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EXISTENCE OF SOLUTIONS TO
THE (rot, div)-SYSTEM IN L,-WEIGHTED SPACES

Abstract. The existence of solutions to the elliptic problem rotv = w,
dive = 0 in a bounded domain 2 C R3, v -fi|g = 0, S = 92 in weighted
L,-Sobolev spaces is proved. It is assumed that an axis L crosses {2 and
the weight is a negative power function of the distance to the axis. The
main part of the proof is devoted to examining solutions of the problem
in a neighbourhood of L. The existence in {2 follows from the technique of
regularization.

1. Introduction. We consider the elliptic boundary value problem
rotv=w in {2,
(1.1) divv=0 in {2,
v-n=>b onlfS,
where £2 C R? is a bounded domain, S = 92, S € C?, @ is the unit outward
vector normal to S and the dot denotes the scalar product in R3.

For the solvability of problem (]1.1]), the following compatibility conditions
have to be satisfied:

(1.2) {b(s)ds =0,
S
(1.3) divw = 0.

Let L be an axis passing through (2.

Our aim is to prove the existence of solutions to problem in weighted
Sobolev spaces with the weight equal to a power function of the distance to L.
Therefore, we introduce the weighted Sobolev space Vp]f_ ,(£2) with the finite
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norm
1/
@ = (2 VIDgu@)Po(eyrrHed ar) ™ < oo,
o<k £2
where p(z) = dist{z, L}, p € [1,00), p € Ry, k € NU {0}. Moreover, we
introduce the notation

HE () =V ,(2),  Lp-u(2) =V, ,(92).

lellye_

The main result of this paper is the following

THEOREM 1.1. Assume the compatibility conditions (1.2)), (1.3). Assume
thatw € VE_,(2),be VETITVP(8) e Ry, u & Z, k € NU{0}, p € [2,00),
S 3 C2. Then there exists a solution to problem (1.1]) such that v € Vp’ffi(ﬁ)
an

(14) Jollyies o) < el oy +Ibllyser-ungg)
where ¢ does not depend on v, w,b.
To prove Theorem (1.1 we need [4] and the following result.

THEOREM 1.2 (see [7]). Assume the compatibility conditions (|1.2), (L.3).

Assume that w € HEH(_Q), b e HE:IQ(S), peRy, ueZ, ke NU{0}.
Then there exists a solution to problem (1.1)) such that

(15) [ollss1ay < llwle, oy + 10l esaragg)
where ¢ does not depend on v, w,b.

The main step in the proofs of Theorems is to obtain an estimate
in weighted spaces in neighbourhoods of points of the axis L because esti-
mates in neighbourhoods at a positive distance to the axis are well known
(see [1, 16]). We concentrate on local estimates, and a global estimate follows
by applying the idea of regularization (see |7 [3]). Restricting our consider-
ations to neighbourhoods of points of L we showed in [7] that it is sufficient
to examine problem in neighbourhoods of interior points of 2N L. In
this case problem can be replaced by the elliptic problem (see [7])

—Au=f in Cgy,
u=20 on aCR,a,

where Cg , is an axially symmetric cylinder with axis of symmetry L located
in £2. Introducing the cylindrical coordinates r, , z by relations x1 = r cos ¢,
xo = rsiny, x3 = z, where x1, 29, x3 are the Cartesian coordinates such as
L is the z3-axis we define

C’R7a:{:c€R3:r<R,—a<z<a,gp€[0,27r]}, CraNS =0,

(1.6)

and the origin of the Cartesian coordinates is at an interior point of 2N L.
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Now we describe the proofs of Theorems and underlining their dif-
ferences. In [7] we examine problem by applying the Fourier transforms
and using the norms of weighted spaces also in terms of the Fourier trans-
forms. This is connected with the fact that the Lo-theory is developed in [7].
In this paper we improve the regularity of solutions from [7] by applying
the local regularization method (see [5]) and by using the Paley—Littlewood
partition of unity so the methods of this paper are totally different from
those in [7].

Up to now Theorem has not been applied in proofs of existence of
regular solutions to the Navier—Stokes equations (see references in [7]). How-
ever, in more delicate proofs based on the Lj,-approach Theorem will be
needed.

