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EXISTENCE OF SOLUTIONS TO THE
NONSTATIONARY STOKES SYSTEM IN H*!, € (0,1),

IN A DOMAIN WITH A DISTINGUISHED AXIS.
PART 1. EXISTENCE NEAR THE AXIS IN 2d

Abstract. We consider the nonstationary Stokes system with slip bound-
ary conditions in a bounded domain which contains some distinguished axis.
We assume that the data functions belong to weighted Sobolev spaces with
the weight equal to some power function of the distance to the axis. The
aim is to prove the existence of solutions in corresponding weighted Sobolev
spaces. The proof is divided into three parts. In the first, the existence in
2d in weighted spaces near the axis is shown. In the second, we show an
estimate in 3d in weighted spaces near the axis. Finally, in the third, the
existence in a bounded domain is proved. This paper contains the first part
of the proof.

1. Introduction. We consider the problem

vy —vdivD(v) + Vp = f in 27 =02 x(0,7),
dive =0 in 27,

(1.1) v-m=0 on ST =8 % (0,T),
-D) -Ta+7v -Ta=0, a=1,2, onS7,
V|t=0 = vo in £,

in a bounded domain 2 C R3, where v is the velocity of the fluid, p the
pressure, f the external force field, v > 0 the constant viscosity coefficient,
~ > 0 the constant slip coefficient, 7 the unit outward vector normal to the
boundary S, and 71, T2 unit tangent vectors to S. By D(v) we denote the
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dilatation tensor of the form

(1.2) D(v) = {via; + Vjz; }ij=123-

Finally, the dot denotes the scalar product in R3. Let us assume that the
domain {2 contains a distinguished axis L.

To formulate the main result we introduce some weighted spaces. Let
p € R and po(z) = dist(x, L). Then

H2NQT) = {u: ull g or) = | § (02 + ud)o™(2)
0T

1/2
+ u?x,g?“_?(x) + u? o ()] dx dt} < oo},

Lo (@) = Lt ul, oy = (] w20 () dwdt>1/2 <o},

nT

1/2

Hy(2) = {u s fullmye) = | [ w2 (@) + u2e® ()] de|

2

<o)

In the above definitions and throughout the paper we do not distinguish
vector and scalar valued functions. Let u = (u1,...,up), © = (T1,...,2y).
Then u? = u? + --- + u2 and u2z = szzl u%xj where u , = 0, u.
The aim of this paper and of |5, 3| is to prove the following result:
THEOREM A. Assume that p € (0,1), f € Lo, (027), vy € Hl#(ﬂ),
S € C2. Then there exists a solution to problem (1.1) such that v € HE’i(QT),
p € Lo(0, T HEN(Q)) and a constant c¢1 depending only on u,v, S such that

(1.3) ||’UHH3711(QT) + HpHLg(O,T;HlH(Q)) <a(lfllz,_,om + HUOHHiH(Q))'

We prove the theorem by using regularization of weak solutions (see [2]).
For this purpose we have to examine problem (1.1) locally. Hence, prob-
lem (1.1) is considered in four different subdomains of {2: near the axis L,
near points where L meets S, near S at a positive distance from L and in
interior subdomains at a positive distance from L and S.

In this paper we examine the 2-dimensional stationary Stokes prob-
lem (1.1) near L. Introducing a local Cartesian coordinate system (x1, 2, z3)
such that L is the x3-axis we reduce problem (1.1) to the two-dimensional
problems

—1/(8:%1 + (922)1)2- +0pp=fi —vig + ya§3w =g, 1=12,
Vg T V2,2, = h,

(14) Ui|<p:0 = /U’L"L’D:27r7 1=1,2,

Ulzy T V2,0 _ [ Va2 + V2,04
2009 40 — P =0 20024, — P

)
=27



Nonstationary Stokes system. Part 1 123

where r, ¢ are the polar coordinates in R?, and

—1/(821 + 8%2)113 = f3—v3s+ V@isvg = g3,
V3] =0 = V3|p=2n,

Ovg _ Ous
0 lpmy 09

where the derivatives with respect to ¢ and x3 are treated as given.

(1.5)

I

=27

The main results of this paper are the following:

THEOREM 1. Let g; € Ly,(R?), i = 1,2, h € Hy(R?), p € R, n & Z.
Then there exists a unique solution to problem (1.4) such that v; € Hi(]l@),
i1=1,2,p€ H}L(RZ) and

2 2
16 3 ol + ol < e 3 Nilla, w) + Dhllyces ).
i=1 i=1
THEOREM 2. Let g3 € Lo ,(R?), p € R, u & Z. Then there exists a
unique solution to problem (1.5) such that vs € HEL(RQ) and

(1.7) [vsll 2 (r2) < cllgsll L, v2)-

To prove Theorem A we need only the case p € (—1,0).

