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EXISTENCE OF SOLUTIONS TO THE
NONSTATIONARY STOKES SYSTEM IN H?,, p € (0,1),

IN A DOMAIN WITH A DISTINGUISHED AXIS.
PART 2. ESTIMATE IN THE 3d CASE

Abstract. We examine the regularity of solutions to the Stokes system in
a neighbourhood of the distinguished axis under the assumptions that the
initial velocity vy and the external force f belong to some weighted Sobolev
spaces. It is assumed that the weight is the (—u)th power of the distance
to the axis. Let f € Ly _,, vo € Hlp, u € (0,1). We prove an estimate
of the velocity in the H 3; norm and of the gradient of the pressure in the
norm of Ly _,,. We apply the Fourier transform with respect to the variable
along the axis and the Laplace transform with respect to time. Then we
obtain two-dimensional problems with parameters. Deriving an appropriate
estimate with a constant independent of the parameters and using estimates
in the two-dimensional case yields the result. The existence and regularity
in a bounded domain will be shown in another paper.

1. Introduction. We consider the problem

vy —divT(v,p) = f in 27 = 2 x(0,7),
dive =0 in 27,

(1.1) v-n=0 on ST =5 % (0,7),
T-DW) Ta+9v-Ta =0, a=1,2 on ST,
V|t—0 = Vo in £,

in a bounded domain 2 C R3, where v is the velocity of the fluid, p the
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pressure, f the external force field, v > 0 the constant slip coefficient, 7
the unit outward vector normal to the boundary S, and 71,72 unit tangent
vectors to S.

We denote by T(v,p) the stress tensor of the form

(1.2) T(v,p) = vD(v) — pl,

where v > 0 is the constant viscosity coefficient, D(v) is the dilatation tensor
of the form

(1.3) D(v) = {via; + vjw tig=123,
and [ is the unit matrix.

Let (w1, 2, 73) denote the Cartesian coordinates in R® and ¢t € R,. By
dot we denote the scalar product in R3,

We assume that (2 contains a distinguished axis L.

To formulate the main result we introduce some weighted spaces. Let
p € R and o(z) = dist{z, L} and set

Hi’l(QT) —{u ull e =

(2T

1/2
[ V(02 + ud) o™ (@) + 02 0™ () + u? o™ (x)] du dt] < OO},
QT

1/2
L2 @) ={u il oy = | @) dvar) < ool
QT

1/2

() ={us iy = | (B2 (@) + 2 wlde| < oo
Q

Here and throughout, we do not distinguish vector and scalar valued func-

tions. Let u = (u1,...,un), © = (z1,...,2,). Then u? = u} + -+ + u2,

u? = ZZ]':1 u%@j, U, = Oyu. The main result of [10, 11] and of this paper

is the following

THEOREM A. Assume that f € Lo _,(27), vo € H ,(£2), p € (0,1),
S € C3. Then there exists a solution to problem (1.1) such thatv € HE’;(QT),
Vp € Ly, (£27), and

(L4 ollgz@ry) +1VPlL, @r) < ellfllzs _uom) + lvollar, (@)-

To prove Theorem A we shall use the localization technique (see [10])
and the existence in the 2d case (see [11]). To do this we need an estimate for
solutions of (1.1) in a neighbourhood of the axis L in appropriate weighted
Sobolev spaces. For this purpose we introduce a local Cartesian system
x = (x1,x2,x3) with centre on L such that L is the zs-axis. Next we define
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cylindrical coordinates (r, ¢, z) by x1 = rcosp, xo = rsing, rs = z. Let
R, a be given positive numbers. We introduce the cylinder
Cr={reR®:r <R, —a<z<a,pcl02nr]}

We assume that Cr NS = 0.
To show the existence of solutions to problem (1.1) by the localization
technique we examine the problem with vanishing initial data

vy —vAv+Vp=f in ct.

(15) dive =0 in C%,
v=20 on OC%,
U|t:0 =0 in CR.

We underline that the v,p in (1.5) are different from those in (1.1).
The main result of this paper, crucial for the proof of Theorem A, is the
following

THEOREM 1. Let f € Ly ,(CL), u € (0,1). Then solutions to problem
(1.5) such that v € Hi’i(C}g), p € Ly(0,T; HL ,(Cr)) satisfy

(1.6) HU”HE’j(cg) +Ipll 2o 0,101, 7)) < ADNFllL, oz
where ¢(T) is an increasing positive function of T.

Theorem 1 is proved in Section 3. For this purpose (1.5) is extended to
a problem on R3 x R, for solutions vanishing sufficiently fast at infinity.
Applying the Laplace transform with respect to t and the Fourier transform
with respect to x3, because L is the z3-axis, we transform problem (1.5) to
a two-dimensional Stokes system and a two-dimensional Poisson equation
(see (2.3) and (2.4)). Next, we need estimates for solutions to problems (2.3)
and (2.4) (see Lemmas 2.1, 2.2 from [11]). Since problem (1.5) is three-
dimensional and time dependent we need estimates for solutions to (1.5)
with constants independent of the parameters of the Fourier and Laplace
transforms (parameters £ and s in (3.6)). This is done in Section 3 in Lemmas
3.1-3.6. Having such estimates we are able to prove Theorem 1.

