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Abstra
t. We prove a priori estimates for solutions of the Poisson andheat equations in weighted spa
es of Kondrat'ev type. The weight is a powerof the distan
e from a distinguished axis.
1. Introdu
tion. In this paper we obtain a priori estimates for solutionsof the Poisson and heat equations in weighted spa
es of Kondrat'ev typein R
3. Here the weight is some power of the distan
e from a distinguishedaxis in R

3 and the power depends on the order of the derivative of thefun
tion. We want to stress that the weights we are 
on
erned with arenot A2 weights (i.e. Mu
kenhoupt's weights, see [M
72℄). This is the maindi�
ulty in deriving a priori estimates.Solutions whi
h belong to weighted spa
es of Kondrat'ev type 
an befound in e.g. [Na94℄, [Ko97℄, where the authors examine boundary valueproblems in dihedral domains. In our investigations we repla
e the dihedraldomain by R
3 with the z-axis removed. We dedu
e a priori estimates forsolutions of the Poisson (resp. heat) equation in the spa
e H2

µ(R3) (resp.
H
◦

2,1
µ (R3 × R+)) in three steps. First, utilizing Kondrat'ev's method [Ko67℄we examine the Poisson equation in R

2 and we show that, if µ is noninteger,then for ea
h f ∈ L2,µ(R2) there exists a unique solution u ∈ H2
µ(R2) of

∆u = f . Next we obtain estimates in weighted spa
es for solutions of arelated two-dimensional ellipti
 problem with a parameter. This is the mainstep of the proof. Finally, we obtain a priori estimates in the weighted spa
es
H2

µ(R3) and H
◦

2,1
µ (R3 × R+).2000 Mathemati
s Subje
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432 A. Kubi
a and W. M. Zaj¡
zkowskiProving a priori estimates is the 
ru
ial step in examining the uniquenessof solutions of the Poisson and heat equations. The problem of existen
e ofsolutions will be explored in another paper. We mention that the weightedspa
es whi
h we 
onsider in this paper also appear in [Za04℄, where theauthor studies the Navier�Stokes equations. The a priori estimates givenhere 
an be a useful tool in examining some problems relating to the N-Sequations.Our main results are the following:Theorem 1. Assume that µ ∈ (−1, 0) and n = −1, 0, 1, 2, . . . . Thenthere exists a 
onstant c = c(µ, n) su
h that for ea
h u ∈ H2
µ−n(R3),(1) ‖u‖H2

µ−n(R3) ≤ c ‖∆u‖L2,µ−n(R3) .Theorem 2. Assume that µ ∈ (−1, 0), n = −1, 0, 1, 2 . . . . Then thereexists a 
onstant c = c(µ, n) su
h that for ea
h u ∈ H
◦

2,1
µ (R3 × R+),(2) ‖u‖H2,1

µ (R3×R+) ≤ c ‖ut − ∆u‖L2,µ−n(R3×R+) .The de�nitions of the weighted fun
tion spa
es appearing above are givenin the next se
tion.2. Notation. We denote by r = r(x) the distan
e of x ∈ R
n from theset {x : x1 = x2 = 0}. For n = 2, 3 we de�ne R

•
n = R

n \ {x ∈ R
n : r = 0},and D(R

•
n) is the set of smooth fun
tions with 
ompa
t support in R

•
n.We re
all the standard notation of fun
tion spa
es: if U ⊆ R

n, then
L2,µ(U) := {u : u · rµ ∈ L2(U)} with the norm ‖u‖L2,µ(U) := ‖u · rµ‖L2(U).The spa
e Hm

µ (Rn) is de�ned as the 
losure of the set D(R
•
n) with respe
tto the norm

‖u‖Hm
µ (U) :=

{ ∑

|α|≤m

‖Dαu‖2
L2,µ−m+|α|(U)

}1/2
.

