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EXISTENCE OF SOLUTIONS TO THE

NONSTATIONARY STOKES SYSTEM IN H2,1−µ, µ ∈ (0, 1),

IN A DOMAIN WITH A DISTINGUISHED AXIS.

PART 2. ESTIMATE IN THE 3d CASE

Abstract. We examine the regularity of solutions to the Stokes system in
a neighbourhood of the distinguished axis under the assumptions that the
initial velocity v0 and the external force f belong to some weighted Sobolev
spaces. It is assumed that the weight is the (−µ)th power of the distance
to the axis. Let f ∈ L2,−µ, v0 ∈ H1−µ, µ ∈ (0, 1). We prove an estimate

of the velocity in the H2,1−µ norm and of the gradient of the pressure in the
norm of L2,−µ. We apply the Fourier transform with respect to the variable
along the axis and the Laplace transform with respect to time. Then we
obtain two-dimensional problems with parameters. Deriving an appropriate
estimate with a constant independent of the parameters and using estimates
in the two-dimensional case yields the result. The existence and regularity
in a bounded domain will be shown in another paper.

1. Introduction. We consider the problem

(1.1)

v,t − divT(v, p) = f in ΩT = Ω × (0, T ),

div v = 0 in ΩT ,

v · n = 0 on ST = S × (0, T ),

n · D(v) · τα + γv · τα = 0, α = 1, 2, on ST ,

v|t=0 = v0 in Ω,

in a bounded domain Ω ⊂ R
3, where v is the velocity of the fluid, p the
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pressure, f the external force field, γ > 0 the constant slip coefficient, n
the unit outward vector normal to the boundary S, and τ1, τ2 unit tangent
vectors to S.
We denote by T(v, p) the stress tensor of the form

(1.2) T(v, p) = νD(v)− pI,

where ν > 0 is the constant viscosity coefficient, D(v) is the dilatation tensor
of the form

(1.3) D(v) = {vi,xj + vj,xi}i,j=1,2,3,

and I is the unit matrix.
Let (x1, x2, x3) denote the Cartesian coordinates in R

3 and t ∈ R+. By
dot we denote the scalar product in R

3.

We assume that Ω contains a distinguished axis L.
To formulate the main result we introduce some weighted spaces. Let

µ ∈ R and ̺(x) = dist{x, L} and set

H2,1µ (Ω
T ) =

{
u : ‖u‖H2,1

µ(ΩT )

=

[ \
ΩT

[(u2,xx + u
2
,t)̺
2µ(x) + u2,x̺

2µ−2(x) + u2̺2µ−4(x)] dx dt

]1/2
<∞

}
,

L2,µ(Ω
T ) =

{
u : ‖u‖L2,µ(ΩT ) =

( \
ΩT

u2̺2µ(x) dx dt

)1/2
<∞

}
,

H1µ(Ω) =

{
u : ‖u‖H1µ(Ω) =

[ \
Ω

[u2,x̺
2µ(x) + u2̺2µ−2(x)] dx

]1/2
<∞

}
.

Here and throughout, we do not distinguish vector and scalar valued func-
tions. Let u = (u1, . . . , un), x = (x1, . . . , xn). Then u

2 = u21 + · · · + u
2
n,

u2,x =
∑n
i,j=1 u

2
i,xj
, u,x = ∂xu. The main result of [10, 11] and of this paper

is the following

Theorem A. Assume that f ∈ L2,−µ(Ω
T ), v0 ∈ H

1
−µ(Ω), µ ∈ (0, 1),

S ∈ C3. Then there exists a solution to problem (1.1) such that v∈H2,1−µ(Ω
T ),

∇p ∈ L2,−µ(Ω
T ), and

(1.4) ‖v‖H2,1
−µ(Ω

T ) + ‖∇p‖L2,−µ(ΩT ) ≤ c(‖f‖L2,−µ(ΩT ) + ‖v0‖H1−µ(Ω)).

To prove Theorem A we shall use the localization technique (see [10])
and the existence in the 2d case (see [11]). To do this we need an estimate for
solutions of (1.1) in a neighbourhood of the axis L in appropriate weighted
Sobolev spaces. For this purpose we introduce a local Cartesian system
x = (x1, x2, x3) with centre on L such that L is the x3-axis. Next we define
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cylindrical coordinates (r, ϕ, z) by x1 = r cosϕ, x2 = r sinϕ, x3 = z. Let
R, a be given positive numbers. We introduce the cylinder

CR = {x ∈ R
3 : r < R, −a < z < a, ϕ ∈ [0, 2π]}.

We assume that CR ∩ S = ∅.
To show the existence of solutions to problem (1.1) by the localization

technique we examine the problem with vanishing initial data

(1.5)

v,t − ν∆v +∇p = f in CTR ,

div v = 0 in CTR ,

v = 0 on ∂CTR ,

v|t=0 = 0 in CR.

We underline that the v, p in (1.5) are different from those in (1.1).
The main result of this paper, crucial for the proof of Theorem A, is the

following

Theorem 1. Let f ∈ L2,−µ(C
T
R), µ ∈ (0, 1). Then solutions to problem

(1.5) such that v ∈ H1,2−µ(C
T
R), p ∈ L2(0, T ;H

1
−µ(CR)) satisfy

(1.6) ‖v‖H2,1
−µ(C

T
R)
+ ‖p‖L2(0,T ;H1−µ(CTR)) ≤ c(T )‖f‖L2,−µ(CTR),

where c(T ) is an increasing positive function of T .

Theorem 1 is proved in Section 3. For this purpose (1.5) is extended to
a problem on R

3 × R+ for solutions vanishing sufficiently fast at infinity.
Applying the Laplace transform with respect to t and the Fourier transform
with respect to x3, because L is the x3-axis, we transform problem (1.5) to
a two-dimensional Stokes system and a two-dimensional Poisson equation
(see (2.3) and (2.4)). Next, we need estimates for solutions to problems (2.3)
and (2.4) (see Lemmas 2.1, 2.2 from [11]). Since problem (1.5) is three-
dimensional and time dependent we need estimates for solutions to (1.5)
with constants independent of the parameters of the Fourier and Laplace
transforms (parameters ξ and s in (3.6)). This is done in Section 3 in Lemmas
3.1–3.6. Having such estimates we are able to prove Theorem 1.
Now, we introduce some notations. Let Ω be a bounded domain in R

3.
We denote by V 02 (Ω

T ) the Banach space of functions with the finite norm

‖u‖V 02 (ΩT ) = sup
t≤T
‖u(t)‖L2(Ω) +

(T\
0

‖∇u(t)‖2L2(Ω) dt
)1/2

.

Let W 2,12 (Ω
T ) be the closure of C∞(ΩT ) in the norm

‖u‖W 2,12 (ΩT ) =
[ \
ΩT

(|u(x, t)|2 + |u,xx(x, t)|
2 + |u,t(x, t)|

2) dx dt
]1/2

,
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and W 12 (Ω) the closure of C
∞(Ω) in the norm

‖u‖W 12 (Ω) =
( \
Ω

(|u(x)|2 + |u,x(x)|
2) dx
)1/2

.

Consider the domain D=BR(0)×Rx3×Rt, where BR(0)={x
′∈R

2 : |x′|<R},

x′ = (x1, x2), |x
′| =
√
x21 + x

2
2. Let us introduce the Fourier–Laplace trans-

form

(1.7) ũ(x′, ξ, s) =
\

R+

dt
\
R

dx3 e
−st−ix3ξu(x′, x3, t),

where s = γ + iξ0, γ = Re s > 0, ξ0 ∈ R.