Now, we introduce some notations. Let 2 be a bounded domain in R3.
We denote by V3 (£27) the Banach space of functions with the finite norm

i 1/2
fullvg oy = sup Ol zagen + (§ IV 0 1)
t<T 0
Let W3 (2T) be the closure of C°°(£2T) in the norm

1/2
lullwzory = [ § (e, 0 + [z (o, 0 + [ (o, ) dade]
QT
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and W4 (£2) the closure of C*°

o
lullws ey = (§ @) + e @)) de)
0

) in the norm

1/2

Consider the domain D= Br(0)xR,,xR;, where Br(0)={z' €R? : |2/| < R},
r' = (z1,22), |2'| = /2?2 + 3. Let us introduce the Fourier-Laplace trans-
form
(1.7) u(x' & s) = S dt S dxs e s @8y (2! 23, 1),

Ry R
where s = v+ 1, v =Res > 0, {§ € R.

Then we introduce the space Hﬁjsm (D), k € Z4 even, p € R, of functions

with the finite norm
lell 52 )

= | X fasfde [ Duplgzesseofa 2 tlert2e0mh) gy
|a|+2a0<k R Br(0)

]1/2’

J— — ! !l
where a = (a1, a2,a3), |a|] = a1 + as + az, & = (a1, a2), || = a1 + as,
a1, iy, 3, g are non-negative integers. Moreover,

Loyun(D) = HSZ»Oy(D)-

In the stationary case, the spaces HS(BR(O) x R) appeared in [6]. The spaces
H!(Br(0) x R) were used in [3, 8, 9].

Acknowledgements. The author thanks Ewa Zadrzynska for impor-
tant discussions during the preparation of this paper.

2. Auxiliary results. To formulate results from [11] for two-dimen-
sional problems which follow from (1.5) after applying the Fourier-Laplace
transform (1.7) we consider instead of (1.5) the more general problem

vy —divT(v,p) = f1 in C’};,

dive = hy in CF,
(2.1) v=>0 on C'?CE,
U’t:() =0 in CR,

fl’BCR :07 hl‘BCR :O7 p’BCR :0

To examine problem (2.1) in weighted Sobolev spaces we consider it in
R3 xR, so the last condition (2.1)5 disappears. Moreover, to show the exis-
tence and estimates in weighted spaces we apply the methods of Kondrat’ev
[6] for elliptic boundary value problems in cones. Since we consider elliptic
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two-dimensional problems in R?, our cone is the 27 angle. Therefore, instead
of (2.1) we examine the problem in R3

v —divT(v,p) = f1,

dive = hy,
(2.2) ve=m

U|F0 = U|F27'r’

n- T(U7p)‘1—'o =n- T(va)h—bw'
In view of (2.1)5 all functions in (2.1) are extended by zero to R3 and for
t <0, where Iy = I, = {x € R® : 29 = 0}, fa|lr, = (0,—1,0), Aa|p,, =
(0,1,0) and (2.1)5 follows from localization of (1.1). Solvability of (2.2)5 is
considered in [2, 5].

Applying the Laplace—Fourier transform (1.7) to problem (2.2) we sepa-

rate it into two problems

_VAITJ_]' +ﬁ,:1?j = .E] - q:lj,] = §j7 .7 = 1727 in R27
5171:1 + 52@2 = —Z'fig + El = % in R2,

(2'3) :Jj|’>'0 - 6j’727r7 J=12, xzg =0,

Vlay T V2,2 _ [ Va2 + V2,2,
2009 4, — D . 2009 2, — D

where ¢ = s + €2, 70 = Yor = {z € R? : 29 = 0}, A/ :831 +aa%2 and

,  x2 =0,
Y2

—VAD3 = fi13—qUs —i€p =G5 in R?
(2.4) U3|vo = U3]qar s 9 =0,
%/3,352 ”Yo = %/37202 |721r7 z2 = 0.

Parabolic and elliptic equations in weighted spaces have been examined in
[12, 13].
From [11] we have

LEMMA 2.1. Let § € La_,(R?), k € HL (R?), u € (0,1). Then there
exists a solution to problem (2.3) such that v € H? ,(R?), p € H! ,(R?) and

(2.5) 19l iz, r2) + [Pl mn w2y < eUllgllLs — 2y + 1Rl a1, m2))-

LEMMA 2.2 (see [11]). Let g3 € Lo,—,(R?), u € (0,1). Then there exists
a solution to problem (2.4) such that U3 € H? ,(R?) and

(2.6) 193] 2, (r2) < cllgll Lo (r2)-
Consider the problem
(2.7) Ap=divf, ¢lac, =0.
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LEMMA 2.3. Let f € Ly ,(CRr), pr € (0,1). Then there exists a solution
to (2.7) such that Vo € Ly ,(Cr) and
(2.8) V@l L, cn) < ClfllLsucn)-

Proof. Let G(z,y) be the Green function for problem (2.7). Then any
solution to problem (2.7) can be represented in the form

(2.9) o(z) = | Gl,y)divy fy)dy =~ | V,G(z,y)- f(y)dy.
Cr Cr
Hence
(2.10) Vap(z) == | VoV,Gl2,y)f(y) dy.
Cr

Then by [4] we obtain (2.8). This concludes the proof.
Finally, we consider the problem

uy —divT(u,p) =g in OF,

@.11) divu =0 in CF%,
u=0 on 9C% x (0,7),
u‘t:() = Up in CR.

3. Estimates near L. In this section we find an estimate for solutions
to problem (1.5) under the assumptions that f € Ly _,(Ck), u € (0,1). For
this purpose we assume that the problem is considered with f extended by
zero for x € R3\ Cg and for t < 0 and t > T.