Finally, if R+ := {t : t > 0}, then the spa
e H
◦

2,1
µ (Rn × R+) is de�ned asthe 
losure of the set D(R

•
3 × R+) = {u : u smooth with suppu 
ompa
t in

R
•
3 × R+} with respe
t to the norm

‖u‖H2,1
µ (Rn×R+) =

{ ∑

|α|+2s≤2

‖Ds
t D

α
xu‖2

L2,µ(Rn×R+)

}1/2
.Let

Q1 := R and Q2 := R
2and let s = s(q) be de�ned on Q1 or Q2 by

s(q) =

{
q2 for q ∈ Q1,

q2
1 + iq2 for q = (q1, q2) ∈ Q2.
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2. In this se
tion we 
onsider the Poisson equationin R

2 using Kondrat'ev's method (see [Ko67℄). We prove that if µ is nonin-teger, then for ea
h f ∈ L2,µ(R2) there exists a unique u ∈ H2
µ(R2) whi
hsatis�es ∆u = f . In order to get this result we have to examine the followingproblem with a parameter:

(3) 




−vϕϕ + λ2v = g in (0, 2π),

v(0) = v(2π),

vϕ(0) = vϕ(2π),where vϕ and vϕϕ denote the �rst and se
ond derivatives of the fun
tion
v = v(ϕ) and λ = t + ih for r, h ∈ R.Lemma 1. Suppose that h 6∈ Z. Then for ea
h g ∈ L2(0, 2π) there existsa unique solution v ∈ H2(0, 2π) of problem (3). It satis�es the estimate(4) ‖v‖H2(0,2π) + |λ| ‖v‖H1(0,2π) + |λ|2‖v‖L2(0,2π) ≤ c‖g‖L2(0,2π),where c depends only on h.Proof. In this proof, ‖ ·‖ will stand for ‖ ·‖L2(0,2π). It 
an be veri�ed thatfor noninteger h the unique solution of (3) is
(5) v(ϕ) =

1

2λ sinhλπ

·
( ϕ\

0

g(τ) coshλ(ϕ − τ − π) dτ +

2π\
ϕ

g(τ)t coshλ(ϕ − τ + π) dτ
)
.From (3)1 we have(6) ‖vϕϕ‖ ≤ |λ|2‖v‖ + ‖g‖.If we multiply (3)1 by |λ|2v̄ and integrate over (0, 2π), and next utilize theboundary 
onditions (3)2,3, we get(7) |λ|2‖vϕ‖2 + λ2|λ|2‖v‖2 = |λ|2

2π\
0

gv̄ dτ.Hen
e using the S
hwarz inequality we obtain
|λ|2‖vϕ‖2 ≤ 2|λ|4‖v‖2 + ‖g‖2.As 
learly |h| ≤ |λ|, using (3)1 and (6) we get(8) |λ|k‖v‖ ≤ |h|k−2{‖g‖ + ‖vϕϕ‖} ≤ |h|k−2{2‖g‖ + |λ|2‖v‖},where k = 0, 1. The boundary 
ondition (3)2 implies T2π

0 vϕ dϕ = 0, hen
eapplying the Poin
aré inequality and (6) we get
‖vϕ‖ ≤ c‖vϕϕ‖ ≤ c{‖g‖ + |λ|2‖v‖}.
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a and W. M. Zaj¡
zkowskiThus we have proved (4), provided(9) |λ|2‖v‖ ≤ c‖g‖for some c = c(h). We shall dedu
e (9) in two steps. First we assume that
λ = t + ih satis�es the 
ondition(10) |t| > 2|h|.Then 
omparing the real parts in (7) we get

|λ|2‖vϕ‖2 + (t4 − h4)‖v‖2 = |λ|2 Re

2π\
0

gv̄ dτ .

The 
ondition (10) gives us 1
2 |λ|4 ≤ t4 − h4, hen
e

(11) |λ|4‖v‖2 ≤ 2|λ|2
2π\
0

|gv| dτ ≤ 1

2
|λ|4‖v‖2 + 2‖g‖2.Thus under 
ondition (10) we dedu
e (9). Applying the S
hwarz inequalityto formula (5) we obtain the estimate(12) |λ|4‖v‖2 ≤

∣∣∣∣
λ

sinhλπ

∣∣∣∣
2(π

t
sinh 2πt +

π

h
sin 2πh

)
‖g‖2,where we have used the equality

2π\
0

ϕ\
0

|coshλ(ϕ − τ − π)|2 dτ dϕ =

2π\
0

2π\
ϕ

| coshλ(ϕ − τ + π)|2 dτ dϕ

=
π

t
sinh 2πt +

π

h
sin 2πh.Therefore from (12) we get(13) |λ|4‖v‖2 ≤ c · (t + 1)‖g‖2,where c = c(h). Thus the estimate (11) for |t| > 2|h| and the estimate (13)for |t| ≤ 2|h| lead to inequality (9) with c depending only on h.Theorem 3. Assume that µ ∈ R \ Z. Then for ea
h f ∈ L2,µ(R2) thereexists a unique u ∈ H2