Then we introduce the spaceH
k,k/2
µ,γ (D), k ∈ Z+ even, µ ∈ R, of functions

with the finite norm

‖u‖
H
k,k/2
µ,γ (D)

=
[ ∑

|α|+2α0≤k

\
ds
\
R

dξ
\

BR(0)

|Dα
′

x′ ũ|
2|ξ|2α3 |s|2α0 |x′|2(µ+|α|+2α0−k) dx′

]1/2
,

where α = (α1, α2, α3), |α| = α1 + α2 + α3, α
′ = (α1, α2), |α

′| = α1 + α2,
α1, α2, α3, α0 are non-negative integers. Moreover,

L2,µ,γ(D) = H
0,0
µ,γ(D).

In the stationary case, the spaces Hkµ(BR(0)×R) appeared in [6]. The spaces

Hkγ (BR(0)× R) were used in [3, 8, 9].

Acknowledgements. The author thanks Ewa Zadrzyńska for impor-
tant discussions during the preparation of this paper.

2. Auxiliary results. To formulate results from [11] for two-dimen-
sional problems which follow from (1.5) after applying the Fourier-Laplace
transform (1.7) we consider instead of (1.5) the more general problem

(2.1)

v,t − divT(v, p) = f1 in CTR ,

div v = h1 in CTR ,

v = 0 on ∂CTR ,

v|t=0 = 0 in CR,

f1|∂CR = 0, h1|∂CR = 0, p|∂CR = 0.

To examine problem (2.1) in weighted Sobolev spaces we consider it in
R
3×R+, so the last condition (2.1)5 disappears. Moreover, to show the exis-
tence and estimates in weighted spaces we apply the methods of Kondrat’ev
[6] for elliptic boundary value problems in cones. Since we consider elliptic
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two-dimensional problems in R
2, our cone is the 2π angle. Therefore, instead

of (2.1) we examine the problem in R
3

(2.2)

v,t − divT(v, p) = f1,

div v = h1,

v|Γ0 = v|Γ2π ,

n · T(v, p)|Γ0 = n · T(v, p)|Γ2π .

In view of (2.1)5 all functions in (2.1) are extended by zero to R
3 and for

t < 0, where Γ0 = Γ2π = {x ∈ R
3 : x2 = 0}, n|Γ0 = (0,−1, 0), n|Γ2π =

(0, 1, 0) and (2.1)5 follows from localization of (1.1). Solvability of (2.2)2 is
considered in [2, 5].

Applying the Laplace–Fourier transform (1.7) to problem (2.2) we sepa-
rate it into two problems

(2.3)

−ν∆′ṽj + p̃,xj = f̃1j − qṽj ≡ g̃j , j = 1, 2, in R
2,

ṽ1,x1 + ṽ2,x2 = −iξṽ3 + h̃1 ≡ k̃ in R
2,

ṽj |γ0 = ṽj |γ2π , j = 1, 2, x2 = 0,(
ṽ1,x2 + ṽ2,x1
2νṽ2,x2 − p̃

)∣∣∣∣
γ0

=

(
ṽ1,x2 + ṽ2,x1
2νṽ2,x2 − p̃

)∣∣∣∣
γ2π

, x2 = 0,

where q = s+ νξ2, γ0 = γ2π = {x ∈ R
2 : x2 = 0}, ∆

′ = ∂2x1 + ∂
2
x2 and

(2.4)

−ν∆′ṽ3 = f̃13 − qṽ3 − iξp̃ ≡ g̃3 in R
2,

ṽ3|γ0 = ṽ3|γ2π , x2 = 0,

ṽ3,x2 |γ0 = ṽ3,x2 |γ2π , x2 = 0.

Parabolic and elliptic equations in weighted spaces have been examined in
[12, 13].

From [11] we have

Lemma 2.1. Let g̃ ∈ L2,−µ(R
2), k̃ ∈ H1−µ(R

2), µ ∈ (0, 1). Then there
exists a solution to problem (2.3) such that ṽ ∈ H2−µ(R

2), p̃ ∈ H1−µ(R
2) and

(2.5) ‖ṽ‖H2
−µ(R

2) + ‖p̃‖H1
−µ(R

2) ≤ c(‖g̃‖L2,−µ(R2) + ‖k̃‖H1
−µ(R

2)).

Lemma 2.2 (see [11]). Let g̃3 ∈ L2,−µ(R
2), µ ∈ (0, 1). Then there exists

a solution to problem (2.4) such that ṽ3 ∈ H
2
−µ(R

2) and

(2.6) ‖ṽ3‖H2
−µ(R

2) ≤ c‖g̃3‖L2,−µ(R2).

Consider the problem

(2.7) ∆ϕ = div f, ϕ|∂CR = 0.
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Lemma 2.3. Let f ∈ L2,µ(CR), µ ∈ (0, 1). Then there exists a solution
to (2.7) such that ∇ϕ ∈ L2,µ(CR) and

(2.8) ‖∇ϕ‖L2,µ(CR) ≤ c‖f‖L2,µ(CR).

Proof. Let G(x, y) be the Green function for problem (2.7). Then any
solution to problem (2.7) can be represented in the form

(2.9) ϕ(x) =
\
CR

G(x, y) divy f(y) dy = −
\
CR

∇yG(x, y) · f(y) dy.

Hence

(2.10) ∇xϕ(x) = −
\
CR

∇x∇yG(x, y)f(y) dy.

Then by [4] we obtain (2.8). This concludes the proof.

Finally, we consider the problem

(2.11)

u,t − divT(u, p) = g in CTR ,

div u = 0 in CTR ,

u = 0 on ∂CTR × (0, T ),

u|t=0 = u0 in CR.

3. Estimates near L. In this section we find an estimate for solutions
to problem (1.5) under the assumptions that f ∈ L2,−µ(C

T
R), µ ∈ (0, 1). For

this purpose we assume that the problem is considered with f extended by
zero for x ∈ R

3 \ CR and for t < 0 and t > T .
Next, two-dimensional considerations require the form (2.2) with f1 = f ,

h1 = 0. Therefore, we consider the problem

(3.1)

v,t − divT(v, p) = f in R
3 × R,

div v = 0 in R
3 × R,

v|Γ0 = v|Γ2π ,

n · T(v, p)|Γ0 = n · T(v, p)|Γ2π ,

with v, p vanishing outside CR and for t < 0. The condition

(3.2) v|∂CR = 0

is necessary for applying Lemma 2.3 and to prove the existence of solutions
to problem (3.1), (3.2).
The property that v, p vanish for t < 0 is implied by the Paley–Wiener

theorem for the inverse Laplace transform with respect to t (see [1, 7]).
To show that problem (2.11) implies (1.5) we extend initial data u0 ∈

H1−µ(CR), div u0 = 0, to a function u
′
0 ∈ H

2,1
−µ(C

T
R), div u

′
0 = 0, such that

(3.3) u′0|t=0 = u0
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and

(3.4) ‖u′0‖H2,1
−µ(C

T
R)
≤ c‖u0‖H1

−µ(CR)
.

