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ON THE PRINCIPAL EIGENCURVE OF THE p-LAPLACIAN
RELATED TO THE SOBOLEV TRACE EMBEDDING

Abstract. We prove that for any A € R, there is an increasing sequence
of eigenvalues pi,, () for the nonlinear boundary value problem

{Apu = |ulP~2u in £,
\VulP~20u/0v = Xo(z)|ulP"%u + plulP~u  on 942,

and we show that the first one p1(\) is simple and isolated; we also prove
some results about variations of the density ¢ and the continuity with respect
to the parameter .

1. Introduction and notations. Let {2 be a smooth bounded domain
inRY; N >1;1<p<ooand p € L>®(92) with ¢ # 0 which can change the
sign; A, 4 € R. We consider the following nonlinear boundary value problem:

(1.1) Apu = |[ulP"?u  in 02,
0
(1.2) | VP2 6—1: = Xo(@)|ulP"2u + plulP"2u  on 0.

The p-Laplacian A,u = V- (|Vu|P~?Vu) occurs in many mathematical mod-
els of physical topics including glaciology, nonlinear diffusion and filtration
problem (see [4, 17]), power-low materials [14], non-Newtonian fluids [3]. For
a discussion of some physical background, see [10]. The nonlinear boundary
condition (1.2) describes a flux through the boundary 92 which depends
on the solution itself. For physical motivation of such conditions see for
example [16].

Observe that in the particular case p = 0 and p = 2, (1.1)—(1.2) becomes
linear and it is known as the Steklov problem [7].
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Classical Dirichlet problems involving the p-Laplacian have been exten-
sively studied by various authors in the cases A = 0 or p = 0 (cf. e.g.
[1, 2, 5, 10, 13, 18, 19]). For nonlinear boundary conditions such as (1.2),
recently the authors of [8] studied the case of u = 0 and p belonging to some
L*(042), not necessarily essentially bounded, with a restrictive condition on
its sign.

We set
(13) () =it {Jollf, = A § o(@)|vl? do
of?
ve W (@), | |uPdo= 1},
o192
where || - ||1,, denotes the WP(£2)-norm, i.e.,
ol = (IVoll? + [lolp) /7
and | - ||, is the LP-norm, with ¢ being the (N — 1)-dimensional Lebesgue

measure. By the principal (or first) eigencurve of the p-Laplacian related
to the Sobolev trace embedding, we understand the graph of the map p :
A +— pi(A) from R into R. In [12] the simplicity and isolation of the first
eigencurve of the Dirichlet p-Laplacian was proved by extending a similar
result shown by Binding and Huang in [6].

Our purpose is to obtain some results (known for the ordinary Dirichlet
p-Laplacian) for nonlinear eigenvalue problems where two-parameter eigen-
values appear in the nonlinear boundary condition. We show that p(X)
is simple and isolated for any A € R. Note that to show the simplicity
(uniqueness) result, we use a simple convexity argument by remarking that
the energy functional associated to problem (1.1)—(1.2) is convex in u? for
nonnegative u, without using in any way C'(§2) and L>°(§2) regularity of
the eigenfunctions associated to (1.1)—(1.2). In this respect our procedure is
new.

Observe that 111(0) = A is the optimal reciprocal constant of the Sobolev
embedding WP (£2) — LP(9f2). For the particular case y = 0 and ¢ €
L*(012) (for a suitable s), the isolation and simplicity of the first eigenvalue
of (1.1)—(1.2) were studied in [8]. The main objective of our work is to extend
this result to any A € R, by using new technical methods.

The rest of the paper is organized as follows. In Section 2, we estab-
lish some definitions and preliminaries. In Section 3, we use a variational
method to prove the existence of a sequence of eigencurves of (1.1)—(1.2). In
Section 4, we prove the simplicity and isolation results for each point of the
first eigencurve. Finally, in Section 5, we show some results about variations
of the weight as a direct application of the simplicity result.
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2. Definitions. In this paper, all solutions are weak ones, i.e., u €
WLP(£2) is a solution of (1.1)-(1.2) if for all v € WLP(£2),

(2.1) S |VulP~2VuVu dz + S lulP~2uv do = S (No(z) 4 p)|[u|P~?uw do.
9] 9] o1

If u € WHP(£2)\ {0}, then u is called an eigenfunction of (1.1)—(1.2) associ-
ated to the eigenpair (A, p).

