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LONG TIME EXISTENCE OF SOLUTIONS
TO 2D NAVIER-STOKES EQUATIONS
WITH HEAT CONVECTION

Abstract. Global existence of regular solutions to the Navier—Stokes
equations for (v, p) coupled with the heat convection equation for 6 is proved
in the two-dimensional case in a bounded domain. We assume the slip bound-
ary conditions for velocity and the Neumann condition for temperature. First
an appropriate estimate is shown and next the existence is proved by the
Leray—Schauder fixed point theorem. We prove the existence of solutions

such that v,0 € W2 (2T), Vp € Ly(2T), s > 2.

1. Introduction. We consider the problem

v +v-Vo—div T(v,p) =a(@)g in 2T =02 x(0,T),

dive =0 in 27,
O, +v-VO — A0 =0 in 027,
(1.1) n-Dw)-7=0 on ST =8 x (0,T),
v-n=20 on ST,
n-V6=0 on ST,
V|t=0 = vo in 12,
Oli=0 = 0o in {2,

where 2 C R? is a bounded domain, 27 satisfies the weak horn condition
(see [2, Sect. 8]) and is not axially symmetric, S = 92 € C?, z = (21, 12)
€ R? are the Cartesian coordinates, v = v(z,t) = (v1(x,t),v2(z,t)) € R? the
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velocity of the fluid, § = 0(z,t) € R the temperature, v > 0 the constant
viscosity coefficient, sz > 0 the constant heat coefficient, n the unit outward
vector normal to S, and 7 the unit tangent vector to S. By a dot we denote
the scalar product in R2.

By D(v) we denote the dilatation tensor of the form

(1.2) D(v) = {viz; + vz, }ij=12,

and by g = g(x,t) the external force. Finally, T(v,p) denotes the stress
tensor of the form

(1.3) T(v,p) = vD(v) —plI,

where I is the unit matrix.

THEOREM 1.1. Assume that o € CY(R), there exist constants cz < c3
< 00 such that ca < 6y < c3, vi(0) € La(82), 6,(0) € La(£2), divug = 0,
Op € La(£2),2 < s <np<o0,2<m4/s=—2/n<1, v € WSQ_Q/S(Q),
g € Lg(27). Moreover assume that g € L2(0,T;Li(£2)), where I > 1 is
arbitrarily close to 1, and g € Lo(0,T; L (£2)), where r > 2 is arbitrarily
close to 2. Then there exists a solution (v, p,0) of problem (1.1) such v,0 €

Wg’l(QT), Vp € LS(QT), and a constant C, such that
(1.4) ||UHWS2’1(_QT) + HVPHLS(QT) + HGHWE’l(QT) < Cy,
and

CQSHSC;)).

2. Notation. Let us consider the Stokes problem
ve —div T(v,p) = f in 27,

dive =0 in 27,
(2.1) i - D(v)-7=0 on ST,

v-n=20 on ST,

v|i=0 = vo in 2.

THEOREM 2.1 (proof similar to one in [1]). Let f € Lg(27), vy €
WqQ*Q/q(_Q), diveg = 0, S € C? q € (1,00). Then there exists a unique
solution to problem (2.1) such that v e W' (2T), Vp e Ly(027) and
(2.2) lllwzrory + VPl @ry < el fllz,@ry + lvollyz-2rap))-

THEOREM 2.2 (see |2, Sect. 10]). Let 2 C R™ be a bounded domain such
that 27 satisfies the weak horn condition, and let u € Wf’l(QT) N La(027).
Then the following interpolation inequality holds:

(2.3) IVullp,or) < ellully21or) + c(1/e)[Vull 1y 0m),
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for s,q € (1,00) satisfying (n+2)/s — (n+2)/q < 1, s < q, where c(a)
denotes an increasing positive function of a. Moreover, € does not depend
on s, n, q but c does.

LEMMA 2.3 (Korn inequality, see [6]). Assume that (2 is not invariant
with respect to any rotation. Assume that
(2.4) [ D()||Ly0) <00, v-nlg=0, dive=0.

Then there exists a constant co such that

(2.5) vl 512y < coll D(V)|| Ly

where cq is independent of v.