µ(R2) su
h that ∆u = f .Proof. Uniqueness. Suppose that µ is noninteger and u ∈ H2
µ(R2) satis-�es ∆u = 0. We set

h = 1 − µ,(14)
w(t, ϕ) = u(e−t cos ϕ, e−t sinϕ),(15)
v(λ, ϕ) =

1√
2π

∞\
−∞

w(t, ϕ)e−iλt dt.(16)



Estimates for the Poisson and heat equations 435We shall show that for a.e. λ ∈ Rh := {β + ih : β ∈ R} the fun
tion v(λ, ·)belongs to H2(0, 2π). Indeed,
∞+ih\
−∞+ih

‖v(λ, ·)‖2
H2(0,2π) dλ ≤ ‖u‖2

H2
µ(R2) < ∞,

be
ause applying for j = 0, 1, 2 the Parseval identity we get
∞+ih\
−∞+ih

2π\
0

∣∣Dj
ϕv(λ, ϕ)

∣∣2 dϕdλ =
\

R2

∣∣r−jDj
ϕu(x)

∣∣2 r2µ−4+2j dx ≤ ‖u‖2
H2

µ(R2).If we write the equation ∆u(x) = 0 for x ∈ R
2 in polar 
oordinates, substi-tute t := − ln r and apply the Fourier transform with respe
t to the t vari-able, we get(17) −λ2v(λ, ϕ) + D2

ϕv(λ, ϕ) = 0 for a.e. (λ, ϕ) ∈ Rh × (0, 2π).Furthermore, from (15) we have
w(t, 0) = w(t, 2π) and Dϕw(t, 0) = Dϕw(t, 2π) for a.e. t ∈ R,thus (16) gives(18) v(λ, 0) = v(λ, 2π) and Dϕv(λ, 0) = Dϕv(λ, 2π) for a.e. λ∈Rh.From (17) and (18) we see that for a.e. λ ∈ Rh the fun
tion v(λ, ·) ∈

H2(0, 2π) satis�es the homogeneous problem (3), thus utilizing (4) we dedu
ethat v(λ, ·) ≡ 0 for a.e. λ ∈ Rh. Therefore (16) yields
∞\
−∞

w(t, ϕ) · e−iλt dt = 0 for a.e. (λ, ϕ) ∈ Rh × (0, 2π),

so w(t, ϕ) = 0 for a.e. (t, ϕ) ∈ R×(0, 2π), and hen
e u(x) = 0 for a.e. x ∈ R
2.Existen
e. Assume that f ∈ L2,µ(R2) and µ is noninteger. Then we set

f1(t, ϕ) = e−2tf(e−t cos ϕ, e−t sinϕ), g(λ, ϕ) =

∞\
−∞

f1(t, ϕ)e−iλt dt.

We shall show that g(λ, ·) ∈ L2(0, 2π) for a.e. λ ∈ Rh. Indeed, applying theParseval identity we get
∞+ih\
−∞+ih

‖g(λ, ·)‖2
L2(0,2π) dλ = ‖f‖2

L2,µ(R2) < ∞.

For λ ∈ Rh let v(λ, ϕ) ∈ H2(0, 2π) be a solution of problem (3) with r.h.s.
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−g(λ, ϕ) ∈ L2(0, 2π). Then integrating (4) with respe
t to λ ∈ Rh we get
(19)

∑

k+l≤2

∞+ih\
−∞+ih

|λ|2k‖Dl
ϕv(λ, ·)‖2

L2(0,2π) dλ

≤ c

∞+ih\
−∞+ih

‖g‖2
L2(0,2π) dλ = c‖f‖2

L2,µ(R2),where c depends only on h. We set
w(t, ϕ) =

1√
2π

∞+ih\
−∞+ih

v(λ, ϕ)eiλt dλ,

and de�ne a fun
tion u on R
2 by the formula

u(e−t cosϕ, e−t sinϕ) = w(t, ϕ) for (t, ϕ) ∈ R × (0, 2π).First we shall show that u ∈ H2
µ(R2). Indeed, applying the Parseval identityand using the boundary 
onditions (3)2,3 for v(λ, ·) we get

‖u‖2
H2

µ(R2) ≤
∑

k+l≤2

∞+ih\
−∞+ih

|λ|2k‖Dk
ϕv(λ, ϕ)‖2

L2(0,2π) dλ.

