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ON AN INEQUALITY FOR A FREE BOUNDARY PROBLEM
FOR EQUATIONS OF A VISCOUS COMPRESSIBLE
HEAT-CONDUCTING CAPILLARY FLUID

Abstract. We derive an inequality for a local solution of a free boundary
problem for a viscous compressible heat-conducting capillary fluid. This in-
equality is crucial to proving the global existence of solutions belonging to
certain anisotropic Sobolev—Slobodetskil spaces and close to an equilibrium
state.

1. Introduction. In the paper we obtain some crucial inequality for
a local solution of the equations of motion of a viscous compressible heat-
conducting capillary fluid bounded by a free surface. The motion of such
a fluid in a bounded domain 2; C R? (which depends on time ¢t € R) is
described by the following system with the boundary and initial conditions

(see [6], [7]):

olve + (v V)] = divT(v,p) = 0 in 27,
ot +div(ov) =0 in fZT,
0¢y (0 +v - V) + Opg div v — A0
. -5 3 (Via; + vj2)* = (v = p)(dive)® = or i Q7
ij=1
Th — o HA = —poh on ST,
v-n=—p/|Vy| on 57,
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(1.1) 00/on =0 on ST,

[cont.]

olt=0 = 00, Oli=0o =00, v[t=0 =10 in {2,

where 27 = Ute(o,T) Qp x {t}, 29 = 2 is the initial domain, p(z,t) = 0
describes S; (at least locally), ST = Use(o,7) St % {t}, 7 is the unit outward
vector normal to the boundary, i.e. m = Vg/|Vg|. Moreover, v = v(z,t) is
the velocity of the fluid, o = o(x,t) the density, 8 = 0(z,t) the temperature,
r = r(x,t) the heat sources per unit mass, # = 0(x,t) the heat flow per
unit surface, p = p(p,0) the pressure, ¢, = c¢,(p,0) the specific heat at
constant volume, p and v the viscosity coefficients, s« the coefficient of heat-
conductivity, o the constant coefficient of surface tension, and pg the external
(constant) pressure.

From the thermodynamic considerations we have

1
I/>§/L>0, x>0, ¢, >0, o>0.

Further, T = T (v, p) denotes the stress tensor of the form
T(v,p) = {Tij }ij=1,2,3 = {wSi; (v) + (v — p)diz divo — pdij }ij=1,2,3,
where S(v) = {viz; + Vjg, }i,j=1,2,3 is the velocity deformation tensor.

Finally, we denote by H the double mean curvature of S; which is neg-
ative for convex domains and can be expressed in the form

Hi = As,()z, x = (x1,29,73),

where Ag, (t) is the Laplace-Beltrami operator on S;. Let S; be determined
by x = z(s1, 52,t), (51,52) € U C R2. Then we have

0 0
A t) = —1/2_ 1/2 ’y5 _ 6 — 1 2
s, (t) =g Ps. (g 9" 55 (7, ,2),

where the convention summation over repeated indices is assumed, g =

det{gs}~,6=1,2 Gys = 59;: : 88—8””5, and {g7°} is the inverse matrix to {gs}.

Assume that the domain {2 is given. Then by (1.1)5, 2; = {r € R3 : 2 =
x(&,t), £ € 2}, where © = x(&, t) is the solution of the Cauchy problem

dx
(1.2) 5 ~v@t), tho=8€ 2, £=(6,6,8).
Integrating (1.2) we obtain

t
z =+ {ulg )t = Xu(&t),
0

where u(&,t) = v(X,(§,t)) and z = X, (£, t) describes the relation between
the Eulerian x and Lagrangian & coordinates. Moreover, by (1.1)5, Sy = {z :
x=uxz(£t), £ €S =00}
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By the continuity equation (1.1)2 and the kinematic condition (1.1)5 the
total mass is conserved, i.e.

| o(w,t)de = | 0o(&) dg = M.
2 Q
Now, assume that p, > 0, pg > 0 for p,0 € R and consider the equation
M 20
1.3 —,0. ] = —.
13) W) =mt
We assume that there exist R, > 0 and 6. > 0 satisfying (1.3). Then we

have the following definition.

DEFINITION 1.1. Let » = @ = 0. By an equilibrium state we mean a
solution (v, 0, g, 2;) of problem (1.1) such that v = 0, § = 0., 0 = o,
2y = §2, for t > 0, where g, = M/(%ﬂRg),Qe is a ball of radius R., and
R, > 0 and 6. > 0 satisfy equation (1.3).

Next, we introduce

20
(14) Qo = 0 — Qe; 00':0_08) pJ:p_R__pO'
We can write p, in the form
(1.5) Po(0,0) = p10o5 + pa2bs,
where
1 1
p1(0,0) = {poloe + s(0— 0),0)ds,  pa(6) = | po(0e, b + (6 — 6.)) ds.
0 0

Then by using (1.4) problem (1.1) can be rewritten in Lagrangian coordi-
nates as follows:

nuy — divy, Ty (u,pe) =0 in 27 =0 x (0,7),
Not +ndiv, u =0 in T,
NCy Vot + Upy divy, u — %Viﬁa

3
7
=35 D (e Veuy + &, - Veus)?

(1.6) ]
— (v — p)(divy, u)* +nk in 27,
Tyu(u,po)ity —o(H +2/Re)7, =0 on ST =8 x(0,7),
Tig - Vs =0 on S’T,

770'|t:0 = 000, ﬁa!tzo = 050, U’t:O =wvy in {2,

where 7(£, ) = o(Xu(§,1),1), V€, 1) = O(Xu(&,1),1), 15 =1 — 0, Vo =V —
Oe, k(gat) = T(Xu(gat)at)a 19(6,25) = Q(Xu(é.vt%t)v ﬁu(gat) = ﬁ(Xu(gat)at)a
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Vu = &iwOt; = {&ix; 0¢, j=1,2,3, Tu(u,p) = —pl +Dy(u), I = {0s;}ij=1,2.3,
Dy (u) = {Dyij(u) }ij=123
= {11002,k 0¢, uj + Ou; ExOg ui) + (v — )iy divy ubs j=1,2.3,

divuu = Vu U = 8xi§k65kui, diVu Tu(u,p) = {am],§k85kij(u,p)}i:17273
and 0,,& are the elements of the matrix £, which is inverse to the matrix
Te = I+ Sé Ug(f,t,) dt’.

The aim of our considerations is to prove the global existence of solutions
to problem (1.1) which are sufficiently close to the equilibrium solution (see
Definition 1.1) for all ¢ > 0. The result is stated as follows:

THEOREM (see [12]). Let

lvoll1+a.02 + ll0solli+a.2 + 00014002 < 01,

(1.7) 17l o3, r2 x 0,00)) + HgHC%(RW(o,w)) < 0,
Joods =0, (oocde=0, | ogwode=o0.
2 N 0

Assume that the initial domain {2 is close to a ball and S is described by
|z| = R(w), where w € St (St is the unit sphere). Let

[R(w) = Rell1,50 <63, [[H(-,0) +2/Rell14+a/2,5 < a.

Let o € (3/4,1) and assume that the data satisfy some other conditions
which are implied by conservation laws and which are described in [12]. Then
for sufficiently small 6; (i = 1,...,4) the local solution to problem (1.1) (see
[13]) can be prolonged infinitely in time.

The main role in the process of prolonging the local solution in time is
played by inequality (3.1) of Section 3. The paper is devoted to showing it.

To prove the theorem we also need a global energy estimate and an esti-
mate showing the increase of regularity of the solution after some time. Both
have been derived in [14]. However, the latter estimate has been obtained in
the case of r = § = 0. For nonvanishing  and 6 such an estimate is shown
in Section 4 of this paper (see Theorem 4.1).

The global existence result is proved in spaces such that (u,V,,7,) €

24a,1+a/2 24a,1+a/2
Wy (k< (KT, (k+1)T)) x W3 (i x (BT, (k+1)T)) x
C([kT, (k + D)T]; Wit (Qur) N Wy T2 (0 x (KT, (k + 1)T)), where
k € NU{0}; u,ns,9, denote v, 9,,0, written in Lagrangian coordinates
& € pr; and T is the time of local existence.

We use the spaces with fractional derivatives to prove existence of solu-
tions with the lowest possible regularity. In the compressible case (see [9],
[10], [5]) it was possible to prove the existence in classes of functions such
that o € (1/2,1). However, in the general heat-conducting case we need
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to assume that a € (3/4,1). This restriction is connected with the strong
nonlinearity of equation (1.1)s.

We derive (3.1) for the local solution (u,9,,7,) € W22+a’1+a/2(QT) X
Wyt et e (QT) s Wyt B2 (0T) 0 C((0, T Wi T2 (02)), o € (3/4,1)
(see definitions in Section 2) in which the norms of u, ¥, 7, are estimated by
the sum of the Ly-norms of these functions, the nonlinear terms consisting of
the products of the highest order norms of w,9J,,7, and the norms of data.
The most important feature of the inequality is that on the r.h.s. of (3.1)
the Lo-norms of w, 9,7, enter only linearly. This is crucial for the proof
of global existence (see [12]). The main result of the paper is formulated in
Theorem 3.1.

