,
is the one given in (2.17). The components of Vi km are asymptotically
independent if and only if either h'(x) = ha(x2) or '(z) = 41(x1).

Finally, we have the following theorem.

THEOREM 2.3. Let 1., =inf{z; : F1.,(x1)>0}. Let further lim,, o #1.n
= &1 > —oo. Then the components of the vector Vi ;... are asymptotically
independent if , and only if

m ?2:71('7;2) — ?n@) =0 <0r
n=—00 GQ:n(.TQ) + Fy (E)

z—(21,22)

o Lin(@) = Ful@) 0>'
n—o0 GQ:n(fI;Q) + Fn(g)

z—(&1,%2)
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