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A NOTE ON CONTROL OF
THE FALSE DISCOVERY PROPORTION

Abstract. We consider the problem of simultaneous testing of a finite
number of null hypotheses H;, i = 1,...,s. Starting from the classical pa-
per of Lehmann (1957), it has become a very popular subject of research.
In many applications, particularly in molecular biology (see e.g. Dudoit et
al. (2003), Pollard et al. (2005)), the number s, i.e. the number of tested
hypotheses, is large and the popular procedures that control the familywise
error rate (FWER) have small power. Therefore, we are concerned with an-
other error rate measure, called the false discovery proportion (FDP). We
prove some theorems about control of the FFDP measure. Our results differ
from those obtained by Lehmann and Romano (2005).

1. Introduction. In our paper, we consider the problem of simultane-
ous testing of a finite number of null hypotheses H;, i = 1,...,s. Our main
goal is to give some results concerning control of a measure, called the false
discovery proportion (FDP). Suppose that data X come from some prob-
ability distribution P € (2, where (2 is the set of all available hypotheses
(i.e., each single hypothesis H; is a certain subset w; of {2). Let N denote
the number of false rejections, and R the total number of rejections. Then

N/R if R #0,

0 if R=0.
Control of the FDP requires the following condition:

(2) P{FDP >~} <« for any v,a € (0;1),

for all possible constellations of true and false null hypotheses (i.e., for all
P e ().

(1) FDP := {
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2. Some procedures of control. In the first part of this section, we in-
troduce the generalized Holm procedure, which we apply later in our proofs.
In its second part, we present the Hochberg procedure. Before we introduce
the generalized Holm procedure, we give the description of the Holm proce-
dure in its general form (see also Holm (1979)). This procedure is described
in terms of the p-values of individual tests.

Let us consider a single null hypothesis H: P € w. To test H;: P € w;,
i=1,...,s, we denote by I(P) the set of indices of the true null hypotheses.
Assume that S,, the rejection regions for a family of tests of H, indexed
by «, satisfy

P{XeS,}<a foral0d<a<l1, Pe€cuw,
So C Sy ifa<d.
The p-value is defined by
p=p(X) :=inf{a: X € S,}.

Let p1,...,ps be the p-values of s individual tests, let p(;) < -+ < p(y

denote these p-values ordered, and let H(y),..., H(,) stand for the corre-

sponding null hypotheses.
Put

(3) aj:=af(s—i+1) for some fixed 0 <a<1l,i=1,...,s.

The Holm procedure is described as follows: If

(4) P > o1,
we reject no null hypotheses. Otherwise, if
(5) p(l) < ag, ..., p(r) < Ay,

we reject hypotheses H(yy, ..., H,), where the largest r satisfying (5) is used.

The generalized Holm procedure has been introduced in Lehmann and

Romano (2005). It is described similarly to the Holm procedure, with the

«;’s given by

a;:=ka/(s+k—1i) for somek and some 0 <a<1,i=1,...,s.

It turns out that the generalized Holm procedure with the «;’s of the form
|+ 1o

s+ [yi)+1—1

controls the FDP measure in the sense of (2) under the assumption

yee s S,

Plgi <ulry,...,reppy} Suforanyi=1,... [I(P)| and any uc (0;1),

where qi,...,q(p) denote the p-values corresponding to the |[I(P)| true
null hypotheses, and 71,...,75_|7(p)| are the p-values corresponding to the
s — |I(P)]| false null hypotheses. For further details, see Theorem 3.1 in
Lehmann and Romano (2005), together with its proof.
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Both the Holm procedure and the generalized Holm procedure are special
cases of the so-called stepdown procedures. The stepdown procedures are
described according to the steps (4) and (5), that is, a stepdown procedure
starts with the most significant p-value and continues rejecting hypotheses
as long as their corresponding p-values are small.

In the next part of this section, we present the Hochberg procedure (see
Hochberg (1988)). It can be described as follows:

Let a; be defined by (3). If

P(s) < Ug,

we reject all null hypotheses. Otherwise, if

(7) D(s) > Qs vy DP(ry1) > Oy,

we reject hypotheses H(y), ..., H(), where r denotes the smallest index sat-
isfying (7).

The Hochberg procedure belongs to the class of so-called stepup pro-
cedures. A stepup procedure begins with the least significant p-value and
continues accepting hypotheses as long as their corresponding p-values are
large.