Set
(2.2) M = {u eW () | uPdo = 1}.

o052

A principal eigenfunction of (1.1)—(1.2) is any eigenfunction u € M,u >0
a.e. on {2, associated to the pair (A, u1(N)).

Define the following energy functionals on WP (2):

1 A 1
Px(u) = » lullf, — » | o(@)[ul? do = » Jullf, +P(u), AER,
00

W(u) = = | [uff do.

of?
It is clear that for any A € R, the solutions of (1.1)—(1.2) are the critical
points of @) restricted to M. We shall deal with operators T acting from
WLP(0) into (WP(£2))". T is said to belong to the class (S, ) if for any
sequence v, weakly convergent to v in W1 (£2) with lim sup,,_, .. (Tn, Vp—v)
< 0, it follows that v, — v strongly in WP (£2), where (W'P(£2)) is the
dual of W1P(£2) with respect to the pairing (-, -).

3. Existence results. We will use Lyusternik—Schnirelmann theory on
C'-manifolds (see [19]). It is clear that for any A € R, the functional @, is
even and bounded from below on M. Indeed, if u € M, then

1
Dy(u) > ’ (lull}, = 1Al olloc.00)-
So
1
(3.1) D (u) > ];(Al — A lollss,00) > —o0,

where A\; = p1(0) is the reciprocal of the optimal constant in the Sobolev
trace embedding W1P(£2) — LP(912).
By employing the Sobolev trace embedding, we deduce that:

e ¥ and @ are weakly continuous,
e ¥/ and @' are compact.

The following lemma is the key to showing the existence.
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LEMMA 3.1. For any A € R, we have:
(i) (@) maps bounded sets to bounded sets;
(ii) if up — u (weakly) in WHP(£2) and (@) (un) converges strongly in
(WLP(02)), then u, — u (strongly) in WHP(£2);
(iii) the functional @y satisfies the Palais—Smale condition on M, i.e.,
for (up)n C M, if Px(uy) is bounded and
(3.2) (D)) (un) — ¥ (up) — 0
with ¢, = (D)) (un), un) /(P (upn), un), then (up)n, has a subse-
quence convergent in WP (§2).
Proof. (i) Let u,v € WP(£2). Then

(D)) (u),v) = S \Vu|P2VuVudz + S ulP~2uv da + S o(z)|ulP~2uv do.
Q Q o0
By Holder’s inequality, we obtain

1\ 1/p 1V 1/p
(@) (), 0)] < (§19u @ da) " Vol + (§ 1l do) ol
2 02

_ ’ 1/1)/
+ M el § 1l @07 do) ™ o]
on
= [Vl Vol +lls~ ol + Al lellosoallull 50 000

Now, the Sobolev trace embedding WP(£2) — LP(9{2) ensures the exis-
tence of a constant ¢ > 0 such that

p,082

lwllp.o0 < cllwli, for any w e WHP(02).

Hence we deduce that
(@) (w), 0)] < [ValbH[Vollp+ [uls ol + A elloo o el 0]
It is clear that

IVulz Vol + ullp ol < llully, v
Combining the above inequalities, we conclude that

(@) (), 0] < (14N [[elloo00) 175 [0]11,
for any u,v € WP(£2). It follows that

1@ (W) < (1 + PIA[lelloo00) [ulT,

where || - || denotes the norm of (W1?(£2))’. This implies (i).
(ii) We use condition (S ) as follows. (@)’ (uy,) being strongly convergent
to some f € (W'P(£2)), by a calculation we have

