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QUASI-DIFFUSION SOLUTIONOF A STOCHASTIC DIFFERENTIAL EQUATION

Abstra
t. We 
onsider the sto
hasti
 di�erential equation
(0.1) Xt = X0 +

t\
0

(As + BsXs) ds +

t\
0

Cs dYs,where At, Bt, Ct are nonrandom 
ontinuous fun
tions of t, X0 is an initialrandom variable, Y = (Yt, t ≥ 0) is a Gaussian pro
ess and X0, Y areindependent. We give the form of the solution (Xt) to (0.1) and then basingon the results of Plu
i«ska [Teor. Veroyatnost. i Primenen. 25 (1980)℄ weprove that (Xt) is a quasi-di�usion pro
es.1. Sto
hasti
 integral. In this se
tion, we de�ne sto
hasti
 integrals
b\
a

g(t) dtY (t, ω)

following [2℄ (see also [1℄ and [6℄) in a way that will be useful in Se
tion 2.Here g : R → R is a deterministi
 
ontinuous fun
tion and Y is a Gaussianpro
ess with an absolutely 
ontinuous 
ovarian
e fun
tion. For abbreviation,we write the above integral in the form
b\
a

g(t) dYt.Let Y = (Yt, t ≥ 0) be a zero mean pro
ess with an absolutely 
ontinuous
ovarian
e fun
tion. We assume that there exists a fun
tion κ : R × R → Rsu
h that2000 Mathemati
s Subje
t Classi�
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(1.1) E[(Ytr − Ytr−1

)(Yts − Yts−1
)] =

tr\
tr−1

ts\
ts−1

κ(u, v) du dv

for all r ≤ s, tr ≤ ts, r, s = 1, . . . , n and �xed n. The fun
tion κ may also bea Dira
 delta fun
tion. We 
all κ a quasi spe
tral density.To de�ne the integral Tba g(t) dYt 
onsider �rst the 
ase when g is pie
ewise
onstant, i.e. there exist t0 < t1 < · · · < tn su
h that
g(t) = gk for tk−1 ≤ t < tk, k = 1, . . . , n,where the gk are 
onstants, t0 = a, tn = b. Let

∆kY = Ytk − Ytk−1
.Then

b\
a

g(t) dYt =

n
∑

k=1

gk∆kY.Lemma 1.1. If g1 and g2 are pie
ewise 
onstant fun
tions , then
E

[

b\
a

g1(t) dYt

b\
a

g2(t) dYt

]

=
\\
S1

g1(u)g2(v)κ(u, v) du dv

+
\\
S2

g1(v)g2(u)κ(u, v) du dv,

where S1 = {(u, v) : a < u < b, u ≤ v < b} and S2 = {(u, v) : a < v < b, v <
u < b}.Proof. Assume that a = t0 ≤ t1 < · · · < tn = b are su
h that thefun
tions g1 and g2 are 
onstant in every (tk−1, tk) for k = 1, . . . , n andequal respe
tively to g1k, g2k. Then
E

[

b\
a

g1(t) dYt

b\
a

g2(t) dYt

]

= E
[

n
∑

k=1

g1k∆kY

n
∑

k=1

g2k∆kY
]

= E
[

∑

1≤i≤n

∑

i≤j≤n

g1ig2j(Yti − Yti−1
)(Ytj − Ytj−1

)

+
∑

1<i≤n

∑

1≤j<i

g1ig2j(Yti − Yti−1
)(Ytj − Ytj−1

)
]

=
∑

1≤i≤n

∑

i≤j≤n

g1ig2jE[(Yti − Yti−1
)(Ytj − Ytj−1

)]

+
∑

1<i≤n

∑

1≤j<i

g1ig2jE[(Yti − Yti−1
)(Ytj − Ytj−1

)]
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=

∑

1≤i≤n

∑

i≤j≤n

g1ig2j

ti\
ti−1

tj\
tj−1

κ(u, v) du dv

+
∑

1≤j<n

∑

j<i≤n

g1ig2j

tj\
tj−1

ti\
ti−1

κ(u, v) dv du

=
\\
S1

g1(u)g2(v)κ(u, v) du dv +
\\
S2

g1(v)g2(u)κ(u, v) du dv.