Introducing the functions

v = u− u′0, f = g − u′0,t + ν∆u
′
0,

where

‖f‖L2,−µ(CTR) ≤ c(‖g‖L2,−µ(CTR) + ‖u
′
0‖H2,1

−µ(C
T
R)
)(3.5)

≤ c(‖g‖L2,−µ(CTR) + ‖u0‖H1−µ(CR)),

we see that v, p, f satisfy problem (1.5).

Let us introduce the Fourier–Laplace transforms

ũ(x, s) =

∞\
0

e−stu(x, t) dt, s = γ + iξ0, γ > 0, ξ0 ∈ R,

ũ(x′, ξ, t) =
\
R

e−ix3ξu(x′, x3, t) dx3, ξ ∈ R,(3.6)

ũ(x′, ξ, s) =
\

R+

dt
\
R

dx3 e
−st−ix3ξu(x′, x3, t),

where x′ = (x1, x2). We do not distinguish between these transforms in
notations, because this will be clear from the context.

Applying the Laplace transform (3.6)1 to (3.1)1 yields

(3.7)
sṽ − ν∆ṽ +∇p̃ = f̃ in R

3,

div ṽ = 0 in R
3.

Lemma 3.1. Assume that µ ∈ (0, 1), x′ = (x1, x2) and\
ds
\

R3

|f̃ |2|x′|−2µ dx <∞,
\
ds
\

R3

|s| |ṽ|2|x′|−2µ−2 dx <∞.

Assume that v vanishes outside the cylinder CR = BR(0)×(−a, a), BR(0) ⊂
R
2 and BR(0) is the ball of radius R and centre at 0. Then for any solution
of (3.7),

(3.8)
\
ds
\

R3

|s|2|ṽ|2|x′|−2µ dx+ ν
\
ds
\

R3

|s| |∇ṽ|2|x′|−2µ dx

≤ c1
\
ds
\

R3

|s| |ṽ|2|x′|−2µ−2 dx+ c1
\
ds
\

R3

|f̃ |2|x′|−2µ dx,

where the constant c1 may depend on a,R, µ.

Proof. Let ϕ̃ be such that

(3.9) ∆ϕ̃ = div((1 + i sign Im s)ṽ|x′|−2µ), ϕ̃|∂CR = 0.
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Multiplying (3.7)1 by (1 − i sign Im s)ṽ|x
′|−2µ − ∇ϕ̃, where u means the

complex conjugate to u, integrating with respect to x ∈ R
3 and taking the

real parts yields

(3.10)
\

R3

(|s| |ṽ|2|x′|−2µ + ν|∇ṽ|2|x′|−2µ) dx

= Re
\

R3

sṽ · ∇ϕ̃ dx+ 2µν
(
Re
\

R3

∇ṽ ṽ|x′|−2µ−1∇|x′| dx

+ sign Im s Im
\

R3

∇ṽ ṽ|x′|−2µ−1∇|x′| dx
)

− ν Re
\

R3

∆ṽ · ∇ϕ̃ dx+Re
\

R3

f̃ · ṽ|x′|−2µ dx

+ sign Im s Im
\

R3

f̃ · ṽ|x′|−2µ dx

− Re
\

R3

f̃ · ∇ϕ̃ dx.

Since ṽ is divergence free, the first and third terms on the r.h.s. of (3.10)
vanish after integration by parts.

By the Hölder and Young inequalities, the second term on the r.h.s. of
(3.10) is estimated by

ε1ν
\

R3

|∇ṽ|2|x′|−2µ dx+ c(1/ε1)
\

R3

|ṽ|2|x′|−2µ−2 dx,

the fourth by

ε2
\

R3

|s| |ṽ|2|x′|−2µ dx+
c(1/ε2)

|s|

\
R3

|f̃ |2|x′|−2µ dx,

and the last by

ε3
\

R3

|s| |∇ϕ̃|2|x′|2µ dx+
c(1/ε3)

|s|

\
R3

|f̃ |2|x′|−2µ dx.

Hence for sufficiently small εi, (3.10) implies

(3.11)
\

R3

|s| |ṽ|2|x′|−2µ dx+ ν
\

R3

|∇ṽ|2|x′|−2µ dx

≤ c
\

R3

|ṽ|2|x′|−2µ−2 dx+ ε
\

R3

|s| |∇ϕ̃|2|x′|2µ dx+
c(1/ε)

|s|

\
R3

|f̃ |2|x′|−2µ dx.

Applying Lemma 2.3 to (3.9) yields

(3.12) ‖∇ϕ̃‖L2,µ(CR) ≤ c‖ṽ|x
′|−2µ‖L2,µ(CR) ≤ c‖ṽ‖

2
L2,−µ(R3)

.
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Using (3.12) in (3.11) gives

(3.13)
\

R3

(|∇ṽ|2 + |s| |ṽ|2)|x′|−2µ dx

≤ c
\

R3

|ṽ|2|x′|−2µ−2 dx+ cε
\

R3

|s| |ṽ|2|x′|−2µ dx+
c

|s|

\
R3

|f̃ |2|x′|−2µ dx.

Assuming that ε is sufficiently small we obtain from (3.13) the inequality

(3.14)
\

R3

(|∇ṽ|2 + |s| |ṽ|2)|x′|−2µ dx

≤ c
\

R3

|ṽ|2|x′|−2µ−2 dx+
c

|s|

\
R3

|f̃ |2|x′|−2µ dx.

Multiplying both sides by |s| and integrating with respect to s implies (3.8).
This ends the proof.

To increase regularity with respect to x of solutions to (3.1), (3.2) we
apply to (3.7) the Fourier transform with respect to x3. Then we obtain the
problems

(3.15) ξ2ṽ′ − ν∆′ṽ′ +∇′p̃ = f̃ ′ − sṽ′ ≡ g̃′, div′ṽ′ = iξṽ3,

where v′ = (v1, v2), ∇
′ = (∂x1 , ∂x2), ∆

′ = ∂2x1 + ∂
2
x2 , and

(3.16) ξ2ṽ3 − ν∆
′ṽ3 − iξp̃ = f̃3 − sṽ3 ≡ g̃3,

and ṽ, p̃ vanish outside the ball BR(0). By Lemmas 2.1 and 2.2 we obtain
for solutions of (3.15) the inequality

(3.17) ‖ṽ′‖2H2
−µ(R

2) + ‖p̃‖
2
H1
−µ(R

2)

≤ c‖g̃′‖2L2,−µ(R2) + c|ξ|
4‖ṽ′‖2L2,−µ(R2) + c|ξ|

2‖ṽ3‖
2
H1
−µ(R

2),

and for solutions of (3.16) the inequality

(3.18) ‖ṽ3‖
2
H2
−µ(R

2) ≤ c‖g̃3‖
2
L2,−µ(R2)

+ cξ4‖ṽ3‖
2
L2,−µ(R2)

+ cξ2‖p̃‖2L2,−µ(R2).

Integrating (3.17) and (3.18) with respect to ξ and s we get

(3.19)
\
dξ ds (‖ṽ′‖2H2

−µ(R
2) + ‖p̃‖

2
H1
−µ(R

2))

≤ c
\
dξ ds ‖g̃′‖2L2,−µ(R2) + c

\
dξ ds (ξ4‖ṽ′‖2L2,−µ(R2) + ξ

2‖ṽ3‖
2
H1
−µ(R

2)),

and

(3.20)
\
dξ ds ‖ṽ3‖

2
H2
−µ(R

2) ≤ c
\
dξ ds ‖g̃3‖

2
L2,−µ(R2)

+ c
\
dξ ds ξ4‖ṽ3‖

2
L2,−µ(R2)

+ c
\
dξ ds ξ2‖p̃‖2L2,−µ(R2).