It is worth mentioning that it is the Hochberg procedure that is used
in practice to control the FWER measure (recall that we define FWER as
the probability of the event that at least one false rejection occurs). This
procedure is more powerful, in the sense of average power, than the one
proposed by Holm. However, the Holm procedure controls the FWER under
no assumptions on the joint distribution of the p-values, whereas this is not
so for the Hochberg procedure (see Romano and Shaikh (2006)).

3. Main results. Let, as previously, |I(P)| = |I| denote the number of
true hypotheses among s null hypotheses H;, i = 1,...,s, 1) < -+ < q( 1))
be the ordered p-values corresponding to the |I| true null hypotheses, and
r(1) < -+ < 7(s—|1)) denote the ordered p-values corresponding to the s — ||
false null hypotheses.

Notice that, for the class of stepdown procedures (e.g., for the Holm
procedures), the r.v.’s: N, the number of false rejections, and 7', the number
of true rejections, may be described (in terms of p-values) as follows:

{k L 3 pq) <at, 5 PE) S QD) > Qi A Q) <Py < Q) )

N= if ) <),
| ifpay < oa,...,p) < as and q(7)) = P(s)s
0 otherwise,
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Hk: 3 pay < o1, ,pa6) < i pas1) > Qi1 ATy < Py < Tt

1<i<s
T— H7(s-m) <Pes)s
s—II| i pay < ag,...,pe) < as and qs_ 1) = Ps)s
0 otherwise,
where | - | stands for cardinality.

We now formulate the main results of this paper. The proofs of Theorems
1-3, due to their length, are given in Appendix.

The first result concerns control of the FDP measure by using stepdown
procedures.

THEOREM 1. Let q1, ..., qp be identically distributed r.v.’s with marginal
d.fo Fy and ry,...,r._ g be identically distributed r.v.’s with marginal d.f.
F.. Suppose moreover that the sequence {q1,...,q|} is independent of the
sequence {11,...,7s_|7|}, and that

(8) Fy(u) <u  for allu e (0;1).

Then any stepdown procedure with constants o < -+ < ay < a controls the
FDP measure in (1) in the following sense:

(a) If |I| # s, then for any 0 < v < 1,
(9)  P{FDP >~}

< fon(l) (51 10)

e R )

] 1]
1_ % I e ial
+ E r(g1) mm( ; Q >
{‘” HA(s=1)
. (s— |1
+ Y apmin( 2 (1= Bai) 1) + law s,

s—1
i=|T+1

where

(H[=DAG=1)

ZZ 2

=1 =i+ 1)V (i—(s—1])+1)
(b) If |I| = s, then for any 0 <y < 1,

(10) P{FDP >~} < Z ;.
j= 1
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REMARK 1 (some numerical examples). Below, we present the values for
the right hand side of (9) for the case when the generalized Holm procedure is
applied with the a;’s as in (6), where Fy is the d.f. of the uniform distribution
Ul0;1], and F, is the d.f. of the beta distribution Be(0.001,1).

For s = 100, o = &//30 with o/ = 0.05, v = 0.05 we have

|| 10 20 30 40 5 60 70 8 90
rhs. 002 004 005 005 005 004 003 002 0.01

The results in the table above indicate control of the measure FDP at level
o' = 0.05, provided « in (6) is given by a = /30 = 0.05/30.
For s = 100, « = &'/40 with o/ = 0.05, v = 0.1 we have

|| 10 20 30 40 50 60 70 80 90
rhs. 001 004 0.06 0.07 0.07 0.06 0.05 0.03 0.01

For s = 1000, o = ' /400 with o/ = 0.05, v = 0.05 we have

|| 100 200 300 400 500 600 700 800 900
rhs. 017 040 051 054 051 044 035 0.24 0.12

For s = 1000, o = '/400 with o/ = 0.05, v = 0.1 we have

|| 100 200 300 400 500 600 700 800 900
rhs. 003 039 062 072 073 066 054 037 0.18

The script which computes the right hand side of (9) is available at http://
mors.sggw.waw.pl/~kfurmanczyk/Theorem1.pdf.

In the case when the sequences {¢,}, {r,} are i.i.d. and mutually inde-
pendent, the following assertion can be proved.

