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BEST POSSIBLE ESTIMATES OF SOLUTIONS TO THE
TRANSMISSION PROBLEM FOR
THE LAPLACE OPERATOR WITH N DIFFERENT MEDIA
IN A CONICAL DOMAIN

Abstract. We investigate the behavior of weak solutions to the transmis-
sion problem for the Laplace operator with NV different media in a neighbor-
hood of a boundary conical point. We establish a precise exponent of the
decreasing rate of the solution.

1. Introduction. Let G C R", n > 2, be a bounded domain with bound-
ary OG that is a smooth surface everywhere except at the origin O € 9G
and near O it is a convex conical surface with vertex at O and aperture wg €
(0, 7). We assume that G = |, G; is divided into N subdomains G;, i =
1,...,N,by N—1 hyperplanes Y, k =1,..., N —1, where O belongs to ev-
ery X}, and GiNG;j =0, i # j. Let w; be the aperture of G; at O. Define 6, =
w1+ -+wg, thus wg = Oy. Let D C JG be the part of G where we consider
the Dirichlet boundary condition. We consider the transmission problem

], =0, skmz[ a“L & L B(O)ule) = Iufa).

“ ong, x|

r€X, k=1,...,N—1;

0 1
Blu] = a(w) - a 5= + —(@)ul@) = g(z), € IG\O,
( on |zl
where a; > 0, p; >0 (i =1,...,N) are constants;
0 ifzeD,
a(z) = .
{ 1 ifx ¢ D
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7t denotes the unit outward normal to G \ O; moreover

o u(z) =ui(2), z € Gi; f(z) = fi(x), x € Gi; alg, = ai, etc;
e [u]x, denotes the jump of u across Xy, i.e.

[u] s, = uk(@)| 5, — uk+1(@)|s,  w(@)]z, = GkamlLr%GEk u(z),
_ _ i ]
Uk+1(x)‘2k Gk+1 31113562]9 U(x)7
° [a%] 5 denotes the jump of the co-normal derivative of u across XY,
ie.

{ ou ] 8uk 8uk+1

a5 =ag 35 — Qg1 = )

Gnk > 8nk 5 8nk b8

where 775, denotes the unit outward normal to X.

The transmission problems often appear in different fields of physics and
technique. For instance, an important problem in the electrodynamics of
solid media is the electromagnetic processes in ferromagnetic media with
different dielectric constants. These problems also appear in solid mechanics
if a body consists of composite materials.

Here we obtain best possible estimates of weak solutions of problem (L)
near a conical boundary point. Analogous results were established in [3] for
the Dirichlet and Robin problems in a conical domain without interfaces.
Many mathematicians have considered the transmission problems. First,
V. A. II'in [9], O. A. Ladyzhenskaya and N. N. Ural’tseva [10], Z. G. Shef-
tel [13] and M. V. Borsuk [2] studied general interface problems for second
order elliptic operators in smooth domains. Later other mathematicians stud-
ied transmission problems in nonsmooth domains in some particular cases
(see the references in [11, 12, 5]). General interface problems in polygonal
and polyhedral domains were considered in [11, 12|. Regularity results in
terms of weighted Sobolev spaces have been obtained in [5] for two- and
three-dimensional transmission problems for the Laplace operator.

A principal new feature of this article is the derivation of sharp estimates
for solutions of (L) in n-dimensional (n > 2) conic domains with N different
media (N > 2). We show some examples. We also note that our methods
are different from those in [11, 12].

We introduce the following notations:
e S"~1: the unit sphere in R” centered at O;

o (r,¢),¢0 = (¢1,...,0n_1) : the spherical coordinates of x € R™ with
pole O:
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T1 = rcos ¢,
T9 = 7 COS ¢3 sin ¢y,

Tp—1 = T COS Q1 SIiN Py 9 . .. SIN @1,
Ty = 7SiN@,_18N¢,_o...sin¢1.

C : the convex rotational cone {x; > r cos(wp/2)} with vertex O;

e JC : the lateral surface of C, {z1 = r cos(wp/2)};

2 : a domain with smooth boundary 92 obtained by intersecting the
cone lateral surface OC with S*~1, 92 =oCc N S*1;

§2; : intersection of G; and S"~! (i =1,...,N); thus 2 = UZ]\LI 2
Gl ={(r,w)|0<a<r<bweN}NG : alayer in R";
IP={(r,¢)|0<a<r<b; ¢€dR}NIG : the lateral surface of G;
Gd:G\Gg, Fd:3G\F6l, d > 0;

2 =31 Sy, where Sy =GN {¢1 =wo/2— O}, k=1,...,N — 1
o= Z{cv:_ll ok, Where o, = X} N £2;

=GN Y; Ty =2\ 54 d>0;

(G ={(rw)|0<a<r<bwetNGii=1,...,N;

(Ek)g :Ggﬂﬂk, k=1,...,N —1;

2 =Ggn{|z] =0}, 0<0<d

We assume without loss of generality that there exists d > 0 such that
Gg is a conver rotational cone with vertex O and aperture wq, thus

n
3 = cot? % z2; r € (0,d), ¢ = ?, wo € (O,W)}.

1=2

L) = {(r, 9
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We use the standard function spaces: C*¥(G;) with the norm |u;|xc,; the
Lebesgue space Ly(G;), ¢ > 1, with the norm ||u;]|4q,; the Sobolev space
WH4(G;) with the norm HUsz,q,G the direct sums C*(G)=CF(Gy)+-- -+
C*(G ) with the norm |uly.g=S"N | [uilr.c.; Le(G)=Ly(G1)+- - -+Ly(Gn)
with the norm ||U||Lq(G) :Zi]\;l(SGi ;|2 dm)l/Q; Wk,Q(G) ZW’WI(Gl)_}_. o
WE(Gy) with the norm [Jullg.gc =31 (§g, Ysi—0 D sl da) /4. We de-
fine the weighted Sobolev spaces V& (G) = V/F,(G1) + -+ + VF (GN) for
integer k > 0 and real o, where Vq]fa(Gi) denotes the space of all distributions
u € D'(G;) satisfying ro/a+ 8=k DBy;| € Ly(Gy), i =1,...,N. VE (@) is a

Banach space for the norm

N k 1/q
lullvs = D0(§ D2 v a0 Dy ) ™,
G

=1

i |8]=0

Vl;’;l/q(GG) is the space of functions ¢ on G with the norm H('OHV‘;;”‘Z(aG) =

inf ||¢||V§Q(G)v where the infimum is taken over all functions @ such that
D|ope = @ in the sense of traces. We write

WEG) = Wh(@), WE(@)=VE (@), WE206) = Vi 2(00).

DEFINITION 1. A function w is called a weak solution of problem (L)
provided that u € C°(G) N W}(G) and u satisfies the integral identity

() §aueyme, do+ § - B(@)u@n@)ds + | ale) - 2()u(zn() ds

G X oG

— | a@)g(@)n(e) ds+ | h@)n(z)ds — {(pulx) + f(@))n(x) d

oG X G
for all n € CY(G) N VOV(I)(G) (summation over repeated indices from 1 to n is
understood); here

N-1

N
S Z S filz Sh(w) ds = hi(x)ds, etc.
¢ i=1G; = k=1 5

REMARK 1. We assume that u|sgnp = 0.

We assume that M = max_ & |u(z)| is known.

LEMMA 1.1. Let u be a weak solution of (L). For any n € C°(G) N
Wi(G),
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(Do § {atwa, e, + (F@) + pule)n(a)}de = § o S0 n(z) e,
e 2
+ § a@)(g60) - 22@)uo) Jate)ds + | (o) - 1 B0)uta) (o) as

rg
for a.e. o € (0,d).

Proof. The proof is analogous to the proof of [3, Lemma 5.2, pp. 167
170]. m

Define numbers

a, = min{ay,...,an} >0, a* =max{ay,...,an} > 0;
(12) p* =max{pi,...,pn} > 0;

laly, = ak — ag+1, k=1,...,N = 1

ap = maxi<ip<ny-1][alx,|; @ = max(a*,ap).

We assume that:

(a) fELq/z( )N La(G); g > n;

(b) 7(8) = o > dtan(eo/2) on 9G; (@) > fo > dtan(wn/2) on
S k=1,... N—1:

(c) there exist numbers fo,go, ho > 0,s>1, 8> s— 2 such that

@) < folal”,  lg(@)] < golz' [hw()] < hola|*™!,  k=1,...,N—1.

Our main result is the following theorem. Let

(1.3) )\:2—n+\/(n—2)2+4v“
. 5 ,

where ¥ is the smallest positive eigenvalue of the problem (EVP) (see Sub-
section 2.2).

THEOREM 1.2. Let u be a weak solution of problem (L), and assume that
conditions (a)—(c) are satisfied. Let G and the parameters in (a)—(c) be such
that A > 1. Then there are d € (0,1) and constants Cy,c > 0 depending only
on n,ax,a*,p*, \, q,wo, fo, ho, 90, Bo, Y0, S, Mo, meas G, diam G such that for
all v € G,

(1.4) ()] < Co (Huuz,c et gL

A TE")
|| if s > A,
X < |z Inc(1/|z]) ifs= A
|z|® if s <A
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Suppose, in addition, that
7€ CHIG), [ €V u(G), heV,a (D),

q,2q—n
1-1
g€ ViLulh(0G), q>n,

and there is a number

1. = s _ _ .
( 5) Ts 2218 Q (”h”V}LZ;/jn(Eg/z) + Hg|’\/q1!2q17/‘711([15/2))
Then for all x € G&,

1
6 Vu(a)) < G (Julao+ fo+ =t —=hotr,)
|| A1 if s > A,
X < |zM e (1/]x]) ifs= A
|z[*~1 if s < \.
Furthermore,
eucVz, (G),q>nand
1) Tz, e <Gl + fo+ S=a+ =7
o if s > A\,
X< oMn(1/0) ifs=A
o° if s <
oif fe Wg(G), (5 th(z) ds < oo, {1 1g?(x) ds < oo, where
(1.8) 4—n—-22<a<2,

then u € \;\7572((;) and
(1.9) S a(r® 2| Vul|? + r**u?) dr + S r*36(p)u? () ds

G b))
+ S ax)r* 3y ()u?(z) ds
oG
< c{ J? + (14 ) f2(2) do + | o 02 (a) ds
G b

+ | at@)yrog?(@) ds},

oG

where the constant C > 0 depends only on q, n, ax, a*, o, X\ and the
domain G.
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2.1. Auxiliary formulae. Let us recall some well known formulae relating
to spherical coordinates (7, w1, ...,w,—1) centered at the conical point O:

o dr = r""drds,
o d2, = " td,

e df2 = J(¢)d¢ denotes the (n —1)-dimensional area element of the unit
sphere,

o J(¢) =sin""2 p1sin" 3 ¢y ...sin b2,

o dp=dr...dpn 1,

e ds denotes the (n — 1)-dimensional area element on 0G;

e do denotes the (n — 2)-dimensional area element on 0(2;

o ds = r"2drdo;

Vu onto the tangent plane to the unit sphere at the point ¢,

|Vu|?> = (%)2 + T%]V(bu\Q, where |V 4u| is the projection of the vector

o |Vyul? = sl l(&)2, where ¢; = 1 and ¢; = (sin¢y ---sin¢;_1)?