Therefore, we have to find estimates for the last two integrals in (3.19) and
(3.20).
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Lemma 3.2. Assume that µ ∈ (0, 1), g̃ = f̃ − sṽ, ε ∈ (0, 1),\
ds dξ

\
R2

ξ2|p̃|2|x′|−2µ dx′ <∞,\
ds dξ

\
R2

ξ2|ṽ|2|x′|−2µ−2 dx′ <∞,\
ds dξ

\
R2

|g̃|2|x′|−2µ dx′ <∞.

Then solutions to (3.1), (3.2) satisfy

(3.21) ν
\
ds dξ

\
R2

ξ2(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′

≤ ε
\
ds dξ

\
R2

ξ2|p̃|2|x′|−2µ dx′

+ 4

(
1 +
1

ε

)
µ2
\
ds dξ

\
R2

ξ2|ṽ|2|x′|−2µ−2 dx′

+
1

ν

\
ds dξ

\
R2

|g̃|2|x′|−2µ dx′.

Proof. Consider problem (3.7) in the form

(3.22) −ν∆ṽ +∇p̃ = f̃ − sṽ ≡ g̃, div ṽ = 0.

Applying the Fourier transform (3.6)2, multiplying (3.22)1 by ṽ|x
′|−2µ, in-

tegrating with respect to x′ and integrating by parts we obtain

(3.23) ν
\

R2

(|∇ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′

≤ 2νµ
\

R2

∇ṽ · ṽ|x′|−2µ−1∇|x′| dx′ − 2µ
\

R2

p̃ ṽ|x′|−2µ−1 · ∇|x′| dx′

+
\

R2

g̃ · ṽ|x′|−2µ dx′.

Applying the Hölder and Young inequalities we obtain

(3.24)
ν

2

\
R2

(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′

≤
ε

2

\
R2

|p̃|2|x′|−2µ dx′ + 2

(
1 +
1

ε

)
µ2
\

R2

|ṽ|2|x′|−2µ−2 dx′

+
1

2ν

1

ξ2

\
R2

|g̃|2|x′|−2µ dx′.
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Multiplying by 2ξ2 and integrating with respect to ξ and s implies (3.21).
This concludes the proof.

Now, we estimate the first integral on the r.h.s. of (3.21).

Lemma 3.3. Assume that\
dξ ds

\
R2

ξ2|ṽ|2|x′|−2µ−2 dx′ <∞,\
dξ ds

\
R2

|g̃|2|x′|−2µ dx′ <∞.

Then solutions of (3.1), (3.2) satisfy the inequality

(3.25)
\
dξ ds (‖ṽ‖2H2

−µ(R
2) + ‖p̃‖

2
H1
−µ(R

2))

+
\
dξ ds

\
R2

ξ2(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′ +
\
dξ ds

\
R2

ξ2|p̃|2|x′|−2µ dx′

≤ c
\
dξ ds

\
R2

ξ2|ṽ|2|x′|−2µ−2 dx′ + c
\
dξ ds

\
R2

|g̃|2|x′|−2µ dx′.

Proof. Consider the problem

−∆ψ′ +∇η = 0,

divψ′ = p|x′|−µ,(3.26)

ψ′|∂CR = 0.

Let us underline that problem (3.1) is obtained from extension outside some
cylinder such that \

R3

p|x′|−µ dx = 0.

The condition follows from extension with respect to x3 such that\
R

p(x′, x3, t) dx3 = 0 for any x′ ∈ R
2, t ∈ R+.

For solutions of (3.26) we have the estimate

‖ψ′‖2H1(R3) + ‖η‖
2
L2(R3)

≤ c‖p‖2L2,−µ(R3).

Inserting ψ′ = ψ|x′|−µ yields

(3.27)
\

R3

(|∇′(ψ|x′|−µ)|2 + |∂x3ψ|
2|x′|−2µ) dx ≤ c

\
R3

|p|2|x′|−2µ dx.

Passing in (3.27) to the Fourier transforms with respect to x3 we have

(3.28)
\
dξ
\

R2

[|∇′(ψ̃|x′|−µ)|2 + ξ2|ψ̃|2|x′|−2µ] dx′ ≤ c
\
dξ
\

R2

|p̃|2|x′|−2µ dx′.
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Differentiating (3.26) with respect to x3 we obtain instead of (3.27) the
inequality

(3.29)
\

R3

(|∇′(ψ,x3 |x
′|−µ)|2 + |∂2x3ψ|

2|x′|−2µ) dx ≤ c
\

R3

|p,x3 |
2|x′|−2µ dx.

Passing to the Fourier transforms with respect to x3 yields

(3.30)
\
dξ
\

R2

[ξ2|∇′(ψ̃|x′|−µ)|2 + ξ4|ψ̃|2|x′|−2µ] dx′

≤ c
\
dξ
\

R2

ξ2|p̃|2|x′|−2µ dx′.

Multiplying (3.15)1 and (3.16) by ψ̃|x
′|−2µζ(|ξ| |x′|), where ζ is a smooth

function such that ζ(t) = 0 for t ≤ a2/2, ζ(t) = 1 for t ≥ a2, |ζ̇| ≤ c/a2, and
integrating with respect to x′ we obtain

(3.31) ν
\

R2

(−∆′ṽ + ξ2ṽ) · ψ̃|x′|−2µζ dx′

+
\

R2

(
∂p

∂x1
ψ̃1 +

∂p

∂x2
ψ̃2 − iξp̃ψ̃3

)
|x′|−2µζ dx′ =

\
R2

g̃ · ψ̃|x′|−2µζ dx′.

Integrating by parts yields

(3.32)
\

R2

[p̃(ψ̃1|x
′|−µ),x1 + p̃(ψ̃2|x

′|−µ),x2 + p̃ iξψ̃3|x
′|−µ]|x′|−µζ dx′

+
\

R2

p̃[ψ̃1|x
′|−µ(|x′|−µζ),x1 + ψ̃2|x

′|−µ(|x′|−µζ),x2 ] dx
′

= ν
\

R2

[∇′ṽ · ∇′(ψ̃|x′|−2µζ) + ξ2ṽ · ψ̃|x′|−2µζ] dx′ −
\

R2

g̃ · ψ̃|x′|−2µζ dx′.

From (3.26)2 we have div(ψ|x
′|−µ) = p|x′|−µ, which in the Fourier trans-

forms with respect to x3 equals

(3.33) div′(ψ̃′|x′|−µ)− iξψ̃3|x
′|−µ = p̃|x′|−µ.