Therefore utilizing (19) we obtain
‖u‖H2

µ(R2) ≤ c‖f‖L2,µ(R2),where the 
onstant c 
omes from (19). Finally, if we multiply
λ2v(λ, ϕ) − D2

ϕv(λ, ϕ) = −g(λ, ϕ)by eiλt and next integrate over Rh, we dedu
e that ∆u = f , �nishing theproof.
4. Estimate for the problem with parameter. In this se
tion weprove estimates for solutions of an ellipti
 problem in R

2 with parameter.This result is a 
ru
ial step in the proof of Theorems 1 and 2.Remark 1. In the following lemma and its proof all di�erential operatorsa
t on the x variable only. Re
all that Q1, Q2 and s = s(q) were de�ned inSe
tion 2.Lemma 2. Assume that µ ∈ (−1, 0), n = −1, 0, 1, 2, . . . , i = 1, 2 and vis a smooth fun
tion on R
2×Qi with bounded support. Assume that v(·, q) ∈
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D(R

•
2) for ea
h q ∈ Qi. Then there exists a 
onstant c = c(µ, n) su
h that

(20)
\

Qi

\
R2

[|D2v(x, q)|2 + |s| |∇v(x, q)|2 + |s|2|v(x, q)|2]|x|2µ−2n dx dq

≤ c
\

Qi

\
R2

|g(x, q)|2|x|2µ−2n dx dq,where(21) g(x, q) = −∆v(x, q) + sv(x, q).Proof. In the 
ase of n = −1 the proof of (20) 
an be found in [Ku07℄(see Lemma 4 and Remark 4). Therefore we only have to show (20) for na nonnegative integer. So suppose that v satis�es the assumptions. If wemultiply (21) by ϕ̄ ∈ H1(R2), integrate with respe
t to x ∈ R
2 and integrateby parts, then for all ϕ ∈ H1(R2) we obtain(22) \

R2

[∇v(x, q) · ∇ϕ̄(x) + sv(x, q)ϕ̄(x)] dx =
\

R2

g(x, q)ϕ̄(x) dx.

Sin
e v(·, q) ∈ D(R
•

2) for ea
h q ∈ Qi, we see that ϕ := (1+i sgn b)v|x|2µ−2n ∈
H1(R2), where b := Im s. Putting ϕ in (22) yields\

R2

{
|∇v|2|x|2µ−2n(1 − i sgn b) + ∇v · ∇(|x|2µ−2n)v̄(1 − i sgn b)

}
dx

+ (1 − i sgn b)s
\

R2

|v|2|x|2µ−2n dx = (1 − i sgn b)
\

R2

gv̄|x|2µ−2n dx.Comparing the real parts we get\
R2

(|∇v|2 + |s| |v|2)|x|2µ−2n dx

≤ 4|µ − n|
\

R2

|∇v| |v| |x|2µ−2n−1 dx + 2
\

R2

|g| |v| |x|2µ−2n dx.Multiplying both sides by |s| and next applying twi
e the Young inequalitywe get
|s|
\

R2

(|∇v|2 + |s| |v|2)|x|2µ−2n dx

≤ 1

2
|s|
\

R2

|∇v|2|x|2µ−2n dx + 23(n + 1)2|s|
\

R2

|v|2|x|2µ−2n−2 dx

+ 2
\

R2

|g|2|x|2µ−2n dx +
1

2
|s|2

\
R2

|v|2|x|2µ−2n dx,
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e
(23) |s|

\
R2

(|∇v|2 + |s||v|2)|x|2µ−2n dx

≤ 24(n + 1)2|s|
\

R2

|v|2|x|2µ−2n−2 dx + 4
\

R2

|g|2|x|2µ−2n dx.We set
A1 := {(x, q) ∈ R

2 × Qi; |s| |x|2 < a1},
A2 := {(x, q) ∈ R

2 × Qi; a1 ≤ |s| |x|2 < a2},
A3 := {(x, q) ∈ R

2 × Qi; a2 ≤ |s| |x|2},where the numbers 0 < a1 < a2 will be 
hosen later. For q ∈ Qi we write
d1(q) := {x ∈ R