2. Notation and auxiliary results. In Section 3 we use a partition
of unity ({£2;},{¢}), 2 C U, £2;. Let £2 be one of the £2;’s and ((§) = (&)

be the corresponding function. If {2 is an interior subdomain then let @ C {2
and ((§) =1 for £ € w. Otherwise we assume that QNS £0,5n8 #0,
DCR. Lt BemnSc NS, S=5n10.

Introduce local coordinates connected with {£} by
(21) Yk = O‘kl(gl - 6l)a a3 = nk(ﬁ)7 k= 172737

where ay; is a constant orthogonal matrix such that S is determined by

Yz = F(ylvyZ)) F S W25/2+a7

and
22) Q={y:|lyl<d, i=12F)<ys<F)+d, v =y, 92)}-

Next, we introduce functions u’, ¢ and n’ by

ui(y) = aijui(le=e), VW) =9le=ey> 7' W) =n(E)le=¢w)
where £ = £(y) is the inverse transformation to (2.1). Further we introduce
new variables by

(23) % = Yi, i:1a2a z3:y3_F(y)a RS “(27

which will be denoted by z = ®(y), where F is an extension of F onto 2.
Let

(2.4) Q=0(2)={z:|z]<d i=1,20< 2z <d}
and S = ®(S).
Define

f(Z) = f/(y)|y=¢_1(z)7 f € {U, 29777}
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Introduce Vi = &z, 2ig, V, ey (2), Where x(§) = (1(€)) and y = $(€) is
defined by (2.1). Introduce also the notation

WE) =u(©)C©),  Vo(€) = 9a(6)C(E),

(2.5) > ~
((2),  Yo(z) =9(2)¢(2),

(
)C(2), z€R=0(0), 2NS +#0,

where ((2) = ¢(&)le=x-1(2)-
Under the above notation problem (1.6) has the following form in an
interior subdomain:

Tﬁlit - vaij (ﬂ)ﬁ(r) = vuJ Buz] (’LL C) uzj (u po')vujc
- (vaiJ(aa Po) — vUjTum (4, po)) = k4, =1,2,3,
ﬁﬂt—i_gev'ﬁ:Qeu'vuc_ncTVU'uC‘i‘Qe(v'a_vu'a) = ko,

nCo(1,9) Vg1 — 56V %0g + 0eps(0c,0)V - U
3

2.6 ~
ij=1
+ 0ep9(0es )t - Vil + (Bepo(0e, Oe) — Ipo(0,9)) Ve - ul
+ gepﬂ(gm 96)(V : a - Vu : a) - %(vigﬁa + zqu : Vuﬁa)
- %(V2{9VU - Viga) = nfkv: + k37
where

Eu(u’ C) = {BL”J (u’ C)}i,j=1,273
= {u(uiVu, ¢ + 1V, C) + (v — p)diju - VuClij—1,23,
vuJ - gzzjaﬁm ﬁd - pUC7
and in a boundary subdomain:
iie = VT (:50) = —V3Bu (@,0) = Ty (3.5 V,C
— (VT3 (W, o) — VT3 (W, o)) = kair i =1,2,3,
Not + 0V - U = 0cU - VC MoV U+ 0o(V - =V - W) = ks,
(2.7) ney (7, 19)19015 — 2 Ay + 0epg(0e, 0c)V - U
— 7k + {5 S (Vi + V) + (v — (V@) C

t,j=1

<
)
TN

+ 0epg(0e, ) - VC + (Bepy (e, ) — Upy (7, 1))
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F 00506, 00) (V- T — V- 0) — 2(V2C0, + 2V - V,)
— %V, — V?0,) = 1k + ke,
t
T(W, o) = 0 AgEC - in + o Ag \wdt’ - i

(2.7) + (W, po)7’ — T(t, po )7 + B(T, ¢)

[cont.]

B VO, = 047N, +7 Vi, — -V, =0 + ks,

where T and B indicate that the operator V,, is replaced by Vi a = (0,0,1),
n is the vector @, = n(x(&,t),t) written in z coordinates and

1 ,Y(;i
(2.8) a5(0) = —=o (VaEaR 5% ).

{gg‘s} is the inverse matrix to {(ga)~s},

t

z=E+ Uz t)dt',  ga=det{(ga)\s}-
0

4500) = = (Vae* 5.

where by (2.1) and (2.3), g = det{gs} = det {36)77 " Bzs

Oor Oz

(gﬂ)'yé = 8—2,’7 . 8—257

From (2.8) we have

S} =1+4F2 +F2
and

gl =g (4 FL), P =g (4, gt =g =g P,
We assume that the d from (2.2) and (2.4) is so small that
(2.9) F,|<1/4, i=1,2

Now, we introduce the notation and the spaces used in the paper. Let f =
f(x1,22,23) be a scalar-valued function defined on a domain §2 C R3. The
gradient of f is denoted by V f or f,. We also use the notation 0, f. By fiz
we denote the matrix {fz,z; }ij=1,2,3 and we set |fz.| = (Zijzl fimj)l/z.

Next, let f = f(z1,22,23) be a vector-valued function defined on 2 C
R3, ie. f: 2 — R3. By f, we denote the matrix {fix, }i,j=1,2,3- Moreover,
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we use the notation:
1/2
E 7,:1:] |fmx’ = ( E zw]xk)
1,j=1 i,5,k=1

Let now {2 C R? be a bounded domain with boundary S and let 7' > 0.
By W2k+a’k/2+a/2(QT), k € NU{0}, « € (0,1), we denote the Sobolev—
Slobodetskii space with the norm

[tll gt 2402 gy = [ > 070, o)

|B|+2i<k
I¢] / 2
t u(z
b Y || R0 OF
18]=k 0 2 2 |z — ']
T glk/2] [k/2] 1/2
0"z, t) — Oy Tz, )]
+ S S S |t — ¢/[1Foth—2k/2] drdtdt’|
200

where 97 = 9% 8/8289?;”, B = (01, B2, B3) is a multi-index, | 3| = 1 + B2 + (3.

Similarly we define the norms in Wy +(£2) and W2k+a’k/2+a/2(ST).
Moreover, we shall use the notation:

e rasera oy = ltllsanr
||“HW2’“+&(Q) = |ulltrag, @ € {£2,8,5'} (S is the unit sphere);
ullz, @ = lulpg,  where p € [1,00], @ € {£2,5};

lullLao) = llullo,g,  where ¢ € {02, S, 027,57},

+2,a/241 —
Jullot 2240 = [l r + T (JallE e + S 102U )
|B]=2

) 1/2
sup [[u( D)2 410]
t<T

o, /2 —a
lull 55772 = (Jull? g + T~ ull? or) V2, Q € {£2,S}.

Next, we define the isotropic Besov spaces by introducing the norm (see
[3, Sect. 18])

n ho m k 1/p
AT () ul?
210)  ulayqeny = el ey + 3 ((an § ae S0 )

i=1 Y0 Rn
where p € [1, 00],

= (=) ejm f(z + jhe),

=0
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Cim = (Z”) =m!/(j{(m—j)!), z € R", ¢; is the ith unit vector, i = 1,...,n,
andm>1—k, mkeNU{0},leR,, I <Z.

It is proved in [4] that for all m, k satisfying m > [ — k the norms defined
by (2.10) are equivalent.

Now, we define the Sobolev—Slobodetskii spaces by introducing the norm

n  ho A M. 1pN 1/p
fulhygeey = bl + 3 ( §an § a0
i=1L N0 R»
where A;(h) = AL(h), | € Z, [l] is the integer part of .
By the Golovkin theorem [4] the norms of B}(R™) and W) (R™) are equiv-
alent.
We also define the spaces Elﬁ (R™) and ’szl) (R™) by introducing the norms

|A™ (@ — y)Dyu(y)|P\ /7
”UHE;J(RTL) = [lull L, &y + ( Rxn deSn dy |z — y|ntpU=F)

and

Az =)o uly)”\ "
HquTzzg(Rn) = flullz, @) + (Hén dngn dy |z — y|npU=1) ’

where A™(z —y) f(y) = 325, AT (WS (), (z—y) -ei = h, Az —y)f(y) =
ANz —y)f(y) and m >1—k, m,k e NU{0}, € R, [ € Z.

By Lemma 7.44 of [1] the norms of EL(R"), BL(R™) (with hg = 00),
Wé(R”) and W}(R™) (with hg = 00) are equivalent.

Now, we recall the following imbedding for the Besov spaces (2.10) (see
[3, Sect. 18]):
(2.11) 9ZBL(R™) C B2(R™) for n/p—n/q+lo|+o <1

Moreover, for

we have the interpolation inequality
107 ull perny < (€' + 06_%5%7%1)”“%;,(1&”) +ce ey P ull L, &)
with r > 1.

In the above notation BL(R™) with I € Z is the Sobolev space.

By C%(Q) (Q C R" is a domain) we denote the space of functions
u € CF(Q) such that Du, 0 < |o| < k, is bounded on @, with the norm

[uller (@) = maxogio|<k SUPzeq [D7u(z)|-
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All the above remarks apply to spaces of functions defined on a bounded
domain {2 C R", and by using a partition of unity we can also define spaces
of traces on the boundary of {2 and formulate the corresponding trace the-
orems.

