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ON THE PRODUCT OF
TRIANGULAR RANDOM VARIABLES

Abstract. We derive the probability density function (pdf) for the prod-
uct of three independent triangular random variables. It involves consid-
eration of various cases and subcases. We obtain the pdf for one subcase
and present the remaining cases in tabular form. We also indicate how to
calculate the pdf for the product of n triangular random variables.

1. Introduction. The triangular distribution is often used when no or
little data is available. It is very popular for modelling a subjective esti-
mate of some uncertain quantity in business risk models. One of its earliest
applications is to model the average number of defects in a chip (Murphy
[11]). It is also used in oil and gas exploration where data is expensive to
collect and it is almost impossible to model the population being sampled
accurately. The triangular distribution, along with the beta distribution,
is also widely used in project management. The symmetric triangular dis-
tribution is commonly used in audio dithering, where it is called TPDF
(Triangular Probability Density Function). Johnson [7] explores the advan-
tages of using the triangular distribution as a proxy for the beta distribution.
Amaral-Turkman and Gongalves [1] add some new applications of triangu-
lar and trapezoidal distributions in the genome analysis, particularly, in the
construction of physical mapping of linear and circular chromosomes. Re-
cent popularity of the triangular distribution can be attributed to its use in
discrete system simulation [2], Monte Carlo simulation technique [18] and
in standard uncertainty analysis software, such as @QRisk (developed by the
Palisade Corporation) or Crystal Ball (developed by Decision Engineering).
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An extension of the triangular distribution utilized in risk analysis is also
discussed by J. Rene Van Dorp and Samuel Kotz [17], with applications
in computers and industrial engineering, geotechnical engineering, financial
engineering, screening, detection and progression of cancer. Advantages of
triangular distribution over beta distribution have been discussed in detail
by Kotz and Van Dorp [8].

Products of two or more triangular random variables arise in many situ-
ations. Consider the example where triangular distributions model the num-
ber of defects in a chip (Murphy [11]). Suppose that an electronic system is
made up of n chips and that the numbers of defects in these chips are trian-
gular random variables assumed to be independent. Then the total number
of possible failures of the system will be the product of n random variables.
Another example is in risk assessment. Many risks can be described by
sequences of independent events, say Aj,..., A,. Suppose that the proba-
bility of A;, 7 =1,...,n, is a random variable, with a triangular distribution
defined over the unit interval [0, 1] (see equation (1) below). Then the prob-
ability of the risk occurring will be the product of the n random variables.

The general techniques for determining the distributions of products
of random variables are discussed by Donahue [3], Springer and Thomp-
son [16] and Springer [15]. When both random variables follow the gamma,
Bessel, Lawrance and Lewis’s bivariate exponential, Pearson type VII and
the Pareto distribution, the results for the distribution of products have been
obtained by Lomnicki [10], Kotz and Srinivasan [9], Nadarajah and Ali [13],
Nadarajah and Kotz [14] and Nadarajah [12] respectively. Glen et al. [5] pro-
vide a computational algorithm for determining the distribution of the prod-
uct of two random variables. Glickman and Feng Xu [6] derive the probabil-
ity density function (pdf) of the product of two triangular random variables.

The aim of this note is to extend the work of Glickman and Xu [6]. The
paper is organized as follows: the pdf for the product of three triangular
random variables derived by the use of Mellin transform and its inverse is
presented in Section 2. It is assumed that the variables are non-identical
and independent. A brief application of this result is discussed in Section 3.
Finally, Section 4 outlines the extension to n triangular random variables.

2. PDF of product of three triangular random variables. A ran-
dom variable X is said to have triangular distribution if it is nonnegative and
has continuous probability distribution with lower limit a; >0, mode m >0
and upper limit b; > 0. Its pdf on the support a1y < x < by is defined as

2(x — ay)
;a1 ST < my,
(1) Wy ={ _2?,11)@;)_ “

m1§$§b1.

