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AGNIESZKA PLUCINSKA and WOJCIECH SZYMANSKI (Warszawa)

QUASI-DIFFUSION SOLUTION
OF A STOCHASTIC DIFFERENTIAL EQUATION

Abstract. We consider the stochastic differential equation

t t
(0.1) X; = Xo+ | (A + B.X,) ds + | C, Y,
0 0

where Ay, By, Cy are nonrandom continuous functions of ¢, Xy is an initial
random variable, Y = (Y;, t > 0) is a Gaussian process and X, Y are
independent. We give the form of the solution (X) to (0.1) and then basing
on the results of Plucinska [Teor. Veroyatnost. i Primenen. 25 (1980)] we
prove that (X;) is a quasi-diffusion proces.

1. Stochastic integral. In this section, we define stochastic integrals

b

Va(t) diY (¢, )

a
following [2] (see also [1] and [6]) in a way that will be useful in Section 2.
Here g : R — R is a deterministic continuous function and Y is a Gaussian
process with an absolutely continuous covariance function. For abbreviation,
we write the above integral in the form

b
Jo(t) av;.

a

Let Y = (Y, t > 0) be a zero mean process with an absolutely continuous
covariance function. We assume that there exists a function Kk : R x R — R
such that
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tr ts
(11) E[(n'r - nrfl)(}/vts - }/tsfl):l = S S K/(U, /U) du d/U
tr—1ts—1
forall r <s, t, <ts,r,s=1,...,n and fixed n. The function x may also be

a Dirac delta function. We call k a quasi spectral density.
To define the integral SZ g(t) dY; consider first the case when g is piecewise

constant, i.e. there exist tg < t1 < --- < t,, such that
gt)=gr forti_ <t<ty, k=1,...,n,
where the g, are constants, tg = a, t,, = b. Let
AY =Y, - Y, .

Then
b

fo(t)dv, = ngAkY

a

LEMMA 1.1. If g1 and g9 are piecewise constant functions, then

b b
E[§g1(t) a¥; § ga(t) av;| = {§g1(w)ga(v)n(u, v) dudv
a a S1

+“gl(v)gg(u)n(u, v) du dv,
Sa
where S1 = {(u,v) :a <u < byu<v<b} and Sy = {(u,v) :a<v<bwv<
u < b}.

Proof. Assume that a = tg < t1 < --- < t, = b are such that the
functions ¢g; and g9 are constant in every (tx_1,tx) for k& = 1,...,n and
equal respectively to gig, gor. Then

E[§g1(t) dYtIi dY;f} = [ZglkAkYZg%AkY}

a

—E[ Z Z 912923 Y;f )(Y _Y;fjfl)

1<i<ni<j<n

Y gug (Y, — Ve )%, — Vi, )]

1<i<n 1<5<4

Z Z gliQQjEK}/ti - }/tifl)(}/tj - }/tjfl)]

1<i<ni<j<n

-+ Z Z gugsz[(Y%i - }/ti—l)(}/tj - Y;j—l)]

1<i<n1<j<i
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t; tj

= Z Z 91i92; S S k(u,v) dudv

IS’LS’RZSJS’R t2‘71 tj71
ti

+ Z Z g1i92; S S K(u,v) dvdu

1<j<n j<i<n tj,1 ti—1

= “91(”)92(0)/1(% v) dudv + SSgl(v)gg(u)n(u, v)dudv. =
S1 S2

LEMMA 1.2. If (Y, t > 0) is a Gaussian process and I, = Sgg(s) dYs
with g piecewise constant, then (I, t > 0) is also Gaussian.

Proof. This is obvious. =

We now approximate g by piecewise constant functions. Let g be a func-

tion such that
bb

S Sg(u)g(v)n(u, v) dudv < 0.

There exists a sequence {g,} of piecewise constant functions [2| such that

bb
i 9(0) - 9n(0))(9(0) — gm(0)n(u,v) dudo =0, mm—0,1,....
Then we define the integral SZ g(t)dY; as
b b
(1.2) Jg(t)ay = Lim. { g,() dY;,

the mean square limit of the integrals SZ gn(t) dY;.

One can prove [2] that this limit does not depend on the approximating
sequence g,. Furthermore, the properties of the integral (1.2) are analogous
to the properties of integrals of piecewise constant functions. In particular,
SZ g(t) dY; is a Gaussian process as a limit of Gaussian processes [4].

