APPLICATIONES MATHEMATICAE
39,1 (2012), pp. 1-22

Y. Axkpim (Fes)

J. BENNOUNA (Feés)
M. MEKKOUR (Fes)
H. REDWANE (Settat)

EXISTENCE OF RENORMALIZED SOLUTIONS
FOR PARABOLIC EQUATIONS
WITHOUT THE SIGN CONDITION
AND WITH THREE UNBOUNDED NONLINEARITIES

Abstract. We study the problem
ob(x,u)
ot

—div(a(z,t,u, Du)) + H(xz,t,u, Du) = p in Q@ =2 x (0,T),
b(z,u)|t=0 = b(z,up) in L2,
u=0 1in 02 x (0,T).
The main contribution of our work is to prove the existence of a renor-
malized solution without the sign condition or the coercivity condition on
H(z,t,u, Du). The critical growth condition on H is only with respect to

Du and not with respect to u. The datum p is assumed to be in L'(Q) +
LY (0, T; W' (2)) and b(z,up) € L*(£2).

1. Introduction. In the present paper we establish the existence of a
renormalized solution for a class of nonlinear parabolic equations of the type

ab(gt, w) + div(a(z,t,u, Du)) + H(z,t,u, Du) = p

(11) iHQ:QX (O,T),
u=0 ondfx(0,T),
b(x,u)|i=0 = b(x,up) on {2.

In problem 1) (2 is a bounded domain in RN, N > 1, T is a positive real
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number, while the data p and b(z,ug) are in L'(Q) + L¥' (0, T; W~ (1))
and L'(£2). The operator — div(a(z,t,u, Du)) is a Leray-Lions operator
which is coercive, b(z,u) is an unbounded function of u, H is a nonlinear
lower order term and p = f — div F with f € LY(Q), F € (L* (Q))V.

Dall’Aglio—Orsina [8] and Porretta [13] proved the existence of solutions
for the problem , where b(x,u) = u and H is a nonlinearity with the
following “natural” growth condition (of order p):

(1.2) [H (2,t,5,8)] < b(s)([E]° + c(x, 1)),
and which satisfies the classical sign condition
(1.3) H(x,t,s,6)s > 0.

The right hand side p is assumed to belong to L'(Q). This result gener-
alizes an analogous one of Boccardo—Gallouét [4] (see also [6 [7] for related
topics).

It is our purpose to prove the existence of a renormalized solution for
the problem in the Sobolev space setting without the sign condition
and without the coercivity condition

(1.4) [H (z,t,5,8)] = BlE)" for [s| = .

Our growth condition on H is simpler than : it only concerns growth
with respect to Du and not with respect to u (see assumption (H2)). The
term u belongs to L'(Q). Note that our result generalizes that of Por-
retta [13].

The notion of renormalized solution was introduced by J. DiPerna and
P.-L. Lions [10] in their study of the Boltzmann equation. This notion was
then adapted to an elliptic version of by L. Boccardo et al. [5] when
the right hand side is in W~1#'(£2), by J. M. Rakotoson [I5] when the right
hand side is in L'(£2), and finally by G. Dal Maso, F. Murat, L. Orsina and
A. Prignet [9] for the case of the right hand side being general measure data.

The plan of the paper is as follows. In Section 2 we make precise all
the assumptions on b, a, H, f and b(x,up), and give the definition of a
renormalized solution of (L.I). In Section 3 we establish the existence of
such a solution (Theorem . Section 4 is devoted to an example which
illustrates our abstract result.

2. Assumptions on data and definition of a renormalized so-
lution. Throughout the paper, we assume that the following assumptions
hold true.

AssuMPTION (H1). £2 is a bounded open set in RY (N > 1), T > 0 is
given, we set Q = 2 x (0,7, and

(2.1) b: 2xR—R isa Carathéodory function
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such that for every = € 2, b(z,-) is a strictly increasing C'-function with

b(x,0) = 0.
Next, for any k£ > 0, there exist A\;, > 0 and functions Ay € L*°(§2) and

By, € LP(£2) such that
Dx<8%§¢°)‘slﬁcw

ob(x, s)
ds S
for almost every x € (2, and every s such that |s| < k; we denote by

D, (0b(x, s)/0s) the gradient of 0b(z, s)/Js in the sense of distributions.
There exist k € LPI(Q) and o > 0, 8 > 0 such that for almost every

(2.2) Ak < < Ag(z) and

(z,t) € Q all (5,6) € R x RV,

(2.3) la(z,t,5,8)| < Blk(x,t) + s~ + €771,
(2.4) la(z,t,8,8) —a(x,t,5,7)]( —n) >0 forall £ #n,
(2.5) a(z,t,s,§).& > algP.

AsSUMPTION (H2). Let H : 2x[0,T]xRxRY — R be a Carathéodory
function such that for a.e. (x,t) € Q and for all s € R, £ € RV, the growth
condition

(2.6) [H (2,1, 5,8)] < (1) + g(s) ¢
is satisfied, where g : R — R™ is a bounded continuous positive function
that belongs to L!(R), while v € L'(Q).

We recall that, for £ > 1 and s in R, the truncation is defined as
s if |s| <k,
Ti(s) = ,
ks/|s| if |s| > k.