Hence, (3.32) implies

(3.34)
\
ξ2 dξ

\
R2

|p̃|2|x′|−2µζ dx′

≤ c
\
ξ2 dξ

\
R2

|p̃| |ψ̃|(|x′|−2µ−1ζ + |x′|−2µζ̇|ξ|) dx′

+ c
\
ξ2 dξ

\
R2

[|∇′ṽ| |∇′(ψ̃|x′|−µ)| |x′|−µζ + |∇′ṽ| |ψ̃| |x′|−2µ−1ζ

+ |∇′ṽ| |ψ̃| |x′|−2µ|ξ|ζ̇ + ξ2|ṽ| |ψ̃| |x′|−2µζ] dx′

+ c
\
ξ2 dξ

\
R2

|g̃| |ψ̃| |x′|−2µζ dx′.
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By the Hölder and Young inequalities, we obtain

(3.35)
\
ξ2 dξ

\
R2

|p̃|2|x′|−2µζ dx′

≤ ε
\
ξ2 dξ

\
R2

|p̃|2|x′|−2µζ dx′ +
1

4ε

\
ξ2 dξ

\
R2

|ψ̃|2|x′|−2µ−2ζ dx′

+ ε1
\
ξ4 dξ

\
R2

|ψ̃|2|x′|−2µ|ζ̇| dx′ +
1

4ε1

\
ξ2 dξ

\
R2

|p̃|2|x′|−2µ|ζ̇| dx′

+ ε2
\
ξ2 dξ

\
R2

(|∇′(ψ̃|x′|−µ)|2 + |ψ̃|2|x′|−2µ−2 + ξ2|ψ̃|2|x′|−2µ)ζ dx′

+
1

4ε2

\
ξ2 dξ

\
R2

(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µζ dx′

+ ε3
\
ξ4 dξ

\
R2

|ψ̃|2|x′|−2µ|ζ̇| dx′ +
1

4ε3

\
ξ2 dξ

\
R2

|∇ṽ|2|x′|−2µ|ζ̇| dx′

+ ε4
\
ξ4 dξ

\
R2

|ψ̃|2|x′|−2µζ dx′ +
1

4ε4

\
dξ
\

R2

|g̃|2|x′|−2µζ dx′.

Assuming that ε = 1/2, adding
T
ξ2 dξ

T
R2
|p̃|2|x′|−2µ(1− ζ) dx′ to both sides

and using

supp ζ = {(ξ, x′) : |x′| |ξ| ≥ a2/2 so |x
′|−1 ≤ (2/a2)|ξ|}

we obtain from (3.35) the inequality

(3.36)
\
ξ2 dξ

\
R2

|p̃|2|x′|−2µ dx′

≤
\
ξ2 dξ

\
R2

|p̃|2|x′|−2µ(1− ζ) dx′ +
1

2ε1

\
ξ2 dξ

\
R2

|p̃|2|x′|−2µ|ζ̇| dx′

+ 2

(
4

a22
+ ε1 + ε2 + ε3 + ε4

)\
ξ4 dξ

\
R2

|ψ̃|2|x′|−2µ dx′

+ 2ε2
\
ξ2 dξ

\
R2

(|∇′(ψ̃|x′|−µ)|2 + |ψ̃|2|x′|−2µ−2)ζ dx′

+
1

2

(
1

ε2
+
1

ε3

)\
ξ2 dξ

\
R2 ∩ supp ζ

(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′

+
1

2ε4

\
dξ
\

R2

|g̃|2|x′|−2µ dx′.
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In view of (3.30) and for sufficiently small εi and sufficiently large a2 we
have

(3.37)
1

2

\
ξ2 dξ

\
R2

|p̃|2|x′|−2µ dx′ ≤
\
ξ2 dξ

\
R2

|p̃|2|x′|−2µ(1− ζ) dx′

+ c
\
ξ2 dξ

\
R2

|p̃|2|x′|−2µ|ζ̇| dx′ + c
\

supp ζ

ξ2 dξ
\

R2

(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′

+ c
\
dξ
\

R2

|g̃|2|x′|−2µ dx′.

Since 1− ζ 6= 0 for |ξ| |x′| < a2 and ζ̇ 6= 0 for a2/2 < |ξ| |x
′| < a2, we obtain

|ξ|2 < a22|x
′|−2. Then (3.37) takes the form

(3.38)
\
ξ2 dξ

\
R2

|p̃|2|x′|−2µ dx′

≤ c
\
dξ
\

R2

|p̃|2|x′|−2µ−2 dx′ + c
\

supp ζ

dξ
\

R2

dx′ ξ2(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ

+ c
\
dξ
\

R2

|g̃|2|x′|−2µ dx′.

Using (3.38) in (3.21) and exploiting that ε is sufficiently small we have

(3.39)
\
dξ
\

R2

ξ2 (|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′

≤ εc
\
dξ
\

R2

|p̃|2|x′|−2µ−2 dx′ + c
\
dξ
\

R2

|g̃|2|x′|−2µ dx′

+ c

(
1 +
1

ε

)\
dξ
\

R2

ξ2|ṽ|2|x′|−2µ−2 dx′.

Using (3.39) in (3.19) and assuming that ε is sufficiently small we obtain

(3.40)
\
dξ (‖ṽ′‖2H2

−µ(R
2) + ‖p̃‖

2
H1
−µ(R

2))

≤ c
\
dξ
\

R2

ξ2|ṽ|2|x′|−2µ−2 dx′ + c
\
dξ
\

R2

|g̃|2|x′|−2µ dx′.

Employing (3.40) in (3.39), (3.38) and (3.20) we get

(3.41)
\
dξ (‖ṽ‖2H2

−µ(R
2) + ‖p̃‖

2
H1
−µ(R

2))

+
\
dξ
\

R2

ξ2(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′ +
\
dξ
\

R2

ξ2|p̃|2|x′|−2µ dx′

≤ c
\
dξ
\

R2

ξ2|ṽ|2|x′|−2µ−2 dx′ + c
\
dξ
\

R2

|g̃|2|x′|−2µ dx′.

This implies (3.25), and concludes the proof.
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Next we estimate the first term on the r.h.s. of (3.25). Let a1, a2 be
positive numbers. Then we introduce the sets (see [14])

Q1 = {(ξ, x
′) ∈ R

3 : |ξ| |x′| ≤ a1},

Q2 = {(ξ, x
′) ∈ R

3 : |ξ| |x′| ≥ a2},

Q3 = {(ξ, x
′) ∈ R

3 : a1 ≤ |ξ| |x
′| ≤ a2},

Lemma 3.4. Assume that\
dξ
\

R2

dx′ |ṽ|2|x′|−2µ−4 <∞,\
dξ
\

R2

dx′ ξ4|ṽ|2|x′|−2µ <∞,\
dξ
\

R2

dx′ |g̃|2|x′|−2µ <∞.

Then solutions of (3.1), (3.2) satisfy

(3.42)
\
dξ
\

R2

dx′ ξ2|ṽ|2|x′|−2µ−2 ≤ a21

\
dξ
\

R2

dx′|ṽ|2|x′|−2µ−4

+
1

a22

\
dξ
\

R2

dx′ ξ4|ṽ|2|x′|−2µ +
4

a2+2µ1

\
dξ
\

R2

dx′ |g̃|2|x′|−2µ.

Proof. We write the first term on the r.h.s. of (3.25) in the form

3∑

i=1

\
Qi

dξ dx′ ξ2|ṽ|2|x′|−2µ−2 ≡
3∑

i=1

Ii,

where

I1 ≤ a
2
1

\
Q1

dξ dx′ |ṽ|2|x′|−2µ−4,

I2 ≤
1

a22

\
Q2

dξ dx′ ξ4|ṽ|2|x′|−2µ,(3.43)

I3 ≤
1

a2+2µ1

\
Q3

dξ dx′ ξ4+2µ|ṽ|2 ≡ I.

To examine the integral I in (3.43) we introduce

d1(ξ) = {x
′ ∈ R

2 : |ξ| |x′| ≤ a1},

d2(ξ) = {x
′ ∈ R

2 : |ξ| |x′| ≥ a2},

d3(ξ) = {x
′ ∈ R

2 : a1 ≤ |ξ| |x
′| ≤ a2}.