The above two theorems are proved in Section 2. They are crucial for
deriving estimates in weighted Sobolev spaces near the distinguished axis L
in 3d case. Then Theorem A follows because existence results near S and in
an interior subdomain, both at a positive distance from L, are well known. In
those cases we do not need weighted spaces. To prove Theorems 1 and 2 we
use some techniques from [1], however, we have to prove the existence directly
because the stationary 2d Stokes system in R? has not been considered there.

Finally, we discuss in more detail the norm of the space H Zf (R?%). We have

1/2
1)l = (5§ IDSuPePee D)
|o| <k R2
where k € NU{0}, p € R, a = (a1, a2) is a multiindex and |a] = a1 + ag.
Passing to the polar coordinates (r,¢) (see Section 2) and next to the
variables 7 = —logr, ¢ we obtain

0o 27 1/2
L) Nl = (3§ dr | dolomogzue2esi-hr)
la|<k —o0 0

Passing to the Fourier transform

u(r,0) = | €2Ta(\ ) dA

—0o0
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we deduce from the Parseval identity that the norm (1.9) is equivalent to

the norm
2 1/2
dw) :

Acknowledgements. The author thanks his PhD student Adam Ku-
bica for very important comments.

+oo+ih 27

R e O O R

la|<k —co+ih 0

0*?u

0pa2

where h =+ 1 — k.

2. Stationary 2d Stokes system near L. In a neighbourhood of L we
introduce local Cartesian coordinates such that L is the rz-axis and x1, 2o
are coordinates in the plane perpendicular to L. We introduce the cylindrical
coordinates 7, ¢,z by 1 = rcosy, ro =rsinp, rs = 2.

Let us introduce a local cylinder Cr with axis L such that

Cr={r€R®:r <R, z¢€(—a,a), ¢ €0,27]},
where R and a are given and Cr N S = () (for more details see [3]).

To apply Kondrat’ev’s methods [1] we localize problem (1.1), by multi-

plying it by a function from a partition of unity with support in Cg, and for-

mulate it as a problem in the angle 2. Therefore we consider problem (1.1)
in the form (see [4])

vy —divT(v,p) = f1,

dive = hy
(2.1) |ry = V| 1a.

n-T(v,p)lr, =—-"- T(v,p)| s,

vlocy =0, plocg =0, filoacy =0, hilacy =0,
where Iy = Io; = {x € R : 29 = 0}, 0|, = (0,—1,0), 7|, = (0,1,0),
and the last condition follows from localization of problem (1.1). Moreover,
T(v,p) denotes the stress tensor of the form

T(v,p) = vD(v) = pI,

where [ is the unit matrix.

In view of (2.1)5 we can extend all functions by zero to R3. Then condition
(2.1)5 can be omitted. We denote the resulting problem by (2.1)".

To prove Theorems 1 and 2 we examine problem (2.1) in the plane
perpendicular to the axis L and for a fixed t. For this purpose we apply the
Laplace—Fourier transform

oo o0
(2.2) u(x,t) = S ds S de e3Esty (e € s),

0 —00
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where s =iy + v, res = v > 0, § € R, to problem (2.1)" separating it into
two two-dimensional problems

—z/A’@- —l—ﬁxj = flj — qﬁj = §j7 =12, in RQ,
Utz + V2,00 = —§03 + h =k, in R?,

(2'3) 5J"’Yo = 5]"7277: J=12, x2 =0,

’61@2 + ,172,1‘1 . ,171,1‘2 + fﬁ?,xl
21/52712 — ﬁ 21//172@2 — ]7

where qzs+l/§2, Yo = Yor = {x eR?: r2 = 0}, Al = 8%1 —|—3§2 and

, 12 =0,
Y2

Y0

—vA"D3 = fi3 —quz —i€p=g3 in R%
(2.4) V3|40 = Uslyans x9 =0,
63@2‘70 = 53@2 ’72777 x2 = 0.