3. Inequality for the global existence. In order to derive global
estimates we assume the following condition: 2; is diffeomorphic to a ball
and Sy can be described by

lz| =r = R(w,t), weS.
The main result of the paper is the following theorem.
THEOREM 3.1. Let k € W5*/2(QT), 9 € Wott/2e/2r/4gTy o ¢
(3/4,1) and assume that (u,9,n) is the local solution of problem (1.6) de-

termined by Theorem 3.4 of [13]. Moreover, let p* = supg,r 1, p* = infor 7,
0 =suppr ¥, 0* =infor ¥, 0 < p. < p* <00, 0 < 0, < 0* <oco. Then

3.1) ot 2) +e(ull3ar + 106131000 + 1163 1 a.0t)
< e(t, Zy, Zo)||ullg o + 10115 00 + 195 113,00 + 1KIIZ 00 + 1011541 /2,50
+e1Zy + Z1Z3] + ¢(0, 2),

where t < T, T is the time of local existence; ¢(t,2) is defined by (3.86);
c=c(t,Z1,Z3) is a positive continuous function nondecreasing with respect
to its arguments; ¢ < 1 is a positive constant; e1 € (0,1) is a sufficiently
small constant and

Zy = [[ull3 a0 + 10ell3 40,00 + 00l a0

Zy = sup |lullfya o+ sup [[9s]T a0+ sup |nellia o
o<t/ <t 0<t/ <t 0<t/ <t

a+2,a/2+1 a+2,a/24+1
[l (5727270 4 |9, | G272 )2

Z3 + 16l a0t + sup sl3 40,05
o<t/ <t

t
Zy = t|H(-,0) +2/Rells 1 /0,5 + VIR ) = R(,0) 304,50 i
0

Inequality (3.1) is derived in several steps. First, we consider prob-
lem (2.6) to obtain an inequality similar to (3.1) in an interior subdo-
main (2. In order to get this inequality one has to estimate separately the

norms Sg Hﬂ\];aﬁ dt’, Sé HggHngaﬁ dt’, Sé 1775 5 dt’ and the seminorms

sz Hat'”i/Z,(O,t) dg, sz HﬁUVHZ/Q,(O,t) dg.
The resulting inequality (see (3.37)) contains terms similar to (3.1) ex-
cept for the seminorm § s |75+ 2 /2.(0.4) d¢ on the left-hand side.

2
Hl—&-a
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Next, we consider problem (2.7) in order to derive an inequality in

a boundary subdomain 2. Now, to estimate the norms S ||u|]2+a sdl,

Sg ||190||;+aﬁdt’ and the seminorms {5 [|[Uy||a/2,0.¢) d2, §5 ||190t,||a/2,0,t) dz
the boundary conditions (2.7)4—(2.7)5 have to be taken into account. First
we get estimates of the derivatives of u and 50 in the directions tangent to
S and then using these estimates we are able to estimate the derivatives of
u and 190 in the normal direction to S. Finally, by using equation (1.6); we
obtain an estimate of {, |[7q+ Ha/2,(0,t) dg.

It should be underlined that the form of inequality (3.1) is precisely
connected with the method of proof of the global existence theorem for
problem (1.1), presented in [12]. Therefore, in the long process of obtaining
the successive estimates it is essential to control their right-hand sides in
order to obtain forms similar to (3.1).

Since the proof of Theorem 3.1 is very long, its consecutive steps will be
presented in separate lemmas.

First, we will obtain estimates which hold in interior subdomains Q2 (see
Section 2).

Let us consider an interior subdomain 2 and let ¢ € C§°(£2) be the
corresponding function from the partition of unity. We can assume that

2= Baox(&) = {C R ¢ — &| < 27}

and that ((§) = 1 in Bxie, (&) = {€ € R 1 |€ — &| < A+ &0}, for some
—X\ < g9 < A\ while ((€) = 0 for £ € R3\ Bay(&).
Denote by A®(z)f(&) the sth finite difference of f such that

A1 =3 (1) -0+ ko)

k=0

We start with the following lemma.

LEMMA 3.2. Let the assumptions of Theorem 3.1 be satisfied. Then for
the functions u, 1,9, defined by (2.5) the following estimate holds:
1d A2 ~2 A2 ~G 2
62 M ja | a(UEOT nSOR

At 34+2(1+a) 3+2(1+a)
2 dt R Bas(éo) |z 0c|z|

_ Y o
pancy  |A%(2)0q? +c \ dz [A%()allY g, e0)
Oepy (e, Oe) |2[3H20+a) t 2]3+20+a)

p2|V(A%(2)0,) 2
%Sdz S dg 2]3+20+a)
R3  Bax (&)
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<e(lulZ, 5+ Inol2,, 5+ 19612, 5)

t

+11a(1/e,a) [X1X2 + X0 (1 4+ X3) Yl g0 @t + 00 ]3 0 0l 5
0

+s(L/e a)(ullf, 5 + 170112 o + 19612 5 + 1917, 5)

+ Pr6(1/2,a)[KII2 5,
where t < T, and

(3.3) X1 = [ul3iae + 106li1a.e + 190]340.0
(3.4) Xo = [ulisae + 106li1ae + 1907100

Proof. Similarly to [5] we apply A2(z) to (2.6)1—(2.6)3 and multiply the
resulting equations by A?(z)u;, Z—iAQ( 2)1, and WAQ(ZM%, respec-
tively. Then integrating each of the equations over By (&) and with respect
to z over R® with the weight 1/]z>T2(®*1) and using (1.5), (1.6); and the
Korn inequality we obtain

1d A2 712 A2 ~U 2
1a S d S de n|A*(2)ul p1]|A%(2)1|
2 dt z[3+20+a) T o 23201t

R3 Bax(&0)

panc, | A2(2)0,)2
Oepo(0c, bc) |2[3+20+)

(3.5)

1A ()Y g, 0 pa| A%(2) VI, |?
“ S dz 2]3+20+a) + S dz S dg |2]3+20+a)
R3 R3  Bax (&)
P2 A2(2) ks A%(2) 0,
S Il + dz df )
L R
where ¢; > 0 is a constant and
| A% ()7 |
I e A D A R 3 == -
R3  Bax(éo)

+ (e a)(lallf, , 5+ Inol2 o+ 196112 5)
t

+92(1/2,0) | § [0l @ (2, 5+ Ino 2,
0

+ 19513

1012, 5+ 1712, SlE2,. 5 MH 12,0 5)

+lull3saellTlly, 5+ 10lTaelll? 5
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+ (o134 o5+ 18113, 0 5 + 19612, ) U0 13 a2 + 196117 10,0)

+ (Wotl} a0 + 1o l31a) 19612, 5 + 100 i1anlFl2 5

where a = tl/z(gg ull34a.0 dt')'/2, and +; (i = 1,2) and all functions v
occurring below are positive continuous nondecreasing functions of their
arguments.

Next, we obtain

P2 A2(2) ks A%(2)0,
37 Vde | a (T
R3  Bax(éo) 12l
A(2) k3 A(2)pa A2(2)0,
= — dz d¢
325(0) Bsz(Eo) ’Z’3+2(1+0‘)
P2 A(2)ks A3(2)0,
_ S dz S d§ Py

B2x(0)  Bax(%o)

| A3 (2)0, |2 |A(2)k3|*
<e | dz | de e tee) | dz | dg P
B2 (0) Bax (&0) B2 (0) Bax(€0)

A=), P |A(2)0, |7 717
+C|: S dz S dé- |Z|3+%(1+0‘)+ S dz S df ’2’3_’_%(1_’_&)
B2x(0)  Bax(&o) B2 (0) Bax(&0)

k3’p2 1/P2
S dz S dg ’Z’3+”2(1+a)>
B2 (0)  Baa(&o)

S ’A2 19 ‘p3 1/ps3

S dz |3+p3(1+a)

<5||19 ”2+ Q+12+I3
B2 (0) Bzx(ﬁo)
with

1
38) |j<ec | dz | dfm (1AR)EP[uE]? + | A(z)u - Vul]?
B2x(0) Bax(§0)

+ |A(2)(0epo (e, 0e) — Ipo(n,9)) Vo - ul|?
+]AR)(V-u—-V,- ﬂ)\2
+ |A()(V2C, + 2V, ( - V0 )|2

+|A() (V2 — V20, 212
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and

(39) Il < ellball?,, 5+ @Mkl 5UIna 2, 5+ 1912, 3
where 1/p; +1/p2 +1/p3 = 1 and we have used the imbeddings By " (£2) C
ByYT(0), Be(2) € BLTY?(02), B (2) € BL(£2) valid for 3/2 —
3/m+1+a/2<1+4a,3/2-3/pa+1+a/2<a,3/2-3/ps+1+a<2+a,
which all hold for suitable p; if o > 1/2.