For λ > 0 we define

Ωλ = {(x′, ξ) ∈ R
2 × R : λ|ξ| |x′| ≤ 1}, ωλ(ξ) = {x′ ∈ R

2 : λ|ξ| |x′| ≤ 1}.
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We have Q3 ⊂ Ω
λ for λ ∈ (0, a−12 ]. Let χ = χ(t) be a smooth function such

that χ(t) = 1 for t ≤ 1 and χ(t) = 0 for t ≥ 2, 0 ≤ χ(t) ≤ 1, χ′(t) ≤ 2.

Write χλ(x
′, ξ) = χ(λ|ξ| |x′|). Then χλ(x

′, ξ) = 1 for |ξ| |x′| ≤ λ−1 and
χλ(x

′, ξ) = 0 for |ξ| |x′| ≥ 2λ−1. To estimate I we consider the system

−∆′ṽ′ + ξ2ṽ′ +∇′p̃ = g̃′,

−∆′ṽ3 + ξ
2ṽ3 − iξp̃ = g̃3,(3.44)

∇′ · ṽ′ − iξṽ3 = 0.

Let ϕ be such that

(3.45) div′(∇′ϕ̃− ṽ′χ2λ)− iξ(−iξϕ̃− ṽ3χ
2
λ) = 0, ϕ̃|∂BR(0) = 0.

Multiplying (3.44)1 by ṽ
′χ2λ−∇

′ϕ̃, (3.44)2 by ṽ3χ
2
λ+iξϕ̃, adding the results,

integrating over R
2, integrating by parts and using (3.44)3 yields\

R2

∇′ṽ′ · ∇′(ṽ′χ2λ −∇
′ϕ̃) dx′ +

\
R2

ξ2ṽ(ṽχ2λ −∇
′ϕ̃) dx′

+
\

R2

∇′ṽ3 · ∇
′(ṽ3χ

2
λ + iξϕ̃) dx

′ +
\

R2

ξ2ṽ3(ṽ3χ
2
λ − iξϕ̃) dx

′

=
\

R2

g̃′(ṽ′χ2λ −∇
′ϕ̃) dx′ +

\
R2

g̃3(ṽ3χ
2
λ + iξϕ̃) dx

′.

Since v is divergence free, we have

(3.46)
\

R2

(|∇′ṽ|2 + ξ2|ṽ|2)χ2λ dx
′ =

\
R2

∇′ṽṽ2∇χλχλ dx
′

+
\

R2

(g̃′ · ṽ′ + g̃3ṽ3)χ
2
λ dx

′ −
\

R2

(g̃′ · ∇′ϕ̃+ g̃3iξϕ̃) dx
′.

We estimate the first term on the r.h.s. by

ε1
2

\
R2

|∇′ṽ|2χ2λ dx
′ +
4

2ε1

\
R2

|ṽ|2|∇χλ|
2 dx′,

the second term by

ε2
2

\
R2

|ṽ|2|x′|2µ|ξ|2+2µχ2λ dx
′ +
1

2ε2

1

|ξ|2+2µ

\
R2

|g̃|2|x′|−2µχ2λ dx
′,

and the last term by

ε3
2

\
R2

|ξ|2+2µ(|∇′ϕ̃|2 + |ξ|2|ϕ̃|2)|x′|2µ dx′ +
1

2ε3

1

|ξ|2+2µ

\
R2

|g̃|2|x′|−2µχ2λ dx
′.

We assume that ε1 = 1. On suppχλ we have |x
′|2µ|ξ|2µ ≤ (2/λ)2µ, so the
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term with ε2 is estimated by

ε2
2

(
2

λ

)2µ \
R2

|ṽ|2|ξ|2χ2λ dx
′.

We assume that ε2 = (λ/2)
2µ. Using the above estimates in (3.46) yields

1

2

\
R2

(|∇′ṽ|2 + ξ2|ṽ|2)χ2λ dx
′ ≤ 2

\
R2

|ṽ|2|∇χλ|
2 dx′

+
ε3
2

\
R2

|ξ|2+2µ(|∇′ϕ̃|2 + ξ2|ϕ̃|2)|x′|2µ dx′

+
1

2

((
2

λ

)2µ
+
1

ε3

)
1

|ξ|2+2µ

\
R2

|g̃|2|x′|−2µχ2λ dx
′.

Multiplying the above inequality by |ξ|2+2µ and integrating with respect to
ξ implies

(3.47)
1

2

\
dξ |ξ|2+2µ

\
R2

(|∇′ṽ|2 + ξ2|ṽ|2)χ2λ dx
′

≤ 2
\
dξ |ξ|2+2µ

\
R2

|ṽ|2|∇χλ|
2 dx′

+
ε3
2

\
dξ |ξ|4+4µ

\
R2

(|∇′ϕ̃|2 + ξ2|ϕ̃|2)|x′|2µ dx′

+
1

2

[(
2

λ

)2µ
+
1

ε3

]\
dξ
\

R2

|g̃|2|x′|−2µχ2λ dx
′.

Let F be the Fourier transform (3.6)2. Then problem (3.45) can be written
in the form

(3.48) ∆ϕ̃ = div(ṽ ∗ F−1χ2λ), ϕ̃|∂CR = 0,

where ∗ is convolution with respect to x3 and ∼ is the Laplace transform
with respect to t (see (3.6)1). After applying the Parseval identity, the second
term on the r.h.s. of (3.47) is\

R3

dx |∂2+2µx3 ∇ϕ̃|
2|x′|2µ ≡ J,

where ∂2+2µx3 is a fractional derivative. To estimate J we consider instead of
(3.48) the problem

∆∂2+2µx3 ϕ̃ = div ∂2+2µx3 (ṽ ∗ F
−1χ2λ), ∂2+2µx3 ϕ̃|∂CR = 0.
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In view of Lemma 2.3 we have\
R3

dx |∂2+2µx3 ∇ϕ̃|
2|x′|2µ ≤ c1

\
R3

dx |∂2+2µx3 ṽ ∗ F−1χ2λ|
2|x′|2µ.

By the Parseval identity for the Fourier transform (3.6)2 the above inequality
implies\

dξ
\

R2

dx′ |ξ|4+4µ(|∇′ϕ̃|2 + ξ2|ϕ̃|2)|x′|2µ

≤ c1
\
dξ
\

R2

dx′ |ξ|4+4µ|ṽ|2χ4λ|x
′|2µ.

Since |x′|2µ|ξ|2µ ≤ (2/λ)2µ on suppχλ and χλ ≤ 1 we obtain

J ≤ c1

(
2

λ

)2µ\
dξ
\

R2

dx′ |ξ|4+2µ|ṽ|2χ2λ.

Assuming that (ε3/2)c1(2/λ))
2µ = 1/4 we obtain from (3.47) the inequality

(3.49)
1

4

\
dξ |ξ|2+2µ

\
R2

(|∇′ṽ|2 + ξ2|ṽ|2)χ2λ dx
′

≤ 2
\
dξ |ξ|2+2µ

\
R2

|ṽ|2|∇χλ|
2 dx′ + (1 + c1)

(
2

λ

)2µ\
dξ
\

R2

dx′ |g̃|2χ2λ dx
′.

