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zkowski (Warszawa)
EXISTENCE OF SOLUTIONS TO THENONSTATIONARY STOKES SYSTEM IN H2,1

−µ, µ ∈ (0, 1),IN A DOMAIN WITH A DISTINGUISHED AXIS.PART 1. EXISTENCE NEAR THE AXIS IN 2d
Abstra
t. We 
onsider the nonstationary Stokes system with slip bound-ary 
onditions in a bounded domain whi
h 
ontains some distinguished axis.We assume that the data fun
tions belong to weighted Sobolev spa
es withthe weight equal to some power fun
tion of the distan
e to the axis. Theaim is to prove the existen
e of solutions in 
orresponding weighted Sobolevspa
es. The proof is divided into three parts. In the �rst, the existen
e in2d in weighted spa
es near the axis is shown. In the se
ond, we show anestimate in 3d in weighted spa
es near the axis. Finally, in the third, theexisten
e in a bounded domain is proved. This paper 
ontains the �rst partof the proof.1. Introdu
tion. We 
onsider the problem

(1.1)

v,t − ν div D(v) + ∇p = f in ΩT = Ω × (0, T ),

div v = 0 in ΩT ,

v · n = 0 on ST = S × (0, T ),

n · D(v) · τα + γv · τα = 0, α = 1, 2, on ST ,

v|t=0 = v0 in Ω,in a bounded domain Ω ⊂ R
3, where v is the velo
ity of the �uid, p thepressure, f the external for
e �eld, ν > 0 the 
onstant vis
osity 
oe�
ient,

γ > 0 the 
onstant slip 
oe�
ient, n the unit outward ve
tor normal to theboundary S, and τ1, τ2 unit tangent ve
tors to S. By D(v) we denote the2000 Mathemati
s Subje
t Classi�
ation: 35Q30, 76D03, 76D07, 76D99.Key words and phrases: Stokes system, slip boundary 
onditions, weighted Sobolevspa
es, existen
e in weighted Sobolev spa
es.[121℄ 
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122 W. M. Zaj¡
zkowskidilatation tensor of the form
(1.2) D(v) = {vi,xj

+ vj,xi
}i,j=1,2,3.Finally, the dot denotes the s
alar produ
t in R

3. Let us assume that thedomain Ω 
ontains a distinguished axis L.To formulate the main result we introdu
e some weighted spa
es. Let
µ ∈ R and ̺(x) = dist(x, L). Then
H2,1

µ (ΩT ) =
{
u : ‖u‖H2,1

µ (ΩT ) =
[ \

ΩT

[(u2
,xx + u2

,t)̺
2µ(x)

+ u2
,x̺

2µ−2(x) + u2̺2µ−4(x)] dx dt
]1/2

<∞
}
,

L2,µ(ΩT ) =
{
u : ‖u‖L2,µ(ΩT ) =

( \
ΩT

u2̺2µ(x) dx dt
)1/2

<∞
}
,

H1
µ(Ω) =

{
u : ‖u‖H1

µ(Ω) =
[ \

Ω

[u2
,x̺

2µ(x) + u2̺2µ−2(x)] dx
]1/2

<∞
}
.In the above de�nitions and throughout the paper we do not distinguishve
tor and s
alar valued fun
tions. Let u = (u1, . . . , un), x = (x1, . . . , xn).Then u2 = u2

1 + · · · + u2
n and u2

,x =
∑n

i,j=1 u
2
i,xj

where u,x = ∂xu.The aim of this paper and of [5, 3℄ is to prove the following result:Theorem A. Assume that µ ∈ (0, 1), f ∈ L2,−µ(ΩT ), v0 ∈ H1
−µ(Ω),

S ∈C2. Then there exists a solution to problem (1.1) su
h that v ∈H2,1
−µ(ΩT ),

p ∈ L2(0, T ;H1
−µ(Ω)) and a 
onstant c1 depending only on µ, ν, S su
h that

(1.3) ‖v‖H2,1
−µ(ΩT ) + ‖p‖L2(0,T ;H1

−µ(Ω)) ≤ c1(‖f‖L2,−µ(ΩT ) + ‖v0‖H1

−µ(Ω)).We prove the theorem by using regularization of weak solutions (see [2℄).For this purpose we have to examine problem (1.1) lo
ally. Hen
e, prob-lem (1.1) is 
onsidered in four di�erent subdomains of Ω: near the axis L,near points where L meets S, near S at a positive distan
e from L and ininterior subdomains at a positive distan
e from L and S.In this paper we examine the 2-dimensional stationary Stokes prob-lem (1.1) near L. Introdu
ing a lo
al Cartesian 
oordinate system (x1, x2, x3)su
h that L is the x3-axis we redu
e problem (1.1) to the two-dimensionalproblems
(1.4)

−ν(∂2
x1

+ ∂2
x2

)vi + ∂xi
p = fi − vi,t + ν∂2

x3
vi ≡ gi, i = 1, 2,

v1,x1
+ v2,x2

= h,

vi|ϕ=0 = vi|ϕ=2π, i = 1, 2,
(
v1,x2

+ v2,x1

2νv2,x2
− p

) ∣∣∣∣
ϕ=0

=

(
v1,x2

+ v2,x1

2νv2,x2
− p

) ∣∣∣∣
ϕ=2π

,



Nonstationary Stokes system. Part 1 123where r, ϕ are the polar 
oordinates in R
2, and

(1.5)

−ν(∂2
x1

+ ∂2
x2

)v3 = f3 − v3,t + ν∂2
x3
v3 ≡ g3,

v3|ϕ=0 = v3|ϕ=2π,

∂v3
∂ϕ

∣∣∣∣
ϕ=0

=
∂v3
∂ϕ

∣∣∣∣
ϕ=2π

,where the derivatives with respe
t to t and x3 are treated as given.The main results of this paper are the following:Theorem 1. Let gi ∈ L2,µ(R2), i = 1, 2, h ∈ H1
µ(R2), µ ∈ R, µ 6∈ Z.Then there exists a unique solution to problem (1.4) su
h that vi ∈ H2

µ(R2),
i = 1, 2, p ∈ H1

µ(R2) and
(1.6)

2∑

i=1

‖vi‖H2
µ(R2) + ‖p‖H1

µ(R2) ≤ c
( 2∑

i=1

‖gi‖L2,µ(R2) + ‖h‖H1
µ(R2)

)
.Theorem 2. Let g3 ∈ L2,µ(R2), µ ∈ R, µ 6∈ Z. Then there exists aunique solution to problem (1.5) su
h that v3 ∈ H2

µ(R2) and
(1.7) ‖v3‖H2

µ(R2) ≤ c‖g3‖L2,µ(R2).To prove Theorem A we need only the 
ase µ ∈ (−1, 0).The above two theorems are proved in Se
tion 2. They are 
ru
ial forderiving estimates in weighted Sobolev spa
es near the distinguished axis Lin 3d 
ase. Then Theorem A follows be
ause existen
e results near S and inan interior subdomain, both at a positive distan
e from L, are well known. Inthose 
ases we do not need weighted spa
es. To prove Theorems 1 and 2 weuse some te
hniques from [1℄, however, we have to prove the existen
e dire
tlybe
ause the stationary 2d Stokes system in R
2 has not been 
onsidered there.Finally, we dis
uss in more detail the norm of the spa
e Hk

µ(R2). We have
(1.8) ‖u‖Hk

µ(R2) =

( ∑

|α|≤k

\
R2

|Dα
xu|

2|x|2(µ+|α|−k) dx

)1/2

,

where k ∈ N ∪ {0}, µ ∈ R, α = (α1, α2) is a multiindex and |α| = α1 + α2.Passing to the polar 
oordinates (r, ϕ) (see Se
tion 2) and next to thevariables τ = − log r, ϕ we obtain
(1.9) ‖u‖Hk

µ(R2) =
( ∑

|α|≤k

∞\
−∞

dτ

2π\
0

dϕ |∂α1

τ ∂α2

ϕ u|2e−2(µ+1−k)τ
)1/2

.