3. Estimates. We show estimates for the temperature.
LEMMA 3.1. Assume 0(0) > co. Then for 0 sufficiently reqular we have
(3.1) 0(t) > ca  fort>0.
Proof. Let (0 — ¢2)— = min{0,6 — co}. Multiplying (1.3)3 by (6 — c2)—
integrating over {2 and using the boundary conditions we obtain
1d
(0= )2 dr+ 3| [V(0 - c2)_Pdz = 0.
2dt
[0} 2
Integrating with respect to time we have

S0 = e2)- (Ol 0) + #IVO — e2) [0y = 510~ e2)- O
Since (60 — ¢2)—(0) = 0 we conclude the proof. m

REMARK 3.1. If 6(0) > 0, then 6(¢) > 0 for ¢t > 0.

LEMMA 3.2. Assume 0(0) < c3. Then for 0 sufficiently reqular we have
(3.2) 0(t) <cs fort>D0.

Proof. Let (6 — c3)+ = max{0,0 — cs}. Multiplying (1.1)3 by (6 — ¢3)+,
integrating over (2, integrating by parts and using the boundary conditions
yields
(3.3) S\ (0 —c3)f da+ 32 | [V(0 — c3) 4> dw = 0.

2dt
n 2
Integrating with respect to time we obtain
1
(34) 5160 = cs) s D0 + 5 § 1906 — ) [ daat
Qt

1
= 5 160 = 3)+ (O)IIZ, -

Since (6p — ¢3)+(0) = 0 we conclude the proof. m
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LEMMA 3.3. Assume that o € CY(R) and there exist constants c3 <
c3 < 00 such that cy < 60y < c3. Moreover assume that g, € La(0,T; Li(£2)),
I>1,¢g¢€ LQ(O,T; LT(Q)), > 2, Ut(O) S LQ(Q), Qt(O) S LQ(Q), S LQ(Q),
0o € La(82). Then

t
(35)  [0(®)3ya) + v |l 30y dt
0
< rllgl Tz @) + 10O)7y0) = cs,

and
t

(3:6) NI, + 10N, () + § Ulvw i ) + 10013 (2) d
0

< ce exple (||UO||L2(Q) + ”HOHL2 + Cl”g”LQ OtLT(.Q)))]
: (Hvt(O)HLQ(Q) + Het( )HLQ(Q) + ||gtHL2(O’t;LZ(Q))) = Cs.
Proof. Multiply (1.1); by v and integrate over 2. Using the boundary

conditions and the Korn inequality we obtain

1d 1/
B 5ol + o 0B < @)l § 9ol
0
Since o € Cl(R) Lemmas 3.1 and 3.2 imply that there exists a positive
function ¢ : {(z,y) € R? : # < y} — R, such that

(3.8) sup [|(0) |2 () < (e, c3).

By the Holder and Young inequalities, (3.7) and (3.8) imply
d 2

(3.9) Clol o + Pl ) < eallgl, o

where

c1 = cp®(c2, ¢3)

and r > 1. Integrating (3.9) with respect to time we have (3.5).
Multiplying (1.1)3 by 6, integrating over 27 and using the boundary
conditions we obtain

(3.10) 1617,y + 25V OI1Z, 00y = 100l 72 ().

Differentiating (1.1); with respect to ¢, multiplying by v, integrating over
{2 and then applying the Holder inequality, an interpolation inequality and
the fact that

lg(0)] < p1(c2,¢3) =4
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we obtain

1d v
(3.11) 5 @Hvtlli(m t3 vl )

< fIIVilly2) - 0l o) + 10l 2, 1 V0l o)

+ellgellZ, ) + ellglly, () 1017, )

where 1/r +1/s =1/l and | > 1.

Differentiating (1.1)3 with respect to ¢, multiplying by 6;, integrating over
{2 and then applying the Holder inequality and interpolation inequality we
have

1d
(3.12) o S 07 dx + 5|61 311 () < | |vi 6] [V]dz + cl|6:]17 )

)
<ot La@) 10l Lo IV Ol Loy + €llOellT, )

N

< e(lIVoell gy ol o) IV 0 oy 61 )

+ IVl o el 5 ) 16 2 )
1 2
+ l[vill ooy VO T 1021,

+ ||UtHL2(Q)||9t||L2(Q))||V9||L2(Q) +cllOll7, o)
Let
y(t) = llell7, ) + 1917,
Y (t) = llvell oy + 107 )
Z(t) = |Vl + V07,0
Then (3.11) and (3.12) imply

(3.13) %y +Y <Yyl 2712

+c(10:ll7, ) + 19617, 2) + 19117, (2 106117, (2))-
By the Young inequality we get

d
(314)  —y+Y <eyZ+cllnlL, o) + oz, o) + 1917, ) 1007, ()-

Setting s = 2 in (3.14) yields

(3.15) y+Y <ey(Z+1+\gll, ) +clloelZ, o)

d
a’
Integrating (3.15) with respect to time and employing (3.5) and (3.10) we
obtain (3.6). m
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LEMMA 3.4. Let the assumptions of Lemma 3.3 be satisfied. Moreover,
assume vy € WEiQ/S(Q) and g € Lg(27) for some s, 1 < s < co. Then