2; |s| |x|2 < a1},
d2(q) := {x ∈ R

2; a1 ≤ |s| |x|2 < a2},
d3(q) := {x ∈ R

2; a2 ≤ |s| |x|2}.For λ > 0 and q ∈ Qi we de�ne
Ωλ := {(x, q) ∈ R

2 × Qi; λ|s| |x|2 < 1}, ωλ(q) := {x ∈ R
2; λ|s| |x|2 < 1}.Clearly,(24) A2 ⊆ Ωλ for λ ∈ (0, a−1

2 ).On A1 we have the estimate |s| ≤ a1|x|−2, thus\
A1

|s| |v|2|x|2µ−2n−2 dx dq ≤ a1

\
A1

|v|2|x|2µ−2n−4 dx dq(25)
≤ a1

\
Qi

‖v(·, q)‖2
H2

µ−n(R2) dq.

We dedu
e from the assumptions that for ea
h q ∈ Qi the fun
tion v(·, q) isin H2
µ−n(R2) and satis�es the equation −∆v = g − sv. The right hand sideis in L2,µ−n(R2), thus from Theorem 3 we get a 
onstant c0 = c0(µ−n) su
hthat(26) ‖v(·, q)‖2

H2
µ−n(R2) ≤ c0 ‖g(·, q)‖2

L2,µ−n(R2) + c0|s|2 ‖v(·, q)‖2
L2,µ−n(R2)for ea
h q ∈ Qi. Hen
e, from (25) we get

(27)
\

A1

|s| |v|2|x|2µ−2n−2 dx dq

≤ a1c0

\
Qi

\
R2

|g|2|x|2µ−2n dx dq + a1c0

\
Qi

|s|2
\

R2

|v|2|x|2µ−2n dx dq.
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2 |s|, thus(28) \

A3

|s| |v|2|x|2µ−2n−2 dx dq ≤ a−1
2

\
A3

|s|2|v|2|x|2µ−2n dx dq.

On A2 we have |x|−2 ≤ a−1
1 |s|, thus |x|2µ−2n−2 ≤ aµ−n−1

1 |s|1+n−µ and(29) \
A2

|s| |v|2|x|2µ−2n−2 dx dq ≤ aµ−n−1
1

\
A2

|s|2+n−µ|v|2 dx dq

If we integrate (23) with respe
t to q ∈ Qi, then a

ording to (27)�(29) weget\
Qi

|s|
\

R2

(|∇v|2 + |s| |v|2)|x|2µ−2n dx dq

≤ 24(n + 1)2(a−1
2 + a1c0)

\
Qi

|s|2
\

R2

|v|2|x|2µ−2n dx dq

+(4+a1c0)
\

Qi

\
R2

|g|2|x|2µ−2n dx dq+24(n+1)2aµ−n−1
1

\
A2

|s|2+n−µ|v|2 dx dq.

We put a1 := 2−6c−1
0 (n + 1)−2 and a2 := 26(n + 1)2 to obtain

(30)
\

Qi

|s|
\

R2

(|∇v|2 + |s| |v|2)|x|2µ−2n dx dq

≤ 10
\

Qi

\
R2

|g|2|x|2µ−2n dx dq + c(µ, n)
\

A2

|s|2+n−µ|v|2 dx dq.

Let χ = χ(t) be a smooth 
ut-o� fun
tion su
h that χ(t) = 1 if |t| ≤ 1and χ(t) = 0 if |t| ≥ 2, 0 ≤ χ(t) ≤ 1, |χ′(t)| ≤ 4. We write(31) χλ(x, q) := χ(λ|s| |x|2).Then χλ(x, q) = 1 if |s| |x|2 < λ−1 and χλ(x, q) = 0 if |s| |x|2 > 2λ−1.Clearly,(32) |∇χλ(x, q)| ≤ 8λ|s| |x|.We put ϕ := (1 + i sgn b)vχ2
λ ∈ H1(R2) in (22) to get

(1 − i sgn b)
\

R2

(|∇v|2χ2
λ + 2v̄χλ∇v · ∇χλ + s|v|2χ2

λ) dx

= (1 − i sgn b)
\

R2

gv̄χ2
λ dx for ea
h q ∈ Qi.
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zkowskiComparing the real parts we get\
R2

(|∇v|2 + |s| |v|2)χ2
λ dx ≤ 2

√
2
\

R2

|∇v| |∇χλ| |v|χλ dx +
√

2
\

R2

|g| |v|χ2
λ dx.