First we examine problem (2.3). Using the polar coordinates we introduce

/ ~ . = / ~ = / ~ = U ~ = 7. = :
Up =V €, u(p:v‘elpv dr:g'e’h d(p:g’egaa ho:k7 er:(COS(PaSHl‘P)a

€, = (—sinp, cos ¢); the dots denote the scalar product in R2. Then problem
(2.3) takes the form

1 !/ 1 !/ 1 / 2 !/ !/
—V |:; &«(TUT’T) + 7"_2 ’UJT’LPLP — ’["_2 Up — 1"_2 ’UJLp’LP —|—p’7. = dT’

1 / 1 / 1 !/ 2 / 1 U
v [; O (rug,.) + 72 Yo T 13 U + 72 Ure + P dy,

1 1
(25) ur,’r + ; u/r + ; u/ = hO,

lu/ +ul _lu/
ro e er e

2
[—” () — p}

2v
— [Z -
©=0

r o=2m
Introduce the new variable
r
(2.6) ¢==
and the quantities
ur(7,0) = up (77, ), Uy (7, 0) = uy(e 7, ),
(2.7) a(m0) =q'(e7, ), di(1,0) = e Td (€77, ),

do(T,0) = e 2Td(e77, ), h(r,p) = e Tho(e T, ),
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where 7 is the variable introduced by the Fourier transform
(2.8) u(T, p) = S ENUN, @) d\, T=—Inr,r=¢".

— 00

Then problem (2.5) takes the form

(U7 + Up i — Ur — 2o+ q + ] = dy in R x (0, 27),

—lugrr + g pp — up + 2urp — qp] = dy in R' x (0, 2),

—Up s+ Upp + Uy =h in R % (0, 27),
(2.9)  urlp=0 = ur|p=2r on R,

Up|p=0 = Up|p=2r on R,

(_U%T + uTv‘ﬁ - USD) |80:O = (_U(P,T + uT‘,Lp - uga) |¢:27-( on Rl,
2(ug,p + ur) = dllp=0 = [2(up,p + ur) — g]|p=2r on R.
Applying the Fourier transform (2.8) yields

—Ur,pp + (1+ )‘Q)ﬂr + 2Ugp — (1+iNg= Jr in [0, 27],
T pp + (1 + NNy — 20ry + G = ‘io in [0, 27],
Upp+ (1= i\ = h in [0, 27],

ar‘go:() = ﬂr’gp:%ﬁ
(2.10) N
Ugp|p=0 = Up|p=2r,

duy .
( i (1+ zA)u¢> i

(% m) -l =BG o) -

Solutions of the homogeneous equations (2.10); 2,3 have the form (see [4])

)
p=2m

. = (dar — (1 +M)ZZ¢>

p=2m

U, = cysin (1 — i) @ + ez cos (1 — iX)p + c3(1 + i) sin (1 + i\
+ca(1+iN)cos (1 +iX)p = @@7

(2.11) Uy = crcos(l—iA)p —easin(l —iA)p + e3(l — @A) cos (1 + i)y
—ca(l —iN)sin (1 +iN)p = ﬂs(ag)7

q = didegsin (14 i) + 4idey cos (14 iX)p = 9.
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LEMMA 2.1. Let (1 —iN)p = ¢1, (1 +iN)e = @2, (1 —iN)¢ = ¢,
(1+iN)¢ = ¢y, a1 =dy+h, ag = —d, + (1 +iA)h, a3 = h. Then solutions
of equations (2.10)1 2,3 have the form

(2.12) G =a@ +a?,  g,=a¥ +ua?, §=q9 +q?,

T

where

N

(9) = ¢ sin @1 + ¢z cos o1 + ¢1(1 4 iX) sin gy + c4(1 + 7A) cos s,
aY) = crcospr — casinpr + c3(1 — iX) cos iy — ea(1 — i) sin o,
a{g) = 4i\(cz sin pg + ¢4 cos p2),

() ~(p)

where ¢;, i = 1,...,4, are arbitrary constants and uy ', ug’, q®) are given
in (2.20).

Proof. To prove the lemma we write (2.10)1 23 in the form
Uy + (142D — 2(1 — iN) Ty — (14 iN)G = dy — 2h,
(2.13) G+ 1+ M)y — (14 i\ Uy = dyp + hy,
Upp + (1 —iN) T = h.

We show (2.12) by variation of constants. We obtain from (2.13) a
linear system for the first derivatives dc;/de, i = 1,2,3,4. Inserting
(2.11)7 in (2.13); and looking for the first derivatives of ¢;, i = 1,...,4,
we have

d d d
(2.14) dic; sin (1 — i\ + di; cos (1 —iX)p + di;(l +iA)sin (1 4+ iX)p
d
+ di;(l + i) cos (1 4+iX)p =0,
and (2.13); also implies
215 L1 2 ixyeos (1 — i) — L2 (1 = Xy sin (1 - i\)
’ dp ? dp 7
d d
+ di;(l +iM)2cos (1 +i\)gp — d%u +iM)2sin (1 + i\
= —d, +2h.