(316)  llollyz o, + 190l 00m) + 16021 )
< e(llgllLocory + llvollyyz-zrs gy + 11001l 2-2s o)) + €lea, c5).
Proof. From (3.5) and (3.6) we have
(B17) el o 045002 FIVOl Loty FVI Lo (0,610 (2)) < €lea,c5),  t<T.
Hence v € H'(02T). Since £2 C R? we also have
(3.18) ]l gy < clea, es).

Now we want to increase regularity described by (3.17). For this purpose we
consider the problem

v —vAv+ Vp = —v - Vo + ag,
dive =0,
(3.19) n-Dw)-T|gr =0,
v-nlgr =0,
V|t=0 = vp.
To apply Theorem 2.1 we examine
[v- Vol or) < vllz,y, (@) IVllL,,, @r) = N,

where 1/A; +1/Xg = 1. Assuming s\; = 6 we apply (2.3) with % — & <1,

s
ie. & < 1, which is satisfied. Hence in view of (3.18) and (2.3) we have

I < clea, ) Vol or) S ellvllypr gry + c(1/€; ca, e5) [ Vol 1y 0m).-
Assuming that g € Lg(027) we apply Theorem 2.1. Then we have
[vlly21gry +1VPlL@r) < ellvllyzrgry +c(1/e; cas 5) [Vl Ly
+ (10l e (o) N9l Ly (07y + CHUOHWS?—2/S(Q)-

Assuming that e is sufficiently small in view of (3.1) and (3.2) we obtain
ve W2 (QT) for 1 < s < 6. Since

HUHLOO(_QT) < Hu”Wf’l(QT) for 2 < s,

we have [[v]|_(or) < c(c4,c5). Assume 1 < s < co. To apply Theorem 2.1
we examine

[v- Vol ory < vl IVl L, or) = L2
Hence in view of (2.3) we have

Iy < ¢fca; 5)[ Vol ory < ellolly2rgr) + e(1/e; e, 65) [Vl Ly ory.-
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Applying Theorem 2.1, assuming that € is sufficiently small and using the
estimate for 6 we get

[olly21(@ry + IVl @r) < elllgllzery + [1volly2-2/s ) + clea, c5).-
Similarly we obtain estimates for 6 (see [3, Ch. 4, Sect. 9, Th. 9.1],
[5, Theorem 17]).

4. Existence. For n > 2 define

M(2T) = {(v,0) € [Loo(0,T; Wy (2))]}.
Let us consider the problems

vy — div T'(v,p) = =A[0 - Vo + «(0)g],

(41) diva =0, 7 7
v-n|lg=0, n- D) -T|g=0,
v]t=0 = vo

and

0, — A0 = —\o - V0,

(4.2) n-Vl|s =0,

Olt=0 = 6o,
where A € [0, 1] is a parameter and 6,9 are treated as given functions.
LEMMA 4.1. Let a € CY(R). Let
(0,0) e M(2T), n>2,

g e Ly(2h),

v € W2TH(), 2<s<n,
4 2

SeC? -—-—Z<1.
s 0

Then there exists a unique solution to problem (4.1) such that
ve W2 (02T) C Lo (0, T; W, (12))
and
1ol o3 ) < cllvllyz gy < €@ D)2
+ M (el (@, 0) | pmgary) ) N9l 1y ory + HUOHWS%?/S(Q))-

Moreover the imbedding W2 (2T) C Leo(0,T; W, (82)) is compact for
4/s —2/n < 1, so for n > 2 we have s > 2.
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Proof. We have
19 Vol or) < elloll @) I VOl or) < ellOlZ, o zmwie)
< el (5, )| .
Define v : [0,00) — [0, 00) by
Y(a) =sup{|a(z)]: —a < x <a} fora>0.
Then 3 3
la(0)gll L,y < (el Lo, rw(2) 9]l L. 2m)
< (el (@, 0)l pmear) N9l 2m)-
By Theorem 2.1 the proof is complete. »
LEMMA 4.2. Assume that
(0,0) e M(2T), n>2, n>s>1, 6y Wr25().
Then there exists a unique solution to problem (4.2) such that
0 € WH(02T) C Loo(0,T; W, (£2))
and
160 -0y < bz om, < @0 Byggry + Wollyya 2o
Proof. We have
15+ VO 1, ary < 18]l (0m) IVOl, o)
< C||7~)HLOO(O,T;W7}(Q))Hé”Lw(O,T;W,}(Q)) < CH(ﬁyé)H,QM(QTy