=1 ¢; \0¢;

for i > 2,
o Au_arng” 12;‘—1— S Agu,

r

o Ayu ¢) o 11 BZ (J ¢) a"{), the Laplace—Beltrami operator,

q; 09¢;
J(¢) ul) ]

qi

n—1 0
o divyu = m Qi1 a¢i(

C=0C(...), ¢c=c(...) denote constants depending only on the quantities
appearing in parentheses. Hereafter, the same letters C, ¢ will (generally) be
used to denote different constants depending on the same set of arguments.

By a direct calculation we obtain

LEMMA 2.1.

. w
x; cos(, xi)|F61 =0, cos(7, 1:1)|F61 = —sin 70

(2.1)
x;cos(nig, xi)|x, =0, k=1,...,N—1

(the latter is the equation of Xy).

2.2. Auziliary inequalities. We need some statements and inequalities.

The eigenvalue problem. Let 2 C S™~! with smooth boundary 912 be
the intersection of the cone C with S”~!. Let ©/ be the exterior normal to
OC at points of 92 and 7j, be the exterior normal to X}, with respect to (2
(lying in the tangent plane to (%), k = 1,...,N — 1. Let v(¢), ¢ € 912,
be a positive bounded piecewise smooth function, and [;(¢) be a positive
continuous function on X, k = 1,..., N — 1. We consider the eigenvalue
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problem for the Laplace-Beltrami operator A4 on the unit sphere
a;(Aphi+01;) =0, ¢ €2, a;are positive constants; i=1,..., N,

o
(EVP) [Ylo =0, [aa—;ﬂ + Be(P)Y]0, =0, k=1,...,N—1,

o(0)a 28 +4(0)los = 0,

which is to determine all values ¥ (eigenvalues) for which (EVP) has nonzero
weak solutions (eigenfunctions).

From the variational principle we obtain the Friedrichs—Wirtinger in-
equality (the proof is analogous to one in §2.4 of [3]):

THEOREM 2.2. Let ¥ be the smallest positive eigenvalue of problem (EVP).
Let 2 C S"7L. Let p € WY(£2) satisfy the boundary and conjunction condi-
tions from (EVP) in the weak sense. Let y(¢) be a positive bounded piecewise
smooth function on 082, and Bk (@) be a positive continuous function on oy,
k=1,...,N —1. Then

N—-1
22) 9| a?(@)d2 < (alVeyPd2 + > | Br(¢)v*(¢) do
2 (7 =1 og
+ | a(@)v(¢)0*(¢) do.

of?

Because of (1.3), the Friedrichs—Wirtinger inequality will be written in
the following form:

23) A +n—2) [ av?*(9)d2 < [ alVy? d2 + | B(¢)0*(¢) do
2 02
+

| a(@)v(0)0*(9) do
on

for all ¥(¢) € W1(£2) satisfying the boundary and conjunction conditions
from (EVP) in the weak sense. Multiplying (2.3) by 7" >t and integrating
over r € (0,d) we obtain

COROLLARY 2.3.

(2.4) S ar® 42 dx<ﬁ{ S ar"_QIVude—i—S 3B (p)u?(x) ds
Gd ag =g
+ | a@r @) (@) s}, va,
Iy

for all u € VOVéfz(Gg) such that u(-,w) satisfies the boundary and conjunc-
tion conditions from (EVP) in the weak sense.
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Now we use the Hardy inequality (see [8, Theorem 330]) to get:

PROPOSITION 2.4 (Hardy—Friedrichs—Wirtinger inequality). Let u €
C’(G)n Vovaﬂ(G) with u(0) = 0 and suppose u(-,w) satisfies the boundary
and congunction conditions from (EVP) in the weak sense. Let Bi(¢),v(¢)
be positive bounded piecewise smooth functions. Then

(2.5) S ar® e de < H(\,n, a){ S ar®?|Vul? dx
Gy a3
+ | B0 @) ds + | o Pal@)r (o) (@) ds
=5 ry
1
AMA+n—2)+1d-n—-a)?

H(\n,a) = a<4—n.

The proof is similar to that in [3, §2.5.2].

LEMMA 2.5. Let G& be a conical domain and Vu(g,-) € La(£2) a.e. o €
(0,d). Assume that

(2.6) U(o) = S ar® " |Vu|* dx + S " B(p)u? () ds
s e
+ S () (z)ds < 0o, 0 € (0,d).
Iy
Then
ou n—2 , 0 ;o
(2.7) éa(gua + 5 ) T_erz <5 U0

Proof. Writing U(p) in spherical coordinates,

0
U(o) = STQ_"G a]Vu\2d9>r"_1 dr
0 Q
0

+ (8@l do + § 1(o)|uf do)r"2dr
0

X of?

O e 1O

1
réa(uf + 3 ]V¢u\2) dQ2dr

S

(§ 8@l do + | A(@)]uf* do) dr

o
+)
0 X o2



454 M. Borsuk

and differentiating with respect to o we obtain

(28) Ul = h@(%)ﬂ%mu,z)

2

g

r=g

+= (18002 (@.0)do + | 1(0)ii(e.0)do).

x of?

Moreover, by Cauchy’s inequality, we have Qua“ < £ u + 2 0 ( ) for all
€ > 0. Then

Sa u%+n_2u2
p o or 2

_9 2 2
a0 < H+§au2d9+g—§a<g—“> 0.
r—o > € r

Thus choosing € = A we obtain, by the Friedrichs—Wirtinger inequality (2.3),
dg?

or 2 _
2 r=0

e+n—2 5 0 du\?
< - —
_2)\(A+n_2)§2alv¢u| a2 + ;Za — ) de

e+n—2 9
F ooty (1006 o+ | 16 (0,0) do)
X of?
&
B 2AU( Q). =
We also need the well known inequalities
29)  {vds<C(jv]+|Vv])da, Vo e WH(G), VI C G,
r G
(2.10) S v?ds < S <5|VU!2 + %cmﬁ) dz, Yve Wh(G), Vs > 0.
oG G

2.3. Quasi-distance r-(z). Further, we define a function r.(z) as follows.
We fix Q = (—1,0,...,0) € S" 1\ 2 and consider the unit radius-vector
[ = 0Q = {-1,0,...,0}. We denote by 7 the radius-vector of the point
z € G and introduce the vector 7. = 7 — &l for £ > 0. Since €f¢ G¢ for all

€ (0,d), it follows that r.(z) = |7 — el| # 0 for all x € G. It is easy to see
that r.(x) has the following properties:

1. There exists h > 0 such that r-(x) > hr and r-(x) > he for all z € G,
where

b 1 if z1 >0,
I sin(wo/2) if 21 < 0.
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Proof. From the definition of r.(z) we know that
(x1+¢) —i—Zw (x1+¢) 242 :c%:r2+25x1+62.

If 21 > 0 we obtain either 2 > r% so 7. > 7, or r2 > &2, so r. > ¢.
Ifzy=rcosgp <0, ¢ € [ /2 w0/2], we obtain by the Cauchy inequality:

either

1267 cos ¢| < 12 cos® ¢+ €2 = 2ercosd > —r?cos® ¢ — 2 = 1. > rsin(wy/2)

or

2

|27 cos ¢| <e? cos® ¢ + 1% = 2er cos ¢ > —1r% — e cos® ¢ = 1. >esin(wp/2). =

2. If v € G, then r-(x) > d/2 for all ¢ € (0,d/2),

3. lim,_g+ re(z) =7 for all z € G.

4. |Vr? =1 and Ar. = (n—1)/r.

LEMMA 2.6. Let v € C°(G) N WYG) with v(0) = 0 and suppose v(-,w)

satisfies the boundary and congunction conditions from (EVP) in the weak
sense. Let 3(¢),v(¢) > 0. Then for any € > 0,

(2.11) S ar® 42 dz < H(\n a){ S ar®?|Vu|* dx
Ga Gd
+ [ e B0 @) ds + | et al@)r(9)v?(x) ds},
xd rg
where H(\,n,«a) is defined by (2.5).

LEMMA 2.7. Let v € C%(G) N W(G) and suppose that v(-,w) satisfies
the boundary and congunction conditions from (EVP) in the weak sense. Let

B(9),v(¢) > 0. Then for any € > 0,

1
2.192 a—2,,-2,2 < a—2 2
(2.12) Sara r v de < /\()\+n—2){8 ard™*|Vv|“ dx
Gj Gy
+ 72800 (@) ds + § 17t 2a(@) (@) ds b
=5 Iy

For the proof of these lemmas see Lemmas 2.37 and 2.32 in [3].
2.4. The Cauchy problem for a differential inequality

THEOREM 2.8. Let U be an increasing, nonnegative differentiable func-
tion defined on [0,2d] and satisfying
{ U'(0) = P(o)U(e) + N(0)U(2¢) + Q(e) 20, 0<o<d,

(CP) U(d) < U,
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where P(p), N(o), Qo) are nonnegative continuous functions defined on
[0,2d] and Uy is a constant. Then

(2.13) U(p) < exp <(§B(7') dT) {Uo exp <— §P(T) dT)
+ (Si Q(r) exp(— §P(a) da) dT}
with g g
20
(2.14) B(o) = N (o) exp(S P(o) da).

0
Proof. See [3, §1.10, Theorem 1.57]. m

2.5. The comparison principle. We consider the second order linear de-
generate operator @) of the form

ou
(2.15)  Q(un) = | {aus,me, + (f(2) + pu())n(z)} dx — | az-n(x) df2q
Gd 2q
1 1
= alo)(562) ~ 22(@)ulo) Jate) ds = | (o) = 1 B@)ua) (o) ds
g X

for u € CO(G_g) N VOVé(Gg) and nonnegative 1 € CO(G_g) N VOVé(Gg).