Lemma 1.2. If (Yt, t ≥ 0) is a Gaussian pro
ess and It =
Tt
0 g(s) dYswith g pie
ewise 
onstant , then (It, t ≥ 0) is also Gaussian.Proof. This is obvious.We now approximate g by pie
ewise 
onstant fun
tions. Let g be a fun
-tion su
h that

b\
a

b\
a

g(u)g(v)κ(u, v) du dv < ∞.There exists a sequen
e {gn} of pie
ewise 
onstant fun
tions [2℄ su
h that
lim

n,m→∞

b\
a

b\
a

(g(u) − gn(u))(g(v) − gm(v))κ(u, v) du dv = 0, n, m = 0, 1, . . . .

Then we de�ne the integral Tba g(t) dYt as(1.2) b\
a

g(t) dYt = l.i.m.
n→∞

b\
a

gn(t) dYt,the mean square limit of the integrals Tba gn(t) dYt.One 
an prove [2℄ that this limit does not depend on the approximatingsequen
e gn. Furthermore, the properties of the integral (1.2) are analogousto the properties of integrals of pie
ewise 
onstant fun
tions. In parti
ular,Tb
a g(t) dYt is a Gaussian pro
ess as a limit of Gaussian pro
esses [4℄.2. Quasi-di�usion solution of the sto
hasti
 di�erential equa-tion. Let (Ω,F , P) be a probability spa
e. Let Y = (Yt, t ≥ 0) be a Gaus-sian pro
ess whi
h satis�es (1.1). Let X0 be a random variable, independentof Y , whose distribution is absolutely 
ontinuous.Lemma 2.1. Consider the sto
hasti
 di�erential equation(2.1) Xt = X0 +

t\
0

(As + BsXs) ds +

t\
0

Cs dYs,
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i«ska and W. Szyma«skiwhere At, Bt, Ct : [0,∞) → R are nonrandom 
ontinuous fun
tions of t and
X0 is an initial random variable. Then(a) there is a unique solution to (2.1) given by the formula(2.2) Xt = e

Tt
0

Bsds
[

X0 +

t\
0

e−
Ts
0

BuduAs ds +

t\
0

e−
Ts
0

BuduCs dYs

]

,(b) the 
ovarian
e of the solution is equal to
Cov(Xt1 , Xt2) = e

Tt1
0

Bs ds+
Tt2
0

Bs ds
(

E[X0 − EX0]
2

+

t1\
0

t2\
0

e−
Tu
0

Bs ds−
Tv
0

Bs dsCuCvκ(u, v) du dv
)

.Proof. (a) We use the method of su

essive approximations from [3℄. Let
X0

t = X0 for all t and
Xn

t = X0 +

t\
0

(As + BsX
n−1
s ) ds +

t\
0

Cs dYs (n ≥ 1).De�ne
αt =

t\
0

As ds, βt =

t\
0

Bs ds, Jt =

t\
0

Cs dYs.Let
(Lh)(t) =

t\
0

Bshs ds.This is a Volterra operator on L2[0, T ]. Then
X1

t = X0(1 + βt) + αt + Jtand for any n ≥ 1,
Xn+1

t = X0[1 + βt + · · · + Lnβt] + [αt + Lαt + · · · + Lnαt]

+

t\
0

[

1 + (βt − βs) +
1

2!
(βt − βs)

2 + · · · + 1

n!
(βt − βs)

n

]

Cs dYs.Sin
e L is a Volterra operator,
αt + Lαt + · · · + Lnαt → (I − L)−1αt,

(I − L)−1αt = eβt

t\
0

e−βsAs ds,

[1 + βt + · · · + Lnβt] → 1 + (I − L)−1βt = 1 + eβt

t\
0

e−βsBs ds = eβt .
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fn(t, s) = 1 + (βt − βs) +

1

2!
(βt − βs)

2 + · · · + 1

n!
(βt − βs)

n.Then
E

[

t\
0

fn(t, s)Cs dYs −
t\
0

eβt−βsCs dYs

]2
→ 0 as n → ∞.

Hen
e a solution Xt is given by
Xt = e

Tt
0

Bs ds
[

X0 +

t\
0

e−
Ts
0

Bu duAs ds +

t\
0

e−
Ts
0

Bu duCs dYs

]

.