Passing to the Fourier transform
u(τ, ϕ) =

∞\
−∞

eiλτ ũ(λ, ϕ) dλ



124 W. M. Zaj¡
zkowskiwe dedu
e from the Parseval identity that the norm (1.9) is equivalent tothe norm
(1.10) ‖u‖Hk

µ(R2) =

( ∑

|α|≤k

+∞+ih\
−∞+ih

dλ

2π\
0

|λ|2α1

∣∣∣∣
∂α2 ũ

∂ϕα2

∣∣∣∣
2

dϕ

)1/2

,

where h = µ+ 1 − k.A
knowledgements. The author thanks his PhD student Adam Ku-bi
a for very important 
omments.2. Stationary 2d Stokes system near L. In a neighbourhood of L weintrodu
e lo
al Cartesian 
oordinates su
h that L is the x3-axis and x1, x2are 
oordinates in the plane perpendi
ular to L. We introdu
e the 
ylindri
al
oordinates r, ϕ, z by x1 = r cosϕ, x2 = r sinϕ, x3 = z.Let us introdu
e a lo
al 
ylinder CR with axis L su
h that
CR = {x ∈ R

3 : r < R, z ∈ (−a, a), ϕ ∈ [0, 2π]},where R and a are given and CR ∩ S = ∅ (for more details see [3℄).To apply Kondrat'ev's methods [1℄ we lo
alize problem (1.1), by multi-plying it by a fun
tion from a partition of unity with support in CR, and for-mulate it as a problem in the angle 2π. Therefore we 
onsider problem (1.1)in the form (see [4℄)
(2.1)

v,t − div T(v, p) = f1,

div v = h1

v|Γ0
= v|Γ2π

,

n · T(v, p)|Γ0
= −n · T(v, p)|Γ2π

,

v|∂CR
= 0, p|∂CR

= 0, f1|∂CR
= 0, h1|∂CR

= 0,where Γ0 = Γ2π = {x ∈ R
3 : x2 = 0}, n|Γ0

= (0,−1, 0), n|Γ2π
= (0, 1, 0),and the last 
ondition follows from lo
alization of problem (1.1). Moreover,

T(v, p) denotes the stress tensor of the form
T(v, p) = νD(v) − pI,where I is the unit matrix.In view of (2.1)5 we 
an extend all fun
tions by zero to R

3. Then 
ondition
(2.1)5 
an be omitted. We denote the resulting problem by (2.1)′.To prove Theorems 1 and 2 we examine problem (2.1)′ in the planeperpendi
ular to the axis L and for a �xed t. For this purpose we apply theLapla
e�Fourier transform
(2.2) u(x, t) =

∞\
0

ds

∞\
−∞

dξ eix3ξ+stũ(x′, ξ, s),



Nonstationary Stokes system. Part 1 125where s = iξ0 + γ, re s = γ > 0, ξ0 ∈ R, to problem (2.1)′ separating it intotwo two-dimensional problems
(2.3)

−ν∆′ṽj + p̃,xj
= f̃1j − qṽj ≡ g̃j , j = 1, 2, in R

2,

ṽ1,x1
+ ṽ2,x2

= −ξṽ3 + h̃1 ≡ k̃, in R
2,

ṽj |γ0
= ṽj |γ2π , j = 1, 2, x2 = 0,

(
ṽ1,x2

+ ṽ2,x1

2νṽ2,x2
− p̃

)∣∣∣∣
γ0

=

(
ṽ1,x2

+ ṽ2,x1

2νṽ2,x2
− p̃

)∣∣∣∣
γ2π

, x2 = 0,

where q = s+ νξ2, γ0 = γ2π = {x ∈ R
2 : x2 = 0}, ∆′ = ∂2

x1
+ ∂2

x2
and

(2.4)

−ν∆′ṽ3 = f̃13 − qṽ3 − iξp̃ ≡ g̃3 in R
2,

ṽ3|γ0
= ṽ3|γ2π , x2 = 0,

ṽ3,x2
|γ0

= ṽ3,x2
|γ2π , x2 = 0.First we examine problem (2.3). Using the polar 
oordinates we introdu
e

u′r = ṽ · er, u′ϕ = ṽ · eϕ, d′r = g̃ · er, d′ϕ = g̃ · eϕ, h0 = k̃, er = (cosϕ, sinϕ),
eϕ = (− sinϕ, cosϕ); the dots denote the s
alar produ
t in R

2. Then problem(2.3) takes the form

(2.5)

−ν

[
1

r
∂r(ru

′
r,r) +

1

r2
u′r,ϕϕ −

1

r2
u′r −

2

r2
u′ϕ,ϕ

]
+ p,r = d′r,

−ν

[
1

r
∂r(ru

′
ϕ,r) +

1

r2
u′ϕ,ϕϕ −

1

r2
u′ϕ +

2

r2
u′r,ϕ

]
+

1

r
p,ϕ = d′ϕ,

u′r,r +
1

r
u′r +

1

r
u′ϕ,ϕ = h0,

(
1

r
u′r,ϕ + u′ϕ,r −

1

r
u′ϕ

)∣∣∣∣
ϕ=0

=

(
1

r
u′r,ϕ + u′ϕ,r −

1

r
u′ϕ

)∣∣∣∣
ϕ=2π

,

[
2ν

r
(u′ϕ,ϕ + u′r) − p

]∣∣∣∣
ϕ=0

=

[
2ν

r
(u′ϕ,ϕ + u′r) − p

]∣∣∣∣
ϕ=2π

.Introdu
e the new variable
(2.6) q′ =

rp

νand the quantities
(2.7)

ur(τ, ϕ) = u′r(e
−τ , ϕ), uϕ(τ, ϕ) = u′ϕ(e−τ , ϕ),

q(τ, ϕ) = q′(e−τ , ϕ), dr(τ, ϕ) = e−2τd′r(e
−τ , ϕ),

dϕ(τ, ϕ) = e−2τd′ϕ(e−τ , ϕ), h(τ, ϕ) = e−τh0(e
−τ , ϕ),
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zkowskiwhere τ is the variable introdu
ed by the Fourier transform
(2.8) u(τ, ϕ) =

∞\
−∞

eiλτ ũ(λ, ϕ) dλ, τ = − ln r, r = e−τ .