2. Notation. Using the cylindrical coordinates we introduce the weight-
ed spaces

Vi) = {u (3§ IDgu@rert ke ar) < ool

p,—H
|a|<k R3

3. Localization of problem (|l.1). We are looking for solutions to
problem (|1.1)) in the form (see [7])

(3.1) v=Veo+u,
where ¢ is a solution to the problem
(3.2) Ap=0, n-Veplg=b
and u satisfies
rotu =w in {2,
(3.3) divu=0 1in £,
u-nlg =0.

From [2] we know that (3.3)23 imply the existence of a vector field e such
that

(3.4) u=rote, dive=0, e-T|lg=0,
where T is a tangent vector to S.
In view of problem takes the form
(3.5) —Ae=w, e-Tlg=0, dive|ls=0.
Localizing problems and by a smooth function from a partition of

unity we obtain problem ([1.6). The lower order terms which appear in this
procedure will be estimated by applying the regularization method.
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4. Regularity near the axis L in the L,-approach. After localiza-
tion of problems (3.2)) and (3.5) to a neighbourhood of an internal point of

L or a point where L meets S we can replace them by the problem

—Au = in {2,

(4.1) /
u =10 on 042,

where (2 = Cg .

LEMMA 4.1 (local regularity; see [5]). Let B, = {x3 € R : |z3| < r},
& =&(@), o' = (z1,22), & € CP(R?), i = 1,2, §1&o = &, supp&p C {2’ :
c1 < |2'| < ea}. Then for every u € I/VIQJFQ(R2 X Bsg) the following inequality
holds:
(4.2) 1€1ull ey ) < clll&2Aullwir2xp,) + 120l L, ®2xB2));
for any p1 € [1, 00|, where ¢ does not depend on w.
Let us introduce partitions of unity {(;}32_ ., {o;}32_ such that
supp (; C {2’ : 271 < |2f| < 2771},
suppo; C {2’ : 2172 < |2| < 2712}
aj, ¢ € C®(R?), ¢jo; = (j, and for all multiindices a,
DGl + D] < ca27919,

LEMMA 4.2. Let G€R. Then for any uGWé+2({2j_2 < |2'| < 272} xRY)
the following inequality holds,

43)  lGullyiz ey < clllogAullye wexrry +llojull, 5o @2xr)),
where ¢ does not depend on u and j.

Proof. Let K ={a': 1 < |2/| <2}, B={w3:|z3] <2}, K, ={2': 2V <
'] < 2¢H1Y, B, = {3 : |z3] < 2#1}. From (.2) we have

142 !
(4.4) Z DG, (xxB) < ¢ Z D% (o Au)| 1,2k x2B)
|a|=0 |a|=0

+ cllojullp, 2r x2B)

where 2K = {2’ : 1/2 < |2/| < 4}, 2B = {x3 : |z3] < 4}. In view of scaling
x +— 2#x we obtain

1+2
(4.5) Z 240012 D (¢u) | 1, (¢, ¢ B,

|ar|=0

!
<c Z 2#‘04||Da0'jAU||Lp(2K“><2BM) + 27 |ojull L, 2k, x28,)-
|ee]=0
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Multiplying (4.5) by 2(8=Dr taking the pth power, summing over p and
using that r ~ 2# on the set K, we obtain

+2
(4.6) > D (Gl )

|a|=0

!
<c Z \|rﬂ—l+lalpa(ajAu)||LP(R3) +cllr 2 ojull oy
|a]=0

This implies (4.3])) and concludes the proof.
Summing up (4.3) with respect to j yields

(47) lully sz sy < el Aullyr gy +ellullvo, | o)

p.A—1-2
Let
P(Dy,00y) = =4, P(w,n) = A"+ 1%,
where A’ = 92 + 02,. Let us denote by A(n) : V;EQ(RQ) — X/Iiﬁ(]R?) the
operator of the problem
P@@y,nu=f inR?
u=20 on Sk,
where SL, = {2’ : |2/| = R}.
First, we consider the problem
P(0y,0)u=f inR?

u=0 on Sk.