Now, we estimate the terms on the right-hand side of (3.8). We have

| A2)ue]?fug|”

1
310) I3<e | dz | g P

B2 (0) B2 (o)

2) § ue dt’ 213 (b)u2|?

|
te | dz | dg P

B2x(0)  Ba2a(&o)

| we dt' 12| A(2)1ps (b)ud|?
|Z|3+2a

te | dz | dg
B2 (0) B2x(&o0)

t
2) §o ug dt'|? s (b)ug|®

‘Z‘B—&-Qa

te | odz | dg‘
B2 (0) Bz (é0)
|A(2)uel?

Sclugll o Vde | de=F e

R Bax($o)

2p \ 1/(2p)q2
Fen@lueo| (] @ | aellT) T

B2x(0)  Bax(&o)
|A(2) SBUE dt’|21" 1/(2p")72
x [(Sdz | de |2 [3+2pa+p’

R3 Bax(&0)

t 9 A 2
+cw5(a)HU§(€,t’)dt’ Qanlio,QSdZ | df%’

m7 -
0 R3  Baa(éo)

where 0 > 0 is sufficiently small and 1/p+1/p' =1, b = Sé ue dt’ and we
have used the fact that &, = I + by3(b), I is the unit matrix and 15(0) # 0,
13 is a positive continuous increasing function.

Using the imbeddings BS(£2) C Loy(£2) and ByT*(2) C BS‘;‘SM(Q)
which hold simultaneously for a > 1/2 and some 4, p, p’ such that 1/p +
1/p' =1,3/2-3/(2p) < aand 3/2—3/(2p")+a+6/2 < 1+« (see imbedding
(2.11)) we get
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t

(311) I < cllull3ra,elluliiae + Ys(@)ul3ia.eluliiae | luliiaed
0

In the same way we obtain

(3.12) B+ 13 < c(|ull o + 1901 a.0)
t

+4r(a) V[ull3sa,0 @t (uli a0 + 19654 0.0)-
0

Next, we estimate

. ~
| A(2) §y ue dt' |13 (0) Vore |
|2[3+20

(313) II<ec | dz | dg
B2 (0) Bz (o)

|5 e d' 12| A2) 3 (D)2 [Doee|?

+e | dz e 2]3+2a

B2x(0) Bax(€0)

|6 e dt' 2|13 (D) A pge |2

_ 7l 2 3
‘Z‘3+2a _I4 +I4+I47

+e | odz | g
B2x(0)  Bax(&o)

where

1 B
Ag%(a)[( | de | e ,2,3_51,) }
B2 (0) B2 (o)

X [( S dz S e |A(2) Sto ug dt’Pp'>1/(2p’)r?

|Z|3+2p’a+6p’
R3  Bax(&o)

0 > 0 is sufficiently small and 1/p + 1/p’ = 1. Hence, we get
t

(3.15) I < o(@)10ll3, 5§ 10l 100 dt'
0

I? is estimated in the same way, and

(3.16) I < ¢1o(a)‘ §us dt’ 1 = | de %

0 ""R3  Bax(éo)

t

< ¢11(a)8 ull3 0,0 dt’ H‘%H;Jm,ﬁ'

0

Hence
t

(3.17) 18 < 12(@) [l 0t 132,

0
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Finally,
(3.18) I3 < vus(a)(10o2 5 + lInall? 5 +1)
¢

o2, o 5+ 190112, )l o 5§ ll3y o
0

From estimates (3.5)—(3.18) we obtain (3.2). m

rraa Tl 5 but

we see that on the left-hand side of inequahty (3.2) only the seminorms

142(2)alf g, (&) P2l V(A%(2),) 2
S dz 20T and S dz X d€ 22
RS

Our aim is to estimate the sum HﬂH;+ _+ 1942

R3  Bax(Co)

occur. Therefore we have to complete (3.2) by deriving an estimate for
1712, 5+ 12 5+ IVT,12
Thus, we obtaln

LEMMA 3.3. Let the assumptions of Theorem 3.1 be satisfied. Then

(3.19) li S (nﬂ2 + ]ﬂrfﬁ + M@g) d¢

2dt 3 Oe eepﬁ(Qw 06)
1d nA%(z)al* | pilA%(2)7 |7
txa )0 ) o (fnt + b

R3  Bax(éo)

pane, (n,9) |A%(2)0, 2
erﬁ(ge) e) ’Z’3+2(1+a)

a2, g+ 15l o 5+ 12, )
< el@nl? 5+ e, , 5+ Inal2,, 5+ 1912, 5)

+llklI2 5+ @) (lully o + 1715 5 + 196115 5)

t
X [Xo(1+ Xo) + (1+ X2) [0l s0,00 0] + €l 13- 0|2, 5
0

where cg > 0 s a constant.
Proof. Multiply equations (2.6); by u; (i = 1,2, 3) and equations (2.6)o—
(2.6)3 by Z—iﬁg and mﬁg, respectively. Then integrating the resulting

equations over !NZ, using the boundary condition u[,z5 = 0, the equation of
continuity, the Korn inequality and relation (1.5), and next adding these
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inequalities we get

1d D p2ncy(n,9) =
3.20) s | (n@?+ R+ L 92 ) d
( ) 2dt (SNZ (77 Qe K Hepﬁ(gea 06) €

+ C3(||ﬂ||f§ + ||V190||§,§)

(@12 5 + o 12 5 + 196112 5 + 11912 5)

t
+r(1/e, a){(HﬁH%,g +lnall? 5 + 11915 5) § lull3, dt’
0

&

+ (196113 5 + DI 2 § lull3 40,0 4’
0

T lel? STl g+ 18all2 5 + lul2 51+ 17l12 5 + 17512 )]
2 2 9112 2
+H&wL§wmgﬁ+wwauﬁ+H&wmﬁ>

1l T2 g+ ul? g+ 19012 5 + 1712 5}

where c3 > 0 is a constant.
Now, using the equivalence of norms for fractional spaces (see [4]) and
estimates (3.2) and (3.20) we obtain

1 v\,
(3.21) —is <n62 LB paney(m9) ﬁi) de
2dt 5 Qe epﬁ(gev )
1d n|A%(z)al* | pilA*(2)7
+ 2 dt S dz S d€<’z’3+2(1+a) 0|z|3+2(1+a)

R3  Bax(éo)

ancU m, ) ’AQ )50-’2
Oopo (00, 00) |2[7+2(Fa) +C4(||u||2+a9+|\vz9 12, 05)

< elllull2, 5+ ol o+ 19112, o ) +cllFI? 5

ellull2, o 5+ 1 l2 5 + a2 5 + 19412, o 5+ Inoll2 5
t
+ X1 | Xa(1+ Xo) + (14 X3) § ull3 002
0
+ clinollf o elluel? g

where X; and X, are given by (3.3) and (3.4) respectively, and ¢4 > 0 is a
constant.
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To examine the third term on the r.h.s. of (3.21) we apply the interpo-
lation inequality
(3.22) [l 5+ 171 5+ 1517 5 + 1012, . 5

<ellluly, o5+ 10007, 05 + 1917, 5)
+e@)lully 5+ 176ll} 5 + 1915 o).
From (2.6); we have

(323) 1713, 6 <elluly,, o+l 5+ 1917, 5)

14,02 — 24,82 14+a,02 1+a,f~l
+ C(||ﬂ||;+a7§+||ﬂt||i7§+||U||§’§+||770”§7§+H190”§7§)

t
+ CS ”uH%JraQ dt' (X, + X3) + cX3.
0

Inequalities (3.21)—(3.23) imply (3.19). =

Let us notice that all the terms on the right-hand side of (3.19) different
from |||, 5 contain only spatial derivatives of u, 75, Vs, u, 17, and 9.
In what follows we will integrate (3.19) with respect to time over (0,t).
Therefore, we have to consider Sé || Hi 5 dt". To do this we use the following

interpolation inequality (see [8]):

t t
(3.24) Vlawl? 5 dt < eVlal3, , 5di+ce) § a3 0.0 4.
0 0 o

where ¢(¢) does not depend on ¢.

We see that in order to obtain an inequality of the form (3.1) for an
interior subdomain {2 we should estimate the second term on the right-hand
side of (3.24). To do this we consider the time differences

k
AFR)F(Et) =D el (-1 f(g,t+jh), k> a.

§=0
The estimate for {5 ||ay ||? /2,(0,1) 4€ is established in the following lemma.

LEMMA 3.4. Let the assumptions of Theorem 3.1 be satisfied. Then

(325) s | flur 12,0, d€

(%
ho

"‘S dh

hlJra

{ (% IS(Ap)|? + % |div At,aP) de
a

t'=t—hg
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< e([lull3sa.or + 0ol 1000 + 16l a.00) + AN6ll3, 5
+ (e, )l[ullg e + 196115 0 + 106115 o0 + KI5 o

+lul3sa,0r sup [lullia,o
0<t/ <t

+ HUHQ_FQ 0t H’UJHQ_HI 0t + Hﬁ H2+a 0t + Hno'Hl—i—a Qt)(l + HuHH_a _Qt

s lull? o U912 o0 + 00l 50)

+ 1943 194113

2+a, .Qt( 14o, 0t + "770”1+a Qt)]

where t < T, ¢5 > 0 is a constant, and c(e,t) is a positive conlinuous
function increasing with respect to t.