Then problem (2.5) takes the form

(2.9)

−[ur,ττ + ur,ϕϕ − ur − 2uϕ,ϕ + q + q,r] = dr in R
1×(0, 2π),

−[uϕ,ττ + uϕ,ϕϕ − uϕ + 2ur,ϕ − q,ϕ] = dϕ in R
1×(0, 2π),

−ur,τ + uϕ,ϕ + ur = h in R
1×(0, 2π),

ur|ϕ=0 = ur|ϕ=2π on R
1,

uϕ|ϕ=0 = uϕ|ϕ=2π on R
1,

(−uϕ,τ +ur,ϕ−uϕ)|ϕ=0 = (−uϕ,τ +ur,ϕ−uϕ)|ϕ=2π on R
1,

[2(uϕ,ϕ + ur) − q]|ϕ=0 = [2(uϕ,ϕ + ur) − q]|ϕ=2π on R
1.Applying the Fourier transform (2.8) yields

(2.10)

−ũr,ϕϕ + (1 + λ2)ũr + 2ũϕ,ϕ − (1 + iλ)q̃ = d̃r in [0, 2π],

−ũϕ,ϕϕ + (1 + λ2)ũϕ − 2ũr,ϕ + q̃,ϕ = d̃ϕ in [0, 2π],

ũϕ,ϕ + (1 − iλ)ũr = h̃ in [0, 2π],

ũr|ϕ=0 = ũr|ϕ=2π,

ũϕ|ϕ=0 = ũϕ|ϕ=2π,
(
dũr

dϕ
− (1 + iλ)ũϕ

)∣∣∣∣
ϕ=0

=

(
dũr

dϕ
− (1 + iλ)ũϕ

)∣∣∣∣
ϕ=2π

,

[
2

(
dũϕ

dϕ
+ ũr

)
− q̃

]∣∣∣∣
ϕ=0

=

[
2

(
dũϕ

dϕ
+ ũr

)
− q̃

]∣∣∣∣
ϕ=2π

.Solutions of the homogeneous equations (2.10)1,2,3 have the form (see [4℄)
(2.11)

ũr = c1 sin (1 − iλ)ϕ+ c2 cos (1 − iλ)ϕ+ c3(1 + iλ) sin (1 + iλ)ϕ

+ c4(1 + iλ) cos (1 + iλ)ϕ ≡ ũ(g)
r ,

ũϕ = c1 cos (1 − iλ)ϕ− c2 sin (1 − iλ)ϕ+ c3(1 − iλ) cos (1 + iλ)ϕ

− c4(1 − iλ) sin (1 + iλ)ϕ ≡ ũ(g)
ϕ ,

q̃ = 4iλc3 sin (1 + iλ)ϕ+ 4iλc4 cos (1 + iλ)ϕ ≡ q̃(g).



Nonstationary Stokes system. Part 1 127Lemma 2.1. Let (1 − iλ)ϕ = ϕ1, (1 + iλ)ϕ = ϕ2, (1 − iλ)ϕ′ = ϕ′
1,

(1+ iλ)ϕ′ = ϕ′
2, a1 = d̃ϕ + h̃,ϕ, a2 = −d̃r +(1+ iλ)h̃, a3 = h̃. Then solutionsof equations (2.10)1,2,3 have the form

(2.12) ũr = ũ(g)
r + ũ(p)

r , ũϕ = ũ(g)
ϕ + ũ(p)

ϕ , q̃ = q̃(g) + q̃(p),where
ũ(g)

r = c1 sinϕ1 + c2 cosϕ1 + c1(1 + iλ) sinϕ2 + c4(1 + iλ) cosϕ2,

ũ(g)
ϕ = c1 cosϕ1 − c2 sinϕ1 + c3(1 − iλ) cosϕ2 − c4(1 − iλ) sinϕ2,

q̃(g) = 4iλ(c3 sinϕ2 + c4 cosϕ2),where ci, i = 1, . . . , 4, are arbitrary 
onstants and ũ(p)
r , ũ(p)

ϕ , q̃(p) are givenin (2.20).Proof. To prove the lemma we write (2.10)1,2,3 in the form
(2.13)

−ũr,ϕϕ + (1 + λ2)ũr − 2(1 − iλ)ũr − (1 + iλ)q̃ = d̃r − 2h̃,

q̃,ϕ + (1 + λ2)ũϕ − (1 + iλ)ũr,ϕ = d̃ϕ + h̃,ϕ,

ũϕ,ϕ + (1 − iλ)ũr = h̃.We show (2.12) by variation of 
onstants. We obtain from (2.13) alinear system for the �rst derivatives dci/dϕ, i = 1, 2, 3, 4. Inserting
(2.11)1 in (2.13)1 and looking for the �rst derivatives of ci, i = 1, . . . , 4,we have
(2.14)

dc1
dϕ

sin (1 − iλ)ϕ+
dc2
dϕ

cos (1 − iλ)ϕ+
dc3
dϕ

(1 + iλ) sin (1 + iλ)ϕ

+
dc4
dϕ

(1 + iλ) cos (1 + iλ)ϕ = 0,and (2.13)1 also implies
(2.15)

dc1
dϕ

(1 − iλ) cos (1 − iλ)ϕ−
dc2
dϕ

(1 − iλ) sin (1 − iλ)ϕ

+
dc3
dϕ

(1 + iλ)2 cos (1 + iλ)ϕ−
dc4
dϕ

(1 + iλ)2 sin (1 + iλ)ϕ

= − d̃r + 2h̃.Next, (2.13)2 gives
(2.16)

dc3
dϕ

sin (1 + iλ)ϕ+
dc4
dϕ

cos (1 + iλ)ϕ =
1

4iλ
(d̃ϕ + h̃,ϕ).
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zkowskiFinally, (2.13)3 yields
(2.17)

dc1
dϕ

cos (1 − iλ)ϕ−
dc2
dϕ

sin (1 − iλ)ϕ+
dc3
dϕ

(1 − iλ) cos (1 + iλ)ϕ

−
dc4
dϕ

(1 − iλ) sin (1 + iλ)ϕ = h̃.Summarizing, (2.14)�(2.17) imply



sinϕ1 cosϕ1 (1 + iλ) sinϕ2 (1 + iλ) cosϕ2

(1− iλ) cosϕ1 −(1− iλ) sinϕ1 (1+ iλ)2 cosϕ2 −(1+ iλ)2 sinϕ2

0 0 sinϕ2 cosϕ2

cosϕ1 − sinϕ1 (1 − iλ) cosϕ2 −(1 − iλ) sinϕ2







c1,ϕ

c2,ϕ

c3,ϕ

c4,ϕ




=




0
−dr + 2h

1
4iλ(dϕ + h,ϕ)

h


,

where ϕ1 = (1 − iλ)ϕ, ϕ2 = (1 + iλ)ϕ. Simplifying, we get
(2.18)




sinϕ1 cosϕ1 0 0

0 0 cosϕ2 − sinϕ2

0 0 sinϕ2 cosϕ2

cosϕ1 − sinϕ1 0 0







c1,ϕ

c2,ϕ

c3,ϕ

c4,ϕ




=




−(1+iλ)
4iλ (d̃ϕ + h̃,ϕ)
−d̃r+(1+iλ)h̃

4iλ
1

4iλ(d̃ϕ + h̃,ϕ)

h̃− 1−iλ
4iλ (−d̃r + (1 + iλ)h̃)




≡




−1+iλ
4iλ a1

a2

4iλ
a1

4iλ

h− 1−iλ
4iλ a2



.