(4.8)

(4.9)

Passing to the polar coordinates (r, ), next to the variable 7 = —Inr and
applying the Fourier transform with respect to 7 we have

P(8p, Nt = €27 f,
(4.10) Ulp—0 = ulp=2r,

Uplo=0 = Up|p=2r,
and

a(A, @) = S u(r, p)e” A dr.
R1

On the line imA = 8 — 1 € Z there is no eigenvalue of problem (4.10)).
Moreover, ker A(n) and coker A(n) are trivial in the spaces VZ%(RQ), B & 7.

Thus the operator A(n)~! is defined in Y@?B(RQ), B &7.
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LEMMA 4.3. For any n € R\ {0} and any f € VZ%(RQ), B & Z, the
following inequality holds:

2
(4.11) ZO |77|”|!8$A(n)_1fllv2§EV(Rz) < el fllvp, re):

Proof. We have
NAM ™= D" Y e, A0 PATIOPP . AT PATY,

I<g<y ont-tag=y

where cq; .., are some constant coefficients. Since

2
> ol ey < elPe sl
and
2—y
1030w ) A gy < € 3 1A 20y
we obtain

”agp(amu77)14<77)_1f”\/2f{ﬁ(11§2) < 0\77|_7HfHV2%(R2)-
Therefore (4.11) is proved. This concludes the proof.

LEMMA 4.4. Let the assumptions of Lemma[£.3] be satisfied. Let o, ¢, be
the functions introduced after Lemma[d.1l Then for all n # 0 the estimate

(4.12) ||Uw4(77)_1§u||v295(u«2)ﬂv295(m2) < @ elviren
holds for B & Z and € > 0 sufficiently small.

Proof. Observe that the operator U#A(n)_lg, maps functions with sup-
port in supp ¢, to functions with support in supp o,,.

First we examine the operator r*¢A(n)rTe. Since A(n) = —A’ +n? and
A(n) maps VQQﬁ(]RQ) into VQOQ(RQ) we have for small ¢,

+ +
[ A Feullyg oy = 152+ 0?0 eullyg e
2 +e—
< H(_A/‘Fn )u”vz(zﬁ(Rz) +E”T:F5r € 1v’TV’uHV207B(R2)
+e— te—
o1 = )T T Pl gy + el Al ey

< [ AGmyullvg, o) + cellully ,_ ze.
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Conversely,
[A)ullyy m2) = 175 Amullyg s,
= [P (A Pl
< P A+ P ullye oy + ecllullvg, o)

Hence for small €, the norms of the operators ¢ A(n)r¥¢ and A(n) are close
to each other because

+
sup |7 6A(77)r3F6u||V20B(R2) — sup HA(U)UHVZOB(R?)‘ < ce.
IIuIIViﬁ(RQ)Sl ' HuHV;ﬁ(Rg)Sl ’

Therefore for § + ¢ ¢ 7Z and ¢ sufficiently small the operator A(n) is an
isomorphism from Vz%ﬂis(Rz) into Vz%is(Rz). Let u, = uo, and f, = f(,.
Then we examine the problem

(4.13) POy, m)u = f,.
Since the operator A(n)~! is defined we have
(4.14) uy = 0y A7 (1) fo-

In view of (4.11) we obtain

ol ey < 2 llullvg, z

< c?au”fuuvgﬂ (R2) < CQE(M_V)HJCV||V£B(R2)'

—E€
Since
luwllvg  r2) 2 C272#HUMHVQO75(R2)
we obtain

) < 2 (n—v)+2u £,

||Uu||v29M(R2 HVQQB(RQ)a

where for . > v we replace € by —¢, € > 0 and for ; < v we take €. Then
we have

(415) ||’UJM||V20”8(]R2) § 02_€‘M—V‘+2M||fV||V295(R2).
From (4.15) we derive (4.12)). This concludes the proof.