THEOREM 2. Suppose that {qu,...,q}, {r1,..., 75—} are i.i.d. r.v.’s
with marginal d.f’s Fy, F., respectively, and all the assumptions of Theo-
rem 1 hold. Then any stepdown procedure with constants a; < -+ < ag < «
controls the FDP measure in (1) in the following sense:

(a) If |I| # s, then for any 0 <y < 1,
(11)  P{FDP >~}
< 37 (M@0~ Fy(on) = () (B o)) (1 — Fragy V1
il

|| ||

£ 3 (= Fan) 1Y (M) (@0 (1 = Fyai)
i=1 =i
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[H=A(s-1) i1|
Y @Y (N FE )P (1 - Frai)
i=|1+1 j=0
[HE=2A(s-1)
+ D Ee)) I ) ) I = Fylan)
i=s—|I|+1

+ (FT(O‘S))S_”' (O‘S)ma

where Y, is as in Theorem 1.

(b) If |I| = s, then for any 0 <~y < 1,

S S
(12) P{FDP>~} <Y > () (i) (1 — Fylew))* ™.
i=1 j=i

REMARK 2 (some numerical examples). Below, we give the values for
the right hand side of (11) for the case when the generalized Holm procedure
is applied with the a;’s as in (6), where o = 0.05, F is the d.f. of the uniform
distribution U[0; 1], and F} is the d.f. of the beta distribution Be(0.01,1).

For s =100, v = 0.05 we have

|| 10 20 30 40 50 60 70 80 90
rhs. 0.004 0.006 0.005 0.007 0.008 0.014 0.018 0.048 0.072

For s =100, v = 0.1 we have

1] 10 20 30 40 50 60 70 80 90
r.hss.  6e-15  0.010 0.012 0.014 0.018 0.023 0.030 0.040 0.060

For s = 1000, v = 0.05 we have

| 100 200 300 400 500 600 700 800 900
r.h.s.  5e-17  2e-17 e-16  2e-15 Te-15 5e-12  8e-10 2e-7 9e-15

For s = 1000, v = 0.1 we have

|| 100 200 300 400 500 600 700 800 900
r.h.s.  3e-15  2e-15 7Te-15 8e-14 2e-12 9e-11 T7e-9 1le-6 3e-4

We have obtained similar results for the case when F, ~ U[0;1], F, ~
Be(0.05, 1).

It is worth mentioning that a good estimation of the FDP measure can
lead to a better control of this measure.

The script which computes the right hand side of (11) is available at
http: //mors.sggw.waw.pl/~kfurmanczyk /Theorem2.pdf.

Our next result is the following.
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Fig. 1. Comparison of the r.h.s. in (11) with the simulated values of FDP; the cases when

v =0.05 and v = 0.01.
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THEOREM 3. Suppose that qi,...,q are identically distributed 1.v.’s
with marginal d.f. Fy and (8) holds. Then any stepdown procedure with con-
stants a1 < -+ < ag < «a controls the FDP measure in (1) in the following
sense:

For any 0 < v <1,

1]
1] ]

13 P{FDP > ~ §E —ait ——— a, ,

(13) { } j:lj J () [I|+C(v)

where C(y) == min([y/(1 = 7)] + L, 1]).

REMARK 3 (some numerical examples). Below, we present the values of
the right hand side of (13) for the case when the generalized Holm proce-
dure is applied with the «;’s as in (6), where F is the d.f. of the uniform
distribution U[0;1].

For s = 100, a« = &//20 with o/ = 0.05, v = 0.05 we have

|| 10 20 30 40 50 60 70 80 90
rhs. 0.01 001 001 0.02 0.02 0.02 0.02 0.03 0.04

For s = 100, o = &'/25 with o/ = 0.05, v = 0.1 we have

|| 10 20 30 40 50 60 70 80 90
rhs. 001 001 0.02 0.02 0.02 002 0.03 0.03 0.04

For s = 1000, o = &//100 with o/ = 0.05, v = 0.05 we have

| 100 200 300 400 500 600 700 800 900
rhs. 0.02 002 0.02 0.02 0.02 002 0.03 0.04 0.05

For s = 1000, o = o/ /180 with o/ = 0.05, v = 0.1 we have

|| 100 200 300 400 500 600 700 800 900
rhs. 0.01 0.02 0.02 0.02 0.02 0.03 0.03 004 0.05

The script which computes the right hand side of (13) is available at http://
mors.sggw.waw.pl/~kfurmanczyk/Theorem3.pdf.

The result below follows immediately from Theorem 3.
COROLLARY 1. Let

e = et min( |2 )

Then, for the generalized Holm procedure with the «;’s given by (14), the
conclusion in (13) holds.