DEFINITION 2.1. Let f € L'(Q), F € (L*(Q))" and b(-,ug) € L'(12).
A real-valued function u defined on Q) is a renormalized solution of problem
[T if
(2.7) Ty(u) € LP(0,T; W&’p(())) for all k > 0, b(x,u) € L>=(0,T; L' (1)),
(2.8) S a(z,t,u, Du)Dudrdt — 0 as m — oo,
{m<|ul<m+1}
B
858(:’10 —div(S(w)a(z, t,u, Du)) + S"(u)a(z,t,u, Du) Du
+ H(z,t,u, Du)S' (u) = £S5 (u) — div(S'(u)F) + S"(uw)FDu in D'(Q),
for all S € W2°(R) which are piecewise C* and such that S has a compact
z Ob(z,r) S
0 o8 (r)dr and
(2.10) Bs(x,u)|t=0 = Bs(xz,ug) in £2.

REMARK 2.2. Equation (2.9)) is formally obtained through pointwise mul-
tiplication of ([1.1]) by S’(u). However, while a(z, t,u, Du) and H (z,t,u, Du)

(2.9)

support in R, where Bg(z,z) = §
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do not in general make sense in , all the terms in have a meaning
in D'(Q).

Indeed, if M is such that supp S” C [—M, M], the following identifications
are made in :

e S(u) belongs to L*>°(Q) since S is a bounded function.

o S"(u)a(x,t,u, Du) identifies with S'(u)a(x,t,Tps(u), DTar(u)) a.e.
in Q. Since T (u)] < M ae. in Q and S'(u) € L>®(Q), we deduce
from (2.3) and (2.7) that

S'(w)a(w, t, Tnr(u), DTy () € (L7 (Q)N.

o S"(u)a(z,t,u, Du)Du identifies with S"(u)a(x,t,Tar(u), DTar(u))

- DTy (u) and
S (u)a(x,t, Tag(u), DTa(u)) DTy (u) € LY(Q).

o S"(u)H(x,t,u, Du) identifies with S’'(u)H (z,t,Tps(u), DTh(u)) a.e.
in Q. Since [Ty (u)] < M a.e. in Q and S'(u) € L™(Q), we see from
(2.3) and (2.6]) that

S'(u)H (2, t, Tas (u), DTa (u) € LH(Q).
e S'(u)f belongs to L*(Q) while S’(u)F belongs to (L (Q))N.
e S"(u)FDu identifies with S”(u)F DTy (u), which belongs to L'(Q).
The above considerations show that equation (2.9) holds in D'(Q) and that
0Bg(z,u)
ot
Due to the properties of S and (2.9), S(u)/dt € LY (0,T; W1 (2)) +
LY(Q), which implies that S(u) € CY([0,T]; L(§2)) so that the initial con-
dition (2.10)) makes sense, since, due to the properties of S (increasing) and
, we have
(2.11)  |Bs(z,7) — Bs(z,7")| < Ag(2)|S(r) — S(r")| for all r,7" € R.

e LY (0, T; W' (2)) + LY(Q).

3. Existence results. In this section we establish the following exis-
tence theorem:

THEOREM 3.1. Let f € LYQ), F € (LPI(Q))N and suppose ug 1S a
measurable function such that b(-,ug) € L'(£2). Assume that (H1) and (H2)
hold true. Then there exists a renormalized solution u of problem m
the sense of Definition [2.1].

Proof. The proof is in five steps.

STEP 1: Approximate problem and a priori estimates. For n > 0, we
define approximations of b, H, f and wug. First, set

(3.1) bu(,7) = b(z, Tn(r)) + .

n
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In view of (3.1)), b, is a Carathéodory function and satisfies (2.2)): there exist
An > 0 and functions A,, € L*>(f2 and B,, € LP({2) such that

Oby(z, s)

< Oby(z, s)
- Os

An
Js

< Ap(x) and ‘Dw( )‘ < Bp(z) a.e.in 2, s € R.

Next, set
H(z,t,5,)

Hn 7t7 9 = ’
b5 ) = T T 1,5,0)

and select f,, ug, and b, so that

(32) fn €L’ (Q)and f, — f ae. in Q and strongly in L'(Q) as n — oo,
uon € D(£2),  [|ba (2, uon) |21 < [[6(z, uo)| L1,
(3.3)  bu(x,up,) — bz, ug) a.e. in 2 and strongly in L'(£2).

Let us now consider the approximate problem

by, (z, up)
ot
(3.4) = fo—divF in D'(Q),
Up =0 in (0,T) x 82,

bn(, un)‘(t:o) = bn(, uon).

—div(a(z, t,un, Duy)) + Hp(z,t, uy, Duy,)

Note that
|Hp(x,t,5,8)| < H(x,t,s,§) and |Hy(x,t,s,&)| <n

for all (s,&) € R x RV,

Moreover, since f, € LV (0,T; W*Lp/(Q)), proving existence of a weak
solution u, € LP(0,T; WyP(£2)) of (3.4) is an easy task (see e.g. [12]).