LEMMA 4.5. Let the assumptions of Lemma [£.4] be satisfied. Then the
operator P of the problem
P(0,r,0 = f,
(4.16) (0w, Oy Ju = |
uls, =0

18 an isomorphism

(4.17) P V25(R%) — Vi (R?).
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The lemma follows from the estimate
lullvz ) < el fllve, @, B EZ

and the fact that ker P in V225(R3) and coker P in VZO[,(R?’) are trivial.
To prove the next lemma we need the following Marcinkiewicz—Mikhlin
type result (see [2, Ch. 11, §11]):

LEMMA 4.6. Let Lp(Rd; H) be the space of functions with the finite norm
1/p
1 ety = (UWM%W) < o0,

where H is a Hilbert space. Let M (&), ¢ € RY, be a bounded function in RY

acting as a multiplier. Let for s =0,...,d, i) # i,
gl
R — < const.
8611 . agzs H—H

Then Fg_)ZM(f) L—¢, where F' is the Fourier transform in R, is a contin-

uous operator in L,(R%; H).

LEMMA 4.7. Let the assumptions of Lemma be satisfied. Let u, €
VQQ,B(R?)) be a solution to the problem
P(@x/, 813)’11,,, = Cl,f
Then

(4.18) S ( S rmlau(:r’)ul,(x',xg)Fdw')p/2 dxs

R! R2
/2
< el § ([ 200, (a!) f(a ) da’) " dis,
Rl R2

where ¢ does not depend on u and f.
Proof. We have
Fning(n)_lFmsﬂnCl/ﬁ

where F is the Fourier transform in R

By Lemma FninM(n)Fxsﬂn, where M(n) = 0,A(n)"1¢,, is a con-
tinuous operator in L,(RY; VQ%(RQ)). Then by we obtain (4.18)). This
concludes the proof.

LEMMA 4.8. Let the assumptions of Lemma be satisfied. Let u, be
defined in the assumptions of Lemma L7, Then for p > 2 we have
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(4.19) S rPB=D=21¢ (2" Yuy (¢, 23) |P da’ das
R3
< 7l § =2 () (! )P da duvs,
R3
where ¢ does not depend on u and f.

Proof. By the Holder inequality the r.h.s. of (4.18)) is estimated by

2/pp/2
(4.20) 2 Peln—vIt2mp S das [\supp CV|(pf2)/p( S P21, fIP d:p’) ]
R! R2
< e PEln—vIH2up S dxs 20 P2 S PP \¢, fIP da’!
R1 R2
< PEln—vIH2up S drs S rPBED=2|¢ £1P da
R! R2
where we used that on supp ¢, we have r € (271, 2v+1),
Divide R! into segments Qj of length 2# each. By 2Q; we denote a
segment with length 2¢*! which contains Q.
By the Holder inequality we have

S S o] d’ oy < S |Supp0u\l/2<8 \Uuuul2da:/>1/2d:z:3

2Q; R? 2Q; R
<ec S 2H dx3< S laﬂuy\de’> V2 =1,
2Q; R?
where we used that
(4.21) suppo, C {2’ € R?: 2072 < |2/ < 2#F2),
Continuing,

1/2
L <ec S 2”_ﬁ“< S 7‘2’3|0Mu1,|2 da/) dxs = I,
2Q; R2
where we used (4.21)) again. Continuing,

1/2
( S S \Uuul,]dx'dx;;)p < 2(1*5)“”{ S dx3< S r2ﬂ\auu,,|2dac’> }p
2Q; R? 2Q; R?
/ /P’ /2
< 02(1_6)“])( S 17 d$3)p g ( S d$3< S T2’6|0#u,,\2d93')p ) = I3,
QQj QQ]‘ R2
where 1/p+1/p' =1, p/p’ = p — 1. Hence, we have

I3 = c2=Auptu(p-1) S dzs ( S rwlauuylz dil?l)p/2,

20, R3
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Therefore, we get
(4.22)
( S S oy uy| da’ dx;»,)p < 2~ Hp(B=2)—p S dzs ( S r25|auu,,]2da:’)
2Qj R2 2Qj R2

p/2

From Lemma 4.1 for |4 — v| > 3 we obtain the inequality

(4.23) [ 1Cuun P da day < c23ﬂ<lfp>( I § Jouu | do’ dxg)p
Q; R2 2Q; R?
by a scaling argument.