(b1 —a1)(br —ma)’
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We take two more independent and triangularly distributed random vari-
ables Y and Z on the supports a2 < y < by and a3 < z < b3, having modes
ms and mg respectively. The pdf of the product of three random variables
w = xyz can be obtained by using Mellin inversion and is expressed as [16]

(2) h(w) = M7 M () MR (y) Msh™ (2)]

where h'(z), h”(y) and h"(2) denote the pdfs of X, Y, Z respectively. The
Mellin transform and its inverse under suitable conditions are defined by

M(f(2)) = ¢(s) = | 2°7" f(x) do
0
and
1 ctw oo
MY p(s)) = f(z) = I S r%p(s)ds where w=+/—1

respectively. The Mellin transform of h/(x) can be easily obtained as

s+1 s s+1
2 m am a
/ o (b17a1)(mlfa1)( S-li-l - s : + S(Sl+l))7 a1 S €T S my,
(3) M(h'(z)) = 1 1
2 (bl _bmy oy ) my <z <b
(b1—a1)(bi—m1) \ s(s+1) s s+1 /0 1 =4 =V
Similarly
9 ms+l asms a5+1
(4) My(h"(y)) = Gomanl(m=an) (4T~ s T sGem)y @2 Sy<ma,
S - s s S
: (b‘2+1 *b2m2+m2+1) me <y <b
(b2—az2)(ba—mz2) \ s(s+1) s s+1 /) 23y =0,
and
s+1 s s+1
2 ms' " agmg as
(5> M (h”/(Z)) _ (b3—a3)(m3—a3)( s+1 s + s(s-i—l))’ as S z S ms,
s 2 b§+1 _ bam§ m§+1 <2 <b
(bs—as)(bg—m3) (s(s+1) s + s+1 )’ m3 =z = 03

Now derivation of the pdf h (w) requires consideration of the following eight
different cases where the values of x, y, z are located in different segments:

L ag <z <my, ag <y <ma, ag <z < mg3,
II. a1 <x <mq, as <y <mg, mg <z < bs,
I ap <x<mq1, mo <y <by, azg <z < mg3,
IV. a1 <x <mq, ma <y < by, mg <2< bs,
V. mp <xz<by, as <y <mg, ag < z < mg,
VI. m <x<by, as <y <mg, mg <z <bs,
VII. m; <2 <by, mg <y <bg, ag < z < mg,
VIII. mlgxgbl, mQSySbQ, m3§z§b3.
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2.1. Case I. Let hq(w) be the value of h(w) in Case I. Then using (3)—(5)
in equation (2), we get

s+1 s s+1
— M*l K my o aimy ap
(6) i (w) s [ 1{<s+1 s +s(s+1)

" mgﬂ _agmj n CL§+1
s+1 s s(s+1)
1 1
" mg+ _agmj n a?f 7
s+1 s s(s+1)

8
(b1 — a1)(ba — az)(bs — az)(my — a1)(ma — az)(ms — a3).
Clearly, the right hand side of (6) contains 27 terms. The Mellin inversions of

these terms are obtained by partial fractions and using the following known
result [4, p. 343, (16)]:

where

K, =

M (s +a)) = Fo (-~

with the property [4, p. 307, (2)]
M a % p(s)) = flax),

xa (—ln x>vl, Re(v) >0, Re(s) > —Re(a),

and are given as follows:

s+1 2
_1 (m1mams) + w w
My ———5—=5|Ih——+ ], w<mimams,
(s+1) 2 mimams
_1 [ —=maimeas(mimams)® w w w
M, 5 = —mimeasz|1— In R
s(s+1) mimems  MiMams  Mi1Mams

w < mimaoms,

s+1
M;{M}:mlmm[l_ woo o w g W

s(s+1)3 mimeaz = M1M2a3  M1M203
2
1 w w
- = In , w < mimsaas,
2 mimeas mimsoas
s
—1 ) —mMiazxmz(Mmimams w w w
M, ( 5 ) = —myiaamsz|1l — + In R
s(s+1) mimems  Mmimams  Mmimams
w < mimams,
s
—1 ) mi1azaz(mimsaims w w
M, 2( ) = miazas|—1+ —1In ,
s2(s+1) m1Mmams mimems
w < mimams,
s
_1 | —miazasz(mimeas 2w w
M, 5 ( 5 ) = —miazasz|—2+ —In
s?(s+1) mimaas mimaas

w w
- In , w < mimseas,
mimeaas mimsaas
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s+1
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° { s2(s+1)3 s + aimszas " ai1msaas

2
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S
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st 3w w
M—l (a1a2m3) _ _3 -1
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2
2w w 1 w w
— In = n ,
ajazms aiazxms 2 aia2ms aijaz2ms

w < airazms,

_1 [ —ara2a3(a1a2ms)’ 3w w
M? = — 3— ——— +2ln———
{ s3(s+1)2 } a1a2as [ ajasms +2n aiaams

w w 1 w 2
+ In +=(In —— ,
aiazms ajazms 2 aiasms

w < airasms,

s+1 2
M;l{m}:alagag[@‘— bw 43y, W +%<ln w )

s3(s+1)3 a1a2a3 10203 a10203

2
3w w 1 w w
+ In - = In ,
ajazas ajazas 2 ajazas aijazas3

w < a1a2a3.