Next, two-dimensional considerations require the form (2.2) with f; = f,
h1 = 0. Therefore, we consider the problem
vy —divT(v,p) = f inR*xR,
dive =0 in R? x R,

U|F 0 — U|F pR)

n- T(vvp)|Fo =n: T(pr)’FQ-m

with v, p vanishing outside Cr and for ¢t < 0. The condition

(3.2) vlgc, =0

is necessary for applying Lemma 2.3 and to prove the existence of solutions
to problem (3.1), (3.2).

The property that v, p vanish for ¢ < 0 is implied by the Paley—Wiener
theorem for the inverse Laplace transform with respect to t (see [1, 7]).

To show that problem (2.11) implies (1.5) we extend initial data ug €
H! (Cg), divug =0, to a function ug € HE’;(C};), div uf, = 0, such that

(3.1)

(33) ué)‘t:O = Up
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and

(3.4) ol 22 oz < elluollar, (cn)-
Introducing the functions
v=u—uy, [f=g—uy,+vAu,
where
(3.5) 1 s_,cozy < cllgllL, oz + ||U6HH3’;(C£))
<clllgle, ez +lluollur )

we see that v, p, f satisfy problem (1.5).
Let us introduce the Fourier—Laplace transforms

ﬂ(st) = S e_Stu(x7t) dta 5=+ Zfo, v > 0, 50 € Ra
0
(3.6) u(x' & t) = Se*i“gu(ac',xg,t) dzrs, &€R,
R

u(z',€,8) = S dt S drs e 5178y (2! x5, 1),
Ry R
where &' = (z1,22). We do not distinguish between these transforms in
notations, because this will be clear from the context.

Applying the Laplace transform (3.6); to (3.1); yields
(3.7) sU— VAU + Vﬁ:f in R3,
' dive =0 in R,

LEMMA 3.1. Assume that pn € (0,1), 2’ = (x1,22) and
Jds | IFP21 |72 do < o0, Vs | || [0’ 7272 do < 0.
R3 R3

Assume that v vanishes outside the cylinder Cr = Br(0) x (—a, a), Br(0) C
R? and Br(0) is the ball of radius R and centre at 0. Then for any solution

of (3.7),
(3.8) Sds S ’8’2|5|2|x/|—2# d$—i—l/xd3 S |S| |V’17|2|$”_2N dr
R3 e
< C1Sds S |s| |0)%|2"| 2+ 2 d“01§d8 S \ﬂ2|x’\_2“ dz,
R3 o
where the constant ¢; may depend on a, R, u.

Proof. Let ¢ be such that
(3.9) AP = div((1 + isignTm s)v|z’'| 7%*),  @lac, = 0.
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Multiplying (3.7); by (1 — isignIms)v|z’|2# — V5, where @ means the
complex conjugate to u, integrating with respect to € R3 and taking the
real parts yields

(3.10) S (Is| [0]?]’| 72 + v|VD|?|2| %) da
R3
= Re S SU - chdm%—QW/(Re S Volz'| V|2 | de
R3 R3
+ signIm s Im S Voule' |7V || dw)
R3
—vRe S AV -V@dr + Re S f o2 | 7 da
R3 R3
+ signIm s Im S f ol 72" da
R3
—Re | f-V@da.
R3
Since v is divergence free, the first and third terms on the r.h.s. of (3.10)
vanish after integration by parts.

By the Holder and Young inequalities, the second term on the r.h.s. of
(3.10) is estimated by

ey | VO |7 da + c(1/e1) | [0/ | 7272 da,
R3 R3
the fourth by
c(1/e2)

ex | s [P/ do + =22 | || 72 d,
RS sl g
and the last by

~ c(1l/e ~ _
e § Il IVl o+ “CL2 § | FPlar| 2 o
R3 R3

Hence for sufficiently small ¢;, (3.10) implies
3.11) | [s|[3]%[2')"* do + v | |VO?2'| 72 da

R3 R3
~ _ 1 _
<c S |’U|2|£C”*2N*2 dr + ¢ S ‘S‘ ]V<p|2|x'|2“ dx + M S ’f‘2‘$/rzu de.
RS RS |'s| o
Applying Lemma 2.3 to (3.9) yields

(3.12) V&Il cn) < cll0l2’ |7 (|1, ey < cllTll7, _, @)
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Using (3.12) in (3.11) gives
(3.13) (V3 + |s| [7]*)|2'| 72 da
RS
<c | [3]P2'| 72 da + ce | |s| [0]?|2'| 72 da +
R3 R3

<
sl
Assuming that ¢ is sufficiently small we obtain from (3.13) the inequality

(3.14) (V3 + |s| [7]*)|2'| 72 da
R3

V1712122 da.
R?’

<e | [Pl |22 de + = | 1Pl 2 da.

o 5] g

Multiplying both sides by |s| and integrating with respect to s implies (3.8).
This ends the proof.

To increase regularity with respect to x of solutions to (3.1), (3.2) we

apply to (3.7) the Fourier transform with respect to x3. Then we obtain the
problems

(3.15) 0 —vAT 4V =f —st' =7, divY =icts,
where v' = (v1,v2), V' = (02, 04,), A’ = 07, + 02,, and
(316) 5253 — I/Alag — ’Lgf)/: ff; — S:l\}/g = §3,

and v, p vanish outside the ball Bg(0). By Lemmas 2.1 and 2.2 we obtain
for solutions of (3.15) the inequality

(3.17) HGIH%IZH(]RQ) + Hﬁ”%ziu(m

< cllg'lZ, @2 + eI, @) + clePITsl7n g2y
and for solutions of (3.16) the inequality
(318) [[Tsll72  (mey < €llgsllZ, ey + € I1Ts11Z, @) + I, _, o2)-
Integrating (3.17) and (3.18) with respect to £ and s we get
(319)  Vdds ([7']13 ey + P17 (o)