(14) o :=

We now introduce a new stepdown procedure which controls the FDP.
Using this procedure requires the MTPs (multivariate totally positive of
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order two) dependence assumption for the p-values for true null hypotheses.
An n-dimensional random vector is said to have an MTPy distribution if
the corresponding probability density function f(x) satisfies

flavy)fleAy) = f(@)f(y) forall z,y € R",
where z = (z1,...,2n), Yy = (Y1, - -, Yn),
zVy = (max(x1,y1),...,max(Tn,yn)),
x Ay = (min(z1,y1),...,min(x,, yn)).
We prove the following result.

PROPOSITION 1. Suppose that (q1,---,q7) is an MTPy random vector

and let a; < -+- < as < a denote a numerical sequence such that (ai/i)f\il,

where M := min([ys]+1, |I|), is nondecreasing. Then the stepdown procedure
with critical values o controls the FDP in (1) at level c.

Proof. Observe that, for any given v € (0; 1),
(15)  P{FDP > ~}

= P{FDP > ~, R > 0} :P{O{N/R> Vs Rzi}}

:P{Q{N >’yz‘,R:z’}} :P{Q{N > [yi] —|—1,R:i}}.

For fixed i, let j(i) denote the smallest index such that q(yi+1) = P(j())-
Since the event {IN > [yi] + 1} is a subset of {q((yi4+1) < @)}, we have

(16) P{U{N > [yil+1, R= i}} < P{U{Q(hiHl) < o), R= i}}-
i=1 i=1

It follows from the definition of j(7) that j(i) < [yi]+ 1+ s — |I] (see (13)

in Lehmann and Romano (2005)). Thus, we obtain

(17) Qi) < Qi+ 1+s—|1]-

For fixed 4, let w := [yi] + 1. It follows from (15)—(17) that

(18) P{FDP> v} < P{U{Q(MH) < a['yi]+1+s—|l|}}
i=1

M
< P{ U {aw) < O‘w+s*|1|}}7
w=1

where M := min([ys] + 1,|I]). Since, in addition, (qi,...,qn) is an MTP,
random vector and the sequence (o;/i)M,is nondecreasing, by Theorem
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3.1(i) in Sarkar (1998) we have

M
1
P{aay = Qiqs—i1s - Q) = QOprgs—in) ) = 1 — i E Qupps—|1|-
.

Hence,
M
(19) P{ U {aw) < Oéw+s—u|}}
w=1
| M
=1- P{Q(l) > Qlps—|I|5- -+ 9(M) > aM+s—|]\} < Mzaw+g_‘[| < a.
w=1

Due to (18), (19), we obtain
P{FDP >~} < a,
as asserted. m
EXAMPLE. Suppose that we are testing the null hypothesis H;: p; = 0
against the alternative H/: p; > 0, where p; is the mean of the normal
distribution. Let p; = 1 — @(T ), where @ stands for the standard normal d.f.
and the T;’s denote the standard normal, positively correlated test statistics.

Then (p1,...,ps) is an MTPs random vector (for details see Sarkar (1998)),
and Proposition 1 may be applied.

We now prove the following statement.

PROPOSITION 2. Suppose that (8) is satisfied. Then, for any stepdown
procedure with constants aq < --- < ag < «, we have

(20)  P{FDP >~} < I|6 + || Z bi = 5] L forany0 <y <1,
=2
where
@) 8= min(o o7, Q-1)/y+1) o [(G— 1D/ +1<s,
7 Lajps otherwise,

(22) M := min([ys] + 1,|1]).
Proof. Recall that, by (15), (16),

P{FDP >~} < P{ U{q (il41) < V(i) B = z}}

where j(i) denotes the smallest index such that q([yi+1) = p(j(i)). Therefore
(see also (17)), we can write
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(23)  P{FDP >~} < P{ UAapi+) < min(opgsizs—pn,s ai)}}
=1

M
= P{ Uty < min(aﬂsflﬂ?a[(j—l)/ym)}}
j=1

M
= P{Ufaw <83},
j=1

where (3;, M are defined by (21), (22), respectively. Observe that the se-
quence {f;} is nondecreasing. This fact together with relation (23) and
Lemma 3.1 in Lehmann and Romano (2005) yield (20). =

COROLLARY 2. Suppose that M and the 3;’s are as in Proposition 2 and
(8) holds. Put

M
$1(5,111,7) = 1116+ 1] 5‘f

Jj=2

Dl(S,’}/) = 13%}2851(57 |I|7’7)7 ﬁ; = Oéﬁj/Dl(S,'Y)-

Then, for any stepdown procedure with critical values of the form o) =
acw;/Di(s,7), we have for any 0 <y < 1,

(24) P{FDP >~} < c.