Next, (2.13)y gives

des . dey . 1~ ~
(2.16) @sm(l—i—z)\)cp—i— %cos(l—i—z)\)(p = M(dv"'h,w)'
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Finally, (2.13)3 yields

d d d
(2.17) % cos (1 —iN)p — digj sin (1 —iX)p + di:(l —iX)cos (1 +iN)p

¥
—Ccll—f;(l—z)\)sm(l—i—z)\) = h.
Summarizing, (2.14)—(2.17) imply

sin 1 Cos p1 (L+dX)singps (1 +1iX)cosp2 Clp

(1—iX)cospr —(1—iN)sing; (14+iX)%cospa —(14+1i\)%sinps || c20

0 0 sin (9 COS P2 C3,0

oS p1 —sin gy (I —iX)cospa —(1 —iX)sinps/ \C4e

0
| —do+2m

N ﬁ(dsath he) |

where 1 = (1 —i)\)p, w2 = (1 +i\)p. Simplifying, we get
singp;  cos 0 0

Clp
0 0 —si
(2.18) COS (P sin o 2.0
0 0 sinwy  CoS Y2 C3,p
cospy —singp 0 0 Cayp
—(14i\) /7 T —14i\
(41',\1 Ldyp + D) !
—d,+(14+i\h ag
_ 1iN = 41\
4; (dp + hy) in
h — 41)\ ( d + (1 + ZA)h) h — 14;\)\CL2

Solving (2.18) yields

Nl
Sl

Ot § Ot

~ 1—iA
a1 sin ¢ + (h Y a2> oS gp’l] dy',

~ 1—1aA .
= a1 cos ) — <h ~ I a2> sin gp’l] dy’,
(2.19) .
1
€= 1y [S) (ag cos ph + ay sin @h) dy’,
1 ¥
4= § (—ag sin @ + ay cos ht) dy’,
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In view of (2.11) a particular solution to (2.13) has the form

®
- 144
a®) = (S)[ I cos(p1 — ¢))
1—3A .
<h - LR st - ) @
L+in?
S [ag sin(py — g02) + a1 cos(p2 — <P2)] d‘PI»
© .
» 14+
(2.20) ul?) = | [ 2 sin(en = ¢h)
( 4 ) cos(p1 — 90’1)} dy’
1— %0 . / /
S a2 cos cpg - 4,02) — a1 SIH(SOZ - 802)] d¢’,
©
g = | [azsin(ips — ) + — )] dy
q 2 ©2 — Yo a1 COS(QOZ @2)] P -
0

From (2.11) and (2.20) we obtain (2.12). This concludes the proof.
LEMMA 2.2. Let ag = (1 —iA)27m, ag = (1 +iA)27. Let p2 = (1 +1iN)p,

0y = (1+i\)¢', Ay = 2(1—cosag). Let a; = Czp—l-ﬁ’@, ag = —dr—l—(1+i)\)ﬁ.

Then
27

- 1 .
(2.21) gq= a S {as[sin @2 (cos @) + cos(az — ¢h))

o

+ cos 2 (sin ¢f + sin(ag — ¢h))]
+ a1 [— sin 9 (sin ¢h + sin(ag — ©)))
+ cos 2 (cos(ag — @) — cos py)]} d¢’

©
+ S [az sin(pg — h) + a1 cos(pa — ¢h)] dy'.
0
Proof. We prove the lemma by calculating the constants ci,...,c4 in

(2.12) from the boundary conditions (2.10)4_7.
The boundary condition (2.10)4 implies

(2.22) ca+ (14 iX)eqa = ersinag + cacosag + c3(1 + i) sin ag
+ c4(1+iX) cosag + fi,

where
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27 .
1 ~ —
(2.23) fi= (S) [— Z;;\/\ ay cos(ag — go’l) + <h— 4@,;\)\ a2> sin(ag — go’l)]dgol
14\ ,

Y | [a2 sin(as — @) + a1 cos(as — @h)] di'

0

Condition (2.10)5 yields

(2.24)  c1 4 c3(1 —iX) =cicosag — casinag + c3(1 — i\) cos ag
—c4(1 — i) sinag + fo,

where
27 . .
1 -1
2%)  h=| { Ly sin(al—som(h— A a2) cos(al—so/l)]dso’
1—ix2"

/

| [az cos(az — @) — a1 sin(ag — @h)] dy'.
0

4i\
Condition (2.10)¢ takes the form
d,

dp

da,

»=0 - dyp

=27
so it yields

(2.26)  c1(1 —i\) +e3(14+iX)2 =1 (1 —iX) cosag — ca(1 — iX)sinag
+c3(1 +iX) 2 cosag — ca(1 +iN)? sinag + f3,

where

2w
1+
(227)  fs=| { 1o sin(en — @)