< CSdﬁ ds H?H%Q,,H(Rz) + chf ds (54\\’5,“%2,,“@2) + 52’@?»”%11“(11@2))7
and
(3:20)  [deds|Tllfe (ge) < c§dEds |1Gall3, _, gy
+c\deds D]}, | mey +cdeds2IB]3, | ee

Therefore, we have to find estimates for the last two integrals in (3.19) and
(3.20).
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LEMMA 3.2. Assume that p € (0,1), g = f—sv,e€ (0,1),
Vdsdg | |p*|2'| " da’ < oo,

RZ

Vdsde | &[o)[a’| 7272 da’ < oo,
R2

Sds d¢ S |9)%|2| 2 d2’ < .
R2

Then solutions to (3.1), (3.2) satisfy
(3.21)  w{dsde § (VTP + )’ da!
R2
e{dsde § €2p*)a’| "2 da’

R2

1 ~
+ 4(1 + —),ﬁ Vdsde | oo’ da
€ o
1 ~
+ —Sds d¢ S 91?2’ |2 da'.
v o
Proof. Consider problem (3.7) in the form
(3.22) —VAT+Vp=f—sv=g, divi=0.
Applying the Fourier transform (3.6)o, multiplying (3.22); by o|z’| =2, in-
tegrating with respect to z’ and integrating by parts we obtain
(3.23) v \(IVD]? + &[0]*)|a’| 7 da’
RQ
< 2up \V -0/ |77 V2! | da’ — 2 | PO/ - V2| da!
R2 R2
+ | g ol |7 da.
R2
Applying the Holder and Young inequalities we obtain
(3.24) = [ (VTP + E2[)?)|a'| " da’
2 a2
1 ~
<$ S 1p)% || 2 da’ + 2<1 + _)Mz S 0|22’ |72+ 2 da’
2 € 2

11 ~2( .| —21 /
+opm ) APl
R2
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Multiplying by 262 and integrating with respect to ¢ and s implies (3.21).
This concludes the proof.

Now, we estimate the first integral on the r.h.s. of (3.21).
LEMMA 3.3. Assume that
Vdeds | o[/ 7272 da’ < oo,
R2
Sdf ds S |9%|2"| 72" d2’ < .
R2
Then solutions of (3.1), (3.2) satisfy the inequality
(3.25)  §dgds (191% g + P12 g)
+Vdgds § (VP + )| 72 da’ + Vg ds | (PPl da
R? R?
<cldeds | PP/ |72 da’ + e\ deds | |g1? |27 da.
R2 R2

Proof. Consider the problem

_A¢/ + V77 = 07
(3.26) divey’ = pla’|~H,
Y'ocy = 0.

Let us underline that problem (3.1) is obtained from extension outside some
cylinder such that

S pla’|* dz = 0.
R3
The condition follows from extension with respect to x3 such that
Sp(a:',xg,t) drs =0 for any 2’ € R?, t € Ry.
R

For solutions of (3.26) we have the estimate
19 121 sy + 10117, sy < ellpll7, ey
Inserting ¢’ = ¢|a’|~# yields
(327) V@) + 00l do < ¢ | [pfla’| 2 da.
R3 R3
Passing in (3.27) to the Fourier transforms with respect to z3 we have
(328)  {d¢ IV (@l 7)]” + [01* || 7] da’ < e de | [pI*[a’| 7 da’
R2 R2
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Differentiating (3.26) with respect to z3 we obtain instead of (3.27) the
inequality
(329)  V(IV'(@usla’| )17 + 105,017 12|72 dx < ¢ | |p oy [P’ da.
R3 R3
Passing to the Fourier transforms with respect to x3 yields

(3.30)  {de [ [V (@la/|7)* + €112 2| 2] do’
]RZ

<clde | pPla’| 2 da’.
R2
Multiplying (3.15); and (3.16) by QZ|£C/‘_2“<(|§’ |2’|), where ¢ is a smooth
function such that ((t) = 0 for t < as/2, ((t) = 1 for t > aq, |¢| < ¢/asz, and
integrating with respect to 2’ we obtain

(331) v | (~AT+ %) la!| 3¢ da’
R2
8]) = 8]? = et =21 / ~ = =21 !/
+ V(5 v+ e —itpis | 2/ 72¢da’ = | G- Pla'| ¢ da.
R 8x1 8$2 R2
Integrating by parts yields
(332) @12 |7) 0y + Bldhala’| ) 0y + Dikibsla’|H]|a!| ¢ da

R2
O e (g P e (P S W
]RQ
= v [ [V'5- V/(la'|724¢) + €25 - gla’|72¢) da’ — § G- la’|72¢ o
R2 R2

From (3.26)2 we have div(¢|z'|7#) = p|2’|#, which in the Fourier trans-
forms with respect to x3 equals

(3.33) div/ (' |2/ H) — is|a’|H = pla’| M.
Hence, (3.32) implies
(3.34) \&2dg | [p[a’| ¢ da

R2
< c{e2ag | Bl 101(12 |77 1¢ + |2’ 72¢]¢)) da’
R2
+efede [ [IV3] [V (/| 7)] |2/ |71¢ + V3] [9] || 727 1¢
R2

+ VB[] 2|72 [€]¢ + €[] [ ] || ¢) da’

+e{e2de | (5] 19] o' dar'.
R2
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By the Holder and Young inequalities, we obtain