Since |∇χλ| ≤ 2λ|ξ|, assuming that λ ≤ 2 we obtain from (3.49) the in-
equality

(3.50)
\
dξ |ξ|2+2µ

\
ωλ(ξ)

ξ2|ṽ|2 dx′

≤ 32λ2
\
dξ |ξ|2+2µ

\
ωλ/2(ξ)\ωλ(ξ)

ξ2|ṽ|2 dx′+c2

(
2

λ

)2µ+2\
dξ
\

R2

|g̃|2|x′|−2µ dx′,

where c2 = 4(1 + c1). Multiplying by (λ/2)
2µ+2 yields

(3.51)

(
λ

2

)2µ+2\
dξ |ξ|2+2µ

\
ωλ(ξ)

ξ2|ṽ|2 dx′

≤ 2 · 43+µλ2
(
λ/2

2

)2µ+2\
dξ |ξ|2+2µ

\
ωλ/2(ξ)\ωλ(ξ)

ξ2|ṽ|2 dx′

+ c2
\
dξ
\

R2

|g̃|2|x′|−2µ dx′.
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Let 2 · 43+µλ2 ≤ 1/2. Then iterating (3.51) up to order k we obtain

(3.52)

(
λ

2

)2µ+2\
dξ |ξ|2+2µ

\
ωλ(ξ)

ξ2|ṽ|2 dx′

≤
1

2k

(
λ/2k

2

)2µ+2\
dξ |ξ|2+2µ

\
ωλ/2k+1 (ξ)\ωλ/2k (ξ)

ξ2|ṽ|2 dx′

+ 2c2
\
dξ
\

R2

|g̃|2|x′|−2µ dx′,

where

(3.53) ωλ/2
k+1

(ξ) \ ωλ/2
k

(ξ) = {x′ ∈ R
2 : 2k/λ ≤ |x′| |ξ| ≤ 2k+1/λ}.

On the set (3.53) we have

|ξ| ≤
2k+1

λ
|x′|−1

so the first term on the r.h.s. of (3.52) is estimated by

(3.54)
1

2k

(
λ

2k+1

)2µ+2\
dξ ξ2

\
ωλ/2

k+1
(ξ)\ωλ/2

k
(ξ)

|ṽ|2
(
2k+1

λ

)2µ+2

× |x′|−2µ−2 dx′

=
1

2k

\
dξ ξ2

\
ωλ/2k+1 (ξ)\ωλ/2k (ξ)

|ṽ|2|x′|−2µ−2 dx′

≤
1

2k

\
dξ ξ2

\
R2

|ṽ|2|x′|−2µ−2 dx′.

In view of (3.43) and (3.52)–(3.54) we obtain

(3.55)
\
dξ ξ2

\
R2

|ṽ|2|x′|−2µ−2 dx′

≤ a21

\
Q1

dξ dx′ |ṽ|2|x′|−2µ−4 +
1

a22

\
Q2

dξ dx′ ξ4|ṽ|2|x′|−2µ

+
1

2k
1

a2+2µ1

\
dξ ξ2

\
R2

|ṽ|2|x′|−2µ−2 dx′

+
2c2

a2+2µ1

\
dξ
\

R2

|g̃|2|x′|−2µ dx′.

This implies (3.42) for sufficiently large k and concludes the proof.
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Using (3.55) in (3.25) and assuming that a1 is sufficiently small and a2,
k are sufficiently large we obtain

(3.56)
\
ds (‖ṽ‖2H2

−µ(R
3) + ‖p̃‖

2
H1
−µ(R

3)) ≤ c
\
ds ‖g̃‖2L2,−µ(R3).

Finally, we have to estimate the first term on the r.h.s. of (3.8).

Lemma 3.5. Assume that\
ds
\

R3

|ṽ|2|x′|−2µ−4 dx <∞,\
ds
\

R3

|s|2|ṽ|2|x′|−2µ dx <∞,\
ds
\

R3

|f̃ |2|x′|−2µ dx <∞.

Then solutions to problem (3.1), (3.2) satisfy

(3.57)
\
ds
\

R3

|s| |ṽ|2|x′|−2µ−2 dx ≤ 2a1
\
ds
\

R3

|ṽ|2|x′|−2µ−4 dx

+
2

a2

\
ds
\

R3

dx |s|2|ṽ|2|x′|−2µ + 8

(
2

λ

)1+µ\
ds
\

R3

|f̃ |2|x′|−2µ dx,

where a1, a2 are positive constants defined in (3.58).

Proof. First we introduce the sets (see [14])

Q1 = {(s, x
′) : |s| |x′|2 ≤ a1},

Q2 = {(s, x
′) : |s| |x′|2 ≥ a2},(3.58)

Q3 = {(s, x
′) : a1 ≤ |s| |x

′|2 ≤ a2},

where the numbers ai, i = 1, 2, 3, will be chosen later.
In view of (3.58) we express the first integral on the r.h.s. of (3.8) in the

form

(3.59)
\
ds
\

R3

|s| |ṽ|2|x′|−2µ−2 dx =
3∑

i=1

\
Qi

ds dx |s| |ṽ|2|x′|−2µ−2 ≡
3∑

i=1

Ii.

From the properties of the sets Qi, i = 1, 2, 3, we have

(3.60)

I1 ≤ a1
\
ds
\

R3

dx |ṽ|2|x′|−2µ−4,

I2 ≤
1

a2

\
ds
\

R3

dx |s|2|ṽ|2|x′|−2µ

I3 ≤
1

aµ+11

\
ds
\

R3

dx |s|2+µ|ṽ|2 ≡ I.
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To estimate I we introduce the sets

d1(s) = {x
′ ∈ R

2 : |s| |x′|2 ≤ a1},

d2(s) = {x
′ ∈ R

2 : |s| |x′|2 ≥ a2},

d3(s) = {x
′ ∈ R

2 : a1 ≤ |s| |x
′|2 ≤ a2}.

Moreover, for λ > 0 we define

Ωλ = {(x′, |s|) ∈ R
2 × R+ : λ|s| |x

′|2 ≤ 1},

ωλ(s) = {x′ ∈ R
2 : λ|s| |x′|2 ≤ 1}.

We have Q3 ⊂ Ωλ for λ ∈ (0, a−12 ]. Let χ(t) be the function introduced in
the proof of Lemma 3.4. Then χλ(x

′, s) = χ(λ|s| |x′|2). Hence χλ(x
′, s) = 1

for |s| |x′|2 ≤ λ−1 and χλ(x
′, s) = 0 for |s| |x′|2 ≥ 2λ−1.

Let ϕ̃ be such that

(3.61) div(∇ϕ̃− (1 + i sign Im s)ṽχ2λ) = 0, ϕ̃|∂CR = 0.

Since v is divergence free, (3.61) assumes the form

(3.62) ∆ϕ̃ = 2(1 + i sign Im s)ṽ∇χλ χλ, ϕ̃|∂CR = 0.

Multiplying (3.7)1 by ṽχ
2
λ −∇ϕ̃ and integrating over R

3 yields

(3.63)
\

R3

sṽ · ((1− i sign Im s)ṽχ2λ −∇ϕ̃) dx

+ ν
\

R3

∇ṽ · ∇((1− i sign Im s)ṽχ2λ −∇ϕ̃) dx

=
\

R3

f̃((1− i sign Im s)ṽχ2λ −∇ϕ̃) dx.