Now with the help of these results, the value of hi(w) as given by (6) can
be written for different values of w. For example, adding all results for
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w < mymamg, we get the pdf hy(w) when w < mymams:

7 hiw) = — K [(1 _ w)

mimsaoms

X (aymams + miagmg + mimeas + miazas + aymaaz + ajazms)

+ {(m1a2a3 + armaas + araams)

w w
+ (a1memsg + miagms + mymaas) In
mimsaoims mimsaoims

1 w 2
— T — m—
5 (w — ajazas) < n m1m2m3> ]

for w < mimams.
Proceeding along similar lines we can obtain hj(w) for different values
of w as follows:

(8)  hi(w)=K; [al(mgmg + 2moas + 2aams + azas) (1 — w)
aimsoms

w
+ {al (m2a3 + asmsg + a2a3) + (m2m3 + moas + agmg) }
maims

w 1 w 2
XIn— — —(w — ajagaz) | In ——
aimomsg 2 aimams

for w < aymaoms;

w
(9) h1 (w) =K [ag(mlmg + 2mqyas + 2a1ms + alag) (1 — )
miag1ms
w

+ {ag(mlag +aims + a1a3) + (m1m3 + mias + a1m3) }
mims

w 1 w 2
XxIn— — —(w—ajazag) | In ——
miasmsg 2 miagms
for w < myagms;

w
(10) hl(w) =K; |:a3(m1m2 + 2myag + 2a1mo + alag) (1 — )
mimesaas

w
+ {ag(mlag +aimsg + alag) + (m1m2 + miag + a1m2) }
mimsa
w 1 w 2
XIn— — —(w — ajazas) (ln ) ]
mi1msoas 2 mimeaas

for w < mimsas;
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(11)  hi(w)= — Ky [3a1a2(m3 + as) <1 B a1auzjm3>

+ {alag(mg + 2a3) + (2ms + a;;)nlj} n—Y

3 a1a2ms3
1( (1 w 2
— —(Ww — ajasa n
2 19203 a1agms

for w < ajagms;

(12)  hi(w) = —K1[3a2a3(a1+m1)<1_ w >

miazas

+ {a2a3(2a1+m1)+(a1+2m1)w}ln w
my miazas
1 w 2
— —(w — 1
5 (w — ajazaz) < n mlaga;:,) ]
for w < myasas;
w
13 h = —Ki|3 1-—
13) M) = — K1 anas(ms + oa) (1- 1)
+ {alag(mg + 2a2) + (2me + ag)w} In—"
mao a1moas

1( (1 w 2
— —(w — n
9 w a1a2a3 PP

for w < aymaag;

(14)  hi(w) = K [Galagag <1 -

w w

> + 3(a1az2a3 + w) In
ai1a2a3

a1a2a3

1( (1 w 2
D) w aj1asas3 n 210203

for w < ajasas.

REMARK.

1. The equations (8) to (14) can also be obtained from (7) on replacing
my by ai; mg by az; mg by as; mi,me by a1, az; ma,mg by as,as;
m1, mg by a1, a3; and mi, mo, ms by ai, as, as, respectively, and each

no. of replacements

equation is multiplied by the number (—1)

2. The total number of equations in the case of three variables is 2 and
it is easily observed that the number of such equations in the case of

n variables will be 2™.

We observe that in Case I, the discussion of the pdf of the product of two
triangular random variables X and Y depends upon the relative magnitudes
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of aymo and myas. Hence, the pdf of the product XY Z is first discussed
in accordance with the conditions (a;mg < mjag,a1my = miag,ayms >
miag). If ayme < myay we have the following situation for w:

aijaza3 < w < ajasms
aimeaz < w < aymams (A)

miagaz < w < Mi1asms
mimoasz < w < Mmimoms

This situation will further depend upon the relative magnitudes of aoms,
maag, aimems, miasas for which we have the following nine possibilities
termed as subcases:

ajaomg < aymseaz, aijmoms < miasaz, Miazms < Mimsaas,
ajaomsg < a1mseasz, a1mms = miasaz, Miazms < mMimsaas,
airazsms < a1msaaz, aimams > miazas, miazmsg < mimaas,

)

)

)
lV) ajasms = a1msaasz, aijmams < miasa3, Mi1az2MmMs3 = 1mMimsoas,
(v) aragms = aymaaz, aymomsz = miagaz, miazmg = mimsas,
(vi) ajagmg = aymaagz, aymoms > miazas, Miams = M1Maas,
(Vii) ajasms > a1mseasz, aijmams < miaga3z, Mi1agxMms3 > 1mMimsoas,
(Viil) ajasms > a1mseoa3, a1moIims = miasa3, Mi1az2Mms3 > 1mimsoas,
(ix) ajagms > aymaasz, ajmoms > miasas, Miazms > M1M2as.