2. Quasi-diffusion solution of the stochastic differential equa-
tion. Let (£2,F,P) be a probability space. Let Y = (Y, ¢t > 0) be a Gaus-
sian process which satisfies (1.1). Let Xy be a random variable, independent
of Y, whose distribution is absolutely continuous.

LEMMA 2.1. Constider the stochastic differential equation
¢ t
(2.1) Xi = Xo + | (As + B.X,) ds + | C, Y,
0 0
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where Ay, By, Cy : [0,00) — R are nonrandom continuous functions of t and
Xo is an initial random wvariable. Then

(a) there is a unique solution to (2.1) given by the formula
t t
(2.2) X = elo Bsds [Xo + S e~ o Budu g g + S e o Buduy gy, |,
0 0

(b) the covariance of the solution is equal to

COV(thaXt2) - eS Bsdetlo o Beds (E[XO - EXO]Q
t1 t2
) eI B e B o0 (s, ) du ).
00

Proof. (a) We use the method of successive approximations from [3]. Let
X = X, for all t and

t t
X=X+ (A + B X! Nds +(Cody,  (n>1).
0 0
Define
t t t
ap=\Asds, B =\B.ds, J,=|C.av..
0 0 0
Let

(Lh)(t) = | Bohg ds.
0

This is a Volterra operator on L?[0,7T]. Then
X} = Xo(1+6t) + aw + Ji
and for any n > 1,

th—’_l [ + ﬂt Lnﬂt] [Clt + LOét + -+ L"at]
t

+§[ )+%(ﬂt—ﬂs)2+~-+%(ﬂt—ﬂs)” C,dYs.

Since L is a Volterra operator,

o+ Lag+ -+ L%y — (I — L) Loy,
¢
(I—L) tay=e* S e P Ay ds,
0

t
L+ B+ +L"3] =1+ I - L) 'B =1+ e P Bods = ™.
0
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Let

Falt ) = 1+ (B = )+ g (B = B2 -+ — (B = o)™

Then
t

t
E[an(t, s)CsdYs — Seﬁt_ﬂsCs dYs]2 —0 asn— oo.
0 0

Hence a solution X; is given by

t t
X; = elo Bs ds {XO + SeiSSB"d”AS ds —l—SefsgB“d“CS dYS]
0 0

Now we prove uniqueness. Let X} and X? be two solutions of (2.1). Then

t
X! - X} =\BJ(X} — X2)ds.
0

Because By is bounded by a constant b on any finite interval, we have

t
[X¢ = XP| < b |X] — XZ|ds,
0

and by Gronwall’s lemma ([4, pp. 287-288|)

which completes the proof of uniqueness.

(b) Now we calculate the covariance:
COV(th,th) = E(th — Eth)(Xt2 — EXt2)

= ' Brdst 5 Bude ([, — B X

t1 . t2 .
+ B § el Budugy gy, é e NiBudc ] )

t1
= esél By ds+{? B ds <E[X0 - EXO]2 + E[ S e~ Yo Bu d“C's d}/s}
0

2

t t
n E[ g ¢ %o Buducr gy, gge*SSBuducs dYSD
0 t1
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— elo' Bodsti? Buds (E[Xo — EXo)?

~+
o~
—

1

+ ( (e o Beds— BstCquli(u,v)dudv

O

1

S
0
+“e o Bsds=o Bsdscy o, K(u,v) dudv
S
+)

S o Bsds={g Bsdscr o1 k(u, ) dudv>

where Sy :{(u,v):0<u<t1, u+t <v<ta}, So={(u,v) : t1 <wv <ty
v—t; <u<t}. Hence

COV()Q1 s Xt2) = 6X Bsds+lo o’ Bs ds (E[Xo — EX0]2
t1t1
+ S S ¢~ Yo Bs ds—{y Bs dSC'uC’U/ﬁ(u, v) du dv

00
t1 to

+ S S e~ Yo Bods=So Bsds o O o, v) du dv)
0t
' Brdst? Brds (B[ Xy — BX)?
t1 t2
+ S S e~ Yo Bs ds—{g Bs 4, Coki(u, v) du dv). n
00
Let Z = (Z;,t > 0) be a Gaussian process, and X be a random variable
with density f(to,x0), expected value myx, = EX( and variance ag(o =
Var Xgy. Moreover, let Xy and Z be independent.
We put

(2.3) Xt = Xog(t) + Zt,
where g € Ct, g(to) = 1.
Let tg < t1 < -+ < ty, m(t) = FZ;, Kij = K(ti,tj) = COV(Zti,th),
where 7,7 =0,...,n and Z;, = 0.
Notice that the equation (2.2) can also be written in the form (2.3).
LEMMA 2.2. For every n > 1 the conditional distribution
Xe | Xt 1y Xig

1s Gaussian.