PROPOSITION 2.9. Let 3(¢), v(¢) be positive piecewise smooth functions,
0<a.<a<a*,p>0andd<1. Let u,w € C°(Gd) N VOV(l)(Gg) satisfy

(2.16) Q(u,m) < Q(w,n)
for all nonnegative n € CO(G_g) N VOV(I)(Gg) and also
(2.17) u(z) <w(z), z€UIIND),

in the weak sense. Then u(x) < w(z) in GE.
Proof. Define z(z) = u(z) — w(x). Then

(2.18) 0> Qu,n) — Q(w,n) = | {azeme, + pz(x)n(x)} dz
Gy
4§ al) Lo @)y ds + | - 5(@)=(@n() ds

d r d
FO Z‘0
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for all nonnegative 7 € CO(G_g) N VOV(l)(Gg). Define
(GHT = {z € G& | u(z) > w(zx)} C G,
(Z6)" = {z € Z¢ | ulz) > w(x)} C 5§,
(I)* = {z € I | u(z) > w(x)} C I,
(

and assume that Gg)Jr # (0. As a test function in the integral inequality
(2.18), we choose n = max{(u — w),0}. Then it follows from (2.17) and
(2.18) that

1 1
| @V +p22() o+ § ale) 21(0):2@)ds + | L 6(0)22(x) ds<0.
@+ (rgH* (ZH*

This implies that z(z) = 0 almost everywhere in (G@)*, contrary to our
assumption that (G&)* # (). Thus Proposition 2.9 is proved. =

3. The barrier function. A preliminary estimate of the modulus
of the solution. Consider the linear operators £; = a;A, i = 1,..., N,
with the numbers (1.2).

LEMMA 3.1 (Existence of the barrier function). Fiz numbers [(y,vyo >
atan(wo/2), 6 > 0, go,ho > 0 and let v(¢) > v on OG, Br(d) > o
on Xy, k= 1,...,N — 1. There exists m > 0, depending only on wq, a
number sy € (0, (dp/a)cot(wp/2) — 1) (where 6o = min(fGo, o)), numbers
B >0 andd € (0,1) and a function w € C*(Gy) N C?(Go) that depend only
on wy, the ellipticity constants ax,a™ of the operators L; and the quantities
Y0, Bos 90, 9o, ho, wo such that for any s € (0, min(d, »¢)) the following hold:

(3.1) Llw(z)] < —a.m?|z[*!, € GinGy;
(3.2) Blw(z)] > golz|’, =z eI
(3.3) Splw(x)] > holzl®, ze ¢, k=1,...,N—-1;
(3.4) 0 < w(z) < co(s, B,wo)|z|*™, z€ G4,
(3.5) IVw ()| < ¢1(50, B,wo)|z|®, =€ GL.
Proof. Let (z,y,2’) € R", where © = 1, y = 2, ' = (23,...,2,). In

{1 > 0} we consider the cone K with vertex O such that K O GY (we
recall that G¢ C {z1 > 0}). Let OK be the lateral surface of K and let
OK NyOx = I'y be x = £my, where m = cot(wp/2), 0 < wy < m, such that
x > mly| in the interior of K. We shall consider the function
(3.6) w(z;y,2') =27 (2 — m*y?) + Ba™H!

with some s € (0,1), B > 0.
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Let us calculate the action of £; on the function (3.6). For t = y/z, |t| < 1/h
we obtain L;w = —m2x* 1g;(5), where () = a;{(»* — 35 +2)t> + 2 —
m~2(1+ B) (5% + 3)}. Since ;(0) = 2a;(t> + 1) > 2a; > 2a, and since g; ()
are quadratic polynomials there exists a number sy > 0 depending only on
ax,a*,m such that ¢;(») > a, for s € [0, s5]. Therefore we obtain (3.1).

Now, notice that

(3.7) I'y: xz=+4my, m=cot(wy/2), 0<wy< .
Then
(3.8) on I - x = rcos(wpy/2), L(f,z) =7/2 4 wy/2,
| T ly=rsin(o/2), L Ly) =wo/2
(3.9) on I - x = rcos(wpy/2), L, z) =7/2 4 wy/2,
' Ly =—rsin(w/2), L(i,y) =7+ wo/2,
. wo 1 wo m
3.10 Sin — = ———, COS— = —(————.
(3.10) 2 V1+m? 2 V14 m?
Therefore
wy = (14 2)2”(1 4+ B) — (3¢ — 1)m?y*z> 2
(3.11) = Wl =24+ B(1+ x)2”
Wy = —2m2yz* ! = wy|r, = F2ma™.
Because of 2% ‘F = Wy COS A(ﬁ,x)‘Fi + w, cos (7, y)‘Fi and (3.8)—(3.11),
we get
ow m*

i

29 = 2
9 |, r (1+m2)(%+1)/2{ (
Hence, by (3.7) and v(¢) > v > atan(wp/2) on JG, it follows that

m%

B[w”Fi = (1 —l—mQ)(”‘""l

Fe

14+m?) + B(1 + )}

r*{Bmy(¢) — a(z)a(B(1+ ) + 2(1 +m?))}

m

= (1 + m2)CtD2

Since m > a* /vy and s < myp/a* — 1, for s < 355 we obtain
m

(3.12) Blw]|pg > 1+ m?

6
2907“ ) TE(Oad)7
if we choose 3 < 4, so r* > r® and

(313) B> {90(1 ) oD

m>o
Thus, (3.2) is proved.

5 7 {Bmyo — Ba™(1 + 5) — 2a (1+m?)}.

70 40 3%

IEE=VE {B(myy — a* — a*») — 2a* (1 +m?)}

1
myo — a*(1+ )

+ 2a*(1 +m2)} :
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Now we prove (3.3). First, on X} we have x = rcos(wp/2 — 0i), y =
rsin(wo/2 — ), so y = myx, where my, = tan(wo/2 — 0;). Therefore
wls, = (B+1—m?*mi)z’™ = (B +1—m?*mi)r't cos' ™ (wy /2 — 0;)
_ B+1—m?m} A
(1 +m%)(1+z)/2

Further,
cos(fiy, ) = cos(m/2 —wp/2 + O)) = sin(wp/2 — Ok) = L,
\/1 —{—mi
1
cos(7ig,y) = cos(m — wp/2 + O) = — cos(wp/2 — Of) = ————
\/14+m2
on Xy, k=1,...,N — 1, and in virtue of
1+ 3)(1+B) + (1 —s)m?mi 2m?m? S
wxlzkz( ) ) 2(%/2 ) ko, wyzkz—ﬁ-r )
(1 +mi) (1+mg)
we obtain
ow (1+2)(1+ B)+ (1 — »)m?*m3 +2m?
- = mg - T,
ong |5, (1+m2)(1+=)/2
Thus,
Sklw] =
Bi(¢)(B4+1—m2m3)+myla) s, {(1+ ) (14 B)+(1—s)m>*m3 +2m?} L
(1+m2)(1+)/2 :
Since 0 < wy < O <wp forall k =1,..., N—1, we have |my| < tan(wp/2) =

1/m for all k = 1,...,N — 1. Now, as Ox(¢) > [o > atan(wo/2) on Xy,
kE=1,...,N —1, and 3 < mfy/ag — 1, for 3 < 3 we get
mo

(3.14)  Spw] > {ﬁoBm—ao((1+%0)B+2(1+m2))}(1 + m2) () 2 o

> Tﬁ'h’O,
if we choose 2 < 4, so 7 > %, and

ho(1 + m?)(o+1)/2

m>0

1
mpBo — aog(l + sq)

(315) B> { + 2a0(1 +m2)} :

Thus, (3.3) is proved.
Now we show (3.4). Let us rewrite the function (3.6) in spherical coordi-
nates. Recalling that h = cot(wp/2), we obtain
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w(z;y, ') = (14 B)(rcos $)! 7 — h?r? sin? ¢(r cos ¢)*
— 17 o051 o[ B eos? x(¢)

r % cos (b( cos” ¢ + sin2(wo/2)

where x(¢) = sin(wo/2 — ¢) - sin(wp/2 + ¢). We find that x/'(¢) = —sin2¢
and x'(¢) = 0 for ¢ = 0. Now we see that x”(0) = —2cos0 = -2 < 0. In
this way we have

), V(ﬁE[—wo/Q,wO/ﬂ,

— — gin? 2
s B MO =XO = 0 0P)

and therefore

1
w(z;y,2’) < rit*cos™ 1 ¢ (B cos® ¢ + 1)< rit cos™t ¢ (B +— ¢>
cos

1
< pltoo B4+ — .
=7 ( +0032(w0/2)>

Hence (3.4) follows. Finally, (3.5) follows in the same way, in virtue of
(3.11). m

Now we can estimate |u(x)| for u satisfying (L) in the neighborhood of
the conical point.

THEOREM 3.2. Let u be a weak solution of problem (L) and let u sat-
isfy assumptions (a)—(c). Then there exist numbers d € (0,1) and ¢ > 0
depending only on a.,n,wo, fo, ho, 90, B0, Y0, s and the domain G such that

(3.16) u(z) = u(0)] < Cola[**!, = € G,

where the positive constant Cy depends only on ax, n, wo, fo, ho, 90, Bo, Yo,
s, My and the domain G, and does not depend on u.

Proof. Without loss of generality we may suppose that «(0) > 0. Con-
sider the barrier function w defined by (3.6) with ¢ € (0, »¢p) and the function
v(x) = u(x) — u(0). For these, we shall verify Proposition 2.9. Let us calcu-
late the action of @) on these functions. Because of the definition (2.15) and
by integration by parts, we have

QAw,n) = | {Aaune, + (/@) + Apuw(@)n()} do — | Aa 9 n(a) d2,
Gd 2q
1
— [ o) (9e) ~ T 1(0) Au(a) )n(a) ds
IRCICEEREE)

= § (1) 7 8@ Au(a) Jota) ds

d
Z‘0
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= S (f(z) + Apw(z) — AaAw)n(z) dx
&
+ | (BlAw] = g(@))n(x) ds + | (S[Aw] — h(z))n(x) ds
Iy o
with any A > 0. Hence, by Lemma 3.1 and conditions (b), (¢) we obtain
(3.17) Q(Aw,n) > | {f(2) + Aa.m®r> " yy(x) du

G
T | (Agor® — g(@))n(@) ds + § (Ahor® — h(@))n() ds
ry 5
> S r* Y Aa,m? — for’ 1Y n(z) da
G
+ gOS (Ar® — r*"Yp(x) ds + ho S (Ar® — 5~ Yn(x) ds
ry =5
>0
because of 0 < 2 < 3¢, if 319, d, A are chosen such that
(3.18) w<pB+1, §<s—1, Azmax{l,%}.
asm

On the other hand,

Q. =~ | pu)na)de | " o) ds - | Cw)n(a) ds<o
G ry X
and thus

(3.19) Q(v,n) < Q(Aw,n)

for all nonnegative 7 € CO(G_S) N VOV(I)(GS). B
Now we compare v(z) and w(zx) on £24. Since 22 > h?y? in K, from (3.6)
we have

(3.20) w(x)|p—q > Bd T cos™ 1 (wy/2).
On the other hand,
(3.21) v(z)|2, = (u(@) —u(0))]e, < Mo

and therefore from (3.20)—(3.21) we obtain
ml—f—%o

Aw(z)|o, > ABd"T* cos™ ™ (wg/2) > ABd' > My

(1+m2)(1+%0)/2 -
> U|Qd7
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if we choose A possibly greater:

M()(l +m2)(1+%0)/2
. >
(3.22) Az

where B satisfies inequalities (3.13) and (3.15).
Finally, if I¢ND # 0 and u(z) = g(z), x € [§ND, where |g(z)| < gol|z|*,
then

v(z) = u(z) — u(0) <u(x) =g(x) < golz|®, =€ Fg N D;
ml—f—%o s
(3 m2)rmz = 9"

wo
Aw|paqp = ABrit¥ cos™t == > ABplt*
FO ND 2

> 'U|F0dm7_)7

if g9 < s —1 and if we increase A:

(L m?)(1-0)/2
(3.23) Az

9o,

where B satisfies inequalities (3.13) and (3.15). Thus, if we choose large
numbers B > 0, A > 1 according to (3.13), (3.15), (3.18), (3.22), (3.23) we
ensure the validity of Proposition 2.9.