Solving (2.18) yields

(2.19)

c1 =

ϕ\
0

[
−

1 + iλ

4iλ
a1 sinϕ′

1 +

(
h̃−

1 − iλ

4iλ
a2

)
cosϕ′

1

]
dϕ′,

c2 =

ϕ\
0

[
−

1 + iλ

4iλ
a1 cosϕ′

1 −

(
h̃−

1 − iλ

4iλ
a2

)
sinϕ′

1

]
dϕ′,

c3 =
1

4iλ

ϕ\
0

(a2 cosϕ′
2 + a1 sinϕ′

2) dϕ
′,

c4 =
1

4iλ

ϕ\
0

(−a2 sinϕ′
2 + a1 cosϕ′

2t) dϕ
′,
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ular solution to (2.13) has the form

(2.20)

ũ(p)
r =

ϕ\
0

[
−

1 + iλ

4iλ
a1 cos(ϕ1 − ϕ′

1)

+

(
h−

1 − iλ

4iλ
a2

)
sin(ϕ1 − ϕ′

1)

]
dϕ′

+
1 + iλ

4iλ

ϕ\
0

[a2 sin(ϕ2 − ϕ′
2) + a1 cos(ϕ2 − ϕ′

2)] dϕ
′,

ũ(p)
ϕ =

ϕ\
0

[
1 + iλ

4iλ
a1 sin(ϕ1 − ϕ′

1)

+

(
h̃−

1 − iλ

4iλ
a2

)
cos(ϕ1 − ϕ′

1)

]
dϕ′

+
1 − iλ

4iλ

ϕ\
0

[a2 cos(ϕ2 − ϕ′
2) − a1 sin(ϕ2 − ϕ′

2)] dϕ
′,

q̃(p) =

ϕ\
0

[a2 sin(ϕ2 − ϕ′
2) + a1 cos(ϕ2 − ϕ′

2)] dϕ
′.From (2.11) and (2.20) we obtain (2.12). This 
on
ludes the proof.Lemma 2.2. Let α1 = (1 − iλ)2π, α2 = (1 + iλ)2π. Let ϕ2 = (1 + iλ)ϕ,

ϕ′
2 = (1+ iλ)ϕ′, ∆2 = 2(1−cosα2). Let a1 = d̃ϕ + h̃,ϕ, a2 = −dr +(1+ iλ)h̃.Then

q̃ =
1

∆2

2π\
0

{a2[sinϕ2 (cosϕ′
2 + cos(α2 − ϕ′

2))(2.21)

+ cosϕ2 (sinϕ′
2 + sin(α2 − ϕ′

2))]

+ a1[− sinϕ2 (sinϕ′
2 + sin(α2 − ϕ′

2))

+ cosϕ2 (cos(α2 − ϕ′
2) − cosϕ′

2)]} dϕ
′

+

ϕ\
0

[a2 sin(ϕ2 − ϕ′
2) + a1 cos(ϕ2 − ϕ′

2)] dϕ
′.Proof. We prove the lemma by 
al
ulating the 
onstants c1, . . . , c4 in(2.12) from the boundary 
onditions (2.10)4−7.The boundary 
ondition (2.10)4 implies

c2 + (1 + iλ)c4 = c1 sinα1 + c2 cosα1 + c3(1 + iλ) sinα2(2.22)

+ c4(1 + iλ) cosα2 + f1,where
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f1 =

2π\
0

[
−

1+ iλ

4iλ
a1 cos(α1−ϕ

′
1)+

(
h̃−

1− iλ

4iλ
a2

)
sin(α1−ϕ

′
1)

]
dϕ′(2.23)

+
1 + iλ

4iλ

2π\
0

[a2 sin(α2 − ϕ′
2) + a1 cos(α2 − ϕ′

2)] dϕ
′.Condition (2.10)5 yields

c1 + c3(1 − iλ) = c1 cosα1 − c2 sinα1 + c3(1 − iλ) cosα2(2.24)

− c4(1 − iλ) sinα2 + f2,where
f2 =

2π\
0

[
1 + iλ

4iλ
a1 sin(α1−ϕ

′
1)+

(
h̃−

1− iλ

4iλ
a2

)
cos(α1−ϕ

′
1)

]
dϕ′(2.25)

+
1 − iλ

4iλ

2π\
0

[a2 cos(α2 − ϕ′
2) − a1 sin(α2 − ϕ′

2)] dϕ
′.Condition (2.10)6 takes the form

dũr

dϕ

∣∣∣∣
ϕ=0

=
dũr

dϕ

∣∣∣∣
ϕ=2πso it yields

(2.26) c1(1 − iλ) + c3(1 + iλ)2 = c1(1 − iλ) cosα1 − c2(1 − iλ) sinα1

+ c3(1 + iλ)2 cosα2 − c4(1 + iλ)2 sinα2 + f3,where
f3 =

2π\
0

[
1 + λ2

4iλ
a1 sin(α1 − ϕ′

1)(2.27)

+

(
h̃−

1 − iλ

4iλ
a2

)
(1 − iλ) cos(α1 − ϕ′

1)

]
dϕ′

+
(1 + iλ)2

4iλ

2π\
0

[a2 cos(α2 − ϕ′
2) − a1 sin(α2 − ϕ′

2)] dϕ
′.Finally, the boundary 
ondition (2.10)7 simpli�es to

(
2
dũϕ

dϕ
− q̃

)∣∣∣∣
ϕ=0

=

(
2
dũϕ

dϕ
− q̃

)∣∣∣∣
ϕ=2π

,so it assumes the form
(2.28) c2(1 − iλ) + c4(1 + iλ)(1 − iλ) + 2iλc4

= c1(1 − iλ) sinα1 + c2(1 − iλ) cosα1 + c3(1 + λ2) sinα2

+ c4(1 + λ2) cosα2 + 2iλ(c3 sinα2 + c4 cosα2) + f4,
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(2.29) f4 =

2π\
0

[
1 + λ2

4iλ
a1 cos(α1 − ϕ′

1)

−

(
h̃−

1 − iλ

4iλ
a2

)
(1 − iλ) sin(α1 − ϕ′

1)

]
dϕ′

−
(1 − iλ)(1 + iλ)

4iλ

2π\
0

[a2 sin(α2 − ϕ′
2) + a1 cos(α2 − ϕ′

2)] dϕ
′

−
1

2

2π\
0

[a2 sin(α2 − ϕ′
2) + a1 cos(α2 − ϕ′

2)] dϕ
′.From (2.22), (2.24), (2.26) and (2.28) we obtain the following system ofequations:




− sinα1 1−cosα1 −(1 + iλ) sinα2 −(1 + iλ) cosα2

1−cosα1 sinα1 (1− iλ)(1−cosα2) (1− iλ) sinα2

1−cosα1 sinα1
(1+iλ)2

1−iλ (1−cosα2)
(1+iλ)2

1−iλ sinα2

sinα1 −(1−cosα1) 1+ iλ+ 2iλ
1−iλ sinα2 −

(
1+ iλ+ 2iλ

1−iλ

)
(1−cosα2)




·




c1
c2
c3
c4


 =




f1

f2

f3

1−iλ
f4

1−iλ


 .