Proof. Applying A¢(h) to (2.6); we obtain
(3.26) Aty — VT (A, Aty ) = nAitis — Ar(mitie) + Arkai.

In the same way as in [5] from (3.26) we get

ho dh t—ho
CRUM hlta Vo) dt' \ n|Avt|* dé
0 0 o
v dh H v—pu
~\|2 — . 12
+ S plta S<Z IS(Avu)|* + — |div Ayl )df s
0 P Cny
hO dh, 2t0 L
=) e @' (% S(AD? + 5+ !diVAt/ﬂ]2>d§
0 to P
ho dh t—ho
= S h1+a S w(tl) dt/ S [nAt’ﬁt’ - At’(nat’)] . At/ﬂtl df
0 0 o
ho dh t—hg
+ S plta S P(t') dt’ S Apky - Apuy d§
0 0 o
ho t—ho
dh / / ~ ~
B S ita X Y(t') dt SV(At/pg) A dE = I + Ig + I,
0 0 P

where S(v) = {vig; + vje, }ij=1,2,3, 0 < ho < t; (t') is a smooth function
vanishing for ¢’ < tg and equal to 1 for ¢’ > 2t,.
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First, we estimate I5. Using the continuity equation (1.6)2 we have
ho g t=ho
(3.28)  |Is] < | AR Voat’ { 1A (o) | |Aviiy | de
0 0 O
ho t—ho | St’+h

§5||ﬂ||§+aﬁt+c(s)8dh | dr | de =t
0 0 o

ug d7|?|uy|?

h1+a

t t

<elallz,, g + @t Vluel 5 dt’ {favl3 5 dt’
0 0

< elfdll?, , g+ @ ull, 5
Next, we get
ho

(329)  |ls| <ellls,, 5 + (o) \

dh "
e ) AV de([Avul® + Ao

0 0 o
+ |At/”(90‘2 + |AtU£‘2)
ho dh t—ho t'+h 9
+ee) § o §dt fag| | uear| (lul + Inal? + 19,2
0 0 & t
+ |uel? + [teel? + [Toe|® + [De]?)
ho t—ho t’
dh )
+e@) | 7 |t Sdf“u5d7'
0 0 o 0
(| Avtige|* + | ArTioe* + [Adoe|?)
ho t—hg t'+h t
dh 2
+e0) | 717 | dt’Sdf’ { u5d7" H’U{ng
0 0 o # 0
(el + |76 * + [95]%)
ho dh t—ho t'+h
+c@)) 777 | dt’Sd{‘ | ueedr
0 0 o t

‘ 2

‘ 2

2 ~

(el + 1,2 + 19, 1)

ho t—ho t’

dh

+e0) | 775 | dt’Sdﬁ’ [ uee dr
0 0 P 0

(| AT + | Ao | + | Ao )

6
= el o + Y 1o
i=1

‘ 2
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Let us estimate the terms on the r.h.s. of (3.29). We obtain

’

ho gp tmho +h ,  t'+h )
(3.30) I} <c S S ) oat e (‘ | quT’ + ’ { ﬁgTdT‘ )
0 o % ¢
< Ctl “(uelly g0 + 190015 50)-
From (1.6); and (1.6)3 we get respectively
(331)  Nuellso < et ([ull3 o + 11013 a0 + 196113 10 2)
+ et *(Julld o + 0113 2 + 192113 2)
+cllull3 a0 lullf a0
and
(3.32) o130 < 5 (o + 19012 10.0)
T e (lul g + 194 2.0)
T oIkl ¢ + oo 0l ).
Using (3.31)(3.32) in (3.30) and assuming e; = (¢/(ct'=))"/(1=%) yields
12 < el + 10032+ 10 20
eI A (12 o+ (10 12, + 196112, + I3
ol sup [0l 0n),
0<t/<t

where € € (0, 1) is sufficiently small.
Next, we have

t t t t
Ig <t~ | [ul? 5 dt’ (S Jul} 5 dt’ + {170 25 dt +§ [0 & dt’
0 0
t t t t
+ Vluels 5 dt’ + \ldeel; 5 dt' + el 5 dt "+ {19 otly 5 )
0 0 0 0

< ct' " ull3, g lulll 50 + el 5 + 19613 50)-
I3 is estimated in the following way:

dh
h1+a

t ho
I < ct\|ugl? 5at’ |
0 0

S dt, (’Atﬁ§£’§7§ + ’Atﬁaﬁgﬁ =+ ’Atﬁaf‘;ﬁ)

< ctllully, o g @310 + 1707, 0 g0 + 106l310.00).
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Next, we get
t t
4 2— 2 2
Ig < ot V|ugl?, 5 dt’ {Jugel; 5 dt
0 0
t t

t
(el g ar +S|ﬁa ioﬁdt’+§|z90|§oﬁdt')
0

< e ul,, 5 (7 ||2+a oo T2 e+ 10412, 50)-

Estimating I§ in the same way we obtain

I < et ull3, o g (5o e + 10740 e+ 10013, 0 50)-

Finally, we have

~~

ho

dh
6 2 ! -
6 <c S u5€‘47§ dt S hl+o
0 0
—ho ~
g dt' (| Adtiel] 5+ 1A |3 5 + 1A} 5)
0
"o dn
< CtHUH2+a Qt S W
t—ho ~
S dt [81(‘Atagg‘;§ + ‘Atﬁa£‘§7§ + ‘Atﬁgdiﬁ)
0
+e(en) (184012 5 + Ao |2 5 + | Ado 2 )]
§ Ct|‘u||§+a7§t(|| ||2+O¢ Qt + ||770'||1+a _Qt + ||190-||;+047§t)

Summarizing the above considerations we get
(3:33) 6| <e(ull3a.o + 10ol3 a0 + 170l 1a.00)
+ (e, )[llullf or + 196115, 00 + 1m0 113 00 + KNG o

+lul3 0,00 S, ull¥ a0+ lully,, g lul, , o

H10al5, 0 e + 100l o o)+ T}, 50,

where c(e,t) is a positive continuous function increasing with respect to ¢.
In the same way we estimate I7 and we get

(3.34) 117 < e(llull3sa,06 + 190l134a,00) + dlIFo 2, o
+ (e, )l[ullf e + 196115, 0 + IK]1E o
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s lull o U912 50+ In0ll; )
2
s ullf o llull}, . o

-l o g (eally o e + 196115 50 + 176115 )

10612, e (1Fa12, 5+ 1712, ),

where d is given in (2.4).
Thus, taking into account (3.27), (3.28), (3.33) and (3.34) we get (3.25).
This completes the proof. m

REMARK 3.5. In [5], where the motion of a compressible barotropic vis-
cous fluid in a fixed domain was considered, an estimate analogous to (3.25)
was obtained. However, in contrast to the estimate obtained in [5] inequal-
ity (3.25) is derived with a function c(e, t) on the right-hand side increasing
with respect to t. This is essential to the proof of the global existence of
solutions to problem (1.1) (see [12]) and insignificant for the proof of the
global existence for the problem considered in [5].

We also have to estimate {5 | 90e HZ/Z(OJ) d¢. :fo do this we apply Ay (h)

to (2.6)3 and then multiply the equation by Ay 9,4 . The result of the cal-
culations similar to those of Lemma 3.4 is the lemma below.

LEMMA 3.6. Let the assumptions of Theorem 3.1 be satisfied. Then

ho
» dh
(3.35) ||190t’||a/2 0,0) d§+ T IV (Apdo)|? de
) hr

Q Q

< e([9oll3 10,00 + IIUIlz+a 20+ el a,00)

+ d|[do 3

t'=t—hg

rian TeE DUl o + 10515 o0

+ H%Ho,m + |1k[|Z ot T WHaH/z st

2
0 (0 e+ 00 Wl 500 ol
+ sl o+l g g s Q+Ha9 12,05

3 o e 19013 sa) + !\U\Igm,mHUIlﬂa,m

IRIIZ g0 + 1195113

a, 2t 2+a, Qt”ﬁ ||2+a7(~2t]’

+ su
S 1%, 0.5

where cg > 0 is a constant and c(e,t) is a positive continuous function
increasing with respect to t.
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Now let us introduce the quantity

5y _ 724 P12 w )
(3.36) $1(t, 2)= i (”“ o 0pa0,0) V)

n|A%(2)a?  pi|A%(2)7,)?
+ S dz S dg <|z|3+2(1+a) 0c|2[3T2(0+)

R3  Bax(éo)

pancy(n, V) |A2(Z)50|2
Ocpy(0e,0e) |2[3T2(+)

We see that
a2, 5+ 1712, 5+ 1502, 5)
< 6u(t, D) <elll2,, 5+ 2, 5+ 1512, . o).

and ¢y, ¢z depend on the bound from the estimate for the local solution.
Integrating (3.19) with respect to time and using (3.24) (for u and ¥, ),
(3.25) and (3.35) we finally obtain

LEMMA 3.7. Let the assumptions of Theorem 3.1 be satisfied. Then, for
t<T,

(3:37)  61(6, D) + 7 (2, , o0 + 106112, g + SH%HHO,th)

< e([full; + 1195

2+a,2t 2+a,2t + H77:7H1+a Qf

+ (e, ){Ilully 50 + 19515 50 + 0I5 50

+(1+ sup 1717 402 IEIZ 50 + 19113 /20,5

+ X3[Xa(1+ X0) + (14 X2)X3]} + 61(0, 2),

where

(3.38)  Xs = [ulldyacr + 1ol o + 00l 0

(3.39) Xy =sup|lullfa.o+sup sl iae +suplUs]7 a0
<t t'<t <t

T is the time of local existence, c(e,t) is a positive continuous function
increasing with respect to t, and c7 > 0 is a constant.