~ 1—4A
" <h i a2)<1 — i) cos(an - so’ﬁ} d¢/

43\
14+iX)?2 7 .
+ % S [az cos(ag — ) — ay sin(ag — )] dy’.
0

Finally, the boundary condition (2.10)7 simplifies to

[ g)| - (2% )
de =0 de
so it assumes the form

(2.28)  ca(1 —i\) + ca(1 +iA)(1 — iX) + 2idey
= c1(1 —iX)sinay + ca(1 — iX) cosag + c3(1 + A?) sin oy

Y
=27

+ c4(1 + A?) cos ag + 2iA(c3 sin ag + ¢4 cos an) + fi,
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where
21
1+ )2
(229)  fa=| [ 1o @1 cos(an — ¢h)
~ 1—3)X
_ (h — 42'/\Z a2> (1 —i))sin(ag — )| d¢’
. . 27
1—2A) (142X .
- ( 4)1()\ ) S [ag sin(ag — @) + aj cos(ag — @y)] dy’
1 27 0
—5 S [ag sin(ag — ¢5) + a1 cos(ag — )] dy'.
0

From (2.22), (2.24), (2.26) and (2.28) we obtain the following system of
equations:

—sin 1—cosaq —(1+i)\)sinay —(141iX) cosag
1—cosaq sin o (1—4A)(1—cos ag) (1—4X)sinag
1—cosaq sin o %(1—COS ag) % sin ap
sina; —(l—cosaq) 1+iA+ 12_’3\ sin ag —(1 + A+ 12_%\)(1—(308 ag)
. f
| |
€3 1531',\
C4 fa
T—ix

Simplifying, we have

—sinay  1—cosa; —(1+iN)sinag  (142A)(1 —cosag)
l—cosag sinag (1 —4\)(1—cosaz) (1—iX)sinay
(2.30) .
0 0 1—cosas sin o
0 0 sin ap —(1—cosas)
Cl fl fl
C2 f2 p)
= | 1= 1 =
€3 i (ot T fs) 5
1-i) 1 /
€4 o 1+ = 4) 4
Using (2.25) and (2.27) we have
1 27
i = 7+ Vlaz cos(az — ¢h) — arsin(az — ¢h)] di?
4i)\ 0
Next, (2.23) and (2.29) imply
1 2
fi= BN S [az sin(az — ¢5) + a1 cos(az — ¢5)] d¢’

0
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Solving the last two equations of (2.30) yields

1
3= S~ [f5(1 — cosag) + fisinas],
(2.31) 2

cy = Ai [f3sinag — f1(1 — cos )],
2

where A; = sin? a; + (1 —cos;)?, i = 1,2.
Similarly, ¢; and ¢y satisfy the equations
—sinag ¢y + (1 —cosaq)ey = ff,
(1 —cosaq)ey +sinay co = f3,
where f| = fi + (1 +4\)f, f5 = fo — (1 —iX)f4. Hence

1
c] = A [f1(1 —cosaq) + fhsinay],
1

(2.32) |
2= %= [—f1sinag + f5(1 — cosaq)].
1
Inserting the expressions for f; and f} in (2.31) yields
1 2w
3 = — S [az(cos @ + cos(ag — ¢h)) — a1 (sin @b + sin(ag — )] dy’,
47)\A2 0
1 2m
cq4 = — S [ag(sin @) + sin(ag — ) + a1 (cos(az — @h) — cos py)] dy'.
47)\A2 0
Using the above expressions in the formula for q gives
@
g = 4iX(c3sin g + ¢4 cos p2) + S [ag sin(pg — ©h) + a1 cos(pa — ©h)] d¢',
0

so we obtain (2.21). This concludes the proof.
Inserting A = io in (2.10) yields

d2~r » d~ _ ~
_ d:2 + (1 _ O.Z)ur + 2 dL; + (0— — 1)q = d?" n (0, 27T),
d*u, - du, dq ~ .
_d(pép+(1_02)u¢_2 d(p +%:dw n (0,271’),
di, - .
—2 4o+ 1)U =h in (0,27),
(2.33)  dy

ai|<p:0 = ﬂi’g0=27r7 1= r, e,

(‘Z +(o— 1)@,) - (‘fp (o — 1)%)

()4
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A general solution to the homogeneous equations (2.33)1,2,3 has the form

(see [4])

Uy (o —1)y (o0 —1)d
i, | = (64+1)d |cos(c—1)p+ | —(c+1)y |sin(c—1)p
q 4oy 406
o 5
+ | B |cos(c+1)p+ | —a |sin(o+ 1)y,
0 0

where «, 3,7, are arbitrary parameters.

LEMMA 2.3 ([4]). The homogeneous problem (2.33) has only integer
etgenvalues, so o € Z.