Now we prove uniqueness. Let X1
t and X2

t be two solutions of (2.1). Then
X1

t − X2
t =

t\
0

Bs(X
1
s − X2

s ) ds.

Be
ause Bs is bounded by a 
onstant b on any �nite interval, we have
|X1

t − X2
t | ≤ b

t\
0

|X1
s − X2

s | ds,

and by Gronwall's lemma ([4, pp. 287�288℄)
|X1

t − X2
t | = 0,whi
h 
ompletes the proof of uniqueness.(b) Now we 
al
ulate the 
ovarian
e:

Cov(Xt1 , Xt2) = E(Xt1 − EXt1)(Xt2 − EXt2)

= e
Tt1
0

Bs ds+
Tt2
0

Bsds
(

E[X0 − EX0]
2

+ E
[

t1\
0

e−
Ts
0

Bu duCs dYs

t2\
0

e−
Ts
0

Bu duCsdYs

])

= e
Tt1
0

Bs ds+
Tt2
0

Bs ds
(

E[X0 − EX0]
2 + E

[

t1\
0

e−
Ts
0

Bu duCs dYs

]2

+ E
[

t1\
0

e−
Ts
0

Bu duCs dYs

t2\
t1

e−
Ts
0

Bu duCs dYs

])
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= e

Tt1
0

Bs ds+
Tt2
0

Bs ds
(

E[X0 − EX0]
2

+

t1\
0

t1\
0

e−
Tu
0

Bs ds−
Tv
0

Bs dsCuCvκ(u, v) du dv

+
\\
S1

e−
Tu
0

Bs ds−
Tv
0

Bs dsCuCvκ(u, v) du dv

+
\\
S2

e−
Tu
0

Bs ds−
Tv
0

Bs dsCuCvκ(u, v) du dv
)

,

where S1 = {(u, v) : 0 < u < t1, u + t1 ≤ v < t2}, S2 = {(u, v) : t1 < v < t2,
v − t1 < u < t1}. Hen
e

Cov(Xt1 , Xt2) = e
Tt1
0

Bsds+
Tt2
0

Bs ds
(

E[X0 − EX0]
2

+

t1\
0

t1\
0

e−
Tu
0

Bs ds−
Tv
0

Bs dsCuCvκ(u, v) du dv

+

t1\
0

t2\
t1

e−
Tu
0

Bs ds−
Tv
0

Bs dsCuCvκ(u, v) du dv
)

= e
Tt1
0

Bs ds+
Tt2
0

Bs ds
(

E[X0 − EX0]
2

+

t1\
0

t2\
0

e−
Tu
0

Bs ds−
Tv
0

Bs dsCuCvκ(u, v) du dv
)

.Let Z = (Zt, t ≥ 0) be a Gaussian pro
ess, and X0 be a random variablewith density f(t0, x0), expe
ted value mX0
= EX0 and varian
e σ2

X0
=

Var X0. Moreover, let X0 and Z be independent.We put(2.3) Xt = X0g(t) + Zt,where g ∈ C1, g(t0) = 1.Let t0 < t1 < · · · < tn, m(t) = EZt, Kij = K(ti, tj) = Cov(Zti , Ztj ),where i, j = 0, . . . , n and Zt0 = 0.Noti
e that the equation (2.2) 
an also be written in the form (2.3).Lemma 2.2. For every n > 1 the 
onditional distribution
Xtn |Xtn−1

, . . . , Xt0is Gaussian.Proof. It is easy to verify that the (n + 1)-dimensional distribution of
(Xt0 , . . . , Xtn) has the form
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fn+1(t0, . . . , tn, x0, . . . , xn)

=
1

(2π)n/2
√
K(n)

exp

{

−1

2

n
∑

k=1

1

σ2
k

[

xk − x0gk − m(tk)

− 1

K(k)
kk

k−1
∑

i=1

K(k)
ik (xi − x0gi − m(ti))

]2}

f(t0, x0),where K(n) = det [kij]
n
i,j=1, K(n)

ij is the 
ofa
tor of kij in the matrix [kij]
n
i,j=1,and σ2

k = K(k)
kk /K(k)

k−1,k−1.The 
onditional density of Xtn |Xtn−1
, . . . , Xt0 is

f(tn, xn | t0, . . . , tn−1, x0, . . . , xn−1) =
fn+1(t0, . . . , tn, x0, . . . , xn)

fn(t0, . . . , tn−1, x0, . . . , xn−1)