Proof. By Proposition 2, with the critical values o, we obtain

M g g
PFDP> o} < |13 + 1130 ==
j=2

M
_ o« <|I|ﬁ1+’-’|zﬁj —jﬁj—1> _ aSi(s, 1],7) <al

Dl(sa’Y) =2 Dl(sa’Y)

as desired. =

REMARK 4 (some numerical examples). The tables below give the values
of S1(s, |I|,7) for the case when the generalized Holm procedure is applied
with the o;’s as in (6) and o = 0.05.

For s = 100, v = 0.05 we have

1] 10 20 30 40 50 60 70 80 90
Si(-) 069 123 139 1.55 145 157 133 142 0.97

For s =100, v = 0.1 we have

1] 10 20 30 40 50 60 70 80 90
Si(-) 082 1.63 1.81 1.94 201 202 197 1.84 1.59
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For s = 1000, v = 0.05 we have

|1 100 200 300 400 500 600 700 800 900

Si(-) 157 198 231 258 278 290 293 281 243
For s = 1000, v = 0.1 we have

|1 100 200 300 400 500 600 700 800 900

Si(-) 154 218 260 296 324 345 3.55 3.52 3.19

The results above indicate that D;(100,0.05) = 1.57, D;(100,0.1) = 2.02,
D1(1000,0.05) = 2.93, D1(1000,0.1) = 3.55. The relevant script is available
at http: //mors.sggw.waw.pl/~kfurmanczyk /Remark4.pdf.
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Fig. 2. The values of S; for the generalized Holm procedure; the cases when s = 100 and
v =0.05, s =100 and v = 0.1, s = 1000 and v = 0.05, s = 1000 and v = 0.1.

REMARK 5. By Theorem 3.3 of Lehmann and Romano (2005), we obtain
control of the FDP at level a by using the generalized Holm procedure
with the critical values o ~ «;/log([ys] + 1), where the a;’s are as in (6).
Observe that: 1) for s = 100 and v = 0.05, we get log([ys] + 1) = 1.79, 2)
for s = 100 and v = 0.1, we obtain log([ys] + 1) ~ 2.40, 3) for s = 1000 and
v = 0.05, we get log([ys]+1) =~ 3.93, 4) for s = 1000 and v = 0.1, we obtain
log([ys] + 1) ~ 4.62. These calculations show that the norming constants



Control of the false discovery proportion 409

D1 (s,v) we have used in Corollary 2 are smaller than the norming constants
Clysl+1 ~ log([ys] + 1), applied in Lehmann and Romano (2005).

4. Appendix. In this section, we give the proofs of our main results,
as well as some auxiliary results.

Proof of Theorem 1(a). Assume that |I| > 0, as otherwise there is noth-
ing to prove.
Notice that

P{FDP >~} = iP{N/R >+, R =i}

=1
— ;P{N

s

T>7,N+T:i}:ZP{N>7i,N+T:i}.

i=1
Hence,
[L=1iAs
ol
P{FDP>~}= Y  P{N>[yi]+1, N+T =4}
i=1

I|l—1
= As 1ja

> ) P{NzRhi+1,N+T=i N=1I}
i=1  I=[yi]+1

and we can write

P{FDP > ~}

[""I]As 1A M=4As (7ad
Z > P{N+T =i, N=1I}= Z Y P{T=i-l,N=1}
=1 [=[yi]+1 I=[vi]+1

=188 1A =188 1 1jas
Y PT=i-I,N=3}+ > Y P{T=i-l,N=I}
=1 I=[yi]+1 =1 I=[yi]+1
i—l<s—|I| i—l=s—|I|

Let us consider the following cases:
1°0<i—l<s—|Iland 0 <l < |1,

204 —1=0,
F0<i—Il<s—|I|and ! = |I],
°4i—-1=s—|I|

Notice that i — [ < s — |I| implies | > i — (s — |I|) + 1. Thus,
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(= As (T|=D)AG—1)
(25) P{FDP>~}< > > P{T=i—1,N=1}
=1 I=(fyil+ D)V (i~ (s |1))+1)
1|