Further, if a;me = myas then

aija2a3 < w < ajasms
aimaaz < w < ajmoms (B)
mimoasz < w < Mmimoms

and the corresponding subcases will be

(X) ajasmsg < ajmseasz, aijmoms < mMimaas,

(Xi) ajaems < a1mseasz, aimoIMms3 = 1mMmimsaas,
(Xii) ajaoms < a1mseasz, aimoIms > mipmsaas,
Xiii) ajasms = aimsaaz, aimomsa < mimsaas,
(xiv) ajagms = aymaoas, aymams = mimsas,
(XV) ajaems = a1mseasz, aimsoms > 1mMimsaas,
(xvi) ajaems > a1mseasz, aimsoms < 1mimsaas,

)

(XVii ajaems > a1mea3z, a1msoims3 = 1mjipmsaas,
(xviil) ajagms > aymaasz, ajmaoms > mimaas.

Next, if aymo > miao, then

ajasaz < w < ajasms
miaga3 < w < Mi1a2ms (C)

aimoasz < w < a1msomms
mimeaz < w < Mmimoms
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and the subcases are

(XiX) ajaams < miasa3z, Miazms < ajmsoaz, a1meoms < MmMimsaas,
) arazmsz < miagas, Mmiazmz = a1Mmaaz, aimomz < Mmimaas,
) ajasms < miasaz, Miagms > ajmoaz, a1meoms < MmMimsoas,
) a1aem3z = miagaz, miasmgz < aymeas, G1M2M3 = M1M2as3,
(XXiii) aijasmsg = miagaz, MmMiazxmsz = a1msasz, aimmams = mimsaas,
) aiazms = miaas, Miazmz > a1M2az, a1MM3 = M1M2a3,
) ajazms > miasaz, Mmiazxms < a1msaaz, a1MM3 > mMmimaas,
) aijasms > miasaz, Miagm3 = a1Mmoaz, a1M9M3 > 1M1Mas,
(XXVii) aijaems > miasa3z, MiagMms3 > a1Mmoaz, G11M2M3 > 1M1mM2as.

2.2. Ewaluation of pdf for a particular subcase. To find the value of hy (w)
for subcases (i) to (xxvii), we will require the following equations which are
combinations of equations (7) to (13) and give pdf for different intervals of w:

w

a1a2a3

(15) h1 (w) =K [—6a1a2a3 + 6w — (320 + 3a1a2a3) In

2
( —a1a2a3)<lnw> ],
a1a2a3

(16)  hi(w) = [ 3aiaoms — 3ajagas) — < 3+ ?m)

\V] \

ms3

— (w+ a1a2a3)< —— —2In (13) + <um3 + a1a2m3> In—2
a1a2a3 ms ms a1a21Mms
1 w 2 w 2
+ —(w—ajazaz)d [In—— ) — (ln———
2 mimaoms mimsaas
2 w 2 w 2
(o) i)+ (i)
miazas mia2ms aimaas
2
< a1m2m3> H ’

a
(17) ) K [3(a1mga3 + alagmg) — 3w < + 3)
mo ms
+ (w + a1a2a3) <1I1 w +1n a2a3 )
a1mams moms
wan w wasg w

+ ( + a1m2a3> In + < + a1a2m3> In—

ma2 aimeaoas ms a1asms

w 2 w 2
+lw _>{<1> _(m)
mi1moms mimaas

1
2
2 2 2
w w
m1a2a3 miasmms a1mMmomms
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(18) hl(w) = Kl [(a1a2m3 + ajmoasz — aimaoms — a1a2a3)

— w(_l + a2 + a3 _ 9203 ) + (u) + a1a2a3) <1Il da%s )

ma m3 mams3 mams3
wWao as was a9
— | —4+aymoaz | In — — [ —= + ajagmsg | In —
mo ms ms mo

1 w 2 w 2
+ —(w—ajaza3) ({n——— | — (In—
2 m1mams mimseas

w 2 w 2
()~ (i)
miasas miazms

(19) hl(w) =K [(3m1a2a3 + armeas + ar1asms — aymaoms + 2a1a2a3)