(3.3)  (Aup,v) = (—Apup,v) + S |t |P 2w v da + S |V, P2V, v do
Q a0
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for any v € WHP(£2), where A is the operator from W1P(§2) into (W1P(£2))’
defined by
(Au,v) = S |Vu|P2VuVu dz + S uP~2uv da.
9] n

This operator satisfies condition (S4) because —A, does (cf. [12]).
If we take v = u, — u in (3.3) we obtain

(A, ty — v) = (= Apti, iy, — v) + | [un[P 2t (up — u) da
2
+ S |Vt [P 2V unv (u, — u) do.
12
Introducing (@)’ (uy), we deduce that

(Aup, up —u) = ((PA) (un) = frun —w) + (fyun — u) = ((PA) (un), un — u).
Using the compactness of @', we find that as n — oo,

lim sup (Auy,, up, — u) > 0.
n—oo
Hence u,, — u strongly in WP(£2), by condition (S;).

(iii) From (3.1) we deduce that (uy), is bounded in WP(£2). Thus,
without loss of generality, we can assume that u,, — u (weakly) in W1P(£2)
for some u € WHP(£2). It follows that ¥'(u,) — ¥'(u) in (WHP(£2)) and
p¥(u) = 1, because p¥(uy) = 1 for all n € N*. Hence u € M. Since (un)n
is bounded, (i) ensures that {(®))'(u,)} is bounded. By a calculation we
deduce via (3.2) that {(®,) (u,)} converges strongly in (W1?(£2))". Conse-
quently, from (ii) we conclude that u, — u (strongly) in WP(£2). =

Set I, = {K C M : K symmetric, compact and v(K) = k}, where
v(K) = k is the genus of K, i.e., the smallest integer k such that there is an
odd continuous map from K to R*\ {0}.

Next, we establish our existence result.

THEOREM 3.1. For any A € R and any integer k € N*|

pr(A) = Inf max d;(u)

is a critical value of @y restricted to M. More precisely, there exists ug(\)
€ M such that

(X)) = pP(ur(A)) = max pdy (u)
and (ug(N), pr(N)) is a solution of (1.1)—(1.2). Moreover,
ur(A) =00 as k — 0.

Proof. In view of [19], we need only prove that [} # () for any k € N*,
and the last assertion.
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Indeed, since WP ({2) is separable, there exist (e;);>1 linearly dense in
WLP(£2) such that suppe; Nsuppe; = 0 if i # j, where supp e; denotes the
support of e;. We can suppose that e; € M (if not we take e} = e;/p¥(e;)).
For k € N* define F;, = span{ey,...,ex}. Then Fj is a vector subspace
and dimF, = k. If v € F}, then there exist aq,...,a; in R such that
v o= Zle aje;. Thus ¥(v) = Zle | |PP (e;) = pt Zle |cv;|P, because
W(e;)) =1fori=1,... k. It follows that the map v — (p¥(v))'/? is a norm
on Fj. Hence, there is a constant ¢ > 0 so that

1
cllollip < (PP(0))7 < lolhg, Vo€ .
That is,

/p 1
lolip < (§ loPde) " <= ol Vo€ A
92
This implies that the set

V= Fn{v e WQ) : Jullpon < 1)

is bounded, because V C B(0,1/c) = {v € WP : ||v|j1, < 1/c}. Moreover
V is a symmetric bounded neighborhood of the origin 0. Consequently, from
Proposition 2.3 of [19], we deduce that v(F, " M) = k. Then F, "M € I},
(because F, N M is compact, since it equals the boundary of V).

To complete the proof, it suffices to show that for any A € R, pg(\) — oo
as k — oo. Indeed, let (e, ej)n,j be a biorthogonal system such that e, €
WP(2), ef € (WHP(£2))', the (e,)n are linearly dense in W'P(£2), and the

(e7); are total in (WLP(£2))'. For any k € N* set

flgll = span(egq1, Cr42;s---)-
Observe that K N Fi- | # () for any K € I}, (by Proposition 2.3(g) of [19]).
Now, we claim that

tp:= inf sup pPy(u) - o0 ask — co.
Kelk gnrt |

Indeed, to obtain a contradiction, assume that for k large enough there is
uy, € Fi—y with §,, [ug|P do =1 such that
te < pPa(ur) <M

for some M > 0 independent of k. Then

lunllf, = A § o)l dor < 1.