+> P{T=0,N =i}
=1

(E= s
=

+ Y, P{T=i-|I,N=|I]}
i=|1]+1

I|—1
[%1/\8 |T|Ad

+ Y > PT=i-1l,N=1I}

=1 I=[yi]+1
i—l=s—|I|

Observe that, provided (see case 1°) 0 <i—1<s—|I|and 0 <l < |I|,
we obtain

(26) P(N=1T=i—1)
< P{quy < ai, quar) > @isTimty < Qi T(imig1) > Qi)
= Plaq) < i, quy1) > qib P{rony < g, 141y > iy

where the last relation follows from the assumption that {g,} is independent
of {r,}. Notice that

(27)  P{qu) < i, qq41) > @i} = Plqgy < ai} — P{qq) < o, qua1y < ai}
= P{qq) < ai} — Plqu41) < ai}

By Proposition A below and assumption (8), we have

I I
(28) Plqpy < ai} < min(’l| Fy(o), 1> < min(|l| a;, 1>.
Furthermore, due to Proposition B below, we obtain
1
(29) Plagyny < ai} > maX( - ]I’]—’l (1- Fq(%‘)),O)-

Thus, by (27)—(29),
(30)  P{qu) < i, que1) > i}
< min<|lI| a, 1) — max( — ]I||I—|l (1 - Fy(ay)), 0).
In addition, by identical reasoning to that in (27), we get
(31)  P{r—y < i, T(i—ig1) > @i} = Plr_y < aif — P{rg_iq) < il
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It follows from Proposition A that

— I
(32) P{ri—i < o} < min<5. |l| Fr(ai), 1)-
i —
Moreover, due to Proposition B,
s — I
(33) P{ri—ipny < ai} > max<1 i g (1-— Fr(ai)),0>.

The relations (31)—(33) imply
(34)  P{ri—y < ai, ri—i41) > i}

. (s— I s — |1
< Fr(og),1] — l——rr—— (1 - F()),0).
_mm(i—l (cvi) > max< s—]I|—2—|—l( (2)),0

By (26), (30) and (34), we obtain

(35) P{T=i—1I,N=1}

foin( M) a1 L0 o)
{x {HEDI(SZ';; FT(%),(QF Izla>;<1l 3}81% (1- Fr(ai)),O)}
= dmin( 7 ai, 1) —max %,o

o) 5 0.

if0<i—l<s—|Iland 0 <l < |I|.
We now consider case 2°. Then i =1 and 0 <i < |I| < s (as | <|I| and
|I| # s). Under these conditions, we get

(36) P{T=i—1,N=1}=P{N=iT=0}

< Plqg) < aiyry > @i}

= P{qu) < it P{rq) > aip1}

< Plqu) < ai}P{r1 > i1}

= P{qu) < ai}(1 — P{r1 < ai1}).
The derivation in (36), Proposition A and assumption (8) imply

(37) P{T'=0,N =i} < (1— Fr(ait1)) min<|I, a;, 1>.

|
i

Next, we assume that 0 < i — 1 < s — |I]| and | = |I| (see 3°). Then
1| <i<s, 0<i—|I] <s—|I|, and
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(38) P{T=i—I,N=I1}=P{N=|I,T=1i—|I|}

< P{qq) < @i, T(ij1j41) > Qig1}

= P{aqn) < i} P{ri—jr41) > @it}

= P{q(lll) <aij(l - P{T(i7|1\+1) < ajy1}).
The derivation in (38), Propositions A, B and assumption (8) yield
(39)  P{T =i—|[I|,N =|I|}

s — |1
< ozi<1 - max(l -—(1- Fr(ai+1)),0>>

S —1

= a min(s_m (1 - F(ait1)), 1>.

s—1i
We now suppose that condition 4° is satisfied, i.e. i — I = s — |I|. Then

I|—1
[%]/\s [1|Ad

(40) Y ) P{T=i-I,N=1}

i=1 I=[yi]+1

i—l=s—|I| s
< Y P{T=s—|I, N=i—(s—|I|)}
i=(s—|1])+1
1|
<Y P{N =1} = P{N > 1} < P{qq) < o},
=1
where j is the smallest index satisfying p;) = gq(1). Since (see (13) in

Lehmann and Romano (2005))
1<j<s—[I[+]1,
we obtain P{q(1) < aj} < P{qu) < as_|1j41}, and consequently, by (40),