3a1 a2 as as0as3
—wl24+ —4+ =" - ==
miq mo ms moms

+ (w + ajagas3) (ln v +1n v )

waq
+ | — + miasas
mi

was + a1a2m3> In 22
m

1 w 2 w 2
+ f(w—alagag) In— —(In—
2 mimsaoms mimsoas

2
w
o) ]
miagmms

(20) hl(w) = K1 [(mlaga;), + aijmoasz — a1a2mMms3 — Mi1a21ms — a11Mm21Mms

a1 a2 a3 a2a3 a1ag
+a1a2a3)—w<1++—— - >
miq meo ms maoms mims
w
+ (w + ajagag) [ In —
mimsaas
waq wao as
— | — 4+ — +mjasasz + aymoas | In —
my ma ms3
as w
3

w
— < + a1a2m3> In——
m mimoms
1
2

w 2 w 2
R e I (e
mimams mimaas
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(21)  hi(w) =Ky [(—mmzmg — M1azm3 — M1M2a3 — A1a2M3 — M1aA203

a as as aias aas3 aiag
—a1m2a3)+w<+++ + * >
mip Mg M3 MM MoM3  Mims

way waz | was
_ + + + ajaams + aimaaz + miazas

' 2
xIn———— + —(w — ayasas) <lnw> ]’

mimams 2 mimoms

(22)  hi(w) =K [(3m1a2a3 + 3aymaaz + 3ajazms + 3aiazas)

way w
+ < + m1a2a3> In
1 miasas
was w
+ < =+ a1m2a3> In
9 ai1moas
as w
(2 )
3 ai1agmms
1 w_\? w Y’
+ 5 (w— a1a2a3){ <ln ) B (ln >
2 mymams armams
w 2 w ’
miasms mimsoas

(23)  h(w) = K {(3a1m2a3 — 3ay1asas) + w<3 _ 36‘?)

—(w+a1a2a3)<1n - +2lnm2>

< + aymaoas

1 w 2 w 2
(w—aragaz)y (In ———) — [In ——
mimams arpmams
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(24) h1 (w) = K1 [(mlawg + ajasas + aj1agmms — 1Mmimoasz — a11m9oing

as azas3 aiaz
—a1m263)+w< R R + )
ma mo ms3 moms mimsg

+ (w + araza3) <ln w>

mi1aoms
wao w
— | —4+aymoaz | In —
mo mimaoims
was mo waq mo
+ | — +aagms | In— + | — + miagasz | In —
m3 a2 m1 a2

1 w 2 w 2
+ =(w—ajagaz)y (In—— | — (ln—— ,
2 mimeoms miazms

(25) hl(w) =K |:(a1m2a3 + 2a1a9a3 + 3aiasms + miasas — mlmgag)

al a9 3a3 aj1an
—w<2—|——|—+—
mq m2 m3 mimsa

n
aimams m16L2m3)
waq

In m + < + mlagag) In m2
aq m

wao
+ | — —|— aimsoas
1 az

w 2 w 2
(w—araza3)d | In——— | — (In ——
m1mams aimams

Zn =)

3a 3a
(26) =K [(3a1m2a3 + 3mjagasz) — w( LS 2)
mi ma
+ (w + a1aza3) <ln S P )
m1maas mi1ms
waq w wa9 w
+ ( + m1a2a3> In + ( + a1m2a3> In
miq miaoas mo ajmsoas

1 w 2 w 2
+ —(w—ajaza3)y (n—— | — (In ——
2 mimoims aimsomms

2 2 2
w w w
miasms mimsaas a1a21Mms
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3 3
(27) h1 (U)) =K [(3m1a2a3 + 3a1a2m3) — w< a1 4 a3>

mq ms

+ (U) + alagag) <ln w +1n aias >
miazms3 mims

waq w
+ | — 4+ miagmz | In —
miazms
w

- + aiasms In
a1a2ms3

1 w 2 w 2
+ *( — a1a2a3) In— —(In———
2 mimeoms aimsaoms
w 2 w 2
m1a2m3 mimsaas a1moas

(28) = K |:(a1a2m3 — ajazas + miagsas — miazms)

a a aia ai1a
+w<1_1_3+13>+(U)+a1a2a3)<]n 13>

my m3  Mmims mims
wai ms3 was my
+ | — +myasaz | In — + [ —= + ajagmsz | In —
mi as ms a1

1 w 2 w 2
+ *(w — alagag) In—— —(In —
2 mimaims ajmaoms
w 2 w 2
_ <1n ) + (ln ) H’
mimaas a1moas
(29) hi(w) = K {(amzmg + 2a1a2a3 + 3a1moas + miagas — miagms)