Let e LP(0, T; Wy P(£2))NL>®(Q) with ¢ > 0. Choosing v=exp(G(un))p
as a test function in (3.4) where G(s) = {;(g(r)/) dr (the function g appears
in (2.6])), we have

Oby, (x, up,)
S — exp(G(uy))p dx dt + S a(x,t, up, Duyn)D(exp(G(un))p) dz dt
Q Q

+ S H,(z,t,uy, Duy,) exp(G(u,))p dx dt
Q

= S frnexp(G(up))pdx dt + S FD(exp(G(uy))p) dx dt.
Q Q
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In view of ([2.6)) we obtain

S (%n(gt’un) exp(G(uy))p dx dt
Q
+ S a(x,t un,Dun)Dung(Zn) exp(G(uy))p dz dt
Q
+ S a(x,t, upn, Duy) exp(G(uy)) Dy dz dt
Q
< {2, ) exp(Glun) o iz b + | () Dt l? exp(Glun) o i dt
Q Q
+ S frnexp(G(uy))pdz dt + S FD(exp(G(un))p) dz dt.
Q Q
By using (2.5) we obtain
Oby, (x, uy,
(3.5) S(at)exp(G(un))godmdt

+ S a(z,t, up, Duy) exp(G(uy)) Dy dz dt
Q

< S'yxt exp(G(uy) @dwdt—i—x n exp(G(uy))p dz dt
Q Q
+ S F exp(G(un)) Dy dzx dt + S FD(exp(G(un)))p dzdt
Q Q

for all ¢ € LP(0,T; Wy (£2)) N L®(Q) with ¢ > 0.
On the other hand, taking v = exp(—G(uy))p as a test function in (3.4))
we deduce as in (3.5)) that

(3.6) | W p(—G(un))p da
Q
+ S a(z,t, up, Duy) exp(—G(uy,)) Dy dx dt
Q
+ S v(z,t) exp(—G(up))p dx dt
Q

> S frnexp(—G(up))p dx dt + S F exp(—G(uy,)) Dy dx dt
Q Q
+ S FD(exp(—G(uy)))p dxdt
Q

for all ¢ € LP(0,T; Wy (£2)) N L®(Q) with ¢ > 0.
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Letting ¢ = Ty (un) ¥ X(0,7), for every 7 € [0,T7], in (3.5), we have

3.7\ Bia(,un(m))dz + | a(@,t,un, Duy) exp(G(un)) DTy (u,) "t da dt
2 Qr

< S y(z,t) exp(G(un)) Ty (un) " do dt + S frn exp(G(un)) T (un)t da dt
Qr Q-

FD(Ty(un) ") exp(G(uy)) dx dt

Q
+ g(un) n
+ S FT(up)" exp(G(up))Duy - dx dt + S By (7w, uon) dz,
Q Q

where BkG x,r) =
BkG and |G(un)| <

k(s)T exp(G(s))ds. Due to the definition of

Sr an (z,s)
ex (HgHLl(R /o) we have

(3-8) 0 < | BE (e, uon) dz < kexp(llgllci@y/@) 1b( wo) | o1 (o)
Q

Using 1) B,?’G(az, un) > 0 and Young’s inequality, we obtain

\ a(z,t,un, DT} (un) ") DT} (un) T exp(G (up)) da dt
Qr

< kexp(llgla /o) (ufnum N —

o p/p

o
+ ||bn(m,u0n)HL1(Q)> + " S | DT () [P exp(G (uy)) da dt
Qr

+ S S Fg(un) exp(G(un)) Dun Ty (uy) " dz dt.
a
Qr

Thanks to (2.5) we have

(3.9) oz<p;1> [ (DT ()P exp(Gun)) da dt
o

skexp(ngLl(R)/m(\fnuLl(Q +loe + 7ms Pl

1
+ [lbua, uOn>||L1(m) +— | Fglun) exp(G(un)) Ditn X, 50 d
Qr

Let us observe that if we take ¢ = p(un) = {" 9(s)X{s>03ds in (3.5) and use
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(2.5) we obtain

T
[S By (z,un) daj}o + S | Dun [P g(un) X fu, >01 €xXP(G(un)) d dt
Q Q

< (§ 9(s) ds) expllglzr e /) @) + I fnllr(@y)
0

+ S FDung(un)X{un>0} exp(G(uy)) dx dt
Q

o)

+ (] s)ds) § 17Dl 2 exp(Go ), 0 drd,
Q

(07
0

where By (x,r) = 5o Wp(s) exp(G(s))ds, which implies, using By (z,r)
> 0 and Young’s inequality,

a | |DunlPg(un) exp(G(un)) da dt
{un>0}
< exp(|lgll L) /@) IVl L1 @) + 1f Q) + 1b(z, wo) | 1(s2))
+ Chllglloe exp(llgll L ry /) | |FIP da dt
Q

Un,
1D ) (G0 e

Q
Un,
§ 1D 2 s (G ) ), 0 .

We obtain
| g(un)|Dup P exp(G(uy)) dz dt < Cs.
{un>0}
Similarly, taking ¢ = Sgn g(s)x{s<0}d5 as a test function in 1) we conclude
that

| 9(un)| Dup P exp(G(uy)) dz dt < Cy.
{un<0}

Consequently,

(3.10) | 9(un) | Dun|P exp(G (un)) da dt < Cs.
Q
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Above, C1,...,Cs are constants independent of n. We deduce that

(3.11) V DTy (un) ¥ P d dt < Cik.
Q
Similarly to (3.11) we take ¢ = Tk (un)” X(0,r) in (3.6) to deduce that
(3.12) \ DTy (up) |7 d dt < Crk
Q
Combining (3.11)) and (3.12) we conclude that
(3.13) | T () 11 < Cgk.