Applying twi
e the Young inequality, we get
(33)

\
R2

(|∇v|2 + |s| |v|2)χ2
λ dx ≤ 1

2

\
R2

|∇v|2χ2
λ dx + 4

\
R2

|∇χλ|2|v|2 dx

+ 2−1ε|s|n+1−µ
\

R2

|v|2χ2
λ|x|2n−2µ dx + 2ε−1|s|µ−1−n

\
R2

|g|2χ2
λ|x|2µ−2n dx.

On the support of χλ we have |s|n−µ|x|2n−2µ ≤ 2n−µλµ−n, hen
e(34) 2−1ε|s|n+1−µ
\

R2

|v|2χ2
λ|x|2n−2µ dx ≤ ε

2

(
2

λ

)n−µ \
R2

|s| |v|2χ2
λ dx.

We set ε := (λ/2)n−µ. Then (33) and (34) give the estimate\
R2

(|∇v|2 + |s| |v|2)χ2
λ dx

≤ 8
\

R2

|∇χλ|2|v|2 dx + 4

(
2

λ

)n−µ

|s|µ−1−n
\

R2

|g|2χ2
λ|x|2µ−2n dx.

We multiply both sides by |s|n+1−µ and integrate with respe
t to q to get\
Qi

|s|n+1−µ
\

R2

(|∇v|2 + |s| |v|2)χ2
λ dx dq

≤ 8
\

Qi

|s|n+1−µ
\

R2

|∇χλ|2|v|2 dx dq + 4

(
2

λ

)n−µ \
Qi

\
R2

|g|2χ2
λ|x|2µ−2n dx dq.

A

ording to the de�nition of χλ and the property (32) we have |∇χλ|2 ≤
27λ|s|, thus\

Qi

|s|n+1−µ
\

R2

(|∇v|2 + |s| |v|2)χ2
λ dx dq

≤ 210λ
\

Qi

|s|n+2−µ
\

ω1/2(q)\ωλ(q)

|v|2 dx dq

+ 4

(
2

λ

)n−µ \
Qi

\
R2

|g|2χ2
λ|x|2µ−2n dx dq.
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e multiplying both sides by (λ/2)n−µ we obtain
(

λ

2

)n−µ \
Qi

|s|n+1−µ
\

R2

(|∇v|2 + |s| |v|2)χ2
λ dx dq

≤ 210+n−µλ

(
λ

22

)n−µ \
Qi

|s|2+n−µ
\

ω1/2(q)\ωλ(q)

|v|2 dx dq

+ 4
\

Qi

\
R2

|g|2χ2
λ|x|2µ−2n dx dq.

We assume that λ < 2−12−n. Thus we get
(35)

(
λ

2

)n−µ \
Qi

|s|n+2−µ
\

ωλ(q)

|v|2 dx dq

≤ 1

2

(
λ

22

)n−µ \
Qi

|s|n+2−µ
\

ωλ/2(q)

|v|2 dx dq + K,

where K := 4
T
Q

T
R2 |g|2|x|2µ−2n dx dq. We denote by f(λ) the expression onthe l.h.s. of (35). Thus the above estimate has the form(36) f(λ) ≤ 1

2
f(λ/2) + Kand holds for ea
h λ in (0, 2−12−n). Iterating this estimate we get(37) f(λ) ≤ 1

2k
f(λ/2k) + (2 − 21−k)Kfor ea
h λ ∈ (0, 2−12−n) and k = 1, 2, . . . . On the set ωλ/2k

(q) we have
|s|n−µ ≤ (2k/λ)n−µ|x|2µ−2n, hen
e(38) f(λ/2k) ≤

\
Qi

|s|2
\

R2

|v|2|x|2µ−2n dx dq.