From (4.22) and (4.23)) and for |px — v| > 3 we obtain

p/2
(4.24) S Cuup|P dr’ dxs < ¢2?m—pp(B=1) S ( S r26|auu,,|2dx'> dzxs.
R3 R R2
In the case | — v| < 3 we have to add on the r.h.s. of (4.22) the expression

2?0\ \ |G fIP da das.
QQj R2
Hence, in this case, we have to add the same term on the r.h.s. of (4.24).
Using (4.18) we obtain (4.19). This concludes the proof.

To prove the next lemma we need a result on operators in Banach spaces.
Let & (R?), & (R3) be Banach spaces of functions defined on R3, closed under
pointwise multiplication with functions from C§°(R? \ {0}). Let {¢; 72 oo
be the partition of unity described above.

Assume that there exist p and ¢, 1 < p < ¢ < oo, such that for all u € &,
v € & the following inequalities hold:

> q \ V4

(4.25) luleg < e Y lIgull,) ™
j=—00

> » \ /P

(4.26) lolle = e 3 gl )
j=—o00
where || - ||¢, is the norm of &;, ¢ =0, 1.

LEMMA 4.9. Let 0 : & — & be a linear operator defined on functions
with compact supports such that for some € > 0 and all p,v € Z,

(4.27) 16.0¢0llg, < ce™ |G 0] e,
for all v € & (R3). Then for any v € £ (R3) with compact support,

(4.28) 100][gms) < cllvlle, rs),

where ¢ does not depend on v.
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Proof. From (4.25)),
00 00
10Vl ocms) = |0 ( Z @) |y S 2 || X et
o U=—00 V=—00

<cf i (3 16b8olee)]""

p=—00 V=—00

Applying (4.27) yields

00 00 /
10v]| gy ra) < ¢ Z ( Z 6*5|“*V|||Cuv||gl(R3))q]1 q,

U=—00 V=—00

‘;(Rif))l/q

Since the operator of discrete convolution with the kernel {e~1 ‘5};?‘;_00 is
continuous from I, to l; for ¢ > p, we have

1/
00lleye) < e S o, &)

V=—00

Using now (4.26]) we obtain (4.28]). This concludes the proof.

LEMMA 4.10. Let the assumptions of Lemma [£.4] be satisfied. Let u €
‘/Q%B(R?’) be a solution of problem (4.16)). Then for p > 2 the inequality

(4.29) S rPO=D=2 (2! 23)|P da’ das < ¢ S rPBAD=2| £ (2! 23| da’ dacs
R3 R3
is valid, where ¢ does not depend on u and f.

Proof. We apply Lemma [4.9] to the inequality of Lemma [£.8 with g = p,

& = 1/;)0’5_1_2/]0(]1%3), & = ‘/;)(),5+1—2/p(R3) and 0 : VZOﬂ(]R?’) — VZQﬁ(R?’)

is the inverse to the operator of problem (4.16)). Then (4.19) becomes the
inequality (4.27). Then Lemma implies (4.28)), which is exactly (4.29).

This concludes the proof.

LEMMA 4.11. Let the assumptions of Lemma hold. Let f € VQlJ(R?’)ﬂ
Vpl’%(R?’), p > 2. Then for solutions u € Vzljf(Rg) of problem (4.16)) the

following inequality is valid:
(4.30) T T
where ¢ does not depend on u and f.
Proof. From with ﬁ = » we have
lullyss gy < 7y e + lullvo__,_ws):

From Lemmal4.10]and from the assumption that f € V0% , we have p(5+1)
—2=p(x—1),s0B=sx—1—14+2/p,sop(f—1)— 22 p(3—1—2). Hence,




138 W. M. Zajaczkowski

lullvo ey < clfllvo ey <cllfllvy, @)

Thus (4.30)) holds. This concludes the proof.
THEOREM 4.1. Let InX = -1 ¢ Z. Let f € V! 5(R%), 1 € N, p €

)

(1,00), B € R. Then there exists a solution to problem ({4.1) such that u €
VPI?(R?’) and

(4.31) lallytsages) < el vt e
where ¢ does not depend on u and f.