Therefore, by that proposition,
(3.24) u(z) —u(0) < Aw(z), =z € G_g.

Similarly, we derive the estimate u(z) — u(0) > —Aw(x), if we consider an
auxiliary function v(z) = u(0) — u(x). Our theorem is thus proved in virtue
of (3.4). =

Now we will estimate the modulus of the gradient of the solution of
problem (L) near a conical point.

THEOREM 3.3. Let u be a weak solution of problem (L), and suppose that
assumptions (b)—(c) are satisfied. Let s > 0 be defined by Lemma 3.1 with
9 < B+ 1. Then there exists a number d > 0 such that

(3.25) \Vu(z)| < Cilz*, =€ GE,

where the constant Cy does not depend on u, but depends only on a., a*, n,
wo, an hOa g0, 507 Y0, S, MO and the domain G.

Proof. Consider the set Gg /2 C G, 0 < p < d. We make the transforma-

tion x = o2/, v(2') = o~ *u(pz’). The function v(2’) satisfies
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((a; A'v; + pio®vi(2)) = o'~ fi(ox'), o' € (Gi)%/Q, 1=1,...,N;
[U(.’I)/)](Zk)l :0, kzl,,N—l,

1/2

ov 1 N —x /
w 1 }%P+—MWW—QMWL

“onl, /]
x € (Ek)}/Q, k=1,...,N —1;

0 1
') - a Y(@)(a') = 0 %glex’), &' €I,

(AT
Now we apply [10, Theorem 16.2, Chapter III| to get
(3.26) max V()| < Mj.

x/

1/2

Returning to the variable x and the function u we obtain, from (3.26),
|Vu(x)| < Mio*, =x¢€ Gi/z, 0<p<d.
Putting now |z| = 20 we obtain the desired estimate (3.25).

COROLLARY 3.4. Let u be a weak solution of problem (L) and suppose
that the assumptions of Theorem 3.3 are satisfied. Then u(0) =0 and there-
fore the inequality (3.16) takes the form

(3.27) lu(z)| < Colz*t,  z e Gl
Proof. From the boundary condition it follows that
ou
v(Pu(z) = lzlg(z) — a(z) -alz 5=, 2 €GN\ O.
By the assumption (b)—(c) and the estimate (3.25), we obtain
volu(@)| < v(9)u(@)] < |zllg(x)] + a*|z|[Vul < golz|* + Cra*|a|**.

By letting |z| tend to 0 we deduce, because of the continuity of u, that
70|u(0)| < 0 and taking into account g > 0, we find (0) = 0. =

4. Local estimate at the boundary. We now derive the local bound-
edness (near the conical point) of a weak solution of (L) in case D = ().

THEOREM 4.1. Let u be a weak solution of (L). Let assumptions (a)—(c)
be satisfied. Suppose, in addition, that h € Lo (Xy) and g € Loo(0G). Then

—n/t (1-n/q

C
(4.1) sup |u(z)| < n/t{Q )”f”q/Q,Gg

Gge (1 — %)
+ 090z + Mlloe.52)}
for any t >0, 32 € (0,1) and ¢ € (0,d), where C = C(n,ax,a*,t,q,G).

lul g + ¢



464 M. Borsuk

Proof. We can assume without loss of generality that « > 0 and n > 3
(for the general case see |7, §8.6] or [4, §1, Chapter 4|). We apply the Moser
iteration method.

First we assume that ¢t > 2. We consider the integral identity (II) and
make the coordinate transformation x = pz’. Let G’ be the image of G, 0G’
be the image of G, and X}, be the images of Xy, k=1,..., N —1. We have
dx = o"dz’ and ds = p"'ds’. In addition, we define
(42) (@) = u(ea'),  F(a') = o*f(ox"),

' G(a') = og(oa’), M(z') = oh(oz').

Then (IT) means

) vy, + peo(@ (@)} do' + o | 7 B0l n(a’) i
G’ P

1
+o | WV(QS)U(Z‘/)U(@“,) ds'
oG’
= | G@@)n(a")ds' + | H@" (') ds' - | F(@')n(2') da’
oG >/ G

for all n € C°(G") N VOV(l)(G’). Now define
(4.3) k=k(0) = ar ' (1Fllg /2,68 + 1G]oo.ry + 1Ml 53)
and set
(4.4) v(z") = v(2') + k.

Observe that
Flo= 217 ko= |FIE-0) D
U= U= U—v)-0
1 1 1
(4.5) :Eyfy#—zmwgEm.a?;
1 1

Mo < 7 [H]-7% |05 < |67

in the same way. As a test function in the integral identity (II)" we choose

n(z') = (a0 (),

where ((|2'|) € CF(]0,1]) is a nonnegative function to be further specified.
By the chain and product rules, v is indeed a test function in (IT) and also

nm; = (t - 1)@t_21}$;<2(’1'/|) + 2C<x;5t_1($,)7
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so that by substitution into (II)’, since p > 0 we obtain

1
(t— 1)8 al V"o 23 (|2 ]) da’ + o S [l
G S

o ﬁ V(@) @) — k)T~ (@) C2(|']) ds’
r

B(e) (@(x") — k)7~ (@) (|2']) ds’

< — 2§ alor) G vy () da' + § G ()¢ (1)) s’

Gy g
+ | H@)P @) () ds' — | Fa ) ()¢P(a!) da.
5 Gy
By (c) and (4.5), it follows that

46) (t—1) | a|V'0o]* 723 (|2]) do’
G

< | (200190 1976 0D + 1] T ) )

G}
3G ler - § T ) S+ = [z - | T (]) s’
k’ 007['01 ) k OO,Z% )
FO ZO

By the Cauchy inequality, for any € > 0,

209'0][V/¢] 371 < 2] 0/2710) - (L=

*
*)2

S Ea]V’v\Q _Ut72<2_‘_ (CL ) ﬁt‘v/qZ.
EQx

To estimate the boundary integrals we apply the inequality (2.10). Then
from (4.6) it follows that

4.7 (t-1) S alV'0|? - 723 (|2 |) da’ < e S alV'v|? - 5723 (|2']) da’
G G
*)2 1
# § (YD 0t 0+ 1] i) )
Gj

*

1 1
(0 g + M) § <5|V'<<vt/2>12 +3 —<> dr', Ve, >0,

G
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From

V(022 < 2(CIV(@/2) 2 + 7| V'¢),
]V’(Et/2)|2 _ Z 5t72|v/v|2

it follows that

_ 2, _
(4.9) IV (¢T?) 2 < Evt 2| V0|22 + 20| V¢ )2
Now, by (4.7), (4.9), choosing € = 151 we find that
t—1 112 220 I g
(410)  —— | alV'o* 7' 72¢3(|2/)) da
G
2 g oL T H 0. 51
Y L L R
(07

Gy

1 c _
#3700y + Ml | 760D s
Go

2(a*)? 25 , L
(t—1a. Kk : 1.
0

We now choose § = %; by the definition of k in (4.3) the last inequality

(4.10) may be rewritten as

*\2 4 .
| alV'o? - 323 (|a)) da’ < (L(a ) 5+ = ) ) V¢ () da’
o a.(t —1) t o

0 0

4 2a.c0t> | F@)N\ 4o i
+t_1g<t_1 + ) () d

Gy

But, by (4.8), this means that

2(.,%\2
@1 [ avEPeea’ < (2208 o) | v e ar
a(t —1)2
Gl Go
B (2l FCON
+t_1G§1(t__1 L >-v<ﬂwbmu
0

Further, as ¢t > 2 we have
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200a*L = 2¢pax (1 + 2 + ! > < 8cpay;
(t—1)2 t—1 (t-1)2) ~ ’
2(a*)2t2 8((1*)2
a.(t—1)2 = a,

Therefore the inequality (4.11) can be rewritten as

(412) [ a|V'@/)PE( ) da' < Ci(1+1)7 | a(IV'¢]? + ¢ (|2'])0" da’
Gl G

f /
+ Oy(1+1)? S % -avt 3 (|a')) da’,
G
where the constants C7,Cy depend only on ¢y, a4, a” and are independent
of t. Setting

(4.13) w(z') = a-v/% ()

from (4.12) we obtain

(4.14) | VP (la']) da’ < Cr(1 +6)* [ (V¢ + C(l'))w?(a’) da’
Go Go

+ Co(1+1)* | LG -w?(2')C3(|2]) da'.

k
Go

The desired iteration process can now be continued from (4.14). By the
Sobolev imbedding theorem we have

(4.15)  flCw]Pon n < C* § (VPP (@) + Gl V0l da!, n >3,
n—2"-"0 Gé
where C* depends only on n and the domain G. Using the Holder inequality
(416) | |F@)]- w2 (@) da’ < || Fllgpa0p - 1wClPey oo a>2,
q—2'"0
G
we get from (4.14)—(4.16)

(417)  lGw[Pan o < Ca(1+8)* § (VP + (12w (') da’

Go
F(a
+ Cy(1 +t)? % Nw|22g o 4>
a/2,G} 9=2"70
By the interpolation inequality for L, norms,
(@18)  lCwl 20 gy < =lCul 2 gy + T Cwla 6y 0> n, Ve >0,

from (4.17)—(4.18) it follows that
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(4.19)  [Cwl[ 20 o < (1 +1)V/C3 - [[(C + IV’CI)UJIlz,Gg
(1+0) /_H 7l
q/2,G}

X (e g+ ICullogy) g >, Ve >0

Choosing € = 2\ﬁ(l—i—t 1H|]:(k |H /12/21 we obtain
(420)  [Cull 2y gy < CO+OTTNC+ Tl g >3,

where C' depends only on c¢g,n,as,a*, q,diam G, and is independent of t.
Recalling the definition (4.13) of w and taking into account that ¢ > 2 from
(4.20) we finally establish the inequality

_a_ _
(4.21)  [[¢- ﬂt”l!%,og < Ctan (¢ + IV¢]) - vtﬂlb,ag), qg>n>3.