LP(0.T5W5 7 (£2)
where Cg, C7, Cg are constants independent of n. Thus, Tj(u,,) is bounded
in LP(0,T; WO1 P(£2)), independently of n for any k& > 0. We deduce from
B, B8 and (3-13) that

(3.14) | By ¢(z, un(7)) dz < Ck.
2

Now we turn to proving the almost everywhere convergence of u, and
bn(x,u,). Consider a nondecreasing function gx € C%(R) such that gi(s) =
s for |s| < k/2 and gr(s) = k for |s| > k. Multiplying the approximate
equation by g} (uy), we get

OB} (x, up)

(3.15) o

—div(a(z, t, un, Duyn) gy (un))

+a(z,t,up, Dun)gg(un)Dun + Hy(x,t, uy, Dun)g;(un)
= fngl,c(un) - diV(Fgl::(un)) + Fgg(un)Dun

where B} (x,2) = Sg ab"g:’s) gy (s)ds. As a consequence of 1’ we deduce
that g (uy,) is bounded in LP(0, T} Wol’p(ﬂ)) and 0B} (x,uy)/0t is bounded
in LY(Q) + L¥ (0, T; W~ (£2)). Due to the properties of g and , we
conclude that gy (u,,)/dt is bounded in L*(Q)+ L¥ (0, T; W1 (£2)), which
implies that gy (u,) is compact in L'(Q).

Due to the choice of g, we conclude that for each k, the sequence T (u,,)
converges almost everywhere in @), which implies that u, converges almost
everywhere to some measurable function v in ). Thus by using the same
argument as in [2], [3], [I8], we can show the following lemma.

LEMMA 3.2. Let uy be a solution of the approzimate problem . Then
(3.16) Up — U a.e.in Q,
(3.17) bn(z,un) — b(z,u)  a.e.in Q.

We can deduce from that
(3.18) Ti(un) = Ti(u) — weakly in LP(0,T; Wy (£2)),
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which implies, by using , that for all k > 0 there exists Ay, € (LP (Q))N
such that
(3.19) a(z, t, Tp(up), DTy (un)) = A, weakly in (LP (Q))N.

We now establish that b(-,u) belongs to L>(0,T; L'(2)). Usmg
and passing to lim inf in @[} as n— 00, we obtain ( 1/l<: o Bra(z,u(r )) dl’
< C, for a.e. 7in (0,7"). Due to the definition of By, ¢(z, s) and the fact that
(1/k)By, ¢ (z,u) converges pointwise to

¢ ob(x, s)
SSgH(S)T’ exp(G(s)) ds = |b(z, u)]
s
0
as k — oo, it follows that b(-,u) belong to L>(0,T; L'(2)).
LEMMA 3.3. Let uy, be a solution of the approzimate problem (3.4). Then
(3.20) lim lim sup S a(x, t, uy, Duy)Duy, dx dt = 0.
m—0o0 n—oo
{m<|un|<m+1}
Proof. Set ¢ = Ty (up — Trn(un))™ = am(uy,) in (3.5); this function is
admissible since ¢ € LP(0, T} WO1 P(£2)) and ¢ > 0. Then we have

Oby,(x, up,)
)

exp(G (un))tm (uy) dz dt

Q
+ S a(x,t, up, Duy)Duy, exp(G(uy,)) dz dt

{m<up<m+1}
< S frnexp(G(un)) o (un) + S V(,t) exp(G(un))ou (un) dz dt
Q Q
+ S FDuy, exp(G(uy,)) dx dt
{m<un<m+1}

+ S FDung(un> exp(G (un))om (uy) dz dt.
o o
This gives, by setting B)'c(z,r) = SS%exp(G(s))am(s) ds, and by
Young’s inequality,

S ne (@, un)(T) do + S a(x,t, up, Duy)Duy, exp(G(uy,)) dx dt
2 {m<up,<m+1}
< espllglpm/e)] | (fal+Ddzdit | lbale,uon)|do
{lun|>m} {[uno[>m}
+C1 | FP dedt+ S | | Duun|P exp(G (un)) dz dt
{un>m} {m<un<m+1}
+ Cs S \FIP da dt + Cs S | Dy, [P g(un) exp(G(uy,)) dz dt.

{un Zm} {un Zm}
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Using (22.5) and since B)'¢(, u,)(T) > 0, we obtain
-1
3.21) P—= {

a(x,t, up, Duyp)Du, exp(G(uy,)) dz dt
p

{m<un<m+1}

<expllglpm/o)| | (fal+hhded+ | |ou(euon) da]

{lun|>m} {luno|>m}

+Cy | [P dvdt+Cs | g(un) exp(G(un))| Dunl? dz dt.