LEMMA 24. Let p € (0,1) and § € Ly, —,(R?), k € H' ,(R?). Then there
exists a solution to problem (2.3) such that v € HEM(RQ), DE HEH(RQ) and

(2.34) ”WHEM(W) + Hﬁ”HEH(RQ) < c(llgllL,,_,m2) + HkHH;(W))-

Proof. First we examine problem (2.10). Having solutions to (2.10) we
have to find an estimate.

Multiplying (2.10); by @, (where the bar denotes complex conjugation)
and integrating with respect to ¢ yields

2m 2m
(2.35) O[] + [l | + %) deo + 2 | Tyt de
0 0
2m _ 2 .
— @ +iNgu, dp = | dyi, de.
0 0
Multiplying (2.10)2 by @, and integrating with respect to ¢ gives
2m 2m _
(2.36) | (2[ug]? + [t + [tippl?) dp — 2 | Ty, d
0 0
2m _ 2m L
+ S g oty dp = S dyty, dep.
0 0
Adding (2.35) and (2.36) we obtain
2m
(237) VIV + [ ) + [ + e + (@] + @) di
0 2m _ . 2m _ _
+2 | (Up oty + Tyl ) dp — | [(1 400Gty + Glig,] di
0 0

27
= | (.t + d,i,) de.
0
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By the equation of continuity (2.10)s3, the second term on the Lh.s. of (2.37)
equals

2 2 _
—4(1 +im ) | [@* de + 2 | (Wi, + ,h) dep.
0 0
Similarly, the last term on the L.h.s. of (2.37) takes the form
2m — 2m _
— | Ghde+2im A | G2, de.
0 0

Inserting the above expressions in (2.37), taking the modulus, using the fact
that [re A| > |im A| and applying the Holder and Young inequalities yields

27
(2.38) N IAP(@ P + [@pl?) + [drgl® + [Gpg* + (@] + [a,]"] de
0
c 27 1 2
LT ~ - -
< SN il o+ [ o+ o [ (P + 1) d
0 Lo
c 2T 4 2T 1 2T
0 _ ~
t5 V(@ + [y *) o + = | [hl? do + 3 {1 de
0 20 0
2 2T . 2T
15 ~ €3 [ |~ 2|im A|?
T R N o
0 0 0
27
+4(1+ [im A]) | |2, de.
0
Choosing €1 = €2 = €3 = 1/3 we obtain from (2.38) the inequality
2T
. _ . . 1, . .
230) | [T + [0 + [+ [+ 5 (0 4 )| di
0
3 2 » » 2m » 1 2m
< 2T+ P 13 § R do+ (G +omaR) |l dg
0 0 0
27
+4(1+ [im X)) | [ de.
0

Let us consider (2.39) in the region |[im A| < ¢; and |re A| > co. Assuming
that ca > 8(1 + ¢1) we obtain from (2.39) the inequality

2m
(240)  §IAPQ@ + [@pl?) + [drg|® + (G + (@] + [a,]%] de

0
27 2

< (1+12mAP) § a1 de + ¢ § (1d,? + |do | + [1]?) dep.
0 0
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For |re A| < ¢2 we have

27 2
VNP + (i) de < ¢ § (i ]® + [T |?) de
0 0

and the r.h.s. can be directly estimated from the explicit form of the solution
to (2.10) by the second integral on the r.h.s. of (2.40). Therefore (2.40) is
also valid for A such that |re \| < co.

Differentiating (2.10); with respect to ¢, multiplying by Zmo and inte-
grating with respect to ¢ yields

21 2
(241) N [ + [Tl + i |*) deo + 2 | T pplirg de
0 0
o B 2 o 2 L
- S (1 +iA)qptry dp = S drplirp dp = — S dy iy, dp,
0 0 0

where in the last equality we used the fact that Jr\@:g = Jr\@:gw.

Differentiating (2.10)2 with respect to ¢, multiplying the result by ZWD
and integrating with respect to ¢ implies

27 27 2w
(2.42) S()‘2ch,w|2+|ﬁw,soso|2+’ﬂso7w|2) dp—2 S Ur,pplip,p d90+§ Qpplip,p dp
0 0 0
27 L 2T o
= S dip,pUip,p dp = — S diplipp dip,
0 0

where the last equality holds because dy|p—o = dy|p=2s-
Adding (2.41) and (2.42) and using the fact that

27 27
S (Up,pplirp — Urpplip,p) dp = S (Up,piplirp + Urplp,pp) dp
0 0
2 o —
= S [(h ol + tirph,p) —2(1 +im A)!ﬂwﬂ de
0
and
2m _ _ 2 _ _
S [ (1 + i) qplre + Qeplpp] dp = — S [(1+ i) qpUre + Quplppp] dp
0 0
2 _ — _
= = S Tl (L + i)ty + hp — (1 +iA)Up ] de
0
27 27