This inequality can now be iterated to yield the desired estimate.
For all 5« € (0,1) we define G/, = G(’){Hlﬂ{)z—] j =0,1,2,.... It is easy

(7)
to verify that G¥ = G’(oo) c---c@G.,.,,C@G - C G’(O) = G}. Now

(G+1) G) ©
we consider a sequence of cut-off functions (; € COO(G’(j)) such that

0<¢i(z)<1, ¢(@')=1in G/(j+1)’ (@) =0 for |2'|> 2 + 277 (1—);
, 95+1
VGl < 7=

for se 4+ 27971 — 3) < |2/| < 3+ 279 (1 — ).
We also define the number sequence t; = t(n ) =0,1,2,.... Now we

rewrite the inequality (4.21) replacing ((|2'|) b C ( ') and t by t;; then
taking the ¢;th roots, we obtain

Ty < (1os) #7007 Floll,

Jun

b4 G’

After iteration, we find that

1 _q 2200_ l/t‘
Cta-1 n g-n g=0r
— , < .
(422) Hv||tj+17G(j+1) - { ]_ — <n - 2) }

X 42;10 j/tj

ol -

Notice that the series Z;‘io j/t; is convergent by the d’Alembert ratio test,
and 2%, 1/t; = n/2t is a geometric series. Therefore from (4.22) we get

< ¢ v
[0 ||tj+1 Gl = m ||UHt,G(1J-
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Consequently, letting 7 — oo, we have
sup [o(2)| < ——— ||v .
s 176 < = Il
Hence, by the definition (4.4) of T(2') and (4.3) of k, we obtain
C
/
:cfseu(gg v(z') < A=t (vllean + 1F g 2,01 + 1910, rp + Hl oo, z1)-

Returning to the variables x, u via (4.2) and considering the similar inequal-
ity with u replaced by —u, we obtain the required estimate (4.1) in the case
t>2.

Let now 0 < t < 2. We consider (4.1) with ¢ = 2:

(4.23) sup |u(z)| < ——— [|ullo.qe + K(0),
wEGye [(1 = 5¢)g)/2 120
where
c 2(1—n
K(o) = RESE {o* /q)”f”q/z,cg + 0(lglloe,re + 1Plloo,52) }-
Now, using the Young inequality with s = % and s’ = 23 ; We can write
C C 1/2
4.24 _ =— by tg
420 gl = g () v )
0
_ C t/2
< (sup [u(@)[)'? - ————|lu]
o (=g e
1 Ch
< —sup |u(x)| + —= ||u 0.
Define ¢(s) = sup,egs |u(z)[. Then from (4.23)-(4.24) it follows that
1 1
. < — _ .
(425)  9(x0) < 59(0) + A= o lullyqe + K (o), 2 €(0,1)

Further we apply the following statement:

PROPOSITION 4.2 (see [4, Lemma 4.1 in Chapter 2|). Let ¢ be a bounded
nonnegative function defined on [0, o]. Suppose that

Y(o) < 0(s) + ﬁ

for any 0 < o < s < o, where § € (0,1),and A, B and « are nonnegative
constants. Then

(4.26) P(r) < C{m

where C' depends only on «, 9.

—i—B}, 0<r<R<op,
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By this proposition, letting r = »p, R = 9, 6 = 1/2, a« = n/t, A =
Cillullyge, B = K(o) from (4.25) we obtain the validity of the required
estimate (4.1) in the case 0 < t < 2.

The proof of Theorem 4.1 is complete. =

5. Global integral estimates. First we will obtain a global estimate
for the Dirichlet integral.

THEOREM 5.1. Let u be a weak solution of problem (L). Let assumptions
(a)—(c) be satisfied. Suppose, in addition, that D = (. Then

(5.1) Sa|Vu]2d$+ S @u%x) ds + S @u%x) ds
G x le
2 2 L rh?(x)ds 1 rg*(z) ds
gc{ém 0+ Pyt g i)+ | ) b

where the constant C' depends only on p*.

Proof. Setting in (IT) n(z) = u(z) and using the classical Holder in-
equality, by assumptions (a), (c), we get

(5.2) S a|Vul* dr + S @ u?(x) ds + S 2($) u?(z) ds

G X oG r
<p* V@) dn + | ful (@)l ds + | fullg(a)lds+ | Ju]|£()] da-
G X oG oG
By the Cauchy inequality, in view of (c), we obtain
@t ds = § (/77 H)( (o)) ds
X
< %é@u%)dﬁw | rh?(x) ds;
§ talotolas = { (y20) (([=slatan ) as
oG oG

1 2
< — N
<5\ ()ds+2705rg<)d
oG
1

[ lullf@)ldr < 3§ ful2dw+ 5 § 17 do
oG 6G aG

Hence we get the desired inequality (5.1). m
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Further, we will obtain a global estimate for the weighted Dirichlet inte-
gral.

THEOREM 5.2. Let u be a weak solution of problem (L) and let \ be as
n (1.3), and s be as in Lemma 3.1. Let assumptions (a)—(c) be satisfied.
Suppose, in addition, that A>1 and 0< s <min(s — 1,39, \ — 1) as well as

fe \;Vg(G), S ro‘_th(x) ds < 00, S ro—1 2( )ds < oo,
X oG

where

(5.3) 2—-n—2x<a<2
Then u € V(Va_Q(G) and

(5.4) S a(r®72|Vul? + r*~4?) dz + S r*36(p)u?(x) ds

¢ X
+ | al@)r () ds
oG
< C{é(u2+(1+ra)f2($))dx+§vrath(x) ds+8SGa(x)Ta {2 (was),

where the constant C > 0 depends only on q,n, a«,a*, a, A and the domain G.

Proof. Setting in (II) n(x) = r® 2u(x), since 1y, = r& 2u,, + (a — 2)

o=32i—tliy (1) we obtain

re ™

(5.5) S ar® 2| Vul? d$—|—xr_1r?_25(gb)u2(x) ds+ S alz)r 1re 2y ()u?(x) ds

G X oG
S — el)(u?)e; dx — { (pu(@) + f(2))re u() dx
G G
+ S ¢ 2u(z)h(z) ds + S ax)re ?u(x)g(z) ds.
b)) oG

We transform the first integral on the right by integrating by parts:

2

2
(5.6) S ar® *(x; — €lj) gi dx = S aire ™z — el;) Ou; L dx
7

G J =1, Ox;j

N
= S au® 8A(r°‘*4( dx+z S uZr®=4(x; — elj) cos(f, x;) ds
G 1=1 0G;
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au® aa (ro Nz — ely)) dx + S au®r®(x; — el;) cos(i, x;) ds
Z;
oG

+ Z [a] 5, S uwrre=4(z; — ely) cos(7y, z;) ds,

because of [u]x, =0, k=1,...,N — 1. By elementary calculation we have:

i — €l
(1) 5, e (i = el)) = e (o — 4)(a — ely)re 0" 7“55 -
(n+a—4)re
(2) by (2.1), (x;j—el;) cos(Tig, zi)| 5, = € cos(iik, x1)|x, = esin(wo/2—0k),
k=1,....N—1;
(3) from the representation G = I[¥ U I; and by (2.1), we obtain

(x; — €l;) cos(1i, xi)|rg = —esin(wp/2), so

S au®r®(x; — el;) cos(i, x;) ds
oG
= S aur®4(x; — el;) cos(il, x;) ds — e sin ? S au’re ds.

I'y rg

Hence and from (5.6) it follows that

2-« a—d ou?
(5.7) 5 S ard ™ (z; — €ly) e dx
G
2—a)d—n— -
_ 2o 5 i) S ar®u? dx — ¢ a sin(wp/2) S au’r®ds
G rgl
2- 2.« l = d
5 S au’rd™*(z; — el;) cos(7, z;) ds
Iy
N-1
+e Z [a] 5, S w?r® 4 sin(wo /2 — 6;,) ds.
k=1 5

From (5.5), (5.7) we obtain

(5.8) S ar® 2| Vul? dﬂH—S o2 8(o)u? (x) ds+§ alx)r 1re =2y (p)u? (x) ds
G x oG
2—a)d—n—a)

2 _
5 @ gin 20 S aur®~tds = 5 S arg”"u” dx

+e€
ry
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9 _
5 a S au?r®(z; — el;) cos(i, x;) ds

Iy
N-1
+e ) laly, | uPresin(wo/2 — 0k) ds — | (pu(z) + £(2))r? ?u(z) dz
k=1 po G
+ S ro2u(z)h(z) ds + S a(x)re™?u(x)g(z) ds.
X oG

Now we estimate the integral over I';. Because on Iy, v > hr > hd, so
(@ —3)Inr: < (a — 3)In(hd), since a < 2 we have 73|, < (hd)*~3 and
therefore

9 _
(5.9) e S aure(x; — el;) cos(i, x;) ds

2
Iy
2 -« a—3,2 2-« a—3 2
< 5 Sar€ u“ds < 5 (hd) Sau ds
Iy Iy
< cs S w?dr+6 S ]Vu\Qdac, Vé > 0,
Gq Gq

by (2.10).
Further, by the Cauchy inequality and because of v(¢) > vy > 0,

wo — 7172 L 172 u
g ( — rg|)< VY@ ll)
01

< S ly(eu’ +

rg*(z), Vo1 > 0;

20170

taking into account property (1) of r. we obtain

o ) oo 1
(5.10) J rePullglds < = § 272~y (@)u ds
oG oG
1 ~1 .2
+ S r* g*(x)ds, V& > 0.
20170
oG
Similarly, because of 3(¢) > By > 0,
o 81 ¢ a0l
(5.11) | ro=2lul [n(x)| ds < 51 | ro2 ;5(¢)u2 ds
b5 b5
1
+ 55,5 S r* th?(x)ds, Vo >0,

2o
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and
)
(5.12) S r¢2uf(x) de < 2 S ar~2 o722 dy
G G
a2
+ 2a*5ér fA(xz)dx, Yo >0.