=

√
K(n−1)

√
2π

√
K(n)

exp

{

− 1

2σ2
n

[

xn − x0gn − m(tn)

− 1

K(n)
nn

n−1
∑

i=1

K(n)
in (xi − x0gi − m(ti))

]2}

.Let t0 < t1 < · · · < tn+k, tn = (t1, . . . , tn), ∆tn = tn+1 − tn, xn =
(x1, . . . , xn) ∈ R

n, and let A1, . . . , Ak be Borel sets in R. We will use thefollowing notations:
P(Xtn+1

∈ A1, . . . , Xtn+k
∈ Ak |Xt1 , . . . , Xtn)

=: P
(n)(tn, Xt1, . . . , Xtn , tn+1, . . . , tn+k, A1, . . . , Ak),

1

∆tn

\
A

(x − xn)i
P

(n)(tn,xn; tn+1, dx) =: Qi(tn+1,xn, A), i = 0, 1, 2.Definition 2.1. We say that X = (Xt, t ≥ 0) is a quasi-di�usion pro
ess[7℄ if for all n ≥ 1, ε > 0, tn, xn,(2.4) lim
∆tn→0+

Q0(tn+1,xn, Vε(xn)) = 0and the following limits exist:(2.5) lim
∆tn→0+

Qi(tn+1,xn, Uε(xn)) = ai(tn,xn), i = 1, 2,where
Uε(xn) = {x : |x − xn| < ε}, Vε(xn) = R \ Uε(xn).Theorem 2.1. The pro
ess (Xt) de�ned by (2.2) is a quasi-di�usionpro
ess.Proof. Condition (2.4) is proved in [7℄ for Gaussian pro
esses. An analysisof the paper [7℄ shows that it is also true for 
onditional Gaussian pro
esses
onsidered in [5℄.
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i«ska and W. Szyma«skiNow we 
al
ulate the drift 
oe�
ient a1(tn,xn) and the di�usion 
oef-�
ient a2(tn,xn). We shall write m(t) = E(Xt) and kij = K(ti, tj) =
Cov(Xti , Xtj ). The expe
ted value of the pro
ess X is equal to

m(ti) = e
Tti
0

Bs ds
[

EX0 +

ti\
0

e−
Ts
0

Bu duAs ds
]

.Noti
e that by 
ontinuity of the fun
tions As, Bs, Cs the following limitsexist:
lim

∆tn→0

1

∆tn
[K(ti, tn+1) − K(ti, tn)] := h(ti, tn),

lim
∆tn→0

1

∆tn
[K(tn+1, tn+1) − K(tn, tn+1)] := h(tn).We shall denote by K

(n)
ij the 
ofa
tor of the 
orresponding element ofthe matrix [kij ]

n
i,j=1, K(n) the determinant of that matrix, hij = h(ti, tj),

hn = h(tn),
L(n+1) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

k11 . . . k1n h1n

. . . . . . . . . . . .

kn1 . . . knn hnn

kn+1,1 . . . kn+1,n 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

and L
(n+1)
ij the 
ofa
tor of the 
orresponding element of L(n+1).Following [7℄ we 
an show that

a1(tn,xn) = m(tn) +
1

K(n)

n
∑

i=1

L
(n+1)
n+1,i (xi − m(ti)),(2.6)

a2(tn,xn) = lim
∆tn→0

1

∆tn
(kn+1,n+1 − 2kn,n+1 + knn) = hn − hnn.(2.7)This 
ompletes the proof.Example 1. If Y is the Wiener pro
ess then κ(u, v) = δ(u − v) is theDira
 delta fun
tion. The fun
tions h(ti, tn) and h(tn) for the pro
ess X havethe form

h(ti, tn) = e
Tti
0

Bs ds+
Ttn
0

Bs dsBtn

(

[E(X0 − EX0)]
2 +

ti\
0

e−2
Tv
0

Bs dsC2
v dv

)

,

h(tn) = 1 + e2
Ttn
0

Bs dsBtn

(

[E(X0 − EX0)]
2 +

tn\
0

e−2
Tv
0

Bs dsC2
v dv

)

.Therefore a1(tn,xn) is of the form (2.6) and a2(tn,xn) = 1.A
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