= S [2im AG iy, — ‘I@E@] dp = — S 1M AG Uy g + Qo] dep,
0 0
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where we employed the continuity equation (2.10)3, we obtain, for |re A\| >
[im Al

2
(2.43) S AP ([ g | + [p,1?) + [ + [T pol® + [ gl* + U p|*] d
0 1 2r 1 21
<5 V ([t pol® + [, g0 )d90+2— § (1do? + |dg|*) dep
0 21 27 0 2
+5 VP o+ = | ol dz + 5§l de
9 0 2 e 2 0 2
+ im AP § (g dp+ 3§ Iq,¢l2dso+— S |2 dip
0 o 0
+2(1 + [im A]) | [t | di.
0

Choosing €1 = €3 = 1/2, g9 = 1 and ¢2 > 4(1 + ¢1) we obtain from (2.43)
the inequality

27
(244) VAPl + [Tpol?) + [ gpol® + [T ool + [l + [t |*] d
0
27 21 c 27 _ 27 _ _
< 8lim A | 7% de+1 | IQ,¢!2d<P+g Vbl do+c | (Id? +dy|?) de
0 0 0 0

Multiplying (2.10); by A%, (2.10)2 by X\?%,, adding the results and inte-
grating with respect to ¢ yields
2
(2:45) VI P P) 4 (LN ([ P+ g 2 4 X (T )] dep
0

2m 2
= =2 | Nttty — U ptiy) dop — | NG (1 4 iN)Tr — Typp] dip
0 0
2

+ | (@X0 + dN%,) de,
0
The first term on the r.h.s. of (2.45) is estimated by
27 9 2
LN+ () i+ 2 (l? + )
0 0
By the equation of continuity (2.10)3 the second term on the r.h.s. of (2.45)

takes the form
2 _ 2

— { NG—(1+ NG — h+ 1+ i\ de = | N2G(h — 2im \T,) dp = J,
0 0

€1
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and
2 17" 2[im \|?
<5 VAPl de + 5 S APIRP dg + === 5 AP dip.
0 0
Finally, we estimate the last term on the r.h.s. of (2.45) by
2 2
€3 ~ ~ 1
N+ 32 dp + 5 [0 + 1P
0 0
Assuming €1 = €3 = 1/2, ¢3 > 8(1+¢1) we obtain from (2.45) the inequality
2
1 ~ ~
240) [N+ 1)
0

+ L+ AP + [ ) + N + [dp|*) | de

E 2T 2
2
<35 J I |72d¢+ S A*[R[? dio
0
. 2 27
4fim \|? - ~ ~
te VAPl do+ § (1def? + |dg?) deo
0 0
From (2.10); we have
2T
(247) [ IAPla’ de
0 2T 2T _
< e VUMM + [rgppl® + [ * + [dpol?) de + ¢ | |d, | di,
0 0
and (2.10)3 gives
2T
(248) | [g,l* do
0
2w 2m _
sc S (Nl + g g * + [ |* + [tir, o] *) dip + ¢ S |dy|? dep.
0 0
Since |A| > ¢2 and ¢y is sufficiently large, from (2.44) and (2.47) we obtain
27
(249) VAP (gl + [ ) + [rgpl® + [Gpppl® + [l + (G4 l*) dio
0
2 2T
~ 8 1m)\ 2 -
<z | G o+ A i dg
0 2 0
2m 2

C ~ ~ ~
tz VIRl de +c  (1de]? + |dy|?) de
0 0
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Inserting (2.47) in (2.46) yields
2w
(2.50) N IAA(a P + @) + AP (a + @)
0
+ AP ([ + [T *)] dip

27 c 27 _ 4|1m)\’2 27
<8 | [irpoPdo+ — | [N2[R[2 do + ——= | INPfa* de
€9 €2
0 0 0
2 _ _
+e [ (1de? + 1dy|?) de.
0

From (2.49) and (2.50) we obtain the following inequality for €3 = 1/2 and
C2 Z 1601:
2T
(2.51) VI + ) + AP + ) + AP (gl + pel)
0
+ o |* + [T o]+ [l o|* + [0 |*] dp
2 2w _ _ _ 1 ~
< oPde+ e | (1P + IR + PR+ 2 ) de.
0 0
Employing (2.48) in (2.51) and using (2.47) and (2.48) we have

2 2 1
(252) [Z AP + [ ?) + D I ([ + [Tp6]?)
0 =0 1=0

o ir oo 2 + g ol + @17 + NI + [T %) dip
27 . " . . "
< V(e + 1 + B2+ NPIRP + [gl?) dep.
0
For |re A| < ¢z the above estimate follows from the explicit form of solution

to (2.10). Integrating (2.52) with respect to A along the line imA = 1+ p
and using (2.6), (2.7) we obtain (2.34). This concludes the proof.