Now we use the representation G = Gg U Gg4. Then

Xprg‘*zu?(:c) dr = S pro~2u? (x) dx + S pro~2u? (x) da.
G G Ga

Therefore

2
(5.13) S pro~ 2 (z) do = S ar 2o 2% (z) - by
a
Gj Gj

*
< P g2 S ar 2 2% (z) dx

as well as, in view of property (2) of r-(z),

(5.14) | proe?u? () do < p*(d/2)° 72 | v’ (2) da.
Gy G

Finally, we estimate the integral € >0 '[a] s, § 5, u?r®4tsin(wo/2 — Oy) ds.
First, by (1.2), we get

N-1 N-1
(5.15) € Z [a] 5, S w4 sin(w /2 — 01) ds < age Z S w?re= ds
k=1 A k=1 5,

= ape S re~4u?(z) ds.
X

Further, we use the representation X' = X§ U X.. Then, by property (1) of r.

and in view of the inequality (3.27) of Corollary 3.4, we get

&€

(5.16) € S ro=42(z) ds < S P32 (1) ds < C2meas o - STQH%HHS dr

5 b 0

2
_ Cjmeaso Lot 2rkn—2
a+2x+n—2

)

because of a + 23 +n — 2 > 0, by our assumption (5.3). Similarly, for the
integral over Y. we obtain
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R
(5.17) ¢ S ro % (z) ds < ¢ - measo - S pat2etn=d g,
e €

<3_1_%04+2%+n73 _ €a+2%+n72

if a+2x+n—3+#0,
— measo - a+2x+n-—3

slnﬁ ifa4+2x+n—-3=0,
€

where R = max;<y<y—; diam Y. Thus, from (5.15)—(5.17) we get

=z

—1
(5.18) € - [a] 5, S w?re ™ sin(wo /2 — k) ds < J(e),
k=1 DR

where

(5.19) J(e) =€-ap-measo

Ra+2%+n73 + Cg 1 a+2x+n—3
— €
a+2x+n-—3 a+2x+n—2 a+2x+n-—3
X if o +2;c4+n—3+#0,
R
C3 +1n— if a+2x4+n—-3=0,
€

provided that o + 23 +n — 2 > 0. Hence

COROLLARY 5.3.

=

-1

. . . ) 2 a—4 - . _
EEIEO J()=0, so slinﬁoe 1 la] 5, ES u rd™ " sin(wp/2 — 6x) ds = 0.
k

B
Il

As a result, from (5.8)—(5.18) we obtain

(5.20) | are?|Vul?dz + | r 1272 8(¢)uP (z) ds

G X
9 _
+ S az)r 1 re 2y (p)u? (x) ds + € © sin % S au’r® ds
oG [‘61
2 a)4—n—
< J(e) (2= o) 5 n-a) S ro4? da

5 *
; (5 2 d2) | ar 2026 do + o(p*, v, @, d) (@] Vuf? + u2) do

+ ﬁ{x rflrg‘*Zﬂ(fﬁ)uQ(x) ds + S a(;c)rflrgﬁ,y((ﬁ)uz(x) ds}
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1
r*1g?(z) ds + r* h2(x) ds
20170 8SG g (@) 25150§ (@)
1 o 2
—i—mgr fA(x)dz, V0,61 > 0.

Now it is clear that it is sufficient to consider the case o < 4 — n. First
we apply Lemma 2.6. Then from (5.20) we get

22—-a)4d—a—n) a—
(5.21) (1_(4—n—a)2+4)\()\+n—2)){éw€ 2\ Vu|? dx

2By ds + | ale) L re (@) () ds}

T
X oG

5 *
< J(e)+ (5 + 2 d2> S ar~2ro?u? du

Qx
G

+e(p*, an, v, d) { (a| VUl + u) da +

a—1 2
d
) %170 | r*g?(z) ds

oG

(o9

B bt ena) s+ § et

X oG

+

1
S r* 1 h2(z) ds + 503 S rf2(x)dz, Y6, 81 >0, Ve > 0.
z a

20100
But we have
22-a)(d—a—n)
A—n—0a)2+4XA+n—2)
provided o > 4 — n — 2); this is indeed satisfied, in view of &« > 2 —n — 2
and 0 < » < XA — 1. Therefore (5.22) is true. Now we apply Lemma 2.7 and

choose §1 = mg + %dQ). As a result we obtain

22—a)(4—a—n)

(5.23) (1 R ey v e 2)> {garg_Q\VuFdx

(5.22) <1,

1A ds + | ale) T e (o)) ds |

b)) oG

< J(e) + c(p*, ax, a, d) S(a\Vu|2 +u?) dx
G

_ 2 b p* _
a—1 2 d - _d2 a—2 2d
BSGT g@dst et (S;WE Vul de

20170
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+ | r e 20t (@) ds + | al@)r e 2y (g)u?(x) ds}

X oG

1
a—1h2 a2 .
+25150§r ()ds+—§ f(z)dz, Vo,e>0

Now we can choose

ge da 5_)\()\—1-71—2)(1_(4 22— a)(4 —a—n) >

2p*’ N 4 —n—a)?+4 \A+n—-2)
Thus we get
(5.24) S ar® 2| Vul? dx—i—s 1 23(p)u?(x) ds+§ a(x) 17“?72’)/(¢)u2(.%’) ds
G X " oG "
< C(p*,n,ax, a, )\){J(E) + S(a|Vu]2 +u? 4+ r®f2(x)) da
G
+i S a(z)r*Lg?(z) ds + — = Sra71h2(x) ds}, Ve > 0.
7 5 Bo 3.

Now we can let € — 40 by the Fatou theorem. From Corollary 5.3 it follows
that

(5.25) | ar*?|Vul’dz + | 7 2B(@)u’(x) ds + | a(z)r*y(¢)u’(z) ds
G b)) oG
< C(p*,n,ay, )\){ S(a]Vu|2 + u® + o f2(x)) dx
G

1 1 _
+— S a(z)r* Lg? (z )ds+ﬁ Sro‘ th(m)ds}.

70 5a 05
Now applying Theorem 5.1, by the Hardy—Friedrichs—Wirtinger inequality
(2.5), from (5.25) we get the desired estimate (5.4). =

6. Local integral weighted estimates

THEOREM 6.1. Let u be a weak solution of problem (L) and X > 1 be as
n (1.3). Let assumptions (a)—(c) be satisfied and D = (). Then u € W2 W (G)
and there are d € (0,1), a constant C > 0 depending only on n, s, \, ax, G, ¥
and a ¢ = const(n, A\, a., p*) such that for all o € (0,d),
(6.1) S (ar®*™"|\Vul* + r~™u?(z)) dz + S T B(p)u? () ds
Gg x5
£ | o) (a) ds
Iy
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) . o if s>\
< C(HUH%,G O %h(%) A P/ ifs=A
0% if s < A

Proof. From Theorem 5.2 it follows that u € W%_n(G), so it is enough to
prove the estimate (6.1). Setting n(z) = r> "u(z) in (II),,., by the definition
(2.6) we obtain

(62) Ule)= o aulr) 2
2

5
+ S {(n—2)ar "u(x)ziug, —pr? "u?(z) —r*"u(z) f(z)} dz.
Go
By the Gauss—Ostrogradskii divergence theorem, we find that
-9 2
(6.3) (n—2) S ar"u(z)xiug, de = z S ar”"x; gl dx
ct ct .

.y
_n {_ | av?(@)(nr™ —nr ) do + 07" | av?(z); cos(r, 2;) d2,

2
G8 2

N—1
+ Z [a] 5, S "2 ()2 cos(ng, ;) ds + S afx)ar"u?(x)z; cos(n, x;) ds}.
k=1 (Zx)s ry
By Lemma 2.1,
zjcos(ng, zi)|x, =0, k=1,...,N—1;
x; cos(n, xi)\poe =0, micos(r,zi)|n, = o,
we have
(6.4) (n—2) S ar”"u(x)ziug, do = S au’(z) df2.
G§ 2
Because of Lemma 2.5, from (6.2)—(6.4) it follows that
0 —-n —-n
(6.5) Ule) = 57 U'(0) +| P u(@)| - g(@)|ds + § r* " fu(@)| - [A(e)] ds
Iy =5
+p* | Pl da | PP u(e)] - | f ()] da.
Go Go

n—2

We shall obtain an upper bound for each integral on the right. First,
applying the Cauchy and Hardy—Friedrichs—Wirtinger inequality (2.5), we
have, for any ¢ > 0,
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©6) | r*lullglds = | <r“—">/2\/v<¢>|ur>(r“—")/z j( - |g|) s

i i
4] 1-n 2 3—n| |2
< = - .
<5 Vi@l ds + 35 | 7% 1g)? ds;
Fé’ i
1

67) | "l [hlds = | (02 BB ul) ( @mp L |g\)ds

<0 g B (@) |ul? ds + . § 37" h|? ds;

=3 2650 ’

=

) 1
(6.8) | r* "u(@)||f(z)] da< o VarMulde+ — | 77" P da
G "o G

4] 1 ¢y 9
< — " d
20, M\ +n—2) (o)+ 2 SZ 1" dz;
0
(6.9) p* S 272 do < p*o? S r Ml de < LQZU(Q).
Go Gg
Thus from (6.5)—(6.9) we get
(610) {1—ci(n,\anp)(6+e)}U(e) < 52 U'(0)
1 1 1
+ %{ S 12 de + — S 37" g|? ds + % S r3_"|h|2ds}, v > 0.
ae 70 fe 0 5
But, by condition (c),
1 1
Vrt P de+ — | ¥ g ds + N | 77 nf? ds
Gt 70 re 0 5

(@ )<fo 90+ﬂ_h0>

Thus from (6.10) we have the differential inequality (CP) of §2.4 with

Plo) = % 1= er(m Aanp") (3 + )}, ¥6 > 0, N(g) = 0;

(6.11) Q(p) = oA <f0 +ig +ﬁih3> s1o* T W >0
0
Uy :C{S(u2+(1+r47")f2(w))dx+Sr37"h2(w) ds + S g2 (e )ds}
G b el

by (5.4) with a =4 — n.
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1) s > A. Choosing § = o, Ve > 0, we get

2\
P(o) = - 2Xe1(n, A, ax, p¥) (0571 + 0);

Q(g):CO)\(ﬁ 91+ﬁ_h2> 25—1—¢

Now for 0 < p < 7 < d we have

_gp( )ds = —2)\1n<g> +2Ac1<55 5’2—2>

o
2X € 2
< 1n<§> T2\ <d— i d—),
T 5 2

SO

T 2
4%
exp(— §)7’(T) dT) < Ky <;) ,
where Ko = exp{2Xc;(d®/s + d?/2)}. We have as well
d T
S () exp(— S P(o) da) dr
0

4
d
)\ K
co 0 <f0 - 1L h2>g ,\ST2572,\7571 dr
4

)\CK ds—A
< 0 0<f0 90+ﬁ_h2> 5_)\92)\’

since s > A\ ?,nd we can choose ¢ = s — A. Therefore in our case Ky =
exp{2hen (457 + £},

Now we apply Theorem 2.8. Then from (2.13), by the above inequalities
and (2.5) for & = 4 — n, we obtain the statement of (6.1) for s > .