(3.35)  \&2de | [p*|a’| "¢ da’
RQ

<eletde | pPla’| "¢ da’ + - 55 d&S 92 |2"| 722 da

R2

+erfetde | [P 2 da' + — Sg d&& |2’ |72#(C] da’
R2

+ea {2 de [ (IV/ @[T P + 9172|7272 + 2P’ |7 da’
RZ

1 I~ ~ 1 — /
+ 1 1€ e V(YO + @) || ¢ da
R2

+es &t de | [0 2] da’ + §£2d§§ Vol |2|~2#(C] da’

R2
+eafetde | [Pl "¢ da’ + ES d¢ | [g1?)a’| 72 da.
R2 R2

Assuming that e = 1/2, adding &2 d¢ {, |p|*|+’| (1 — () da’ to both sides
and using

supp ¢ = {(&,2') + [2[[¢] > a2/2 so |2'| " < (2/az)[¢[}
we obtain from (3.35) the inequality

(3.36)  [&2de | p*|a’| 72 da’
R2
~ _ 1 ~ oy
< Ne2de § [P/ (1 = ) da’ + 5N de | (5[’ | 2] da”

R2 1 R2

4 ~

+ 2<? +e1+e2+es +54> 854 d¢ S AR e
2 R2

+ 265 (€2 dg § (V' (@la!| ) + [0’ 2)¢ da

R2

py(sro)fed Qv e

2\¢
2 R2 Nsupp ¢

1 ~ _
+2—§ de | (g%~ do.
E4 R
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In view of (3.30) and for sufficiently small ; and sufficiently large as we
have

(337) 5 {€rde | [pPl’| 2 do’ < (€2 de | [5Pla’| 21— Q)

R2 R2
+elezag { pPl 72l da’ + ¢ | ¢2de (VD + &2[9]%) |2/ | 72 da’
R2 supp ¢ R2
+c|ae | [P’ da'.

R2

Since 1 — ¢ # 0 for || |2| < ag and ¢ # 0 for ag/2 < || |2| < ag, we obtain
€2 < a3|2’|72. Then (3.37) takes the form

(3:38) V&g | |pPla’| " da’
RQ
c\de { [pPa’ |72 2 da’ v e | dg | da' (VT + )’
R2 supp(  R2
+clde | G| da.
R2
Using (3.38) in (3.21) and exploiting that € is sufficiently small we have

(339) [ de § & (VP +ERPa’| > da

R2
<ec\de | PP’ | 72 da’ + e de | [g)°]2/| 72 da’
R2 R2
1
+c<1 + g) {a¢ | 5?2’ 722 da'.
R2

Using (3.39) in (3.19) and assuming that ¢ is sufficiently small we obtain
(3.40)  Jae(10'1%2 ey + P17 (goy)

<clde § oPa’| 722 da’ + e\ | |gP|a’| 7 da.
R2 R2
Employing (3.40) in (3.39), (3.38) and (3.20) we get
(3.41)  §de (9% o + 17121 gn)
+§de § (V0 + 02|72 da’ + [ § 21517 da’
R2 R2

<cldg | P17 da’ + cYde | [P’ | da'.
R2 R2
This implies (3.25), and concludes the proof.
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Next we estimate the first term on the r.h.s. of (3.25). Let ai, as be
positive numbers. Then we introduce the sets (see [14])

Q1= {(&2) eR®: €] 2| < a1},
Q2 = {(&2") e R? 1 |¢][2'| > a2},
Qs ={(&,2') €R? 1 ay < [¢]|2] < aa},
LEMMA 3.4. Assume that
e § da’ o272 < oo,
52
e § da’ €522’ < oo,
e

Sd{ S dz’ [g]?|2'| 7 < 0.
R2

Then solutions of (3.1), (3.2) satisfy
(3.42)  \de | da' oP[af |72 < o} \dg | da’[5]?|2'| 72+
R2 R2
1 4 ~ _
+— | de | da’ "o’ | 7 + T Jag | da'|gP?|a’| 7.
2 R2 R2
Proof. We write the first term on the r.h.s. of (3.25) in the form

3
Z | d¢da’ [P |72 =T,

i=1Q; i=1
where
L <af | dgda’ [0 72,
Q1
1 ~ _
(3.43) L<— | dgda’ o))’ | 72,
2 Q.
1 ~
Is < T | dgda’ ¢ 2152 = 1.
1 Q3

To examine the integral I in (3.43) we introduce
di(§) = {2’ e R*: [¢] |2'| < an},
da(§) = {2’ € R : [¢] |2'] = az},
d3(€) = {2’ € R? 1 a1 < [¢] [2'| < az}.
For A > 0 we define
P={ ) eR* xR Ng| 2] <1}, W) = {a €R*: Mg |2| <1}
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We have Q3 C 2* for A € (0,a5']. Let x = x(t) be a smooth function such
that x(t) =1fort <land x(t)=0fort>2,0<x(t) <1, x'(¢t) <2
Write xa(2',€) = x(Al¢] |2/]). Then xa(2",§) = 1 for [¢]]2’] < A7 and
xa(z',€) = 0 for [£]]z'] > 2A7L. To estimate I we consider the system
_A/;J/ 4 62%4 4 V’ﬁ: g/’
(3.44) — AU + 203 — i&p = g,
V' -7 —i&vs = 0.
Let ¢ be such that
(3.45) div' (V'@ = 'x3) — i€(=i€2 = 03x3) =0, @lapn(o) = 0.
Multiplying (3.44); by v'x2 — V', (3.44)2 by v3x3 +i£$, adding the results,
integrating over R?, integrating by parts and using (3.44)3 yields

| V- V(@3 = V@) da' + | 0(0x3 — V'$) do’