Now, we shall derive an estimate analogous to (3.37) which holds in a
boundary subdomain f)({o) First, we get an estimate similar to (3.2) for
differences of u, U, and 7, and their derivatives in directions tangent to

(fo) Then we complete the resulting inequality by estimates which hold

for differences in the normal direction to S(&).
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By A%(7)f(z) we denote the sth finite difference of f in the tangent
direction such that

AS(T)f(Z) = Z <Z> (_1)S_kf(2’/ 1k, 23)’

k=0
where 2’ = (21, 22), 7 = (11, T2).
Similarly A*(n)f(z) = Yi_o (7)(=1)*7%f(2', 23 + kn) is the sth finite
difference of f in the normal direction.

LEMMA 3.8. Let the assumptions of Theorem 3.1 be satisfied. Then for
functions u, N5, ¥, defined by (2.5) the following estimate holds:

t t

(3.40)  ¢o(t, ) + s\ @1 (1, Q) dt’ < c\Vdt' + ¢2(0,2) fort<T,
0 0

where

(3.41)  ¢o(t, 2)

(| a(IEOT | p SO paien.0) 8051
= ’T|2+2(1+o¢) Oc |7—|2+2(1+a) er{?\(ge’ge) ’7—|2+2(1+o¢)

R2 Q2(¢0)
7 v Aa;’\ Y
b § (e R 20D g,
f\z(é_g) e e 19 €y e
2 A2 A~02
0] R R e\ 2

o [72+2a + S dn

Ry 2(¢0)

~ ‘A2(7_>a2‘2 b1 ’A2(T)ﬁaz‘2

+ S dr S dz (7 H2a T 2120
A 7| o |7

R £2(%o)

+o S dr S dzg <4\/é AZ(T)((H‘(T.iPJEaJF 2/B)e)
R2 - S(&)

1 Aux%A%ﬂaﬁhm)Z
e |7|1+2+e

AA2(TY((H(-,0) + 2/R.)C
+JS dr S dz§< (7)(( ’£’1+)a+ /Re)C)

S | A3(n) V37, |?
R ’n’1+2a
R? 2(&o)

R? S(&0)

132 5y §o A7)t o di T 2
4 |1t
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2 t ~ 1)2
o > 5=1 (o A(T)s, 2 dt' - )
+ 1 82 dr AS dzg BB

R S(€o)

S22 (5 A% (), dt - 7)?

|7|2+2(1+e) ’

o
+ 1 S dr S dzg
B2 S()
D1 and Y are given by (3.63) and (3.64) respectively, and cg > 0 is a con-
stant.

Proof. We apply A3(7) to (2.7)1 (2 7)3 and multiply the resulting equa-
tions by A3(T)a7;, Z—lAB( )T]g- and W
tegrating each of the equations over Q({o) and with respect to 7 over R?
with the weight 1/|7]2+2(1%%) and using (1.5), the Korn inequality and the
equation of continuity in §2, i.e. iy + 'V - u = 0, we get

1d A ul* | py |4%(0)7. |
(342) 5— | dr AS dz (m s |7 [2F2(re)
R? 2(&o)

~ 3
paiicy \A3(T)z90|2> 1A%(n)al 5,
C T
96p19(g€79€) m2+2(1+a) 9Rz ’7_‘2+2(1+o¢)

S dr S " 2| AP (1) V|2

A3(7)Y,, respectively. Then in-

R 7|22 +e)
B2 Qo)
T(A%(1)a, A% (1)po )1’ - A%(7)u

— S dTAS dZ§ |T|2+2(1+a)

R? S(&o)

' V(A3 (n)d,) - A7),

_ S dTAS ng el

Rz 5(0)

< el o+ l2, o 5+ 15612, )
t

+18(1/¢,a) [Xle + X1 (1+X3) S w134 0,0 dt’
0

oo N A
+ pio(1/e,a) (12, 5 + 7o 2

T2 5+ 1912, 5) + Y01/, )IFIE 5,

where X; and X, are given by (3.3) and (3.4) respectively.
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Using the boundary condition (2.7)4, definition (2.4) and imbedding
(2.11) we obtain

T(A3(7)w, A3(1)po )0 - A3(T)u

(3.43) SdT S dzg

R |7|2+2(1+a)
R2 S(&o)
5 ot o ot i -
_ T g | Jo A°(r) g dir -y AXr)
= 2 dt . S |7|2+2(1+a)
Rz S(¢)
M3 (1)((A5(0)E -7 + (2/R)R)O)A - AP(r)a
O'S dr S dzg PR + I3
R? 5(¢0)
=J1+ Jo + Is,

where
(3.44) I < U (@1 Flls0008) [+ DIT2, 5

+ 8(H%H1+a o+ 1913, 5)

+aH el H(0) + 2/ Rl o0

5/2+a S
t

t
_dt + S a2, 5 dt

[

24a, 0

t
Sﬂdt’
0

2
~12
P

e1 and ¢ are sufficiently small positive constants, and d is given in (2.4).
Now, we estimate the second term on the right-hand side of (3.43):

A3(r)((H(-,0) + 2/R)C) - A3(r)a
‘7—’2-{-2(1-{-(1)

2+o¢QS
0

(345) Ja=o{dr | dzg
B2 86

A1) Ag(0)C - (7 — 7o) - A3(7)u
’7-‘2+2(1+04)

20
+R—S2d7 S dzg = Jy + J3,
B2 5()

where 7 (2") = n(210) and

<3%>r@r<aHzMW{ e, , o+ @l 5).

5/24a,
Next, we obtain
(3.47)

20(7)(H(-,0) + 2/R)T) - A7) (§, A4%(r)idt’ - )
7|22+ (0 +)

d
0
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o d ~ A%(1 Ho,O—f—QReA
:—gd—SdT S dZ§<4\/; (m)(( ,(T|1+)a /Re)C)
k2 S(&0)
1 A(T)(53A3(¢)adt'-a))2
4Ve ||t 2t

o d (A(T)(§, A3(r)adt’ - m))>
+ ﬁ E S dTAS ng ’T|2+2(2+O‘) )
R? S(&o)

where ¢ > 0 is a constant such that (see [3], [4])

SOA3 yudt' - n))?
(3.48) S dr S dz§ |7[2F2@re)

~ 2 (5 A¥(r)adt! - 7))
<c S dr S dzg R .

B 5()
By (3.43), (3.45), (3.47) we get

T(A?(7)u, A3 (7)po)n' - A3(r)u
(349) = §dr | dzg Hatm ’7—|2-(|—22?+o)¢) o

R? S(¢0)

is i | d 920 50 A3 ()., dt' 7§y AP (7Y, dt -7
T ~ %3 ‘T|2+2(1+a)
R?  5(%)

o (aEAADH(,0) +2/RO)

1 AT 23 (n)adt - n)\

o d So A3(T)udt -n)? 9
o %E S dTAS dZS ’T‘2+2(2+O‘) +IS +J2,
R 5(¢)

where estimates for Is and J3 are given by (3.44) and (3.46), respectively.
Next, using the boundary condition (2.7)5 we have

V(A3 (1), ) - A3(7)0,

R? S(go)

< Gaa(a, | Fllyy 0 9) | (6 + DIIT, HM P

1012 5 + 19512, QHS

24a, (AZ:|
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Taking into account (3.42), (3.44), (3.46), (3.49), (3.50) and the consid-

erations for interior subdomains we get

d ~ ~
(351) E(]ﬁg(t, Q) + Cloég(t, Q) < CX,
where
51 nA(r)al® | pr |A%(7)7,)?
(3.52) 5t 2) =5 | ar | dz<|7_|2+2(1+a) - o [EEta)

Rz Q)

pafje, (7, 9) |A3(r )50|2) % S ( Pl . paficy (), 9) 5§>dz

+ =02+

0€p Qe’ e 7[2+2(+0a) ~ Qe eepA Q67ee
ee00) 7] . e 00)
T g (g S WA MFE AR AT G dt R
+§S TAS Zs [ [22(1+a)
R2 S(€o)
o = A2(7)((H(-,0) + 2/Re)C)
+§ S2d7'AS dz§<4\/g B
R S(&o)
1 A()(], A3(r)adt 7))\
INGENEEE
A tAS ,~dt/'/\ 2
—S dr S dz§( (T)GO (")u ”))’
32 2 |7-|2+2(2+a)
R S(¢o)
1A% ()al? 4
(3.53) Bt Q)—c(||u|| o+ 10oall} o+ § dr |T‘2+2(1+7a)<50)
R2
2|V (A3 (1)0,) 2
+ {dr | dz PRSI ETY )
R2 2(¢o)