Simplifying, we have
(2.30)




− sinα1 1−cosα1 −(1 + iλ) sinα2 (1+ iλ)(1−cosα2)

1−cosα1 sinα1 (1− iλ)(1−cosα2) (1− iλ) sinα2

0 0 1−cosα2 sinα2

0 0 sinα2 −(1−cosα2)




·




c1
c2
c3
c4


 =




f1

f2
1−iλ
4iλ

(
−f2 + 1

1−iλf3

)

1−iλ
2iλ

(
f1 + 1

1−iλf4

)


 ≡




f1

f2

f ′3
f ′4


 .

Using (2.25) and (2.27) we have
f ′3 =

1

4iλ

2π\
0

[a2 cos(α2 − ϕ′
2) − a1 sin(α2 − ϕ′

2)] dϕ
′.Next, (2.23) and (2.29) imply

f ′4 = −
1

4iλ

2π\
0

[a2 sin(α2 − ϕ′
2) + a1 cos(α2 − ϕ′

2)] dϕ
′.
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(2.31)

c3 =
1

∆2
[f ′3(1 − cosα2) + f ′4 sinα2],

c4 =
1

∆2
[f ′3 sinα2 − f ′4(1 − cosα2)],where ∆i = sin2 αi + (1 − cosαi)

2, i = 1, 2.Similarly, c1 and c2 satisfy the equations
− sinα1 c1 + (1 − cosα1)c2 = f ′1,

(1 − cosα1)c1 + sinα1 c2 = f ′2,where f ′1 = f1 + (1 + iλ)f ′4, f ′2 = f2 − (1 − iλ)f ′3. Hen
e
(2.32)

c1 =
1

∆1
[f ′1(1 − cosα1) + f ′2 sinα1],

c2 =
1

∆1
[−f ′1 sinα1 + f ′2(1 − cosα1)].Inserting the expressions for f ′3 and f ′4 in (2.31) yields

c3 =
1

4iλ∆2

2π\
0

[a2(cosϕ′
2 + cos(α2 − ϕ′

2)) − a1(sinϕ
′
2 + sin(α2 − ϕ′

2))] dϕ
′,

c4 =
1

4iλ∆2

2π\
0

[a2(sinϕ
′
2 + sin(α2 − ϕ′

2)) + a1(cos(α2 − ϕ′
2) − cosϕ′

2)] dϕ
′.Using the above expressions in the formula for q̃ gives

q̃ = 4iλ(c3 sinϕ2 + c4 cosϕ2) +

ϕ\
0

[a2 sin(ϕ2 − ϕ′
2) + a1 cos(ϕ2 − ϕ′

2)] dϕ
′,so we obtain (2.21). This 
on
ludes the proof.Inserting λ = iσ in (2.10) yields

(2.33)

−
d2ũr

dϕ2
+ (1 − σ2)ũr + 2

dũϕ

dϕ
+ (σ − 1)q̃ = d̃r in (0, 2π),

−
d2ũϕ

dϕ2
+ (1 − σ2)ũϕ − 2

dũr

dϕ
+
dq̃

dϕ
= d̃ϕ in (0, 2π),

dũϕ

dϕ
+ (σ + 1)ũr = h̃ in (0, 2π),

ũi|ϕ=0 = ũi|ϕ=2π, i = r, ϕ,
(
dũr

dϕ
+ (σ − 1)ũϕ

)∣∣∣∣
ϕ=0

=

(
dũr

dϕ
+ (σ − 1)ũϕ

)∣∣∣∣
ϕ=2π

,

[
2

(
dũϕ

dϕ
+ ũr

)
− q̃

]∣∣∣∣
ϕ=0

=

[
2

(
dũϕ

dϕ
+ ũr

)
− q̃

]∣∣∣∣
ϕ=2π

.
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

ũr

ũϕ

q̃


 =




(σ − 1)γ
(σ + 1)δ

4σγ


 cos (σ − 1)ϕ+




(σ − 1)δ
−(σ + 1)γ

4σδ


 sin (σ − 1)ϕ

+



α
β
0


 cos (σ + 1)ϕ+




β
−α
0


 sin (σ + 1)ϕ,

where α, β, γ, δ are arbitrary parameters.Lemma 2.3 ([4℄). The homogeneous problem (2.33) has only integereigenvalues, so σ ∈ Z.Lemma 2.4. Let µ ∈ (0, 1) and g̃ ∈ L2,−µ(R2), k̃ ∈ H1
−µ(R2). Then thereexists a solution to problem (2.3) su
h that ṽ ∈ H2

−µ(R2), p̃ ∈ H1
−µ(R2) and

(2.34) ‖ṽ‖H2

−µ(R2) + ‖p̃‖H1

−µ(R2) ≤ c(‖g̃‖L2,−µ(R2) + ‖k̃‖H1

−µ(R2)).Proof. First we examine problem (2.10). Having solutions to (2.10) wehave to �nd an estimate.Multiplying (2.10)1 by ũr (where the bar denotes 
omplex 
onjugation)and integrating with respe
t to ϕ yields
(2.35)

2π\
0

(λ2|ũr|
2 + |ũr,ϕ|

2 + |ũr|
2) dϕ+ 2

2π\
0

ũϕ,ϕũr dϕ

−
2π\
0

(1 + iλ)q̃ ũr dϕ =

2π\
0

d̃rũr dϕ.Multiplying (2.10)2 by ũϕ and integrating with respe
t to ϕ gives
(2.36)

2π\
0

(λ2|ũϕ|
2 + |ũϕ|

2 + |ũϕ,ϕ|
2) dϕ− 2

2π\
0

ũr,ϕũϕ dϕ

+

2π\
0

q̃,ϕũϕ dϕ =

2π\
0

d̃ϕũϕ dϕ.Adding (2.35) and (2.36) we obtain
(2.37)