R2 R2
+ | V05 - V(@03 +60) da’ + | 0s(Tax3 — i67) da’
R2 R2
= 7@ 3 - V@) da' + | Gs(Tsx3 +i7) da’”.
R2 R2

Since v is divergence free, we have
(3.46) | (V3> + &[3]*)x3 da’ = | V'Tu2Vxaxs da’
R2 R2
+ V@V + 03 da’ — | (7 V'E + 5silP) da.
R2 R2

We estimate the first term on the r.h.s. by

~ 4 ~
%1 IV o’ + o— | 012Vl da
€1
R2 R?2

the second term by

€2 ~121../2 2420, 2 3.1 1 1 ~2) 1 =2u. 2 g,/

- ) [P TN da’ + 5— =g ) (9712 [ XA da

2 RSQ 252 |§’2+2M RS2
and the last term by
€3 2420 (1 |2 2 ~2npon2m g, L1 2 =202 g
5 V1P (V317 + 117131 2| da’ + 50 En } 131212723 da'.

R2 R2

We assume that e = 1. On supp y» we have |2/|?#|£|?* < (2/X)%H, so the
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term with &5 is estimated by
2p

€2(2 ~121 1202 g0

—| = v dx’.

2(3) S Pl

R2

We assume that e = (A/2)?*. Using the above estimates in (3.46) yields

1 _ _ ~
5 VIV + €73 da’ <2 § [0Vl da’

R2 R2
€3 ~ ~
t5 | 1ElPT2 (V'3 + 2187 [ da’
R2
2p
1 2 1 1 ~2( =202 gt
()3 Lot

R2
Multiplying the above inequality by |£|>*2# and integrating with respect to

¢ implies

(3.47) = {degPr § (VD + 19173 do’

R2

N

<2de ¢l | [0]°|Vxa| do’
R2
9 ~ ~
+ 5 Vgl [ (V'8P + 2117l da
R2

2
F 212" L] e § igla - aa
2 A £3
R2
Let F be the Fourier transform (3.6)2. Then problem (3.45) can be written
in the form
(3.48) A =divt* F~'\3), @loc, =0,

where * is convolution with respect to x3 and ~ is the Laplace transform
with respect to ¢ (see (3.6)1). After applying the Parseval identity, the second
term on the r.h.s. of (3.47) is

| dz |02 V3P| =
R3

where 922" is a fractional derivative. To estimate J we consider instead of
(3.48) the problem

APPFHG = diva2 (5« F73), 02 @|acy = 0.
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In view of Lemma 2.3 we have

[ de 22Vl 20 < o) | d 02207« P13 212 P,

R3 R3
By the Parseval identity for the Fourier transform (3.6)5 the above inequality
implies

Jag | da’ || (V'GP + 62151 '
RQ
< e \dg | da’ |10 |
R2

Since |z/|?#|€]?* < (2/)X)?* on supp x and x < 1 we obtain

2\ 2 _
J < cl(x> Jag | da’ |6 2103
]RZ

Assuming that (e3/2)c1(2/A))?* = 1/4 we obtain from (3.47) the inequality

(3.49) [ delelFn [ (VT + €3 da
R2

- 2\ ~

<2 deer [ [T+ (14e)() Jde | g aa
R2 R2

Since |Vyxa| < 2A[[, assuming that A < 2 we obtain from (3.49) the in-

equality

(3.50)  Jdelgf 2 | &0 da’
wr(§)
2 2pu+2
< 3227 | dg ¢ T2m | §2|i7|2dx’+02<x> Ve | (g2 da,
wr2(E)\wr(€) R?
where ¢y = 4(1 + ¢1). Multiplying by (\/2)%*2 yields

)\ 2pu+2
(3.51) (5> Vaglerr | &) da’
w (&)

2 2pn42
<243ty (%) Vagigr | &) d
WA/2(6)\wA ()

+ea | de | G122’ do.
R2
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Let 2-43t#)\2 < 1/2. Then iterating (3.51) up to order k we obtain

A 2pu+2
(3.52) <§> fac g | &9 da’
wr(€)

1 [ A/2k\ 22 _
<2—k( . ) [ ae e+ | &[5 do’
W /2L ()\wA/2" (£)

+2co \ dg | [g?)a'| 72 da,
R2
where
k41 k
(353)  WMP O\ () = (o' € R : 28 /A < || ¢ < 21 /AL
On the set (3.53) we have

9k+1
el < 5 )
so the first term on the r.h.s. of (3.52) is estimated by
1 A 2p+2 ) I 2k+1 2p+2
w2 (€)\w /2 (€)
x || 722 da

1 ~

= o5 )dE€” | [0 || 72 da’

W /2L () \wr/2E (g)
1 o1 o
< o Vde € | [Pl 722
]RQ
In view of (3.43) and (3.52)—(3.54) we obtain
(3.55)  \agg? | 322’72 da’
R2

1
<ai | deda! [0’ + | deda’ €|

Q1 2Q,
+ op gy €€ | [BPJa! |2 !
9ok a2+2u
1 R2
262 ~ _
+a272u§dg | [%2'| 72 da'.
1 R2

This implies (3.42) for sufficiently large k and concludes the proof.
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Using (3.55) in (3.25) and assuming that a; is sufficiently small and as,
k are sufficiently large we obtain

(356) (s (7% o+ P13 gn) < cfds [, ).
Finally, we have to estimate the first term on the r.h.s. of (3.8).