I|—1
[%1/\8 |I|Ai

(41) > > P{T=i-1,N=1} < P{qu) < as_jz11}-
=1 I=[yi+1
i—l=s—|I|

It follows from Proposition A and assumption (8) that

(42) Plaqy < as_j41} < U Fylas_jn41) < H|as—jrj41-
Thus, due to (41), (42),
[”‘Jl]/\s |T|Ai
(43) Y P{T=i-1,N=1} < [|ay 1.
=1 I=[yi]+1
i—l=s—|I|

The relations (25), (35), (37), (39) and (43) yield (9). =
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Proof of Theorem 1(b). Observe that, provided |I| = s, we have

(44)  P{FDP >~} = P{FDP>~, T =0}
=P{1>~,T=0,R>0}=P{T'=0, R>0}

=> P{T=0,R=j}.

j=1
Furthermore, notice that, for j € {1,...,s},
(45) P{T =0, R =j} = P{N =j, R = j} < P{q) < a;}.
By Proposition A and assumption (8), we conclude that

s s

(46) Plgg) < ;< qu(%’) = I
Now (44)—(46) imply (10). m

Proof of Theorem 2(a). Assume that |I| > 0, as otherwise there is noth-
ing to prove.

We shall estimate the probabilities P{T =i — [, N = [} for cases 1°—4°,
listed in the proof of Theorem 1. For this purpose, we make an extensive
use of the following well-known relation for the d.f. of the kth smallest order

statistic for an i.i.d. sequence X1,..., X,:
(47) Fx,, (@) =Y (N)(F(@)/(1 - F(x))",
j=k

where F' stands for the marginal d.f. of X7.
Suppose that case 1° is satisfied, i.e. 0 <i—1 <s—|I| and 0 <1 < |I|.

It follows from (26), (27) and (31) that
48) P{T=i—I,N=1}
< (Plag) < ou} = P{qus1) < oa})(P{rg—y < i} — P{ri_i1) < aa}).

By using the fact that the sequence {¢,} is i.i.d., as well as (47) and (8), we
obtain

(49)  P{aq) < ai} — P{quq) < i}

= (D) (Fylaa)'(1 = Fy(ea)) 17" < () (0)'(1 = Fy(an)) 1.
Similarly, as {r,} is i.i.d., (47) yields
(50)  P{rg—iy < ai}f — P{ri—i41) < i}

= () (Frlea)) (1 = Fy o)) 7
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By (48)—(50), we obtain
(61) P{T'=i—-I,N=1}

< (1)) (1 = Fylaa) " () (F(0i)) ! (1 = Fyo)) 7
if0<i—Il<s—|Iland 0 <l < |1
Now consider case 2°,i.e.i—1=0. Theni=1,0<¢ < |I| <s, and (see
(36))
(52) P{T=i~l, N=1}=P{T'=0, N =i} < P{qu < a;}P{ra) > air1}.
By (47) and (8), we have
1|
(53) Plgpy < i} < () (i) (1 = Fylaa)) .
j=i
Additionally, as {r,} is i.i.d., we obtain
(54)  P{rq) > aipa} = P{r1 > aip1, ., 1o > g}
= (P{r1 > aiz1})* M = (1 = F(ain))* 1.
Thus, due to (52)—(54),
||
(53) P{T =0, N =i} < (1 Fr(ass1)* S (1) (@i (1 = Fyla))1.
j=i

Assume now that condition 3° holds, i.e. 0 <i—1<s—|I| and [ = |I|.
Then |I| <i<s,0<i—|I|<s—|I|, and (see (38))

(56) P{T=i—I,N=1}=P{T=i—|I, N=|I|}
< Plqqn) < ai}(1 = P{rgi—jn41) < aia}).
Notice that, since {g,} is i.i.d. and (8) holds, we get
(57)  Plaq < i} =Pla <o ... qp < it = (P{g < a1 < ()11,
Furthermore, it follows from (47) that
(58) 1= P{rg 1) < aip1}
i— 1]

= 3 I Erir)) (1 - Frag)) 1.
j=0

By (56)—(58), we obtain
(59)  P{T =i—|I|, N =|I[}
i—|1]
< ()Y N (Feig) Y (1 = Frliga))* 177,
=0
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Finally, suppose that condition 4° is satisfied, i.e. i —1 = s — |I|. We have