Proof. Let {f,} be a sequence of smooth functions with compact support
in R?\ L which converges to f in Vpl 6(R3)' By Lemma there exists a

solution u, € Vi?(RP)) to problem (4.1) with r.h.s. f,. From (4.30]) the
sequence {u, } converges in V;EQ (R3). This concludes the proof.

5. Existence in a bounded domain

Proof of Theorem [I.1. To prove Theorem [I.I] we introduce a partition
of unity (see [7]). We distinguish four types of subdomains: 2()—near an
interior point of 2 N L, 22— near the point where L meets S, 23— near
an interior point of 2 but at a positive distance from L, 2(*)—near a point
of S at a positive distance from L. With each subdomain 2%, k =1,2,3,4,
we connect a smooth function (%) which is equal to 1 in @® ¢ 2% and
vanishes outside of £2(%),

We shall restrict our considerations to problem (3.2)) only, because prob-
lem can be treated in the same way.

Let us extend the boundary condition (3.2)2 by introducing a function b
such that

(5.1) fi-Vb=b.
Then the function

(5.2) u=p—b

is a solution to the problem

(5.3) :uv_u‘]; :m’ “

where f = —Ab. Multiplying (5.3); by ¢((") and defining u(") = u¢™, ) =
f - ¢ we obtain, instead of (5.3), the problem

A = O 4 ovcWvy 4+ ACWy,

(5.4)
U(l) ’69(1) - 0
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Multiplying (5.3) by ¢ we obtain
Au® = @ L ove@vu 4+ APy in 2@ x (0,7),

5.5 _
(5:5) n-Vu® =un - VC(Q) on SN 23,

Let us introduce a local coordinate system y = {y1, y2, y3} with the origin at
the point where L meets S and such that y3 > 0 describes points inside 2.
Let S@ = 85N 2@ be described by the relation

(5.6) ys = F(y1,92).
Introducing new coordinates

y=y,  i=1,2,
57 i =i
z3 =y3 — F(y1,y2),

we define a mapping z = @(y).

If problem (3.2)) is formulated in coordinates © = {1, z2, x3} we can pass
to coordinates y = {y1,y2,y3} by a rotation and a translation. We denote
this mapping by y = Y (z). Hence

z=(PoY)(z) =¥(x),
(58) 22 w0y, 5@ =w(s@),

Introducing the notation

i (2) =u®P@(2),  Alz) = w@(2)),
_ 0z
Ox z=P~1(z2)

n;=(0,0,1), g = (Fy, Fy, —1)|y=e-1(2),

we can express problem (/5.5)) in the form

VII/ : vz = Wx|x:d7*1(z) : v27

59) V2 = (V2 - v2)a? + 2V (PVyi+ Vi(Pa  in 2O,
' i, - V,i'? = (0, — ng) - Vi + ng - V.(Pu on 53
Let 7(® be a function such that

0 )

Then the function

(5.11) 7@ = g _ 5@
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is a solution to the problem
V29 = Af® + (V2 - v2) i + 2V (P Vi
VG = FO i 9O,
(5.12) 0

71;(2) =0,
0z3 230

¢(2)|8(A}(2>\{z:z320} = 0’
where
0D ={zeR: (22 +22)Y2 <R, 0< 23 <a, ¢, €[0,27]},

Y, = arctg(i—f). After reflection with respect to the plane z3 = 0 problem
(5.12) assumes the form

V2@ = FO),
172,(2)‘8_@/(2) = 07

where 7' means that n/(2/,23) = n(z,23) for 23 > 0, 2/ = (21,292) and
n' (2, 23) = n(2’, —23) for 23 < 0, and