2π\
0

[λ2(|ũr|
2 + |ũϕ|

2) + |ũr,ϕ|
2 + |ũϕ,ϕ|

2 + |ũr|
2 + |ũϕ|

2] dϕ

+ 2

2π\
0

(ũϕ,ϕũr + ũrũϕ,ϕ) dϕ−
2π\
0

[(1 + iλ)q̃ ũr + q̃ ũϕ,ϕ] dϕ

=

2π\
0

(d̃rũr + d̃ϕũϕ) dϕ.
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ontinuity (2.10)3, the se
ond term on the l.h.s. of (2.37)equals
−4(1 + imλ)

2π\
0

|ũr|
2 dϕ+ 2

2π\
0

(h̃ũr + ũrh̃) dϕ.Similarly, the last term on the l.h.s. of (2.37) takes the form
−

2π\
0

q̃ h̃ dϕ+ 2 imλ

2π\
0

q̃ ũr dϕ.Inserting the above expressions in (2.37), taking the modulus, using the fa
tthat |reλ| ≥ |imλ| and applying the Hölder and Young inequalities yields
(2.38)

2π\
0

[|λ|2(|ũr|
2 + |ũϕ|

2) + |ũr,ϕ|
2 + |ũϕ,ϕ|

2 + |ũr|
2 + |ũϕ|

2] dϕ

≤
ε1
2

2π\
0

(|ũr|
2 + |ũϕ|

2) dϕ+
1

2ε1

2π\
0

(|d̃r|
2 + |d̃ϕ|

2) dϕ

+
ε2
2

2π\
0

(|ũr|
2 + |ũϕ|

2) dϕ+
4

ε2

2π\
0

|h̃|2 dϕ+
1

2

2π\
0

|q̃|2 dϕ

+
1

2

2π\
0

|h̃|2 dϕ+
ε3
2

2π\
0

|ũr|
2 dϕ+

2|imλ|2

ε3

2π\
0

|q̃|2 dϕ

+ 4(1 + |imλ|)
2π\
0

|ũr|
2 dϕ.Choosing ε1 = ε2 = ε3 = 1/3 we obtain from (2.38) the inequality

(2.39)

2π\
0

[
|λ|2(|ũr|

2 + |ũϕ|
2) + |ũr,ϕ|

2 + |ũϕ,ϕ|
2 +

1

2
(|ũr|

2 + |ũϕ|
2)

]
dϕ

≤
3

2

2π\
0

(|d̃r|
2 + |d̃ϕ|

2) dϕ+13

2π\
0

|h̃|2 dϕ+

(
1

2
+6|imλ|2

)2π\
0

|q̃|2 dϕ

+ 4(1 + |imλ|)
2π\
0

|ũr|
2 dϕ.Let us 
onsider (2.39) in the region |imλ| ≤ c1 and |reλ| ≥ c2. Assumingthat c2 ≥ 8(1 + c1) we obtain from (2.39) the inequality

(2.40)

2π\
0

[|λ|2(|ũr|
2 + |ũϕ|

2) + |ũr,ϕ|
2 + |ũϕ,ϕ|

2 + |ũr|
2 + |ũϕ|

2] dϕ

≤ (1 + 12|imλ|2)
2π\
0

|q̃|2 dϕ+ c

2π\
0

(|d̃r|
2 + |d̃ϕ|

2 + |h̃|2) dϕ.
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2π\
0

|λ|2(|ũr|
2 + |ũϕ|

2) dϕ ≤ c22

2π\
0

(|ũr|
2 + |ũϕ|

2) dϕand the r.h.s. 
an be dire
tly estimated from the expli
it form of the solutionto (2.10) by the se
ond integral on the r.h.s. of (2.40). Therefore (2.40) isalso valid for λ su
h that |reλ| ≤ c2.Di�erentiating (2.10)1 with respe
t to ϕ, multiplying by ũr,ϕ and inte-grating with respe
t to ϕ yields
(2.41)

2π\
0

(λ2|ũr,ϕ|
2 + |ũr,ϕϕ|

2 + |ũr,ϕ|
2) dϕ+ 2

2π\
0

ũϕ,ϕϕũr,ϕ dϕ

−
2π\
0

(1 + iλ)q̃,ϕũr,ϕ dϕ =

2π\
0

d̃r,ϕũr,ϕ dϕ = −
2π\
0

d̃rũr,ϕϕ dϕ,where in the last equality we used the fa
t that d̃r|ϕ=0 = d̃r|ϕ=2π.Di�erentiating (2.10)2 with respe
t to ϕ, multiplying the result by ũϕ,ϕand integrating with respe
t to ϕ implies
(2.42)

2π\
0

(λ2|ũϕ,ϕ|
2+|ũϕ,ϕϕ|

2+|ũϕ,ϕ|
2) dϕ−2

2π\
0

ũr,ϕϕũϕ,ϕ dϕ+

2π\
0

q̃,ϕϕũϕ,ϕ dϕ

=

2π\
0

d̃ϕ,ϕũϕ,ϕ dϕ = −
2π\
0

d̃ϕũϕ,ϕϕ dϕ,where the last equality holds be
ause d̃ϕ|ϕ=0 = d̃ϕ|ϕ=2π.Adding (2.41) and (2.42) and using the fa
t that
2π\
0

(ũϕ,ϕϕũr,ϕ − ũr,ϕϕũϕ,ϕ) dϕ =

2π\
0

(ũϕ,ϕϕũr,ϕ + ũr,ϕũϕ,ϕϕ) dϕ

=

2π\
0

[(h̃,ϕũr,ϕ + ũr,ϕh̃,ϕ) − 2(1 + imλ)|ũr,ϕ|
2] dϕand

2π\
0

[−(1 + iλ)q̃,ϕũr,ϕ + q̃,ϕϕũϕ,ϕ] dϕ = −
2π\
0

[(1 + iλ)q̃,ϕũr,ϕ + q̃,ϕũϕ,ϕϕ] dϕ

= −
2π\
0

q̃,ϕ[(1 + iλ)ũr,ϕ + h̃,ϕ − (1 + iλ)ũr,ϕ] dϕ

=

2π\
0

[2 imλq̃,ϕũr,ϕ − q̃,ϕh̃,ϕ] dϕ = −
2π\
0

[2 imλq̃ ũr,ϕϕ + q̃,ϕh̃,ϕ] dϕ,
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zkowskiwhere we employed the 
ontinuity equation (2.10)3, we obtain, for |reλ| ≥
|imλ|,
(2.43)

2π\
0

[|λ|2(|ũr,ϕ|
2 + |ũϕ,ϕ|

2) + |ũr,ϕϕ|
2 + |ũϕ,ϕϕ|

2 + |ũr,ϕ|
2 + |ũϕ,ϕ|

2] dϕ

≤
ε1
2

2π\
0

(|ũr,ϕϕ|
2 + |ũϕ,ϕϕ|

2) dϕ+
1

2ε1

2π\
0

(|d̃r|
2 + |d̃ϕ|

2) dϕ

+
ε2
2

2π\
0

|ũr,ϕ|
2 dϕ+

c

ε2

2π\
0

|h̃,ϕ|
2 dϕ+

ε3
2

2π\
0

|ũr,ϕϕ|
2 dϕ

+
2

ε3
|imλ|2

2π\
0

|q̃|2 dϕ+
ε4
2

2π\
0

|q̃,ϕ|
2 dϕ+

1

2ε4

2π\
0

|h̃,ϕ|
2 dϕ

+ 2(1 + |imλ|)
2π\
0

|ũr,ϕ|
2 dϕ.Choosing ε1 = ε3 = 1/2, ε2 = 1 and c2 ≥ 4(1 + c1) we obtain from (2.43)the inequality