+w<_2_m_?ﬂ2_a3+m>

my ma ms3 mims

+ (w + alagag) (hl w + In w >

a1maims mimaas
waq ms wag w
— +miazaz | In — + [ —= + aymaaz | In
mi as ma aimaas
w mq
+ | — +aijaagmsz | In —
m3 a1
1 w 2 w 2
+ =(w—ajaza3)d (In—— ) — (In ———
2 m1maims3 aimeoms
w 2
—(In—— ,
m1maas



Product of triangular variables 433

1
+ (w + ajazaz) <— In—2  _9In ml) + <wa1 + mlagag) n—2

3
(30)  hi(w) =K, [(3m1a2a3 — 3aiasaz) + w<3 — n;“)

a1a2a3 ay m1 miaza3

1 w 2 w 2
+ -(w—aja2a3)y (In—— | — (ln——
2 mi1msoins aimoims

w 2 w 2 w 2 w 2
-fh——) - (h— ) +(In——— ) +(In— ,
miazms mimsaas airasms aimaag

(31) hl(w) = K1 [(a1m2a3 + aias2ms + ajasasz — Mmimsaoaz — Mi1a21Ms

al an as a1ag aijas
—m1a2a3)+w<—l—|———+ + >
ma meo ms mi1mso mims
w waq w
+ (w+ ajagas) | In ——— | — [ — + mjagas | In —
ajmoims mq mimaoims
wao mq was mq
4+ (—4+aymoaz | In— + [ — 4+ ajaomsz | In —
ma ai ms3 ai

1 w 2 w 2
+—-(w—ajaza3)d ([ n—— | — (In— )
2 m1mams3 aimsams

Under conditions (A) and its subcase (i), i.e. (a1agms < aymaas, aymams <
miagas, miagms < mimsas) we observe that w is defined for seven dif-
ferent intervals which are (ajasas, ajasms), (ajasms,aimeas), (aymeas,
aymams), (aymams, miagas), (miazas, miagms), (miaems, mymeas), and
(mimaas, mimoms). Also, ajagms < (aymaas, aymaoms, miagas, miagms,
mimaeas, miymems) and for the first interval we have w < ajaams, thus the
pdf for this interval is obtained by adding equations (7) to (13) and is given
n (15). Similarly, the pdf for the remaining six intervals can be calculated
and are given by eqgs. (16) to (21), respectively, and represented in Table 1.

Table 1. Sequence of points determining intervals for w and pdf for respective intervals
(Case I)

Subcase | Sequence of points determining intervals for w Equations giving
pdf for respective
interval

(1) arazas < a1aamg < aimeaz < aimams < miazaz < | (15), (16), (17),

miaoms < mimeoasz < MiMmoms (18), (19), (20), (21)

(ii) arazaz < a1azmg < aimaaz < aimams = miazaz < | (15), (16), (17),

miazsms < mimaaz < mMmimsams (19), (20), (21)
(iii) arazaz < a1azmg < aimaas < miazaz < aymams < | (15), (16), (17),
miasms < mimeoasz < Mmimams (22), (19)7 (20)7 (21)
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ajaza3 < aiaxms = armeaaz < a1ma2ms < mia2a3 <
mia2ms = mimaasz < Mi1mams

ajazaz < a1a2m3 = a1maa3z < a1ma2ms = miaza3 <
mia2msz = mimaasz < Mi1Mmams

mimoms

(vi) aiazas < a1azms = aimaaz < miazaz < aimams < | (15), (17), (22),
miasms = mimsas < mMmimsms (19), (21)

(Vii) aiaz2a3 < ai1mseasz < ai1az2ms < armaoms < miazasz < (15), (23), (17),
mimeasz < miazms < Mi1Mmams (18), (19), (24), (21)

(Viii) ajaza3 < armeasz < ara2ms < a1m2ms = mia2a3 < (15), (23), (17),
mimeasz < miaz2ms < Mi1Mmams (19), (24), (21)

(IX) aiaz2a3 < ai1msasz < ai1az2ms < miazas < aimams < (15), (23), (17),
mimeasz < miaz2ms < Mi1Mmams (22), (19), (24), (21)

(x) araz2a3 < a1azmsz < armaas < aimams < mimeas <| (15),(16), (22),
mimoms (20)3 (21)