QD =zeR: (22 +22)Y? <R, —a< 2 <a, p. €[0,27]}.
Applying Lemma we obtain for solutions to problems (5.4)) and (5.13])

the estimate
(5.14) IIU(k)HVngu(Q) < Cllf(k)llvzgﬁu(m

+ C(HVUHVA_H(QQQ(’“)) + ||U||V;_M(m9<k>))v

(5.13)

where k = 1,2 and in the case of problem (5.13) we used that diam 2 is
sufficiently small.
In the case of the subdomains 2 and 2®) we obtain problems similar

to (5.4) and (5.9)). Then instead of (5.14]) we get

(5.15) Hu(k)HWyz(g) S C||f(k)Hw;,(n) +cllVullwi oy + llullwom))-
Moreover, for solutions to problem (/5.3)) we have

(5.16) lllysea e < ell Flwscen-

Let p1 € (0,1). Then summing up inequalities ((5.14]) and (5.15) and applying
the Hardy inequality with estimate ([5.16)) to the last two terms on the r.h.s.

of (5.15) we obtain
. < :
(5.17) lullyiez o) < ellfllve_ (o)

Now let p € (1,2). Then the last two terms on the r.h.s. of (5.14) can be
estimated in view of the Hardy inequality and ([5.17)). Repeating the other

arguments we obtain (5.17)) for u € (1,2).
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Continuing the above considerations and assuming that u € Vlitz (12),

n
€ (k—1,k) we obtain (5.17)) for u € (k,k+ 1), k € N.

Repeating the above considerations for problem ({3.5) we obtain by ({3.1])
the following estimate for solutions to problem ([1.1)):

(5.18) H”Hvzf’tlu(n) < C(HWHVI;W(Q) + Hb”vgfg”p(s))‘

This holds for smooth functions vanishing sufficiently fast near L.

To prove Theorem [1.1| we use Theorem Let (w,,b,) be a sequence of
smooth functions with compact support in {2\ L which converges to (w, b) €

Vp]‘f_“(ﬂ) X V;:j};u P(8). In view of Theorem we have the existence of

an approximate solution of the problem

rotv, = wy,
(5.19) divy, =0,

n-v, =b,.

By Theorem there exists a solution to problem (5.19) such that v, €
Hff(()) with r.h.s. equal to w, and b,. Using estimate ([5.18]) we find that

the sequence converges in Vplti(ﬂ) and ((1.4)) holds. This concludes the proof.

Acknowledgments. This research is partially supported by MNiSW
grant no 1 PO3A 021 30 and partially by EC FP6 Marie Curie ToK pro-
gramme SPADE2.

References

[1] E. B. Bykhovskii, Solvability of a mized problem for the Mazwell equations for ideal
conductive boundary, Vestnik Leningrad. Univ. 12 (1957), 50-66 (in Russian).

[2] N. Dunford and J. T. Schwartz, Linear Operators, Wiley-Interscience, 1966.

[3] O. A.Ladyzhenskaya, V. A. Solonnikov and N. N. Ural’tseva, Linear and Quasilinear
Equations of Parabolic Type, Nauka, Moscow, 1967 (in Russian).

[4] V. G. Maz'ya and B. A. Plamenevskil, L,-estimates of solutions to elliptic boundary
value problems in domains with edges, Trudy Moskov. Mat. Obshch. 37 (1978), 49-93
(in Russian).

[6] C. B. Morrey, Multiple Integrals in the Calculus of Variations, Springer, 1966.

[6] V. A. Solonnikov, Overdetermined elliptic boundary value problems, Zap. Nauchn.
Sem. LOMI 21 (1971), 112-158 (in Russian).

[7]  W. M. Zajaczkowski, Existence of solutions to the (rot, div)-system in Lo-weighted
spaces, Appl. Math. (Warsaw) 36 (2009), 83-106.


http://dx.doi.org/10.4064/am36-1-7

142 W. M. Zajaczkowski

Wojciech M. Zajaczkowski
Institute of Mathematics

Polish Academy of Sciences
Sniadeckich 8

00-956 Warszawa, Poland

E-mail: wzQimpan.pl

and

Institute of Mathematics and Cryptology
Cybernetics Faculty

Military University of Technology
Kaliskiego 2

00-908 Warszawa, Poland

Received on 30.1.2008;
revised version on 4.11.2009

(1914)



	Introduction
	Notation
	Localization of problem (1.1)
	Regularity near the axis L in the Lp-approach
	Existence in a bounded domain