Proof. 1t is easy to verify that the (n + 1)-dimensional distribution of
(Xtgy - - - » X¢,) has the form
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fn+1(t0,~--,tn,$0,...,.’En)
B 1 I 1 .
C(@2m)2VEm exp{ 24 o} [xk zogk — m(tk)
(k) Z’Cik (l‘i—mogi—m(ti))} }f(fo,xo),
Ker =1

where K™ = det [kislf =1 ICZ(;) is the cofactor of k;; in the matrix [k;;]
k k
and 0"% = K](Ck)/ICI(%)kal.
The conditional density of X; | Xy, ,,..., Xy, is

n
Lj=11

fn—l—l(th .. ,tn,wo, . ,l‘n)
fn(t07 e ,tn_l,xo, ey xn_l)
VEED |
ICEYEE) exp{_ﬂ

n—1 2
1 n
— (n) Z’Cz(n)(xl — X0g9; — m(tz))} } ]

Ko i=1

Let tg < t1 < -+ < tpsk, tn = (t1,...,tn), Aty = tht1 — tn, X =
(x1,...,2,) € R™ and let Ay,..., Ax be Borel sets in R. We will use the
following notations:

P(X¢, € A1y, Xy € Ak | Xoy, oo, Xyy)
= ]P(n)(tnatha o 7th7tn+17 o 7tn+k7A17 cee 7Ak)7

f(tn,$n | to, e ,tnfl, TOy .- ,.lenfl) =

|:xn — Xog9n — m(tn)

1
Aty

S(m - xn)lp(n) (tna Xns t’n—l—la d(L’) = Qi(tn—i-h Xns A)a 1= 07 17 2.
A

DEFINITION 2.1. We say that X = (X;,t > 0) is a quasi-diffusion process
[7] if for all n > 1, ¢ > 0, t,, xp,

(2-4) AtlnigoJr QO(tn-‘rla Xn, ‘/6(1.71)) =0

and the following limits exist:

(2.5) Atlnigm Qi(tnt1,Xn, Ue(zp)) = ai(tn,x,), i=1,2,
where

Ues(zp) ={x: |z —xn| <e}, Ve(zn) =R\ Us(xy).
THEOREM 2.1. The process (X;) defined by (2.2) is a quasi-diffusion

process.

Proof. Condition (2.4) is proved in |7] for Gaussian processes. An analysis
of the paper [7] shows that it is also true for conditional Gaussian processes
considered in [5].
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Now we calculate the drift coefficient a(t,,%,) and the diffusion coef-
ficient as(tn,xp). We shall write m(t) = E(X;) and ki = K(t;,t;) =
Cov(Xy,, th). The expected value of the process X is equal to

t;
t; s
m(t;) = elo Bs ds [EXO + S e~ Yo Bu du g ds|.
0
Notice that by continuity of the functions Ag, Bs, Cs the following limits
exist:

lim —— [K (4, tha1) — K (ti tn)] := h(ts, tn),
i (Kt ) = Kt )] = bt )

lim [K(tn+1, tn+1) - K(tn, tn+1)] = h(tn)

Atp,—0 Atn

We shall denote by Kl(Jn) the cofactor of the corresponding element of
the matrix [k;]7;_;, K™ the determinant of that matrix, hi; = h(t;,t;),
hy, = h(ty,),

ki ... kin hiy
L(n+1): . ... DR ... ,
knl ce knn hnn
kn+1,1 e knJrl,n 1

and LE;LJFI) the cofactor of the corresponding element of L("+1),
Following [7] we can show that

I <
(26) a1t xn) = m(ta) + —= > Lo (i — m(ts),
=1

(27) as (tn, Xn) = lim (knJrl,nJrl - 2kn,n+1 + knn) = hn — hnn

Atp,—0 Atn
This completes the proof. m

EXAMPLE 1. If YV is the Wiener process then k(u,v) = d(u — v) is the
Dirac delta function. The functions h(t;, t,,) and h(t,) for the process X have
the form

t;
h(t“ tn) _ eséz Bs ds+§6” Bs dSBtn ([E(XQ . EXQ)]2 + S 672 Sg Bs dscg dU) ’
0
t tn
h(ty) =1+ &2\ Bsdsp, ([E(Xg — EXo)2 + [ e 2l Beds2 dv).
0
Therefore aj(ty,xy,) is of the form (2.6) and as(t,,x,) = 1.
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