Since div ṽ = 0, taking the real part in (3.63) gives

(3.64)
\

R3

(|s| |ṽ|2 + ν|∇ṽ|2)χ2λ dx

= − 2
(
Re
\

R3

∇ṽ ṽ∇χλ χλ dx+ sign Im s Im
\

R3

∇ṽ ṽ∇χλ χλ dx
)

+
(
Re
\

R3

f̃ · ṽχ2λ dx+ sign Im s Im
\

R3

f̃ · ṽχ2λ dx
)
− Re

\
R3

f̃ · ∇ϕ̃ dx.

Applying the Hölder and Young inequalities yields

(3.65)
\

R3

(|s| |ṽ|2 + ν|∇ṽ|2)χ2λ dx ≤
ν

2

\
R3

|∇ṽ|2χ2λ dx

+2ν
\

R3

|ṽ|2|∇χλ|
2 dx+

ε1
2

\
R3

|s|1+µ|ṽ|2|x′|2µχ2λ dx
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+
1

2ε1

1

|s|1+µ

\
|f̃ |2|x′|−2µχ2λ dx

+
ε2
2

\
R3

|∇ϕ̃|2|s|1+µ|x′|2µ dx

+
1

2ε2

1

|s|1+µ

\
R3

|f̃ |2|x′|−2µ dx.

Since (|s| |x′|2)µ ≤ (2/λ)µ on suppχλ, the third term on the r.h.s. of (3.65)
is estimated by

ε1
2

(
2

λ

)µ \
R3

|s| |ṽ|2χ2λ dx.

We choose ε1 =
1
2 (λ/2)

µ.

By Lemma 2.3 solutions to problem (3.61) satisfy

(3.66) ‖∇ϕ̃‖L2,µ(R3) ≤ c‖ṽχ
2
λ‖L2,µ(R3)

so the fifth term on the r.h.s. of (3.65) is bounded by

ε2
2

\
R3

|ṽ|2|s|1+µχ2λ|x
′|2µ dx ≤

ε2
2

(
2

λ

)µ \
R3

|ṽ|2χ2λ dx,

where we have used the fact that |s|µ|x′|2µ ≤ (2/λ)µ on suppχλ. We choose
ε2 = ε1.

In view of the above estimates we obtain from (3.65) the inequality

(3.67)
1

2

\
R3

(|s| |ṽ|2 + ν|∇ṽ|2)χ2λ dx

≤ 2ν
\

R3

|ṽ|2|∇χλ|
2 dx+ 2

(
2

λ

)µ
1

|s|1+µ

\
R3

|f̃ |2|x′|−2µχ2λ dx.

Since

|∇χλ| ≤ 2λ|s| |∇|x
′| | |x′| ≤ 2λ|s| |x′|,

multiplying (3.67) by 2 we obtain from (3.67) the relation\
ωλ(s)

|s| |ṽ|2 dx ≤ 16νλ2
\

ωλ/2(s)\ωλ(s)

|s|2|ṽ|2|x′|2 dx(3.68)

+ 4

(
2

λ

)µ+1
1

|s|1+µ

\
R3

|f̃ |2|x′|−2µ dx.

Multiplying (3.68) by (λ/2)µ+1|s|1+µ, using the estimate λ|s| |x′|2 ≤ 2 on
ωλ/2(s) and integrating with respect to s we have
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(3.69)

(
λ

2

)µ+1\
ds

\
ωλ(s)

|s|2+µ|ṽ|2 dx

≤ 64 · 2µνλ

(
λ/2

2

)µ+1\
ds

\
ωλ/2(s)\ωλ(s)

|s|2+µ|ṽ|2 dx

+ 4
\
ds
\

R3

|f̃ |2|x′|−2µ dx.

Let 64 · 2µνλ ≤ 1/2. Iterating (3.69) up to order k we obtain

(3.70)

(
λ

2

)µ+1\
ds

\
ωλ(s)

|s|2+µ|ṽ|2 dx

≤
1

2k

(
λ/2k

2

)µ+1\
ds

\
ωλ/2

k+1
(s)\ωλ/2

k
(s)

|s|2+µ|ṽ|2 dx

+ 8
\
ds
\

R3

|f̃ |2|x′|−2µ dx,

where

(3.71) ωλ/2
k+1

(s) \ ωλ/2
k

(s) = {x′ ∈ R
2 : 2k/λ ≤ |s| |x′|2 ≤ 2k+1/λ}.

On the set (3.71) we have

|s| ≤
2k+1

λ
|x′|−2.

Hence the first term on the r.h.s. of (3.70) is bounded by

1

2k

\
ds
\

R3

|s| |ṽ|2|x′|−2−2µ dx.

Inserting this estimate in (3.70) and using (3.60) we obtain from (3.59) the
inequality

(3.72)
\
ds
\

R3

|s| |ṽ|2|x′|−2−2µ dx ≤ a1
\
ds
\

R3

dx |ṽ|2|x′|−2−4µ

+
1

a2

\
ds
\

R3

dx |s|2|ṽ|2|x′|−2µ

+
1

aµ+11

(
λ

2

)µ+1
1

2k

\
ds
\

R3

|s| |ṽ|2|x′|−2−2µ dx

+ 8

(
2

λ

)µ+1\
ds
\

R3

|f̃ |2|x′|−2µ dx.
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Assuming that k is so large that

1

aµ+11

(
λ

2

)µ+1
1

2k
≤
1

2

we obtain from (3.72) the inequality (3.57). This concludes the proof.

Finally, we have

Lemma 3.6 Assume that f ∈ L2,−µ,γ(CR×R+), µ ∈ (0, 1), γ > 0. Then
for sufficiently smooth solutions to problem (3.1), (3.2) vanishing sufficiently
quickly near L we have

(3.73) ‖v‖H2,1
−µ,γ(CR×R+)

+ ‖p‖L2,γ(R+;H1−µ(CR)) ≤ c‖f‖L2,−µ,γ(CR×R+).

Proof. Inequalities (3.8) and (3.57) imply for sufficiently large a2 the
inequality

(3.74)
\
ds
\

R3

|s|2|ṽ|2|x′|−2µ dx+ ν
\
ds
\

R3

|s| |∇ṽ|2|x′|−2µ dx

≤ c1a1
\
ds
\

R3

|ṽ|2|x′|−2µ−4 dx+ c
\
ds
\

R3

|f̃ |2|x′|−2µ dx,

where the Laplace transforms with respect to t appear only.
Inequalities (3.56) and (3.74) imply that for sufficiently small a1,

(3.75)
\
ds
\

R3

|s|2|ṽ|2|x′|−2µ dx+
\
ds
\

R3

|s| |∇ṽ|2|x′|−2µ dx

+
\
ds (‖ṽ‖2H2

−µ(R
3) + ‖p̃‖

2
H1
−µ(R

3)) ≤ c
\
ds
\

R3

|f̃ |2|x′|−2µ dx.

Hence by the Parseval identity (see [1]) we have

(3.76)

∞\
0

dt e−γt(‖vt‖
2
L2,−µ(R3)

+ ‖vxt‖
2
L2,−µ(R3)

+ ‖v‖2H2
−µ(R

3) + ‖p‖
2
H1
−µ(R

3)) ≤ c
∞\
0

dt e−γt‖f‖2L2,−µ(R3),

where v, p and f have compact supports in CR. From (3.76) we obtain (3.73).
This concludes the proof.

Lemma 3.6 implies Theorem 1.
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