12

Hence

luellf, < M+ Alellos 002 < oo
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This implies that (uy)y is bounded in W1P(£2). Taking a subsequence if nec-
essary, we can suppose that (uy) converges weakly in W1P(£2) and strongly
in LP(052). By our choice of Fi- |, we have u; — 0 in WHP(£2) because
(ef,ex) =0 for all k > n. This contradicts the fact that § |Pdo =1 for
all k, and the claim is proved.

Finally, since ux(A) > t; we conclude that pi(A\) — oo as k — oo, and
the proof is complete. =

o0 [tk

4. Simplicity and isolation of p;()\)

4.1. Simplicity. First, observe that solutions of (1.1)-(1.2), by the well-
known advanced regularity, belong to C1%(£2) (see [20]).

LEMMA 4.1. FEigenfunctions u associated to j11(\) are either positive or
negative in §2. Moreover if u € CH*(£2) then u # 0 in 2.

Proof. Let u be an eigenfunction associated to pi(A). Since @y (Ju|) <
Dy (u) and ¥(|u|) = ¥(u), it follows from (1.3) that |u| is also an eigenfunc-
tion associated to u1(A). Using Harnack’s inequality (cf. [14]), we deduce
that |u| > 0 in £2. By regularity u is defined in the whole of (2. In fact
lu| > 0 in 2 because (Ou/Ov)(xo) < 0 for any xg € 92 with u(zg) = 0, by
Hopf’s Lemma (see [21]). =

THEOREM 4.1 (Uniqueness). For any A € R, ui(\) defined by (1.3) is a
simple eigenvalue, i.e., the set of eigenfunctions associated to (X, p1(N)) is
{tui () : t € R}, where ui(\) denotes the principal eigenfunction associated
to ()‘a :ul(A))

Proof. By Theorem 3.1 it is clear that p;(\) is an eigenvalue of the
problem (1.1)-(1.2) for any A € R. Let u and v be two eigenfunctions as-
sociated to (A, u1(N)) such that u,v € M. Thus in virtue of Lemma 4.1 we
can assume that u and v are positive.

Note that the mappings W'P(2) 3 w — ||[Vw|}, w — {5, |w[P do and
w — {50 0(x)|w|P do are linear functionals in w?, for w? > 0. Hence if we

consider
wP + P\ P
w = ,
(55)

then it belongs to WP (£2) and {,, |w|? do =1. Consequently, w is admissible
in the definition of p;(A). On the other hand, by the convexity of x — |x|?
we have the inequalities

1
(4.1) S |VwlP de = — S(]upAVu + P IV P (uf + oP) P da

2
2 2

1
:§S
0

uP Vu vP VoulP
uP +vP VP +uP v

(uP 4 vP)1 7P da
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<=4 Vult o \Volf\ o
29 uP +vP | u vP+uP| v
1
<3 V(IVul + Vo) da.
02
By the choice of u and v, we deduce that
\Y Vol|P Vul? Vol|P
(4.2) tL (1 —t) 2| =t | (1)
u v u v

with ¢t = uP/(uP + vP).
Now, we claim that u = v a.e. on (2. Indeed, consider the auxiliary
function

F(x1,x2) = ltx1 + (1 = t)x2P — t|x1P + (1 = t)|x2/".

Since t # 0, the critical points of F' are the solutions of the system

0F (x1, _ _
43 T g+ (1= 0l 0a — hala) =0
OF (x1, _ -
@ X o+ (1= 0l 00 - P ) =0

Thus (4.2)-(4.4) imply that (x1 = Vu/u,x2 = Vv/v) is a solution of the
above system. Therefore

Vu pizVu_ Vo P2 Vo
w| u |vl| v
Hence
@:E a.e. in 2.
U )

This implies easily that © = cv for some positive constant ¢. By normaliza-
tion we conclude that c=1. =

REMARK 4.1. Various proofs of the uniqueness result were given in the
Dirichlet p-Laplacian case by using Cl®-regularity and L*°-estimation of
the first eigenfunctions and by applying either Picone’s identity (cf. [1]) or
Diaz—Sad’s inequality (cf. [2, 9, 11]) or an abstract inequality (cf. [15]).