LEMMA 3.5. Assume that
Vds | [0/ 72~ dz < oo,

R3

Sds S |s|2[0]2 |2’ |~ dz < oo,
R3

Sds S |FI212 )72 de < .
R3

Then solutions to problem (3.1), (3.2) satisfy
3.57)  \ds | [s| [0?)2'| 7272 dw < 2@, \ds | [5]?[2'] 7 da
R3 R3
2 217121,/ —2 2 B 121,12
+ = \ds | da|s? [0/ +8( < Vds | [F1?12/) 7% da,
as A
R3 R3
where @y, a2 are positive constants defined in (3.58).

Proof. First we introduce the sets (see [14])
Q= {(s,2") : [s| [2|* <@},
(3.58) Qr = {(s,2") : [s| [2'|* = @},
Qs ={(s,2") r @ < |s][2']” < @z},
where the numbers @;, ¢ = 1,2, 3, will be chosen later.

In view of (3.58) we express the first integral on the r.h.s. of (3.8) in the
form

3 3
(3.59) \ds | [s][5]?]2'| 72 dz = Z | dsdx|s|[0]?|2'|"22 =Y I
R3 i=17Q, i=1
From the properties of the sets @i, i1 =1,2,3, we have

Iy < ay\ds | da[5)?[2’) 721,

R3
— 1 " _
(3.60) Iy < a—2§ds S dx]8]2|v|2|x/| 2
R3
_ 1 .
Is < e Sds S dx |s|*T7)? = T.

ay R3
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To estimate I we introduce the sets
di(s) = {2’ € R?*:|s||2'|* <@},
do(s) = {2’ € R? : |s||2'|* > @},
ds(s) = {2’ € R? : @y < |s||2/|? < @a}.
Moreover, for A > 0 we define
P = {(@',|s]) € B2 x Ry s Als| |o/[2 < 1},
TMNs) = {2’ € R?: \|s||2|? < 1}.
We have Q5 C 2> for A € (0,a,']. Let x(t) be the function introduced in
the proof of Lemma 3.4. Then Y, (2, s) = x(A|s| |2/|?). Hence X, (2/,s) = 1
for |s||2'|> < A7 and X, (2/, s) = 0 for |s| [2/|> > 2271
Let ¢ be such that
(3.61) div(V@ — (1 4 isignIm s)ox3) =0,  Blacy = 0.
Since v is divergence free, (3.61) assumes the form
(3.62) Ap =2(1+isignIms)oVx,\ Xy,  @lacy =0.
Multiplying (3.7)1 by vx2 — V@ and integrating over R? yields
(3.63) | s0-((1—isignlms)ox} — V@) do
R3
+v S Vo - V((1 —isignIms)oy; — V@) dx
R3
= S F((1 — isignIm s)uxs — V@) d.
R3
Since divv = 0, taking the real part in (3.63) gives
(3.64)  \ (Is|[0* + v|V3*)X3 do
R3
— 2(Re | VETVRA Xs dz + signImsTm | V3TV, Xy dx)
R3 R3
+ (Re S fﬁyi dx + sign Im s Im S f,ﬁyi dx) —Re S f Vedz.
R3 R3 R3
Applying the Holder and Young inequalities yields
~ ~1 2\ v ~12—
(365)  §(1s|[51? + vIVIP)R do < & | VIR da
R3 R3
~ — €1 ~ —
+2v | [0 VX, P da + 5} § s/ H1o 2 PAxs de
R3 R3
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n 1 1
251 |S|1+“

JI71P 1|75 de

e ~
+ 2 1 TRl e da
R3
1 1

+g |s[1Hnr

V1712122 da,
R?’

Since (|s]|z’]?)* < (2/A\)* on supp Xy, the third term on the r.h.s. of (3.65)

is estimated by

€1 2 K ~12—

F(3) Sslire

R3
We choose g1 = 3(A\/2)H.
By Lemma 2.3 solutions to problem (3.61) satisfy

(3.66) IVl 2y < cllOXAN s, m2)
so the fifth term on the r.h.s. of (3.65) is bounded by

€2 142) o) 142 (7|20 g2 (2\' [ ~22
) V[0 [s| "3 |2 da < CAGY | [01°X3 da,
R3 R3

where we have used the fact that |s|*|z’|** < (2/\)* on suppX,. We choose
Eo = €&1.
In view of the above estimates we obtain from (3.65) the inequality

1 . T
(3.67) 5 } (sl 12 + v|Va*)x3 da
R3

2\* 1 ~
~12 — 12 21 11—2u=—2
<2 RSSM VX, dw+2(;) P Rﬂsm || 7253 da.

Since
VXL < 2Xs] [V]2'| | 2] < 2A]s] 2],

multiplying (3.67) by 2 we obtain from (3.67) the relation

(3.68) | Isl[0)? do < 16022 | |s|2[0]%]2'|? da
WA (s) W2 (5)\w (5)
2 wr 1 Z121..1—2

Multiplying (3.68) by (A/2)#T1|s|1T# using the estimate A|s||2/|? < 2 on
w™?(s) and integrating with respect to s we have



Nonstationary Stokes system. Part 2 165

(3.69) <i>#+18ds [T da

2
w(s)
A2\ -
<64 - 2“1/)\<%> Sds S ||+ [0)2 da
wr/2(s)\w*(s)
4Sd5 S |fI2|2! |2 da.
R3
Let 64 - 2#v\ < 1/2. Iterating (3.69) up to order k we obtain
A\ 24|12
(3.70) <§> Sds S |s|“TH|v]° da
w*(s)
128\ _
< 27( /2 ) {ds | |s[>T#(5]? da