(2.44)

2π\
0

[|λ|2(|ũr,ϕ|
2 + |ũϕ,ϕ|

2) + |ũr,ϕϕ|
2 + |ũϕ,ϕϕ|

2 + |ũr,ϕ|
2 + |ũϕ,ϕ|

2] dϕ

≤ 8|imλ|2
2π\
0

|q̃|2 dϕ+ ε1

2π\
0

|q,ϕ|
2 dϕ+

c

ε1

2π\
0

|h̃,ϕ|
2 dϕ+ c

2π\
0

(|d̃r|
2 + |d̃ϕ|

2) dϕ.Multiplying (2.10)1 by λ2ũr, (2.10)2 by λ2ũϕ, adding the results and inte-grating with respe
t to ϕ yields
(2.45)

2π\
0

[|λ|4(|ũr|
2+|ũϕ|

2)+(1+λ2)(|ũr|
2+|ũϕ|

2)+λ2(|ũr,ϕ|
2+|ũϕ,ϕ|

2)] dϕ

= − 2

2π\
0

λ2(ũϕ,ϕũr − ũr,ϕũϕ) dϕ−
2π\
0

λ2q̃[−(1 + iλ)ũr − ũϕ,ϕ] dϕ

+

2π\
0

(d̃rλ
2ũr + d̃ϕλ

2ũϕ) dϕ,The �rst term on the r.h.s. of (2.45) is estimated by
ε1
2

2π\
0

|λ|4(|ũr|
2 + |ũϕ|

2) dϕ+
2

ε1

2π\
0

(|ũr,ϕ|
2 + |ũϕ,ϕ|

2) dϕ.By the equation of 
ontinuity (2.10)3 the se
ond term on the r.h.s. of (2.45)takes the form
−

2π\
0

λ2q̃[−(1 + iλ)ũr − h̃+ (1 + iλ)ũr] dϕ =

2π\
0

λ2q̃(h̃− 2 imλũr) dϕ ≡ J,
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|J | ≤

ε2
2

2π\
0

|λ|2|q̃|2 dϕ+
1

2ε2

2π\
0

|λ|2|h̃|2 dϕ+
2|imλ|2

ε2

2π\
0

|λ|2|ũr|
2 dϕ.Finally, we estimate the last term on the r.h.s. of (2.45) by

ε3
2

2π\
0

|λ|4(|ũr|
2 + |ũϕ|

2) dϕ+
1

2ε3

2π\
0

(|d̃r|
2 + |d̃ϕ|

2) dϕ.Assuming ε1 = ε3 = 1/2, c2 > 8(1+ c1) we obtain from (2.45) the inequality
(2.46)

2π\
0

[
1

2
|λ|4(|ũr|

2 + |ũϕ|
2)

+ (1 + |λ|2)(|ũr|
2 + |ũϕ|

2) + |λ|2(|ũr,ϕ|
2 + |ũϕ,ϕ|

2)

]
dϕ

≤
ε2
2

2π\
0

|λ|2|q̃|2 dϕ+
c

2ε2

2π\
0

|λ|2|h̃|2 dϕ

+
4|imλ|2

ε2

2π\
0

|λ|2|ũr|
2 dϕ+

2π\
0

(|d̃r|
2 + |d̃ϕ|

2) dϕ.From (2.10)1 we have
(2.47)

2π\
0

|λ|2|q̃|2 dϕ

≤ c

2π\
0

(|λ|4|ũr|
2 + |ũr,ϕϕ|

2 + |ũr|
2 + |ũϕ,ϕ|

2) dϕ+ c

2π\
0

|d̃r|
2 dϕ,and (2.10)2 gives

(2.48)

2π\
0

|q̃,ϕ|
2 dϕ

≤ c

2π\
0

(|λ|4|ũϕ|
2 + |ũϕ,ϕϕ|

2 + |ũϕ|
2 + |ũr,ϕ|

2) dϕ+c

2π\
0

|d̃ϕ|
2 dϕ.Sin
e |λ| ≥ c2 and c2 is su�
iently large, from (2.44) and (2.47) we obtain

(2.49)

2π\
0

(|λ|2(|ũr,ϕ|
2 + |ũϕ,ϕ|

2) + |ũr,ϕϕ|
2 + |ũϕ,ϕϕ|

2 + |ũr,ϕ|
2 + |ũϕ,ϕ|

2) dϕ

≤ ε1

2π\
0

|q̃,ϕ|
2 dϕ+

8|imλ|2

c22

2π\
0

|λ|4|ũr|
2 dϕ

+
c

ε1

2π\
0

|h̃,ϕ|
2 dϕ+ c

2π\
0

(|d̃r|
2 + |d̃ϕ|

2) dϕ.
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zkowskiInserting (2.47) in (2.46) yields
(2.50)

2π\
0

[|λ|4(|ũr|
2 + |ũϕ|

2) + |λ|2(|ũr|
2 + |ũϕ|

2)

+ |λ|2(|ũr,ϕ|
2 + |ũϕ,ϕ|

2)] dϕ

≤ ε2

2π\
0

|ũr,ϕϕ|
2 dϕ+

c

ε2

2π\
0

|λ|2|h̃|2 dϕ+
4|imλ|2

ε2

2π\
0

|λ|2|ũr|
2 dϕ

+ c

2π\
0

(|d̃r|
2 + |d̃ϕ|

2) dϕ.From (2.49) and (2.50) we obtain the following inequality for ε2 = 1/2 and
c2 ≥ 16c1:
(2.51)

2π\
0

[|λ|4(|ũr|
2 + |ũϕ|

2) + |λ|2(|ũr|
2 + |ũϕ|

2) + |λ|2(|ũr,ϕ|
2 + |ũϕ,ϕ|

2)

+ |ũr,ϕϕ|
2 + |ũϕ,ϕϕ|

2 + |ũr,ϕ|
2 + |ũϕ,ϕ|

2] dϕ

≤ ε1

2π\
0

|q̃,ϕ|
2 dϕ+ c

2π\
0

(
|d̃r|

2 + |d̃ϕ|
2 + |λ|2|h̃|2 +

1

ε1
|h̃,ϕ|

2

)
dϕ.Employing (2.48) in (2.51) and using (2.47) and (2.48) we have

(2.52)

2π\
0

[ 2∑

i=0

|λ|2i(|ũr|
2 + |ũϕ|

2) +
1∑

i=0

|λ|2i(|ũr,ϕ|
2 + |ũϕ,ϕ|

2)