We �x λ0 ∈ (0, 2−12−n). Then from (24) we dedu
e that A2 ⊆ Ωλ0 . Applyingthe estimate (30), the de�nition of f(λ0) and the estimates (37) and (38) weobtain\
Qi

|s|
\

R2

(|∇v|2 + |s| |v|2)|x|2µ−2n dx dq

≤ 3K + c(µ, n)
\

A2

|s|n+2−µ|v|2 dx dq ≤ 3K + c(µ, n)
\

Ωλ0

|s|n+2−µ|v|2 dx dq
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= 3K + c(µ, n)

(
2

λ0

)n−µ

f(λ0) ≤ cK + c(µ, n)

(
2

λ0

)n−µ 1

2k
f(λ0/2k)

≤ K + c(µ, n)

(
2

λ0

)n−µ 1

2k

\
Qi

|s|2
\

R2

|v|2|x|2µ−2n dx dq,

where c = c(c0, λ0, µ, n). Now letting k → ∞, we get\
Qi

|s|
\

R2

(|∇v|2 + |s| |v|2)|x|2µ−2n dx dq ≤ cK.

Finally, applying (26) we get the estimate (20).
5. Proof of the main resultsProof of Theorem 1. The spa
e D(R

•
3) is dense in H2

µ(R3), therefore itis enough to show (1) for u ∈ D(R
•

3) with a 
onstant c independent of u.For u ∈ D(R
•

3), x′ ∈ R
2 and q ∈ R we denote by û(x′, q) the partial Fouriertransform with respe
t to z, i.e.

û(x′, q) :=
1√
2π

∞\
−∞

u(x′, z)e−izq dz.

Clearly, û satis�es the assumptions of Lemma 2 for Q1. Thus we get a 
on-stant c = c(µ, n) su
h that
(39)

\
R

\
R2

(|D2
x′û|2 + |q|2|Dx′û|2 + |q|4|û|2)|x′|2µ−2n dx dq

≤ c
\
R

\
R2

|f̂ |2|x′|2µ−2n dx dq,

where
f̂(x′, q) = −∆x′ û(x′, q) + sû(x′, q) and s = q2.Applying the Hardy inequality ([Ha34, Theorem 330℄) we get

(40)
\

R2

(|û|2|x′|−4 + |Dx′û|2|x′|−2)|x′|2µ−2n dx ≤ c
\

R2

|D2
x′ û|2|x′|2µ−2n dx,

(41)
\

R2

|û|2|x′|2µ−2n−2 dx ≤ c
\

R2

|Dx′û|2|x′|2µ−2n dx



Estimates for the Poisson and heat equations 443for all q ∈ Q, where c = c(µ, n). Thus from (39)�(41) we obtain\
R

\
R2

(|D2
x′ û|2 + |q|2|Dx′û|2 + |q|4|û|2)|x′|2µ−2n dx dq

+
\
R

\
R2

(|û|2|x′|−4 + |Dx′û|2|x′|−2 + |q|2|û|2|x′|−2)|x′|2µ−2n dx dq

≤ c
\
R

\
R2

|f̂ |2|x′|2µ−2n dx dqfor some c = c(µ, n). Applying the Parseval identity to both sides of theabove inequality we dedu
e the estimate (1) for all u ∈ D(R
•

3).Proof of Theorem 2. Be
ause D(R
•

3 × R+) is dense in H
◦

2,1
µ (R

•
3 × R+), itis enough to show (2) for u ∈ D(R

•
3 × R+). For q = (q1, q2) ∈ R

2 we write
v(x′, q) :=

1

2π

∞\
−∞

∞\
−∞

u(x′, z, t)e−i(zq1+tq2) dz dtwhere we set u = 0 for t < 0. The fun
tion v(x′, q) satis�es the assumptionsof Lemma 2 for Q2. Hen
e\
Q

\
R2

[
|D2v(x′, q)|2 + |s| |∇v(x′, q)|2 + |s|2|v(x′, q)|2

]
|x′|2µ−2n dx′dq

≤ c
\
Q

\
R2

|g(x′, q)|2|x′|2µ−2n dx′dq,where
g(x′, q) := −∆x′v(x′, q) + sv(x′, q) and s = q2

1 + iq2.Utilizing the Hardy inequality as in (40)�(41) and next applying the Parsevalidentity we dedu
e (2).
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