(xi) airazaz < aiazmg < aimsaaz < aimamsz = mimaaz < (15): (16), (22)7 (21)

airaz2a3 < arazmsz < aymoaz < mimsoasz < armams <
mimeams

mimamms

(Xiii) a1a2a3 < a1a2M3 = a1maa3 < a1mams < mimaasz < (15), (22), (20), (21)
mimeams
(XiV) ai1a2a3 < a1a2M3 = a1m2a3 < a1mM2ms = mimsaasz < (15), (22), (21)

ai1az2a3 < a1a2MmMm3 = ai1msaa3z < mimsaaz < armoms <
mimeoms

(15), (22), (25), (21)

a1masms = mimsaaz < Mimams

(xvi) ai1az2a3 < a1maasz < arazms < aymams < mimeas <| (15),(26), (22),
mimsams (20)7 (21)

(xvii) airazaz < aimaaz < arazms < armams = mimaaz <| (15), (26), (22), (21)
mimsams

(xviii) ai1aza3 < armaaz < arazms < mimeas < aimams <| (15),(26), (22),
mimeams (25)7 (21)

(xix) aiaza3 < arazms < miazaz < miazms < aimeasz < | (15), (16), (27),
armamsz < mimsaaz < Mimams (28)7 (29)7 (20)7 (21)

(XX) aiaz2a3 < a1azms < miaza3 < Mmiaz2ms = ai1msaz < (15), (16), (27),
aimoms < mimaasz < M1Mams (29)7 (20)a (21)

(xxi) a1az2a3 < a1asmz < miazaz < aimeas < miazms < | (15), (16), (27),
armoms < mimeaasz < Mmimams (22)7 (29)a (20)7 (21)

(xxii) aiaza3 < arazms = miazaz < miazms < aimaasz < | (15),(27), (28),
a1mams = mimsaaz < Mimams (29)7 (21)

(xxiii) | a1a2a3 < a1a2mz = miazaz < miazgms = armeaz < | (15),(27), (29), (21)
aimeoms = mimaaz < Mimams

(XXiV) ai1a2a3 < a1a2M3 = Mi1a2a3 < ar1maas < miazms < (15), (27), (22),




Product of triangular variables 435
(xxv) arazas < miazaz < arazms < miazms < aimeasz < | (15),(30), (27),
mimaaz < armoms < mMmimams (28), (29), (31), (21)
(xxvi) aiazaz < miazaz < arazms < miazms = armeaz < | (15), (30), (27),
mimeaz < apmaomsz < M1M2M3 (29)7 (31)7 (21)
(xxvii) arazaz < miasaz < aiasms < aimeas < miazms < | (15),(30), (27),
mimeasz < aymeomsz < Mi1M21M3 (22), (29), (31), (21)

Table 1 shows the sequence of points determining intervals for w and pdf
for corresponding intervals for all the subcases of Case 1. This completes the
discussion of Case I. It is easy to observe that Cases II to VIII can be handled
by making the changes in Case I as indicated in Table 2, where

8 m1—a

Kl = 3 3 ’ K5 = #Kh

[Tizi (i — ai) [Tj=1 (my — a;) 1=

ms — a — Qay
Ko =g o, K Ko= I 5=

3 3 =13 j

mo — a — Q4

K3=7b 2_m2K1, H » _m]Kh
2 2 j=1,2 J 7
m; — aj 8

R = K= o e

j=2,3 7 mj Hizl(bi_a)ng 1(b m])

Table 2. Changes involved in the discussion of Cases II to VIII
Case | Pdf Egs. (7) to (14) Subcases (i) to (xxvii)
II ha(w) | as — bs, K1 — K> az — ms, mg — bs
IIT hg(w) az — b2, Kl — Kg az — Mz, M2 — bg
IV h4(w) a2—>bz,a3—>b37K1 —>K4 a2—>m27a3—>m3,m2—>b2,m3—>63
v hs(w) | a1 — b1, K1 — K5 a1 — mi, m1 — b
VI he(w) | a1 — bi,a3 — b3, K1 — K¢ | a1 — ma1, ag — mg, m1 — b1, mz — bs
VII h7(w) | a1 — b1, a2 — b2, K1 — K7 | a1 — mu1, a2 — ma, m1 — b1, ma — b
VIIT | hs(w) | a1 — b1, az — bz, az — b3, | a1 — my, a2 — m2, a3z — ma,
K1 — Ks m1 — b1, ma2 — b2, mz — b3

3. Application. Here, we return to the example discussed in Section 1
motivated by Murphy [11]. Suppose that the functioning of an electronic
system is determined independently by n chips it has. Suppose too that the
number of defects in each of the n chips has the triangular distribution with
a=0,b=4and m = 2, the values used in Murphy [11]. The total number of
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0.6

0.4

PDF

0.1

0 10 20 30 40 50 60

Fig. 1. Pdf of the total number of possible failures of the electronic system for n = 2 and
n=3

possible failures of the system is then a product of n independent triangular
random variables. The pdf of this total number is shown in Figure 1 for
n = 2 and n = 3. Figures of this kind can be used to obtain summary
measures and for quality control purposes.