4.2. Isolation

PROPOSITION 4.1. For any A € R, u1(A) is the unique eigenvalue asso-

ciated to A\, having an eigenfunction not changing its sign on the boundary
o12.

Proof. Fix A\ € R and let u1(\) be the principal eigenfunction associated
to (A, 11(A)). Suppose that there exists an eigenfunction v corresponding to
a pair (A, ) with v > 0 on 942 and v € M. By the Maximum Principle,
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v > 0 on {2. To simplify the notation, set u = u1()). For £ > 0 small enough,
write

(4.5) Ue =U+E, Ve =0V+¢€,
uP — P
(4.6) Oue, v) = ————
Ue

It is clear that ¢(u.,v.) € WHP(£2) and it is an admissible test function in
(1.1)—(1.2). Thus we obtain

@7V IVulP 2 VuVe(ue, ve) do + | vP ¢(ue, ve) dao

02 2
= | Qo(@) + i (\)u? "¢ (ue, ve) do
o1
and
4.8) VIVl VoVe(ue, ve) do + | P p(ue, ve) da
2 2

= | Q@) + )" ' o(us, v:) do.
12

From (4.7) and (4.8), we deduce by calculation that

(4.9) S \Vu|P2VuV ¢ (ue,v:) dz + S |VolP2V oV (ue, ve) d
2 9]

() () e

p—1 p—1
+ p1(A) S uP~t [ug — <E> vg} do+ p S P! [ve — <%> ug] do.
Ue Ve

01?2

+ S |U’p_2v¢(u€,vs) dx
(0]

On the other hand, by a long calculation again, we obtain
v\ ve \P !
(4.10)  Vo(ue,ve) = {1 +(—-1) (—E> }Vug - p(—€> Vo
Ug Ug
and

(4.11) S[up_lgé(ue,ve) + P L (ue, ve)] da
Q
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Therefore (4.9), (4.10) and (4.11) yield

(4.12) (Si{l +(p-1) (%)p}wugyp + {1 +(p-1) <Z—:>p}|ws|fﬂ} dw

v p—1 u p—1
+ | [—p(f) |V |P~2Vu. Vo, + p<U—€> \Vug\p_QV%VvE] dx
2 € e

= JE + KE - IE
with

u \P! v\t
b () () Yoo

o052
p—1
(4.15) K. = u1(N) S uP™! [UE (U—E) ’UE:| do
Ue
o
p—1
+ u S uP 1[1)3— (%) ua] do
on &

It is clear that I. > 0. Now, thanks to the inequalities of Lindqvist [15], we
can distinguish two cases according to the value of p.

CASE 1: p > 2. From (4.12) we have

1 1 1
. > — p > 0.
(4.16) J.+ K. > T S ((u+ 17 + e 1)p> |[uVv —vVulPdx > 0

CASE 2: 1 <p < 2. Then
uv(uP + vP)
(v|Vu| + u|Vo| + 1)2-P

(4.17)  J.+ K. > c(p) S [uVv — vVul? dz > 0,
02

where the constant ¢(p) > 0 is independent of u, v, A and g1 ().
The Dominated Convergence Theorem implies that

o B - b
Jim Jo = Jim Ke = (m()) u)axn(u W) do =0,

because
(4.18) S uPdo = S vPdo = 1.
of? o2
Now, letting e — 07" in (4.16) and (4.17), we arrive at

uVv =vVu a.e.on (2.
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V(g> =0 a.e. on {2
v

Hence, there exists ¢ > 0 such that u = tv a.e. on §2. By continuity v = v
a.e. in 2; and by the normalization (4.18) we deduce that ¢t = 1 and u = v
a.e. on Of2. This implies that v = v a.e. on £2. Finally, we conclude that
p=p1(A). =

REMARK 4.2. We can also show Proposition 4.1 by using Picone’s iden-
tity. A similar result was given in [8] in the particular case A = 0.