+ |ũr,ϕϕ|
2 + |ũϕ,ϕϕ|

2 + |q̃|2 + |λ|2|q̃|2 + |q̃,ϕ|
2
]
dϕ

≤
2π\
0

(|d̃r|
2 + |d̃ϕ|

2 + |h̃|2 + |λ|2|h̃|2 + |h̃,ϕ|
2) dϕ.For |reλ| ≤ c2 the above estimate follows from the expli
it form of solutionto (2.10). Integrating (2.52) with respe
t to λ along the line imλ = 1 + µand using (2.6), (2.7) we obtain (2.34). This 
on
ludes the proof.Remark 2.5. We 
an generalize the result of Lemma 2.4 by integrating(2.52) with respe
t to λ from −∞ + ih to +∞ + ih, h = 1 − µ, µ ∈ R,

µ 6∈ Z. Then there exists a solution to problem (2.3) su
h that ṽ ∈ H2
µ(R2),

p̃ ∈ H1
µ(R2) and

‖ṽ‖H2
µ(R2) + ‖p̃‖H1

µ(R2) ≤ c(‖g̃‖L2,µ(R2) + ‖k̃‖H1
µ(R2)),where the r.h.s. is �nite.
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onsider problem (2.4) rewritten in the form
(2.53)

∆ψ = g,

ψ|γ0
= ψ|γ2π ,

ψ,ϕ|γ0
= ψ,ϕ|γ2π .Lemma 2.6. Assume that g ∈ L2,−µ(R2), µ ∈ (0, 1). Then there exists asolution to problem (2.53) su
h that ψ ∈ H2

−µ(R2) and
(2.54) ‖ψ‖H2

−µ(R2) ≤ c‖g‖L2,−µ(R2).Proof. Passing to polar 
oordinates yields
(2.55)

r∂r(r∂rψ) + ψ,ϕϕ = r2g ≡ k,

ψ|ϕ=0 = ψ|ϕ=2π,

∂ψ

∂ϕ

∣∣∣∣
ϕ=0

=
∂ψ

∂ϕ

∣∣∣∣
ϕ=2π

.Applying the Fourier transform (2.8) yields
(2.56)

−λ2ψ̃ + ψ̃,ϕϕ = k̃,

ψ̃|ϕ=0 = ψ̃|ϕ=2π,

∂ψ̃

∂ϕ

∣∣∣∣
ϕ=0

=
∂ψ̃

∂ϕ

∣∣∣∣
ϕ=2π

.The homogeneous problem (2.56) has integer eigenvalues σ = −iλ ∈ Z and
orresponding eigenfun
tions sin(σϕ), cos(σϕ), σ ∈ Z (see [4℄).We are looking for solutions to (2.56) with λ = iσ in the form
ψ̃ = α sin(σϕ) + β cos(σϕ).By variation of 
onstants we 
al
ulate α and β from the equations

dα

dϕ
sin(σϕ) +

dβ

dϕ
cos(σϕ) = 0,

dα

dϕ
cos(σϕ) −

dβ

dϕ
sin(σϕ) =

1

σ
k̃.Solving the equations we obtain

dα

dϕ
=

1

σ
cos(σϕ)k̃,

dβ

dϕ
= −

1

σ
sin(σϕ)k̃.Integrating with respe
t to ϕ yields

α =
1

σ

ϕ\
0

cos(σϕ′)k̃ dϕ′, β = −
1

σ

ϕ\
0

sin(σϕ′)k̃ dϕ′.
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zkowskiHen
e a general solution of (2.56) has the form
ψ̃ = α sin(σϕ) + β cos(σϕ) +

sin(σϕ)

σ

ϕ\
0

cos(σϕ′)k̃(ϕ′) dϕ′(2.57)

−
cos(σϕ)

σ

ϕ\
0

sin(σϕ′)k̃(ϕ′) dϕ′.

The boundary 
onditions (2.56)2,3 imply the relations
− sin(2πσ)α+ (1 − cos(2πσ))β =

sin(2πσ)

σ

2π\
0

cos(σϕ′)k̃(ϕ′) dϕ′

−
cos(2πσ)

σ

2π\
0

sin(σϕ′)k̃(ϕ′) dϕ′ ≡ A1,

(1 − cos(2πσ))α+ sin(2πσ)β =
cos(2πσ)

σ

2π\
0

cos(σϕ′)k̃(ϕ′) dϕ′

(4.58)
+

sin(2πσ)

σ

2π\
0

sin(σϕ′)k̃(ϕ′) dϕ′ ≡ A2.Solving (2.58) yields
(2.59)

α =
−A1 sin(2πσ) +A2(1 − cos(2πσ))

2(1 − cos(2πσ))
,

β =
A1(1 − cos(2πσ)) +A2 sin(2πσ)

2(1 − cos(2πσ))
.Hen
e, our solution (2.57) is determined.Assuming that k̃ is su�
iently regular we obtain estimates for solutionsto problem (2.56) for σ 6∈ Z.Multiplying (2.56) by ψ̃, integrating with respe
t to ϕ, assuming thatT2π

0 ψ̃ dϕ = 0 and |reλ| ≥ |imλ| we obtain
(2.60)

2π\
0

(|λ|2|ψ̃|2 + |ψ̃,ϕ|
2) dϕ ≤ c

2π\
0

|k̃|2 dϕ.

Di�erentiating (2.56)1 with respe
t to ϕ, multiplying the result by ψ̃,ϕ andusing |reλ| ≥ |imλ| we obtain
(2.61)

2π\
0

(|λ|2|ψ̃,ϕ|
2 + |ψ̃,ϕϕ|

2) dϕ ≤ c

2π\
0

|k̃|2 dϕ.
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(2.62)

2π\
0

|λ|4|ψ̃|2 dϕ ≤ c

2π\
0

|ψ̃,ϕϕ|
2 dϕ+ c

2π\
0

|k̃|2 dϕ.From (2.60)�(2.62) we obtain
(2.63)

2π\
0

(|λ|4|ψ̃|2 + |λ|2|ψ̃,ϕ|
2 + |ψ̃,ϕϕ|

2) dϕ ≤ c

2π\
0

|k̃|2 dϕ.Hen
e there exists a solution to (2.56) whi
h satis�es (2.63).Integrating (2.63) with respe
t to λ from −∞+ ih to +∞+ ih, h = 1+µwe �nd that ψ ∈ H2
−µ(R2) and (2.54) holds. This 
on
ludes the proof.Remark 2.7. We generalize the result of Lemma 2.5 by integrating(2.63) with respe
t to λ from −∞ + ih to +∞ + ih, h = 1 − µ, µ ∈ Rand µ 6∈ Z. Then we have existen
e of solutions to problem (2.53) in H2

µ(R2)and the estimate
(2.64) ‖ψ‖H2

µ(R2) ≤ c‖g‖L2,µ(R2),where we assume that the r.h.s. is �nite.Remark 2.7. Uniqueness of solutions to problems (1.4) and (1.5) is ev-ident. Referen
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