{un>m} {un>m}
Taking ¢ = pm(un) = §3" 9(8)X{s>m} ds as a test function in (3.5)), we obtain

T
“ B, (z,un) dl‘} 0 + S a(x,t, un, Dun)Dung(un)X{un>m} exp(G(up)) dx dt
n Q

< (1 9()xqsmmy ds) explllgll ey /) Iz @) + 1l @)

+ FDung(un)X{un>m} exp(G(un)) dz di

Up
) (G0 X

Q
+ (S 9(8)X(s>m) ds) \ FDu,
" Q

where Bl (z, )= ab"(x %) o () exp(G(s)) ds, which implies, since B". (z, r)
> 0, by (2.5) and Young s inequality,

a(p—1) S

(3.22) | Dup [P g(un) exp(G(uy,)) dz dt

{un>m}

< (] 9ts) ds) explllglzagay/e) (Il o) + ||fn||L1(Q>

m

Using (3.22)) and the strong convergence of f, in Ll(Q) and bn(a:,UQn) in
LY(2), v € L), g € L)(R) and F € (I (Q))N, by Lebesgue’s theorem,
passing to the limit in (3.21]), we conclude that

(3.23) lim limsup S a(z,t, up, Duy)Duy, dx dt = 0.

m—o0
T {m<un<m+1)

On the other hand, taking ¢ = T} (uy, — T (uy))~ as a test function in (3.6)
and reasoning as in the proof of (3.23)) we deduce that
(3.24) lim limsup S a(x,t, up, Duy)Du, dx dt = 0.

m—

(o)
ey (m+1)<un< m}

Thus (| - ) follows from ((3.23]) and ( -
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STEP 2: Almost everywhere convergence of the gradients. This step is
devoted to introducing for k£ > 0 fixed a time regularization of the function
Ti(u) in order to apply the monotonicity method. This kind of method was
first introduced by R. Landes (see Lemma 6 and Proposition 3, p. 230, and
Proposition 4, p. 231, in [I1]). Let ¢; € D({2) be a sequence which converges
strongly to ug in L'(£2). Set w!, = (Ty(u)), + e *Tj(¢;) where (Tj(u)), is
the mollification of Ty (u) with respect to time. Note that w}, is a smooth
function having the following properties:

ow’ . . .
(3.25) a—t“ = w(Tx(u) — wz), wL(O) = T (), ]wm <k,
(3.26) wz — T(u) in LP(0,T; Wol’p(Q)) as [ — 00.

We introduce the following function of one real variable s:
1 if |s| < m,
hm(s)=<¢ 0 if |s| > m + 1,
m+1+]s| ifm<|s|<m+1

For m > k, let ¢ = (Tj(un) — wi)*hu (un) € LP(0,T; Wy P(£2)) N L=(Q)
and ¢ > 0. If we take this funct1on in , we obtain

(3.27) | 867‘(;;’“’1) exp(G () (T (tn) — w' () da dt
{T (un)—wi, >0}
+ S a(x,t, un, Dup) D (T (uy) — wz)hm(un) dx dt

(T (un)—wj, >0}

— S exp(G(uy))a(x, t, un, Duy) Dup Ty (urn) — w/i)Jr dx dt
{m<un<m+1}

Y(,t) + fn) exp(G(un)) (T (un) — wZ)*hm(un)daf dt

~—

S

| FDu, (Z" exp(G(un))(Ti(ttn) — w') o () der it

Q
+ | exp(G (un))F D (Ty (up,) — w*

1) hn (un) d dt
{ T (un) —wj,>0}

- S exp(G(up))F Duy Ty (uy) — wL)Jr dx dt.
{m<un<m+1}
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Observe that

S exp(G(uy))a(z, t, un, Duy) Dun (Tx (u,) — wa)Jr dx dt
{m<un<m+1}

< 2kexp(llgllL1w)/) S a(x,t, uy, Duy)Duy, dx dt,
{m<un<m+1}
and
| exp(Glun) FDun(Ti(un) — wi)* da dt’ <
{m<un<m+1}

£l Lp’(Q))N< S

( 1/p
YT a(x,t, upn, Duy,)Du, dx dt) .

2k exp([|gll L1 (r)/ )
{m<u,<m+1}

Thanks to the third and fourth integrals on the right hand side tend

to zero as n and m tend to infinity, and by Lebesgue’s theorem and F €

(L”(Q))N, we deduce that the right hand side converges to zero as n, m

and p tend to infinity. Since

(Ty(up) — wL)Jrhm(un) = (Tg(u) — wL)+hm(u) weakly™ in L*°(Q)
as n — oo and strongly in LP(0, T Wol’p(Q)), and (Ty(u) — wa)Jrhm(u) —0
weakly* in L*°(Q) and strongly in LP(0, T} Wol’p(ﬂ)) as pu — 00, it follows
that the first and second integrals on the right-hand side of (3.27) converge
to zero as n,m, i — 00.

Below, we denote by &;(n,m,pu,i), | = 1,2,..., various functions that
tend to zero as n, m, ¢ and p tend to infinity.

The very definition of the sequence w/i makes it possible to establish the
following lemma.

LEMMA 3.4 (see [16]). For k > 0 we have

Oby (T, uy,
| (2, un)

(3.28) 5

exp(G(un)) (Tk(un) — wz)hm(un) dx dt
{T (un)—wj, >0}

> e(n,m, p,1).

On the other hand, the second term on the left hand side of (3.27) reads

S a(z,t, up, Dup) D (T (up) — wi)hm(un) dx dt
{ T (un ) —w}j, >0}
= | a(@, t, Ti(un), DTi(un))D(Th(un) — W) (u) dz dt
{Th (un ) —wj, >0, [un|<k}
- S a(z,t, up, Dun)Dwzhm(un) dx dt.