4. Generalization for n variables. Now, we give the total number
of cases and their subcases to be considered when the number of random
variables is n.

For cases: We see that the number of cases to be considered for the
product of two triangular random variables is 22 and for three 23. So it is
easy to see that in the case of n variables there will be 2" cases. We observe
that equation (7) plays a major role in the discussion of Case I; we give
below its general form when the number of random variables is n > 2:

(32) h(w)= — (A1 + " 2C1As + " 2CoAz+ -+ Ay1)
+ [{(Al +"2C Ay +"T2CA3 -+ Apy)

— (A1 + 30 Ay + -+ Ap—2)In %
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1 4 w >
+§(A1+ 01A2+-~~+An_3>(lnA> —

g (5) o gta(ng) ]

- [(Az + 30 A3 + "T3Co AL A Ay) <1D Z)

SRS

1 2
+ 5 (As + "0 Ay + - +An1>(ln w) +oe

A
1 w n—2 1 w n—1
— A, In— — A, In— A
St () (eg) ] wes
where A =mj...m, and Ay (k=1,...,n) is the sum of all terms obtained
on replacing in A the quantities m;,, ..., m; by a;,,...,a;,, respectively, for

i1,...,0p € {1,...,n} with 91 < --- < i. The other 2" — 1 equations, which
correspond to equations (8) to (14) of Case I, can be obtained on generalizing
Remark 1 to n variables.

For subcases: When the number of r.v. is two, we have the three subcases
(armg < myag, aymg = myag, aymg > myag) for each case. When the
number of r.v. is three we find that each subcase gives rise to 3% cases. Thus
the total number of subcases becomes 3'%32 = 3% = 27. If we further observe
the pattern we find that in the case of four variables each subcase will give
rise to 3% cases. So the total number of subcases is 3! *3% %33 = 36. Similarly
for n random variables the number of subcases is

Figure 2 shows the enumeration of subcases in Case I for four variables X,
Y, Z and U with the supports a1 < x < b1, ag < y < by, a3 < z < bs,

as < u < by and modes mq, mo, mg and my, respectively. The following is
a generalization of (A) for four variables:

ajasa3a4 < W < a1a2a3M4
a1ao2m3zayqs < W < a1amsmqy
aimeoazas < W < a1moa3my
aimaomsas < w < a1M2MmM3zmyq
miaga3a4 < W < M1a2a3M4
miasmsas < W < M1a2M31M4y

mimeasas < w < M1moagimy

mimomsas < W < M1MoM3My
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Subcases for Case 1

For Product XY

an < mias am =mias ain > mias Total: 3' =3
A RY 71\
VAN AT
/ I AN / I \
/7 | \ / | \
/ \ / \
4 \J 1 14 \J 14

asmsz @2Mm3 asms
< = >
moaz Moag Maas

AR AR
TN TN
————— /N ===== 7 \ For Product XYZ
s N
/ \ / \
I | 1 I | 1
ajmoms a;moms aymoms Total: 3% =27
< = >
miagasz miazaz  Mia20a3
71N AR AR
ZEETN ZEETN ZEETN
_____ /LN mmmmm N —mmm =N
’ \ ’ \ ’ \
/ ! \ / ! \ / ! \
4 \J 1 ’ \J 1 ’ \J 1
agmy  asmy  agmy
< = >
m3aq M3aq M30a4
AR AR AR
VAT VAT VNN
————— A A T T AN
s s s
/ \ / \ / \
4 \J 1 4 \ 1 4 \ 1
asmsmy  amsmy  a2Mm3imy
< = >
Moa3ay MoG3ay Moa3ay
AR AR AR
ZARTRN ZARTRN ZARTRN
_____ /N ===== 7/ | N ——==——= 7/ | N ForProduct XYZU
’ \ ’ \ ’ \
/ ! \ / ! N / ! N
4 \J 1 4 \J 1 4 \J 1
amomsmy  aimamsmy  a1maImsmy Total: 36 =729
< = >
miasa3ay miasa3ay miasa3ay

Fig. 2. Enumeration of subcases in Case I for four variables
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