2) s = A\. Taking in (6.11) any function (g) > 0 instead of § > 0, we
obtain the problem (CP) with
2\(1 — c16(0))

P(o) = f —2Xc1o; N(o) = 0;

0(0) = <fo go+ﬁ—ho)‘51<g>92“.

We choose 6(p) = 0 < ¢ < d, where e is the Euler number. Then

2\ ln(ed/g) ’
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we obtain
d 0 2 d dr
— dr <In( = — — + X d?
QP(T) T= n<d> +Cl§7‘ln(ed/7’) tAa
:ln<—> -l—cllnln( >+)\cld2
d 0
SO

exp(—ilp(r) dT) < (C—i)% In® (%) exp(Aerd?).

0
In this case we also have

T

d
S Q(r) exp(— S P(o) da) dr
0 0 .
o, L o 1 9\ hea? o Int+er dr
Co<f0+7090+50h0>6 In ( )§;T

1 1 2 ed
< e f2 - 92 + = h2> e)\c1d 2)\1 24c1 ( >
0< "™ B 0

Now we apply Theorem 2.8, and from (2.13), by the inequalities obtained,
we get

1 1 1 1
U(Q)g02<Ug+fg+—g%—k—hg)g)%lnc—, O<o<d< —,
Yo Bo 0 e

where ¢ = const(n, A, ax,p*). Thus we proved the statement of (6.1) for
5= A

3) 0 < s < A. Now similar to case 1), by (6.11) we have

d 2X\(1—c19)
exp(—SP(T) dT) < <§) 1 v

1
In this case we also have

d T
S Q(r) exp(— S P(o) da) dr
0 0
Acg e d
< (fO + L h2> 2)\(1 c19) 87_25 2X(1—c16)—1 dr
2s6 Bo )
§COC3(n,)\,a*,p*,d,s)<f0 +— h ) 0>

if we choose § € (0, >3\le)
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Now we apply Theorem 2.8, and then from (2.13), by the above inequal-
ities, we obtain

1 1
U(p) < ca <Uog2mcl5) + (fg +— g+ = h%) : Q2S>
Yo Bo

1 1
< C5<U0+f3+ — g5+ —h%)QQS
Y0 Bo

Thus we have proved the statement of (6.1) for s < \. m

7. The power modulus of continuity at the conical point for
weak solutions

Proof of Theorem 1.2. Define

o if s > A,
(7.1) P(0) = o*In’(1/0) if s =,
0° if s <A,

for 0 < o < d, where ¢ > 0 is determined by Theorem 6.1..
By Theorem 4.1 we have

(7.2) sup [u(@)] < C{e " llulla,gs + VNI fllg 2,08
G§

+ 0(ll9lloo,rg + 1Pl 0o, z2) }
where C' = C(n, ax,a*,q,G) and ¢ > n. Now by Theorem 6.1,

—n n —nNn 1/2
(7.3) 07" ullyi < 27/2( § r () do)
G

1 1
SC<||U||2,G+||f||2,G+H9!2,aG+||h||2,20+f0+ =0+ 7 )w< ).

Further, by assumption (c),
(74) D) fllg 2.0 + oIl oo,re + 1Bl 52)

<C<f0+\/_ L

From (7.2)—(7.4) it follows that

sup Ju(2)] < c(|ruu2,c+ 1 llz + lgllzoc + IAll2.zo
GQ

e/4
+f0+\/—_go+\/%h0> (0).

Putting now |z| = %Q we finally obtain the desired estimate (1.4).
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Now we consider the sets GQ;’ and GQ/2 C G2§4, 0 > 0. We perform the

change of variables © = oz’ and u(oz’) = ¥(0)v(z’). Then the function v(z’)

satisfies

( 92

aiA/Ui+piQ2'Ui l'/ :—fl Ql'/ ) s GZ 1 7Z:177N7
/ _ — _—1-

(@5, =0 k=1 N1

" ﬁ i ! —L !
(z") {“an;}@k)l ¥ O] = gy o),

ov 1 N0
a% + W’Y((ﬁ)v(ﬂf) ==

a(z’) -

By the Sobolev imbedding theorems,

(7.5) sup  [V'o(2')] < cllvllwzaer

e 1/2), q >n.

1/2

By the local LP a priori estimate [13], for the solution of the equation of
(L") in the domains (Gi)%/zu i=1,..., N, and near smooth portions of the
boundaries (Ek)%/ﬁl’ k=1,...,N—1, and F1/4 we have

4 4
(76 llvlw2aee,) = {1/}(0) £ l[Laez, ) 9@ 1hllw-1/aacs2 )

4
+ ¥(0) ||9va171/qvq(pl2/4) + HUHLq(GgM)}-
Returning back to the variables z, from (7.5) and (7.6), it follows that

sup |[Vu| < CQ_l{Q_n/qHu”Lq(G?E ) + Qz_n/quHq G2e
G§/2 o/4 "To/4

2-n/q 2—n/p
+ gl s+ Il )

(r2 1)
and

2—n/q
@ ullyz s

— 2—
0/2) <cle N/qHu”Lq(GZ%) +0* 7 £ 4.G%,

+Q2—n/quHV;51/q(F2g)_'_02 n/(I”h” 1— 1/q(22g )}

or
—1
Zg/pQ ’vu| S co {’u|07G2£/’4 + ||f||VO N(G )
e

_ h _
+ ”gHV;,er]/—qn(F;/i) + ” ”V;,Q(l/—qn(xjle)}
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and

[[ully2
Vq72q—n

(G

2 < C{’u|0,sz’4 + ||f||v2’2qiN(GQQ

9/4)
- h||1- .
+ ||9HV;72}/}”(F5;’4) + | Hvl 1/q (2274)}

4,2q—n
Hence, because of (1.4), (1.5) and assumption (c), the required results (1.6)
and (1.7) follow.

Now we can make the statement of Theorem 5.2 more precise. In fact, the
estimate (1.4) proved above allows us to consider in Theorem 5.2 the value
»x=MA—1. As a result we obtain the last statement of our theorem and the esti-
mate (1.9) with the best possible exponent that satisfies the inequality (1.8).

8. Examples: Eigenvalue transmission problem in a composite
plane domain with an angular point. We study the transmission bound-
ary value problem (L). Let G C R? be a bounded domain with boundary
OG that is a smooth curve everywhere except at the origin O € 9G. Near O
it is a fan that consists of N corners with vertices at O. Thus

N N+1 N—-1
¢=JG: oc=Jr; =]
i=1 =0 k=1

Here X%, k=1,..., N — 1, are rays that divide G into angular domains G},
1 =1,...,N. Let w; be the aperture at the vertex O in G;, i = 1,..., N.
Define 0 = w1 + -+ - + wg. If (r,w) are the polar coordinates of (x,y), then
w = 0 is the equation of the ray Iy and w = 0y is the equation of the ray
I'ygq. Let I' = Ujvzl I'; be the curvilinear portion of 9G.

x 4
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8.1. Three-media transmission problem. Our goal is the derivation of the
eigenvalue equation that corresponds to our transmission problem for N = 3.
Let S! be the unit circle in R? centered at @. We define 2, = G; N ST,
i = 1,2, 3. The eigenvalue problem is the following (see also [11, 12]):

Y+ M(w) =0, we(i=1,2,3);
Yr(wi) = Pa(wr);  3(02) = 2(62);
agthy(w1) — a1y (w1) + Brhr(wi) = 0;
a3 (02) — azyhy(0a) + B2tpa(f2) = 0;
a1 (0) — Y01 (0) = 0;
azt(03) — v3y3(03) =0,
where ag = a|r, = alo=0, a3 = a|r, = alu=g;, 70 = 7(0), 13 = 7(63).
We find the general solution of (8.1):
Yi(w) = A; cos(Aw) + B; sin(Aw),
Pi(w) = —=AA;sin(Aw) + AB; cos(M\w) (i = 1,2,3),

(2

(8.1)

where A;, B; (i = 1,2,3) are any constants. From the boundary condition
of (8.1) we obtain a homogeneous algebraic system of six linear equations
for A;, B; (i = 1,2,3). The determinant of the system must be zero for a
nontrivial solution to exist. This gives the required eigenvalue equation:
(82)  [Nasas(Biyo + N agar) — v3(B1B270 + Nagfaar — A>q0a3)]
-sin(Awr ) sin(Awz) sin(Aws)
+ A [Nazaz(Brao — y0a1) — 73(B16200 — Y0201 — A apa3)]
- cos(Awq ) sin(Aws) sin(Aws)
+ A [y3a3(B170 + Aagar) + a3(B1 8270 + N agfaar — A*q0a3)]
-sin(Awy ) sin(Awz) cos(Aws)
+ A% - [y3a3(Brao — Y0a1) + as(B18200 — Yof2ar — N apa3)]
- COS
+ Aag - [y3(B270 + Magay + B1yo) — )\2a3’70a3] - sin ) cos(
+MNag - [v3(B2c0 + a1 — Yyoa1) — )\2063060(13] - cos(Awq ) cos(Aws
— Maz - [Yo3a3 + a3(Bayo + Mapar + £170)] - sin(Awr ) cos(Aws) cos(Aws
— May - [aovysas + as(Baao + @B — a170)] - cos(Aw) cos(Awsa) cos(Aws) =0.
We consider the special cases of boundary conditions.
e Dirichlet problem: ag = as = 51 = P2 = 0; 79 = v3 = 1. Then
a3 - sin(Awy ) sin(Aws) sin(Aws) — ajas - cos(Awy ) sin(Awy) cos(Aws)

—ajasg - cos(Awy) cos(Aws) sin(Aws) — agag - sin(Awq ) cos(Aws) cos(Aws) = 0.
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In the isotropic case (a1 =ay=a3) we hence obtain the well known result:
™

0_37
Corollary: A =7/03 > 1if w1 + wo + w3 < 7.

sin(Ad3) =0, so A\, = n=12....

e Neumann problem: ag= a3 =1; 61 = P2 = = v3 = 0. Then
a3 - cos(Awi) sin(Aws) cos(Aws) + azaz - cos(Awi ) cos(Aws) sin(Aws)
+ ajas - sin(Awq) cos(Aws) cos(Aws) — arag - sin(Awy) sin(Aws) sin(Aws) = 0.
In the isotropic case (a1 =ay=a3) we hence obtain the well known result:
sin(A\fs) = SO Ay = %,

Corollary: A =m/03 > 1if w1 +wy + w3 < 7.

n=0,1,2,....

o Mized problem: ag =v3 =1, ag = 1 = 2 =9 = 0. Then
a3 - cos(Awi) sin(Aws) sin(Aws) + a1as - sin(Awy ) sin(Aws) cos(Aws)
+ ajag - sin(Awq) cos(Aws) sin(Aws) — agas - cos(Awy) cos(Aws) cos(Aws) = 0.
In the isotropic case (a1 =az=a3) we hence obtain the well known result:
m(2n —1)
205
Corollary: A =7/203 > 1 if w) + wy + w3 < 7/2.

cos(A03) =0, so N\, = =1,2,....

e Robin problem: ag=1, ag=—1; fy = B2 =0.
(Na1az —Y07303) - si

— A+ (1303 + yoaras) -

— A+ (y3a1a3 + Y00

+ (Yovsaraz — Na

—Aag - (y3a1 + ’Yoa3 :

+az - (v3001 — A ag) -

+az - (Yoyzaz — Nay) - si

+ Aag - (y3a3 + a1y0) - cos(Awy ) cos(Awz) cos(Aws) = 0.