WA/ 2R (g)\wA /2K ()
8\ds | |f*a'| 72 dw,
]RS
where
(3.71) WM () \ w2 (s) = {2’ € R2: 28/ < |s|[a|2 < 2FF1 /AL
On the set (3.71) we have
k41

|s] < |72

Hence the first term on the r.h.s. of (3.70) is bounded by
1

Q—kgds | Is| [0]?|2'| 7272 da-

R3
Inserting this estimate in (3.70) and using (3.60) we obtain from (3.59) the
inequality
3.72)  {ds | [s|[0]?|2'| 727 do < @ {ds | da [0]?]a’| 724
R3 R3
1 ~
+ —\ds | da|s*[5]?[2'] 7>
as R3

IO
i —\d ~12 /—2—2p,d
rom(3) gl o R

9 pn+1 "
+8<X> Vds | 1171272 da.
R3
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Assuming that k is so large that

1 /2\"™1t1 1
I <
a;lH-l 2 2k — 9

we obtain from (3.72) the inequality (3.57). This concludes the proof.
Finally, we have

LEMMA 3.6 Assume that f € Ly, ,(CrxRy), p€(0,1), v > 0. Then
for sufficiently smooth solutions to problem (3.1), (3.2) vanishing sufficiently
quickly near L we have

(373) HUHHEﬁy»\,(CRXR{») + Hp||L21’y(R+;H1 (CR)) S CHfHLz,_“’,Y(CRXR_;_)'

1,

Proof. Inequalities (3.8) and (3.57) imply for sufficiently large @ the
inequality
3.74)  \ds | [s?@P|2' |72 dw + v ds | |s| |[V3[*|2'| "> da

R3 R3
< cldlgds S )22’ | 72+ da + CS ds S |FI12 2|2 da,
R3 R3

where the Laplace transforms with respect to ¢t appear only.

Inequalities (3.56) and (3.74) imply that for sufficiently small @,

3.75)  \ds | [sI*[0?|2'| 72 da + \ds | ||| VD[ | 72" dov

R3 R3
(s (1512 gy + B0 ) < Jds | 1212 da.
R3
Hence by the Parseval identity (see [1]) we have
(3.76) | dte (lul2, o + lowele o
0
oo
+ ||UH%13#(R3) + ||pH%L11H(]R3)) sc (S) dt e_’Yt‘|f‘|%27,H(R3)7

where v, p and f have compact supports in Cr. From (3.76) we obtain (3.73).
This concludes the proof.

Lemma 3.6 implies Theorem 1.

References

[1] M. S. Agranovich and M. L. Vishik, Elliptic problems with parameters and parabolic
problems of general type, Uspekhi Mat. Nauk 19 (117) (1964), no. 3, 53-161 (in
Russian).



Nonstationary Stokes system. Part 2 167

[2] M. E. Bogovskil, Solutions of some vector analysis problems connected with opera-
tors div and grad, Trudy Sem. Soboleva 1 (1980), 540 (in Russian).

[3] M. Burnat and W. M. Zajaczkowski, On local motion of a compressible barotropic
viscous fluid with the boundary slip conditions, Topol. Methods Nonlinear Anal. 10
(1997), 195-223.

[4] R.R. Coifman and C. Fefferman, Weighted norm inequalities for mazimal functions
and singular integrals, Studia Math. 60 (1974), 241-250.

[6] L. Kapitanski and K. Pileckas, On some problems of vector analysis, Zap. Nauchn.
Sem. LOMI 138 (1984), 65-84 (in Russian).

[6] V. A. Kondrat’ev, Boundary value problems for elliptic equations in domains with
conical and angular points, Trudy Moskov. Mat. Obshch. 16 (1967), 209-292 (in
Russian).

[7] R.Paley and N. Wiener, Fourier Transforms in the Complex Domain, Amer. Math.
Soc., New York, 1934.

[8] V. A. Solonnikov, Estimates of solutions to the nonstationary linearized Navier—
Stokes system, Trudy Mat. Inst. Steklov. 70 (1964), 213-217 (in Russian).

[9] —, On an initial-boundary value problem for the Stokes system which appears in
free boundary problems, ibid. 188 (1990), 150-188 (in Russian).

[10] E. Zadrzynska and W. M. Zajaczkowski, Existence of solutions to the nonstationary
Stokes system in Hz’llu u € (0,1), in a domain with a distinguished azxis, Part 3.
Ezistence in a bounded domain, to appear.

[11] W. M. Zajaczkowski, Ezistence of solutions to the nonstationary Stokes system in
HE’;, u € (0,1), in a domain with a distinguished axis. Part 1. Existence near the
azis in 2d, Appl. Math. (Warsaw) 34 (2007), 121-141.

[12] —, Ezistence of solutions of initial-boundary value problems for the heat equation in
Sobolev spaces with the weight as a power of the distance to some axis, in: Lecture
Notes in Nonlinear Anal. 3 (2002), 185-192.

[13] —, Existence of solutions to some elliptic system in Sobolev spaces with the weight
as a power of the distance to some awxis, Topol. Methods Nonlinear Anal. 19 (2002),
91-108.

[14] —, Existence of solutions vanishing near some azis for the nonstationary Stokes
system with boundary slip conditions, Dissertationes Math. 400 (2002).

Institute of Mathematics Institute of Mathematics and Cryptology

Polish Academy of Sciences Military University of Technology

Sniadeckich 8 Kaliskiego 2

00-956 Warszawa, Poland 00-908 Warszawa, Poland

E-mail: wz@impan.gov.pl

Received on 20.3.2007;
revised version on 28.5.2007 (1864)