(3.54) X = os(@, | Flly o ) T, o + 19612, )

(|\U||2+a ot 19, ||2+a o)+ 5||77"”1+a ot ElH [S) 5/24a,8

t

2
+ A+ |19, udt
19o1Z .0l T,

el HC0) 2R g0 s

t

+ X1 Xz + Xi (14 X3) | [[a]3 40,0 dt" + ||770||%+a,9||ﬁt||i’§}’
0
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EENTENTD] ~ 12 Q112 N
(3.55) A= all] 5+ 015 o+ 19s1l5 5 + 1512 5 + ||19Ha+1/2 &

and X; and X5 are given by (3.3) and (3.4), respectively.
Now, repeating the argument from Lemma 4.4 of [15] we obtain the
estimate

(3.56) ( |4 (. |® JJQW)

EEEPS CRE

&|&

1

3 € SdT S dz

Rz 2(&o)
g2 SAQ()’U,ZZ dt’ - AS A7)y, dt -7

S dr S dzs Z |7-|2+2a0 -

"o S(¢o)

+
Nl Q
&.|g‘

_l’_

<4A2(T><H<-, 0) +2/R.)C

SdT S dzg [T

R2 S(en)

323 o S0 A ()i, = dt' - A>2

’T‘1+oz

o] 9
SIS

_l’_

=] =

32 51 (5 A%()iie, -, dt')?
SdT S dz§ ’T‘2+2a
RZ S(¢o0)
1A%(r)al)2 5 1A2(T) 712 5

T3 ’T‘2+20¢’ T+ | |7 [2+2a = dr
R2

<<(]3

HH(0) +2/Rell3 11 /2,5 + IR 1) = R('70)|\§/2+a,sl)
t

+ e(l@l2 g + 7 12,6 + 19112 + eXa (X0 + § [l 0t
0

&|Q‘

g
32

+ |[all;
5/2+a s

2+« 9]

Next,

S ellBR(t) = R(50)l5 /240,51

¢ 2
(3.57) HS adt’
o 5/2+a, S

Now, we consider the problem
52 Ay = 11cy (7, 0) 0t + 0ep5(0e,0)V - U — Tk — ke = K3 in 2,

(3.58) N ~ R
/ﬁ'Vﬁg:T9+kgEK4 on S.
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From Agmon—Douglis—Nirenberg theory (see [2]) we get

1A 12 AV -ally 5
(3.59) [r[2+2a =dr<c | [r[2+20 ’
R? R2
A2, IARK2, 5
T |7 [2+2a T 7 [2+20
R2 R2

o X + Hﬁgtuiﬁ) =cX.

Next, applying As(n) to (3.58); we obtain the estimate

|As(n ) 0Z3% ’ |As(n)? UZZ| e
(3.60) {dn | dz T;?’<cxdn | dz HTJrCX,

Ri 2(¢) Ri 2()

where the first term on the right-hand side of (3.60) is estimated using the
following interpolation inequality:

(3.61) S dn S dz —|A3( n) GZZ’ <c S dr S 7|A(T)5”zl’2 dz

R ’ ‘1+2 ~ ‘T’2+20‘
Ry (o) R? 2(&o0)
A 50’222
efar § S0l
Rz Q) 7

Repeating the considerations from [5] (see the proof of Lemma 3.2) and
taking into account (3.51), (3.56), (3.57), (3.59)—(3.61) we get

d R R
(3.62) Z04(t,2) T endi(t,2) < o,

where

~ ~ n+v A2 T % ﬁo’ 2
¢4(t79):¢3(t79)+TS dr S dz‘ |(7_|l+23a |

R2 Q)

+M+V8dn S dz | A3( )§3ﬁ012

o R n 1+2«x
¢ Ry 2(&o) ’ ‘
1 2% () | py |47
T3 S dr S dz( 7|2 +2a +— 7220
B2 0(g) o
o g2 S A (T)Uzye, d So AX(T)Usyzy dt’ -1
+ 5 S dr S dzg ’T|2+2a

R2 50
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o ANA2(T)(H(-,0) + 2/R2)C
+§ SQdTAS dz§< e
R S (o)
1500 501 o A%(7)iis, o, d -
4 |71t

t ~

—_ i S d,]_ S dZ/\ 23’6:1(80 AQ(T)UZ»YZ(; dt/)Q

32 7 ~ S FEEn 7
R?  S(&)

~ ~ AQ < /\G 2
(363) @1(t0) = Do(t, D)+ | dr | az 2TVl

R 7|2 +2e
R? 2(&o)
A2(7)V 272 A2(n)t,. |2
+ S dr S dz —| (TZY23:3| + S dn S dz —| 3(111)+u2a |
R? 2(&o) ’T| R+ 2(&0) ’n‘
| A3 (n) V3, |2 | A3 (n)Uzy 24|
+dn | de =t Ydn | de =
Rt 2(&o) ‘n‘ Ry 2(&o) ‘n‘
20 \=~2
|43 (n) | 1A%(r)ull; 5
+ {dn | dz miET +ou e T
Ry Q) k2
1A% (7)o 15 & e 1A 113 4
Sl LT I 7Te
3 |7[2+2 2 7|22
’A3(n)5ﬁz z ’2 |A3(n)7§02z/’2
—I—Sdn S dz—1+2;3 —}—Sdn S dz—1+2a ,
Ry 2(¢o) |n| R+ 2(&0) ’n’

(3.64) Y =124(a, | Flls g0 e X + Xallul3ya o0 + 152 5+ 9ol 5

+ €(||H(> O) + 2/Re||§+1/2,s + HR(7 t) - R('> O)H§/2+a,sl)}7
and ¢3, P2, Xo, X are given by (3.52), (3.53), (3.4), (3.54), respectively.
Now, using (2.9) and assuming that the ¢ from the local existence the-
orem (see Theorem 3.4 of [13]) such that TV/2||ul|y, . or < 6 is sufficiently
small we get

t t
(3.65) g2’V AX (7)., dt - 2\ AP (7)., d T
0 0
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Moreover,

; o ; ou
3.66) ¢\ A3(r)=—dat' -n\A%(r)—at' -7
@ d
0

) 2y 0zs
2 2
;(g %dt ) |

Therefore integrating (3.62) with respect to time and using (3.65), (3.66),
(3,48) we obtain inequality (3.40) for ¢t < T.
This completes the proof of the lemma. =

v-lklw

Now, similarly to the case of interior subdomains we will estimate the
integrals Sg ||17t/||2 ~ dt’ and St ||190t/||2 dt’. First, we use inequality (3.24).

Then to estimate SQ [ 112 /2, 0.0y 42 and {5 Hﬂgt/Ha/z (0.) 4% we apply the
method used to obtain (3.25) and (3.35). However, in this case we have to
consider some additional terms which appear in connection with the bound-
ary conditions (2.7)4 and (2.7)s.

LEMMA 3.9. Let the assumptions of Theorem 3.1 be satisfied. Then
(3.67)  ci2 S Hat/Hi/z,(o,t) dz

* dh 7 vV— U
~\ 12 - . ~12
v ] s § (4 sacmp + S v avap) e
0 0 = 0

< e([ull3ra.r + 1913 a0 + 11017 4a.00) + (e AT, , 5
+ullf or + 19615 o0 + 1] o + (1 + X5)X5(X5 + X)),

where t < T, c15 > 0 is a constant, c(e,t) is a positive continuous function
nondecreasing with respect to t, and X3 and X4 are given by (3.38) and
(3.39), respectively.

Proof. The calculations of Lemma 3.4 and the boundary condition (2.7)4
yield

ho dh t—ho
(3.68) | oy | w@)ar [ilAvi
0 0 O
oan vy
~\ 2 - . ~12
+ S h1+a S\ (Z ]S(At/u)| + T |d1V At/’U,| > dz o
0 0 t'=t—hg
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where

(3.69) I <e(ull3ya,or+ 19003 a0 + Ineliia.00)
+d|| 9,13 + e, t)] + 119113,

24+, ok

+ el o0 + 151G o0 + 1ullZya0e sup flulliiae
0<t/ <t

T2, 5 U2, o+ 1T012, o e+ 0l o)A+ T2, 50)

+sup [l 50012, o+ 172, )

(119113

+ HM? oo TN, 50)

2+a,f2t

~ 12 9 112
+ Hu‘|2+a _Qt( ;?,I;t Hna”l—i—a,ﬁ + Ozltl’%t ”19z7||1+a7f2)].

and
ho dh t—ho
(370) Kl - S W S T)Z)(t,) dt/ S At/ﬁalﬁ/At/ﬁt; dZS,‘,
0 0 g
ho dh t—ho t’
3.71) Ky=-—0 Pt dt' \ Ay Ag) \udr - Apuy dzg,
hlto S
0 0 g 0
ho dh t—ho t’
(372) Ks=—o | o | o) dt' AgAp {adr - Aviiy dzg,
0 0 0
ho dh t—ho R
(3.73) Ky= | yREr \ w@)dt' \ T, po) Avii - Apiiy dzg.
0 0 g

Notice that the sum of the first two terms on the right-hand side of
(3.68) has the same form as the right-hand side of (3.25). Thus, it remains
to estimate K; (i =1,...,5).