2
2
2

) - sin(Aws)
) - cos(Awr)
3) - sin(Awy)
) - cos(Awr ) sin(Awe
) - sin(Aws)
ag) - cos(Awi)
) - sin(Awr)

In the isotropic case (a1 = as = a3) we hence obtain the well known result
(see [3, Example 1, §10.1.7])

A0 +73)
A2 =073

8.2. Two-media transmission problem. Setting in the above derived equa-
tions wo =0, B2 =0 we get the corresponding results for domains with two
different media (N =2). The eigenvalue problem in this case has the form

tan()\ﬂg) =
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O+ N2 (w) =0, we R (i=1,2);
P1(wr) = 2(w1);

(8.3) azpy(wi) — a1y (wi) + Brypr(wr) = 0;
a1 (0) = v0%1(0) = 0;
oy (02) — y21p2(62) = 0.

The eigenvalue equation is

(8.4) (A2 (agy0az — apy2a1) — Bivo2] - sin(Awr) sin(Aws

] - sin(Awr) )

+ )\()\20606!2&2 — apB1y2 + Yoy2a1) - cos(Awr ) sin(Aws)
) - sin(Awq ) cos(Aws)

(

+ )\()\204()&2&1 + AB1aeyo + Y0y202) - sin

+ )\2(040’}/2(12 + Brapgag — 042’}/0(11) - COS )\wl) COS()\CUQ) =0.

Here we consider in detail the 2-dimensional transmission problem with
two different media (w; = wa = wp/2) for the Laplace operator in an angular
symmetric domain and investigate the corresponding eigenvalue problem.
Suppose n = 2, the domain G lies inside the corner

Go={(r,w)|r >0; —wo/2 <w <wp/2}, wo € (0,2m);

O € 9G and in some neighborhood of O the boundary 0G coincides with the
sides of the corner w = —wp/2 and w = wy /2. We define I'y = {(r,w) | r > 0;
w = twy/2}, o = {(r,w) | > 0; w = 0} and put o(w)|x, = 0(0) =0 =
const > 0, Y(w)|w=tw,/2 = 7+ = const > 0. We consider the following
problem:

Aug = f1(x), z € Gy;
ou 1
uls, =0, [af] + —ou(z) = h(x), x€ Xy,
@5 ) 0= 57 5, * Tal 7H® = A
Ous | 1 i) = gu(a) e\ 0
Oéi aﬁ |$|’yi + x _gi 'rv x + b}

where
[0 ifl.eD,
T\ 41 ity gD
It is well known that the homogeneous problem (f(x)=0, h(z)=0, g(x)=0)
has a solution of the form u(r,w) = r*(w), where X is an eigenvalue and
¥ (w) is a regular eigenfunction associated to this A of the problem

YL+ A (w) =0, we (0,wn/2);

P+ A (w) =0, we (—wp/2,0);

¥4 (0) =¥-(0); a4 (0) — a—y_(0) = op(0);
tag ) (fwe/2) + y+b(fwo/2) = 0.

(8.6)
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1) Case A = 0, 0 > 0. In this case the solution of our equations has
the form ¢4 (w) = A4 - w + By. From the boundary conditions we obtain
B, =B_ =B and for A;, A_, B we have the system

ayAy —a_A_ —oB =0,

wo
<a+ + 7%) Ay +7+B =0,
2

Since Ai + A% + B? #£ 0, the determinant of the system must be zero, that
is,

«wo wo wo
(8.7) 0<a+ + B} ’Y+> (04— + o ’Y—) +ayyy (04— + ) ’Y—)

—<a + ﬂ'y>A +~v-B =0.

+a_vy- <a+ + % ’y+) =0.
Thus if (8.7) holds, then A = 0 and the corresponding eigenfunction is
Y(w) =
—V+ (a_ + % 7_> <w + %) - a,o:y, <a+ + ﬂwr), w € (0,wp/2),

2
v— <a++%’y+> (w—%) S <a_+%’y_>, w € (—wp/2,0).

g

2) Case X # 0. In this case the solution of our equations has the form
Py (w) = At cos(Aw) + By sin(Aw).

From the boundary conditions we obtain A, = A_ = A and for A, By, B_
we have the system

O'A — )\(lJrBJr + )\a,B, = 0,
A A A A
Wcosﬂ—)\cusirlﬂ A+ 'y+sinﬂ+)\a+cosﬂ By =0,
2 2 2 2
A A A A
'y_cosﬂ—)\a_sinﬂ A— 'y_sinﬂ—k)\oc_cosﬂ B_=0.
2 2 2 2
Since A% + Bi + B2 +# 0, the determinant must be zero; this means that A

is defined from the transcendental equation

(8.8)  o(Naya- +yp7-) + X (e —a)(a vy —ayy-)
+Alo(a—vy +ayy-) + (ay +a-) (37— — Naga_)]sin(Aw)
+lo(Waras —y17-) + A (ag + as)(a-vs + apy-)] cos(Awp) = 0.

Now we investigate each type of boundary conditions separately.
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The Dirichlet problem: a£+ = 0. The equation (8.8) takes the form o (1 —
cos(Awp)) + A(ay + a—) sin(Awp) = 0. Hence

- if o =0,
)\ == wo )\
the least positive root of tan ;UO = _Grta- A if o #£0,
o

and the corresponding eigenfunction is

_ [sinMwo/2 —w), w € (0,w0/2),
Ylw) = {sin)\(wo/2 +w), we (~wo/2,0).

The Neumann problem: v+ = 0. The equation (8.8) takes the form o(1+
cos(Awp)) — A(at +a—) sin(Awg) = 0. Hence A = min{\*, 7 /wp}, where \* is
the least positive root of the transcendental equation

)\wo g 1

t = C—.
an 2 a++a, )\

For A = m/wg we find the corresponding eigenfunction
a_sin(rw/wp), w € (0,wp/2),
Y(w) = .
at sin(mw/wp), w € (—wp/2,0).
For A = X\* we find the corresponding eigenfunction

~ [eos M (w—wo/2), w e (0,w/2),
vlw) = {cos)\*(w+wo/2), w € (—wp/2,0).

Mixed problem: ay = 1, a— = 0; v+ = 0, v— = 1. The equation (8.8)
takes the form

(8.9) osin(Awg) + Aa+ + a—) cos(Awp) = Aay — a—).

In particular, if ¢ = 0, and a4a_ > 0 then

2
A= —arctany/a_/ay > 1, ifwy < 2arctany/a_/a4,
wo

and the corresponding eigenfunction is

D) = {cos()\w) +vVa_/as -sin(Aw), w € (0,wp/2),
cos(Aw) + v/ay/a_ -sin(dw), w € (—wp/2,0).

If X is the least positive root of the transcendental equation (8.9), then the
corresponding eigenfunction is

{sin(Awo/Q) cos AM(w —wp/2), w e (0,wp/2),

Viw) = cos(Awp/2) sin A(w + wp/2), w € (—wp/2,0).
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The Robin problem: ay = ay; v+ # 0. The equation (8.8) takes the form

o(Naya— +y17-) + A (ap —a-)(avy —apy-)
+Ao(a-vy +a1y-) + (as +a-) (77— — Naja-)]sin(Aw)

+lo(Varas — 7y + N2(ag + a-)(a—vs + ay-)] cos(hw) = 0.

In particular, in the case of the problem without the interface (a4 =a_ =1,
o = 0) we obtain the least eigenvalue as the least positive root of the trans-
cendental equation

A+ +7-)
8.10 =
(8.10) tan(Awp) Ny

and the corresponding eigenfunction is
P(w) = Acos[A(w — wo/2)] — V4 sin[A(w — wp/2)]
(see [3, §10.1.7]).
In order to have A > 1 we show that the condition v+ > 79 > tan(wy/2)

from the assumption (b) of our theorems is justified. In fact, we rewrite the
equation (8.10) in the equivalent form

1 T+ -
8.11 A= — tan — tan — |.
(8.11) = <arc an — + arctan 3 >
Hence
1
1 < A< —(arctan~4 + arctan~y_),
wo
S0
(8.12) wo < arctan et provided that y;v_ < 1.
I—=vy-
But assumption (b) means that v+ > 79 > tan(wy/2). Hence
- 2 2 tan <
T+t > o 2 = tanwo, w0<z.

wo

>
L—y4y- T 1-92 " 1—tan?¥ 2

Thus we get (8.12). In the case v+ > 9 > tan(wp/2) > 1 for wy € [7/2,7)
the inequality A > 1 is fulfilled a fortiori, since the eigenvalues increase
together with v(¢) (see for example [6, Theorem 6, §2, Chapter VI]). In fact,
A =1 is the solution of the equation (8.10) under v+ = tan(wp/2).

8.3. The function

u(r,w) = In <1> V(W)

r

with A and ¢ (w) defined by (8.6) is a solution of the problem (8.5) with
fr = —2a: "2 (w), h(z) = 0, g(z) = 0 in the corner Gg. All assumptions
of Theorem 1.1 are satisfed with s = \. This example shows the precision of
the assumptions on the right sides of (L) in Theorem 1.1.
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