{Tk (un)—w}, 20, [un| >k}
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Since m > k, and hy,(u,) = 0 on {|un| > m + 1}, one has

(3.29) | a(@, t, up, Dun) D(Th(un) — ') han (uy) da dt
(T (un) —w}, >0}

= S a(x,t, Tk (un), DTk (un))D(Tk(un) — wl)hm(un)dm dt
{T (un)—w?, >0}

- | a(@,t, Tt (Un), DTt (un)) Dwlyhiy (us ) do dt
{T (un)—w?, >0, |un [ >k}

=J1+ Jo.

In the following we pass to the limit in : first we let n tend to oo, then
p and finally m tend to co. Since a(x,t, Tnt1(un), DLm+t1(uy)) is bounded
in (LPI(Q))N we see that a(z,t, Tint1(un), DTmy1(un)) i (Un) X {jun >k} —
AmX{ju|>k}hm(u) strongly in (LY (Q))N as n — oc. It follows that

JQ = S AmeLhm(u)X{|u|>k} dx dt + E(n)
{T (w)—w}, >0}

= S A (DT (w)y — efutDTk(wi))hm(u)x{|u|>k} dx dt +e(n).
{Tk () —w}, 20}

Letting p1 — oo implies that Jo = SQ Ay DTy (u) dz dt + £(n, p). Using now
the term J; of (3.29) one can easily show that

(3.30) S a(z,t, Tk (un), DTk (upn))D(Ty(uy) — wz)hm(un) dx dt
{ T (un ) —wj, >0}
= S [a(x,t, T (uy), DTk (uy)) — a(x, t, Ty (uy ), DTk (u))]

{Tk (un) —w}, >0}

X [DTy(un) — DTy (w) i (uy,) dz dt
+ S a(z,t, Tk (up), DTk (u))(DTk(uy) — DTk (w))hm (uy) dz dt
{Tk (un) —w}, >0}

+ | a(z, t, T (un), DTk (tn)) DTy () o, (1) dez dt
{T (un)—wt, >0}

- | a(z, t, Ty(un), DTj(un)) Dw', b (u) d dt
(T (un) —w}, >0}

:K1+K2+K3+K4.

We shall pass to the limit as n, p — oo in the last three integrals. Starting
with Ko, we have, by letting n — oo,

(3.31) Ky = &(n).
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For K3, we have, by letting n — oo and using ,
(3.32) K; = (n).
For K, we can write

Ky=— | A Dw hy (w) daz dt + 2(n).
{T (v) —wj, >0}

Letting 4 — oo implies that

(3.33) Ky = — | A, DTy (u) dz dt + e(n, p).
Q

We then conclude that

| a(z, t, Ty(un), DTh(un))V (T (un) — W) i (u) do dt
{T (un) —w}, >0}
= S [a(x,t, Tk (uy), DTk (up)) — a(x, t, Ty (uy ), DTk (u))]
{T (un)—wt, >0}

X [DTg(un) — DTy (w)] by (uy) dz dt 4+ e(n, p).

On the other hand, we have

(3.34) | a2, t, Ti(un), DTy (un)) — alz, t, Ty (un), DTj(u))]
{Th (un) —w}, >0}
X [DT(uyn) — DTy (u)] dx dt

= | lae,t, Ti(un), DTi(un)) — a@, t, Te(un), DTk (w))]
{Tho(un) —w}, >0}
X [DTx(un) — DT (w)| o (uy,) dz dt

+ | a(z, t, Tr(un), DTk (un))
{T (un)—w}, >0}
X (DTy(un) — DT (uw))(1 — hyp(uy)) dz dt

_ S a(x,t, Tr(un), DTy (u))
{Th (un) —w}j, 20}

X (DTk(un) — DTk(u))(l — hm(un)) dz dt.

Since hp(un) = 1 in {Juy| < m} and {|u,| < k} C {|un| < m} for m large
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enough, we deduce from (3.34)) that

| [a(x, t, T (un), DT3(un)) — a(z, t, T (up ), DTi ()]

(T (un)—wj, >0}
Hn % [DTiu(un) — DTi(w)] da dt

= S [a(z,t, Tk (uy), DTk (uy)) — a(z, t, Tk (uy), DTk (u))]

{T (un)—w?i, >0}
* g x [DTi(un) — DTjo(w) o () do dt

+ | a(z, t, Ti(un), DTy (w)) DTy (1) (1 — A (up)) dz dt.

{Th (un)—w?, >0, [un >k}
It is easy to see that the last terms of the last equality tend to zero as
n — 0o, which implies that

S [CL(I, t, Tk(un)v DTk(un)) - a(x, t Tk(un)a DT}, (U))}
Ty (un)—w? >0
{(un) =10, 203 « [DTh(un) — DTi(u)] daz dt
= S [a(l:ataTk(un)?DTk(un)) - a(xataTk(un)aDTk(u))]

{Th (un)—w},>0}
X [DT(un) — DTy (w) ] hm (up,) dz dt + e(n).

Combining (3.28)) and ([3.30)—(3.34]) we obtain

(3.35) S [a(x,t, Tk (un), DTk (up)) — a(x, t, Ty (uy ), DTk (u))]
{Th (un) —w}, >0}
X [DTy(up) — DTk (u)] dzdt < e(n, u, m).