First, we have

ho  t—ho
(3.74) K| <eldeg {dn | at
g 0 0

|Aptiy |?
pi+2(a/2—1/4)

ho t—
+e(e) { dzg | dn S dt’
g 0 0

A (P17 + pais)|?
h3/2+a

ho t—ho

tee)\dzg (an | ar’ [Avpiila|*
0

< el e
S 0

3/24a,St
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ho t—

;| A p219 | ' ’Atn0|
+e(e) | dzg | dn S e+ () { dzg | dn S '
g 0 0 g 0
ho Y 2 4
‘Atﬁa‘ — i
+e(e) {dzg | dn | dt’ e =cli 3, a0+ DK
g 0o 0 i=1
We have to estimate the terms K{ (i =1,...,4). First, we obtain
ho  t—h t'+h 5 2
4 1§, Vor dr|
g 0 0
t—ho [P 2
<c(e)ny>™ | at'{dzg <Sup =\ 1on dT>
o 3 n>oh 5

t

LC e |

t
< ele)t?/F (eﬁ—”g 1Pour]|? 5 dt’ + ce1 g |]190t,|]2 _dt )
0

From equation (2.7)3 we calculate

(3:76)  [19oelly 5 < &3 (|ull3sa,0 + 19513 40.0) + dldo

24+, 9]
+ ey 2 [|ullg. 2 + 1961152 + K13,
+ a2, . sl o+ 10612 5+ 17112 5 + 1113, 50)
+lall3,.. Qtlwal!z,@]‘

Using (3.76) in (3.75) with appropriate choice of €1 and €5 yields
3.77)  Ki <e(ull3ya,er + 1963 1a,0)
+ (e, 6)(d]| 9, |2 + g o + 1961150 + 11KI[5 o

+ Sllp Hu||1+a Q(” Hl—&-a 0t + Hﬁ Ha 0t + ”Wc”a _Qt)

2+a, 0t

+ HuH v pilPall3 5],
where c¢(g,t) is a positive continuous function increasing with respect to ¢.
Now, we estimate
t—ho ‘ St +h A d ’2

ho
3
(3.78) K} <cle)\dzg \ dn | dt’ 13/ 2+
§ 0 0
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t—ho | th 2
gc(e)h§/2*a S dt’s dz§<supﬁ S ]ﬂZ]dT>

0 3 h>0 o
t
< c(e)t® PN @3 g dt' < (@)t (1Nl g + eIl 50)
0
<elal3,,. g +cle I 5

where we assumed e, = (/(c(e)t3/27))1/(1=2),
Next, we have

o | AT |77
1 12 t'o g
(379) Kl SC(€)Sd§§)dh §) = e
S

ho  t— 2

/|At/19 ’ ”’70'|
+ c(e) Sdz§ § dh (SJ dt T 32ra

g

< e(e) sup (13, (1A +1K7)
< @2 sup [, (1002, 0 00+ 1512, o 50)

In the same way we estimate |K1 |.
Thus, taking into account (3.74)—(3.79) we get
(3.80)  [K1| < e(lful3ra0r + 1003 1a,00) + e Ao, 5

+ lullg e+ 196116, o0 + KI5, ot SUD IIUHHQ a(lal,, o

+ 19612 g0 + 1712 50 + 112, . QtHﬁ I3 5
+ 0 Wl 00030+ 1 )]
In the same way we estimate Ko, K3, K4 obtaining
(381)  [Kal < elT2,, g + () il o0 (L4 T2, 50,

(3.82) |Ks| <ellaly,, 5 + @t ([al3 a0 lull},, o + Tl o)

(3.83)  [Ka| < el + ()t sup a2

0<t’' <t

,@Jroilt{li;tllﬁall )l o+, 50)-

24« Qt 1+, 0

+ sup 177|?
o<t’'<

Now, inequalities (3.68), (3.69), (3.74), (3.80)—(3.83) yield (3.67).
This completes the proof of the lemma. =
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The lemma below can be proved in the same way as Lemma 3.9.

LEMMA 3.10. Let the assumptions of Theorem 3.1 be satisfied. Then

ho
» dh ~
(3.84)  c1s | 100w |2 0.0y d2 + 5 S it V(IV(Ar00) ) o=t nydz
1) 0 Q
<e(|l9s I3 + Jlull3 + 7117 )
o l124a, 0t 24,2t No ll1+a,0t

+ d|lde 3 +e(e, Olullf o + 19515 o0

24+, 0t
+ H%Ho,m + |1k[|2 ot T |’79Ha+1/2 St

+ |1l + s 1912

24a, Qt(H ”2+a 0t 14a,02

+ sup 0117, 0.5 + Sup HUH

o<t < I+a,02

1+, Q

Sup HUII + 119513

1+« Q 24+a, 0t

+llal3, . m\lﬁol\;a a0) T lul3ia ollullia o
+ sup HnH 2 e al®Z e 196112, 5196112, 0]
where t < T, c¢13 > 0 is a constant, and c(e,t) is a positive continuous

function nondecreasing with respect to t.

REMARK 3.11. As in the proofs of Lemmas 3.4 and 3.6, we had to derive
inequalities (3.67) and (3.84) in such a way as to obtain functions c(e, t) on
the right-hand sides nondecreasing with respect to t.

Now, we can finish the proof of Theorem 3.1.

Proof of Theorem 3.1. In addition to the estimates derived above we
need one more estimate for {, |75+ ||i/27(07t) d¢, where t <T.

Using (1.6)2 and (3.31) we get

(3.85) S Mot Hi/z,(o,t) dg
%)

t t
< (o g+ § 03 sa 0 d + § 196130 0 ')
0 0

+ (e, ) ([[ullf o0 + 196115, 00 + 112115 o0 + lull34a,00)-

Now let us introduce a partition of unity ({£2;}, {CZ}) 2 C Uicomum 2,
such that Ql, t € 9, is an interior subdomain, and Ql, 1 € N, is a boundary
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subdomain. Then we introduce the quantity

(3.86) O, 02) =D dr(t,12:) + ) alt, ),

iem =
where §2; = ®((2;) is given by (2.4), ¢ and ¢ are given by (3.36) and (3.41),
respectively.

Now taking into account estimates (3.85), (3.37), (3.40), (3.67) and (3.84)
(where in all terms of (3.40), (3.67), (3.84) except ¢2 and ¢5 we return to
the old variables ) we obtain (3.1).

This completes the proof of the theorem. m

4. A remark on an estimate derived in [14]. In [14] we obtained an
estimate which showed the increase of the regularity of the solution. Since
we omitted 7 and § in our considerations, the estimate derived in [14] had
the form

(4.1) sup lull3 0.0 +
T t

sup 05 ]310,0 < (KK,
to+A<t< A<t<T

0 F+AZES

where K = HTLH;FQ,QT + HﬁaHnga,QT’

K=K+ sup |[ulfiae+ suwp [Uliae
0<t<T 0<t<T

1163 pa.0r + sup 1116]13 1 0.0
0<t<T

¢(K) is a positive nondecreasing function of K depending also on 7.
To obtain the analogous inequality for nonvanishing r and 6 we have

to estimate additionally Hn’k(S)Hi’QA/Q, Hnﬁs)/@\] 3,@/2 and \\E(S)Hi+1/2,GV2

(see [14]), where n/(£,t) = n(&,t — s), KO (Et) = ka(€,t) — k(€1 — 5),
(€, 1) = 1(&,1) — (&t — 5), TO(E 1) = TA(E,8) — Da(&,t — 9), bx = Cuk,
Iy = (W95 O\ € C° is a function such that {\(t) = 1 for t > to+ X, (A (t) =0
for t < tg —|—>\/2, Q)\/Q = () x (to —I—)\/2,T), G)\/Q =5 x (to —|—)\/2,T),
0< s <ty

By simple calculations we get

42) kD2 g, + 107k g,

T

<cl § IR dt+ § IR g pr 0. d
to+A/2 )
T
5 kB g dt+ § IS kAR g €€)
to+A/2 n

< C(K)Sl+a"r"%’%(R3XR+)
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and
(43) 00226, < AT 2104,
T
<ol § PO dt+ TITU (1o d€)
to+A/2 Q

< C(K)51+a||§”2c%(R3><R+)'

Taking into account (4.2)—(4.3) and the considerations from [14] we ob-
tain

THEOREM 4.1. Let (u,d,n) € Wi @ /20Ty x Witelte/2(oT) «
C([0,T7; 22+a((2))ﬂW21+a’1/2+a/2(!2T) (a € (3/4,1)) be the local solution

of problem (1.1). Then for any 0 < tg < T and X\ > 0 the function u is in
C([to + A\, T); W2T*(02)) and

(4.4) sup 340,00 +

sup (953100
to+A<t< t<T

to+A<t<
< (KK + Il oz @ xra) + 10122 @ xr,))-

REMARK 4.2. By Theorem 4.1 the global existence theorem proved in
[12] holds for r and 6 satisfying assumption (1.7).
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