Then the proof is similar to that of Theorem 9.1 from [3, Ch. 4, Sect. 9] (see
also [5, Th. 17]). =

To prove the existence of solutions to problem (1.1) we apply the Leray—
Schauder fixed point theorem (see [4]). Therefore we introduce the mapping
¢ :[0,1] x M(2T) = M(2T), (A, 0,0) — ¢(\,5,0) = (v,6), where (v,0)
is a solution to problems (4.1)—(4.2). For A = 0 we have the existence of a
unique solution. For A\ = 1 every fixed point is a solution to problem (1.1).

LEMMA 4.3. Let the assumptions of Lemmas 4.1 and 4.2 be satisfied.
Then the mappings ¢(X,-) : M(02T) — M(02T), X € [0,1], are completely

continuous.

Proof. By Lemmas 4.1 and 4.2 the mappings ¢(J,-), A € [0, 1], are com-
pact. From this it follows that bounded sets in M(£27) are transformed
into bounded sets in M(£27). Let (¢;,0;) € M(2T), i = 1,2, be two given
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elements. Then (v;,0;), i = 1,2, are solutions to the problems

vit — div T'(vi, pi) = —A(0; - VO; + (i) ),
(4.3) c}iv v; =0, 7 )
n-D(vi)-7ls =0, n-vilg =0,
Vilt=o = v, i=1,2,
and
0, — 2 A0; = —\i; - V;,
(4.4) n-Vo;|ls =0,
Oili—o = 00, i=1,2.
To show continuity we introduce the differences
(4.5) V=vi—vy, P=p—ps, T=060—060

which are solutions to the problems

Vi —div T(V,P) = =A[V - Vi + @2 - VV + (a(61) — a(62))g]

(4.6) div‘_/ =0 ) )
Venls=0 n-D(V)-7|s =0,
Vl]i=o =0
and
T, — AT = AV - VO, + 0y - VT]
(4.7) 7 VT|g =0,

T’t:(] - 07

where V = @) — @y, T = 6 — 0. Define 1y : [0,00) — [0,00) by t1(a) =
sup{|d/(z)| : |z| < a} for a > 0. In view of [2| and [1, 3| we have

(4.8) V21 ory + 1T 21 (or) < IV g r) IVBL L, )
+ 182l 1o 20y IV V Iy 2r) + o1 (max{ 10, 102 DI T 1 .o or) 9l 0
+ 182l (2 IV T g 0ry + 1V I 1 2y [V L (0]
< c(||‘~/HM(QT) + Hﬂ\M(QT)%
so continuity of ¢ follows. m

LEMMA 4.4. Let the assumptions of Lemmas 4.1 and 4.2 be satisfied.
Then for every bounded subset Mo of M(02T), the family of maps

QZ)("{)vé) : [07 1] - M(QT)v (@’é) € M07

is uniformly equicontinuous.
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Proof. Let (17,5) € Mo, \i € [0,1], 4 = 1,2, \y > Ao, and v;,0; be
solutions to the problems

vig — div T'(vs, p;) = —Xi(0 - Vo 4+ «(0)g),
divy; =0,

n-D(v;)-T|s =0, n-vjsg=0,

Vilt=0 = vo, i=1,2,

and

Oy — 2 A0, = —\;0 - V0,
n- Vs =0,
Oili=0 = 0o, i=1,2.
To show uniform equicontinuity we introduce the differences
V=vi—vy, P=p1—p2, T=0 -0

which are solutions to the problems

Vi =div T(V,P) = —(A1 — A2)(0 - VO 4 a(f)g),

divV =0,
n-D(\V)-7[g =0, n-V|s=0,
V‘t:() =0
and -
T — 2xAT = — (A — A2)0 - V0,
n-VT|s =0,
T’tzo =0.

In view of Lemmas 4.1 and 4.2,
IV, D)y < elha = A2) (8, 0) 4oy
+ (A1 = A (el (B, 0) | meary) 9l b, o)
so uniform equicontinuity of ¢(-, v, 0~) follows. m

Proof of Theorem 1.1. In view of the above considerations the assump-
tions of the Leray—Schauder fixed point theorem are satisfied. Hence the
main theorem is proved.
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