Thus

COROLLARY 4.1. For any X € R, if u is an eigenfunction associated to
a pair (A, p) with p # pi(X), then u changes its sign on the boundary 02.
Moreover,

(4.19) min(|027[,10027]) = ¢, (Al lellc00 + 1),

where n = N/p if 1 <p < N andn =2 if p > N, cp is the best constant
in the Sobolev trace embedding WP (£2) — LP"(012), and |0£2F| denotes the
(N — 1)-dimensional measure of 02F. Here p* = p(N —1)/(N — p) is the
critical Sobolev exponent and 002F = {x € 2 : u(zx) = 0}.

Proof. Set u™ = max(u,0) and «~ = max(—u, 0). It follows from (2.1),
where we put v = v, that

VIVurPde+  jum P de = | (Ae(x) + p)u”|P do.

2 02 21
Thus
lu i < (Al lelloco0 + ) § | do
0~
_ _ . «\P/P*
< (Al lelloc.o0 + )02 P (1§ [um )"

082
By the Sobolev embedding W'P(9£2) — LP"(352), we deduce that

10027 = &, (IM llello,00 + 1)

The same holds for 027 by taking v = u™' in (2.1). Hence the estimate
(4.19) follows. =

REMARKS 4.1. (i) The right-hand side of (4.19) is positive because ¢ # 0
and if A = 0 then pu is an eigenvalue of the p-Laplacian related to
the trace embedding, so u — A1 > 0, where A; is the first eigenvalue
of (1.1)-(1.2) in the case A = 0.

(ii) An easy consequence of Corollary 4.1 is that the number of nodal
components of each eigenfunction of (1.1)—(1.2) is finite.
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Using Proposition 4.1 and Corollary 4.1, we can state the following im-
portant result.

THEOREM 4.2. For any A € R, p1(A) is isolated.

5. Variations of the weight. Let u1(\) = u1(0) and ui(A) = u1(p)
(to indicate the dependence on the weight p).

THEOREM 5.1. For any A € R, if (ox)r is a sequence in L>®(0§2) such
that o converges to o in L (012) with o £ 0, then

(5.1) klglgo pi(or) = pi(o),
(5.2) klgfolo Jui(ox) —w1(0)|}, = 0.

Proof. If A = 0, the result is evident because u1(ox) = p1(o) for all
k € N*. If A # 0, then for v € M,

A § (r = @)lol? do| < N lox ~ ell.00-
of?

By the convergence of g to g in L>(042), for every € > 0 there exists k. € N
such that for all & > k.,

€
AT (o — ol do| < N =*
on
This implies that
(5.3) A ovlPdo <e+ A\ ool do,
o1 o1
(5.4) A orlvlPdo <e+ x| ol do,
on on

for any v € M, e > 0 and k > k..
On the other hand, we have 9o Z 0. We take k. large enough so that
or = 0. Thus

pi(on) < llollf, = A § oxlol? do.
a0

Combining with (5.3) and (5.4), we obtain

(o) < fvlff, — A S olv|P do +e.
e

Passing to the infimum over v € M, we find

pi(or) < pa(o) +e,  mio) <plor) +e, Ve>0Vk > k..