REMARK 2.5. We can generalize the result of Lemma 2.4 by integrating
(2.52) with respect to A from —oo + ih to +oo +ih, h = 1 — p, p € R,
p & Z. Then there exists a solution to problem (2.3) such that v € Hg(RQ),
p € H);(R?) and

100l 2 r2y + 1121 1 m2) < (9|2, m2) + ”%”H;(R%)a

where the r.h.s. is finite.
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Now we consider problem (2.4) rewritten in the form

Ay =g,
(2'53) 1/)’70 = 1/)’7277:

w#ﬁ |'YO = 1/)7(P|727r .

LEMMA 2.6. Assume that g € Ly _,(R?), u € (0,1). Then there exists a
solution to problem (2.53) such that 1) € HEM(RQ) and

(2.54) [Pllm2 ,re2) < cllgllz,, - .@2)-

Proof. Passing to polar coordinates yields

rOr(rop) + VYo = 7“29 =k,

(2.55) ¢|<p:0 = 7/}’4,0:27”
o9 _ %
8(10 ©=0 880 =27
Applying the Fourier transform (2.8) yields
N+ g, =k
(256) 1)[)|f=0 = ,(M‘P:NQW’
oy _ %
890 =0 8<p 4p:27r'
The homogeneous problem (2.56) has integer eigenvalues 0 = —i\ € Z and

corresponding eigenfunctions sin(oy), cos(op), o € Z (see [4]).
We are looking for solutions to (2.56) with A = io in the form

Y = asin(op) + B cos(oyp).
By variation of constants we calculate o and 3 from the equations
d d
£ sin(op) + £ cos(op) =0,

d d 1~
& cos(op) — £ sin(op) = p k.

dep
Solving the equations we obtain
d 1 ~ d 1 ~
£ == cos(op)k, £ = sin(oyp)k.

Integrating with respect to ¢ yields

q|~

17 ~
Scos oo )kdy, ﬂ:——gsin(mp')kdcp.
o
0 0
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Hence a general solution of (2.56) has the form

ga
(257) ¢ = asin(op) + Bcos(op) + sin(o S cos(o o) dy’
0
_ cos(o )C
S sin(o <p') dy'.
0
The boundary conditions (2.56)2 3 imply the relations
. 2
—sin(27o) a + (1 — cos(27m0)) 8 = w S cos(a ) k(') dy’
0

2m
) ~
cos(2no) S sin(o@ k(") dy' = Ay,
o
0

(4.58) ,
<0s219) T os(o () di’
0

(1 — cos(27w0))a + sin(27o) = -

27

(2 N

+ w S sin(o@ k(o) dy' = As.
0

Solving (2.58) yields

_ —Aysin(270) + Az(1 — cos(2m0))

B 2(1 — cos(27o)) ’

A1(1 — cos(2m0)) + Az sin(27o)
2(1 — cos(27mo)) ’

(2.59)
0=

Hence, our solution (2.57) is determined.

Assuming that k is sufficiently regular we obtain estimates for solutions
to problem (2.56) for o ¢ Z.

Multiplying (2.56) by J, integrating with respect to ¢, assuming that
Sgﬂ—l/)d(p =0 and |re A\| > |im A| we obtain

27 27
(2.60) VAP + [l de < e | [k deo.
0 0

Differentiating (2.56)1 with respect to ¢, multiplying the result by J#) and
using |re A| > |im A| we obtain

2 2

(2.61) VAP G + e P do < § (R do.
0 0
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From (2.56); we have

2w 2 27
(2.62) VNP de < e | [9ppl*de+c | [k de.
0 0 0
From (2.60)—(2.62) we obtain
27 2
(2.63) VAN + AP o + [0 do < ¢ | [R? dep.
0 0

Hence there exists a solution to (2.56) which satisfies (2.63).
Integrating (2.63) with respect to A from —oco+ih to +oo+ih, h =1+ p
we find that ¢ € HEN(]RQ) and (2.54) holds. This concludes the proof.

REMARK 2.7. We generalize the result of Lemma 2.5 by integrating
(2.63) with respect to A from —oo + ih to +oo +th, h = 1 —pu, p € R
and p ¢ Z. Then we have existence of solutions to problem (2.53) in Hi(RQ)
and the estimate

(2.64) 191l 2 (m2) < €llgllr,,.r2),
where we assume that the r.h.s. is finite.

REMARK 2.7. Uniqueness of solutions to problems (1.4) and (1.5) is ev-
ident.
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