Passing to the limit in (3.35) as n,m — oo, we obtain

(3.36)  lim S [a(x,t, Tk (un), DTk (up)) — a(x, t, Ty (un), DTk (u))]
{Tk (un) —wj, >0}

x [DTy(un) — DT (u)] dx dt = 0.

On the other hand, take ¢ = (T (uy,) — wi)*hm(un) in (3.6). Similarly, we
can deduce as in (3.36) that

(3.37)  lim | | [a(z,t, Tp(un), DT (un)) — a(x, t, Ti(uy), DTy (u))]
R % [DTy(un) — DTj(w)] dz dt = 0.

Combining (3.36)) and (3.37)), we conclude

(3.38) lim S[a(w,t,Tk(un), DTy (uyn)) — a(z, t, Ti(up), DTy (u))]

n—oo

X [DTy(un) — DTy (u)] dx dt = 0.
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This implies that
(3.39) Ti(un) — Ti(u)  strongly in LP(0,T; WP (£2)) V.
Now, observe that, for every o > 0,
meas{(z,t) € 2 x [0,T] : |Duy, — Du| > o}
< meas{(z,t) € 2 x [0,T] : |Du,| > k}
+ meas{(z,t) € 2 x [0,T] : |u] > k}
+ meas{(z,t) € 2 x [0,T] : |DTy(upn) — DTy (u)| > o}.
Then as a consequence of we also find that Du,, converges to Du in
measure and therefore, for a subsequence,
(3.40) Du, — Du a.e. in Q,
which implies that
(3.41)  a(ax,t, Tp(uy), DTk (uy)) — a(z, t, Tp(u), DTi(u)) in (Lp,(Q))N.
STEP 3: FEqui-integrability of the nonlinearity sequence. We shall now
prove that H,(x,t, u,, Du,) — H(z,t,u, Du) strongly in L'(Q) by using
Vitali’s theorem. Since Hy,(z, t, up, Du,) — H(z,t,u, Du) a.e. in @, consid-

ering now ¢ = pp(un) = 5" 9(s)x{s>n} ds as a test function in (3.5)), we
obtain

[S By (x, up) dx}T

. + S a(w, t, Un, Dun) Dung(Un) X u, >} €Xp(G(un)) do dt
2 Q

< (} 9()xqsony dS) exp(llgll @y /) Ul + 1 fall @)

F Dung(tn)X u, >} €xXp(G(un)) do dt

exp(G (Un)) X {u,>n} dz dt,

h
+
Q
( $)X{s>h} ds) CS? |F Duy| g(Zn)

where B} (z,r) = || %ph(s) exp(G(s)) ds, which implies, in view of

Bj'(x,r) > 0, (2.5) and Young’s inequality,

-1
M S | Duy |Pg(un) exp(G(uy)) dz dt
P {un>h}

o0

< (] g(s)ds) explllgll ey /) 1) + Iallzi o)
h

b, won) 2 () + CHE gt )
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We conclude that

lim sup S g(up)|Duy|P dzdt = 0.
h—00 peN (un<—h}

Consequently,
lim sup S 9(un)|Duy|P dzdt = 0,
N ffunl>h}

which implies, for h large enough and for a subset E of Q,

li Duy,|P dx dt < li DT, Pdxdt
meas?%l)ﬂogg(“"” up P de dt < ”g”“measl(%l)ﬂo; i (un) P da
+ S g(up)|Duy|P dz dt,
{lun|>h}

s0 g(un)|Duy|P is equi-integrable. Thus we have shown that g(u,)|Du,[P
converges to g(u)|Du|P strongly in L!(Q). Consequently, by using (2.6)), we
conclude that
(3.42) H,(x,t,un, Du,) — H(z,t,u, Du) strongly in L(Q).

STEP 4: Proof that u satisfies @ Observe that for any fixed m > 0
one has

S a(ty, Duy)Du, =

| a(un, Duy) (DT 41 (un) — DT (u))
{m<un|<m+1} Q
Q

a m+1 un DTm+1(un))DTm+1(un)

— § Ty (), DT, (100)) DT 1)
Q

According to (3.41)) and (3.39)), one can pass to the limit as n — oo for fixed
m > 0 to obtain

(3.43) lim S a(Up, Duy)Duy, dx dt

n—o0
{m<|un|<m+1}

= S a(T+1(uw), DT 41 (uw) DTt (u) dz dt
Q

— (T (w), DT () DTy, (u) dev it
Q
= S a(u, Du)Du dx dt.
{m<|u|<m+-1}
Taking the limit as m — oo in and using the estimate shows
that u satisfies (2.8).
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STEP 5: Proof that u satisfies and . Let S € W2%(R) be
such that S’ has a compact support. Let M > 0 such that supp(S’) C

[—M, M]. Pointwise multiplication of the approximate equation (3.4) by
S’ (uy,) leads to
0Bg(x, uy)
ot
+ 8" (up)a(z, t, upy, Duy)Duy, + S (up) Hy (2, t, Uy, Duy,
= S (up) — div(FS' (u)) + S"(uv)FDu in D'(Q).
In what follows we pass to the limit in (3.44) as n tends to co.