Hence, we obtain the convergence (5.1).
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For the strong convergence (5.2) we argue as follows. For k large enough,
we have g5, Z 0 and

(5.5) pa(or) = lur(en)llf, — A | or(ua(or))? do.
o5
Thus
Jur(or)[1T, < |1 (or)| + (Al [0kl oo,00-

From (5.1) and the convergence of g to g in L*(02), we deduce that
(u1(ok))k is a bounded sequence in WHP(£2). Since W1P(£2) is reflexive and
compactly embedded in LP(0f2) we can extract a subsequence of (u(gk))k,
again labelled by k, such that u1 (o) — u (weakly) in W1P(§2) and u (o) —
u (strongly) in LP(042) as k — oco. We can also suppose that uq(gr) — v in
LP({2). Passing to a subsequence if necessary, we can assume that ui(ox) — u
a.e. in £2. Thus u > 0 a.e. in £2. We will prove that u = u1(p). To do this,
using the Dominated Convergence Theorem in 02, we deduce that

S ok (u1(ox))Pdo — S ou? do

a12 082
as k — oo. By (5.5), (5.1) and the lower weak semicontinuity of the norm
we obtain

(5.6) lullf, < pae) + A | ouP do.
o
The normalization San uPdo = 1 is proved. Moreover, u > 0 a.e. in {2,

because u1(ox) > 0 in 2. Thus u is an admissible function in the variational
definition of 11 (). So

p(N) < Jullf, =X | ouPdo.

o1

This and (5.6) yield

(5.7) pi(e) = llullf, = A | ouPdo.
o5

By the uniqueness of the principal eigenfunction associated to pi(A), we
must have u = u1 (). Consequently, the limit function u; () is independent
of the choice of the (sub)sequence. Hence, u1(gy) converges to ui(g) at least
in LP(012) and in LP(§2). To complete the proof of (5.2), it suffices to use
Clarkson’s inequalities related to uniform convexity of W1P(§2). For this we
distinguish two cases.

CASE 1: p > 2. We have

_ P p
S VU1(QI<:)2 Vui(o) d$+§ VU1(Qk)2+VU1(Q) da
Q Q
1 1
<3 VIV (on) P da + 3 | Vi ()P dz

0 N
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and
Vui(or) + Vui(o) |
2

Y Qk<u1(£)k)+u1(0)>pda

2
on

o) § (LD s < § da
n

2
on

Moreover

wi(o) —m@)|’
e

Hence

l[ui(or) —ui(0)IF,

< o § (LI, (1l @Y,

2 2
on on

u(ox) 4+ u1(o) [

1 1
; do+ 5 lur (n) I3 + 5 e (o)

1 1
t3 (M(Qk) — A | or(@)u(or) dU) +t3 (Ml(@) -2 | od d")
o192 o192
Then, by using the Dominated Convergence Theorem we deduce that
lim sup |lu1(ox) — w1 (0)[I7,, =0

CASE 2: 1 < p < 2. In this case, we have
Vui(or) — Vui(o) pdw}l/(p_l) n {S Vuy(or) + Vui(o)
2

2 2
<
e | (MAG0) o < §

2
on

p 1/(p—-1)
d:v}

U

N| =

1/(p-1)
VIV (on)IP da + = S]Vul( )|pdx}
2 Q
and
Vi (ox) + Vui(o) [P
2

Y Qk(ﬂl(@k)Jrul(@))de_

o1 2
Hence, by definitions of u1(or) and p1(0), and the second Clarkson inequality
we obtain the convergence (5.2). m

COROLLARY 5.1. For any bounded domain (2, the function A — pu1(\)
is differentiable on R and the function A — u(\) is continuous from R into
WLP(§2). More precisely

ph(ho) == | o(@)(ur(Xo))Pdo, VA €R.
ofn
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Proof. Denote by pu1()\, g) the principal eigenvalue associated with A and
the weight g and by wuj (), ) the corresponding principal eigenfunction. Sup-
pose that Ay — Ao in R; then hyp = Ao — Ao = h in L*®(9£2). From
Theorem 5.1 we deduce that

p(Ak) = pa(1, hy) — pa(1,h) = pa(Ao)
and
ul()\k) = ul(l, hk) — ul(l, h) = ul()\o) in Wl’p(Q).

For the differentiability, it suffices to use the variational characterization of
w1 (A) and of py(Ag), so that we have

(A =20) | o@)(wi(N)do < p(N) = p1(No) < (Ao =) | (w1 (o))? do
o o
for any A\, A\g € R. n
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