HE=4As (7jnd
(60) Z Y P{T=i-I,N=1}
I=[vi]+1
i—l=s—|I|
s—1
< Z P{T:S_|I|7N:Z_(S_’I|)}+P{T:3_|I‘7N:’I|}
i=(s—I1)+1
[ IAG-1)
< Z Pirgs—in) < 0i}(PRai—(s—11)) < @i} = PAga—(s-11p+1) < ei})
i=(s—|I|)+1

+ P{r(s—y < astP{aqn < as}-
Observe that, due to (47) and (8), we get

(61)  P{qu—(s—i1)) < @i} — P{qi—(s—j1))+1) < Oé‘}

= (, L{&|—|I|) Fy(aq)) W1 = Fy(0n))*™

7 i
< (2 L+||I|) 041 z s+|I] 1—F (ai))s i

Furthermore, we also have

(62)  Plrem < aib = (Fraa)* M, Plggy < as} < (a)').
Thus, the relations (60)—(62) yield

Il—1
= As 1 1ind

(63) Z Y P{T=i-I,N=1}

I=[vi]+1
i—l=s—|I|

[ 1AG-1)

< D (BTG ) () T = Fy(en)

t=s—|I]+1
+ (FT(QS))Sill‘(QS)m-
The relations (25), (51), (55), (59) and (63) imply (11). =

Proof of Theorem 2(b). By proceeding analogously to the proof of The-
orem 1(b) (see (44)—(46)), we obtain

(64) P{FDP >~} <> P{qy < oy}
j=1
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It follows from (47) that

s

(65) Plaay < ai} <> () () (1= Fyaw))* .

j=i

The relations (64), (65) imply (12). m

Proof of Theorem 3. Obviously, we have

s=1]
(66) P{FDP>~}=P{FDP>~,T=0}+ Y P{FDP>~, T =t}
t=1
=: B; + Bs.
It is clear that
(67) Bi=P{1>v,T=0,R>0}=P{T=0,R>0}
=> P{T=0,R=j}
j=1
1| s
=Y P{T=0,R=j}+ Y P{T=0R=j}
j=1 j=I11+1
U
=Y P{T'=0, R=j},
j=1

where the last equality follows from the fact that
P{T=0,R=j}=P{N=j,R=35}=0 ifj>]|I|.
Notice that, for j € {1,...,|I|},

(68) P{T'=0, R=j} =P{N =j, R=j} < P{qy < a;}.
By Proposition A and assumption (8), we get

69 Plgy <a;} < ﬂF ) < m ;

(69) {Q(j) <aj} < j g(aj) < j Qj.

Due to (67)—(69), we obtain

We now estimate the component By in (66). We have
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s—|I|
By =Y _ P{FDP>|T =t}P{T =t}
t=1
s—|1I] N
NP >y |T=tyP{T =t
> {5ig>a|r=tjrr=n
s—|I|
_ T \r= —
_;P{N>t1_7’T t}P{T t}
s—|I|
v _ _
< 3 P{N>M)T_t}P{T_t}.
Thus,
s—|I|
(71) By <Y P{N>C(y)|T=t}P{T =t} < P{N > C(y)},
t=1

where C(7) := min([y/(1 — )] + 1, |I]). Let m be the smallest index satis-
fying pm) = q(c(y))- It is easy to check that C'(y) < m < s — |I| + C(v)
(see (13) in Lehmann and Romano (2005)). This, (71), Proposition A and
assumption (8) yield

(72) By < P{N > C(7)} < P{qc(y)) < om}

<ﬂF(a)< ma < ma I1+C()-
SO T SO T T C(y) e
The relations (66), (70) and (72) imply (13). =

The following two claims are needed for the proofs of our main results.

PROPOSITION A (Proposition 1 in Caraux and Gascuel (1992)). Let
X1,..., Xy be a set of n identically distributed r.v.’s (with c.d.f. F) and
Fx, denote the d.f. of the kth smallest order statistic. Then

. (n
Fy,,(x) < m1n<k F(z), 1).
The next auxiliary result we have used extensively.

PROPOSITION B (Proposition 2 in Caraux and Gascuel (1992)). Let
X1,..., Xy be a set of n identically distributed r.v.’s (with c.d.f. F) and
Fx denote the d.f. of the kth smallest order statistic. Then

n

—q0 —F(x)),O).

Acknowledgements. We wish to thank an anonymous referee for valu-
able comments, remarks and suggestions.

Fx,,(z) > max(l —
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