(3.44) — div[S"(un)a(z, t, un, Duy)]

e Limit of 0B%(x,u,)/0t. Since S is bounded and continuous, u, — u
a.e. in @ implies that BY(z,u,) converges to Bg(x,u) a.e. in @ and L>
weak*. Then 0BY(x, uy)/0t converges to 0Bg(z,u)/0t in D'(Q) as n — oo.

e Limit of — div[S'(up)an(z,t, un, Duy)|. Since supp(S’) C [-M, M],
we have, for n > M,

S (un)an(x, t,un, Duy) = S (up)a(x, t, Tas(up), DTa(uy))  a.e. in Q.

The pointwise convergence of u, to u and (3.41]) and the boundedness of S’
yield, as n — oo,

(3.45) S"(up)an(x,t, up, Duyp) — S'(w)a(z,t, Tas(u), DTy (u)) in (Lp/(Q))N.

S’ (w)a(z, t, Thy(u), DTar(u)) has been denoted by S’(u)a(z,t,u, Du) in
equation (2.9).

o Limit of S”"(un)a(z,t, uy, Duy)Duy,. Consider the “energy” term
S" (up)a(z, t, up, Dup)Duy, = S" (up)a(z, t, Tag(un), DT (un)) DT (uy,)

a.e. in Q. The pointwise convergence of S’(u,,) to S’(u) and (3.41) as n — oo
and the boundedness of S” yield

(3.46) S"(up)an(z,t, un, Duy)Duy, — S” (w)a(x, t, Tag(w), DTar(u)) DT ().
weakly in L!(Q) Recall that
S"(w)a(x, t, Tas(u), DTa(u))DTa(uw) = S” (u)a(z, t,u, Du)D

a.e. in Q.

o Limit of S'(un)Hyp(x,t,uy, Duy). From supp(S’) C [-M,M] and
, we have
(3.47) S (un)Hy(,t, upn, Duy) — S'(u)H(z,t,u, Du) strongly in L'(Q)
as n — 00.

e Limit of S'(uy)fn. Since u, — u a.e in Q, we have S"(uy,,) fr, — S (u) f
strongly in L'(Q) as n — oo.
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o Limit of div(S'(upn)F). S'(uy) is bounded and converges to S’(u) a.e.
in Q. Hence div(S’(u,)F) — div(S’(u)F) strongly in L (0, T; W1 (1))

as 1 — OQ.

e Limit of 8" (upn)F Du,,. This term is equal to F'DS’(u,,). Since DS’ (uy,)
converges to DS'(u,) weakly in (LP(Q))V, we obtain S”(u,)FDu, =
FDS'(u,) — FDS'(u) weakly in L'(Q) as n — oo. The term FDS’(u)
identifies with S”(u)F Du.

As a consequence of the above convergence result, we are in a position
to pass to the limit as n — oo in equation and to conclude that u
satisfies ([2.9)).

It remains to show that Bg(z,u) satisfies the initial condition (2.10).
To this end, first remark that, S being bounded, B§(z,u,) is bounded in
L>(Q). Secondly, and the above considerations on the behavior of
the terms of this equation show that B%(z,u,)/0t is bounded in L'(Q) +
) (0,7, W (£2)). As a consequence, an Aubin type lemma (see, e.g., [19])
implies that BZ(z,u,) lies in a compact set in C°([0,T], L'(£2)). It follows
that on the one hand, Bg(x,un)|i—0 = Bé(z,uf) converges to Bg(x,u)|i=o
strongly in L!(§2). On the other hand, the smoothness of S implies that
Bs(x,u)|t=0 = Bs(z,up) in £2.

As a conclusion of Steps 1 to 5, the proof of Theorem is complete. =

4. Example. Consider the following special case: b(x,r) = Z(x)C(s)
where Z € WP (£2), Z(x) > a > 0 and C € C'(R) such that for all k& > 0,
0 < A\ = infi <, C'(s), C(0) = 0 and

(4.1) 0< A\ < Bb(aa;, ) < Ag(z) and ’Vx (8%;8’ 8)> < Bg(z),
—2s
— p — p_2
(4.2) H(x,t,s,§) T4 |€|P and  a(z,t,s,d) = |d|P*d.

It is easy to show that the a(t,x, s,d) are Carathéodory functions satisfying
the growth condition and the coercivity . On the other hand the
monotonicity condition is satisfied. In fact, (a(x,t,d) — a(z,t,d'))(d —d') =
(|d|P~2d — |d'|P~2d')(d — d') > 0 for almost all € 2 and for all d,d’ € RV
and d # d'.

The Carathéodory function H(z,t, s, ) satisfies the condition ; in-
deed,

2]s]
t < p g p
(. t,5,6)] < T 1[6lP = g(s)lé
where g(s) = 12J|FSS|4 is a bounded positive continuous function which belongs

to LY(R). Note that H(x,t,s,£) does not satisfy the sign condition ((1.3]) or
the coercivity condition.
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Finally, the hypotheses of Theorem [3.1] are satisfied. Therefore, the prob-

lem

(4.3)

b(z,u) € L=([0,T); L*(2)) and Ti(u) € LP(0,T; W, (£2)),
lim S a(x,t,u, Du)Dudz dt =0,

m—0o0
{m<|ul<m+1}
0Bs(x,u)
ot
2u
1+t

Bg(z,u)|t=0 = Bs(z,ug) in {2,
VS € W2*(R) with S’ having a compact support in R,
¢ Ob(z,0)

and Bg(z,r) = S TS”(J) do,
\ 0 7

— div[S"(u)|DulP~2Du) + S" (u)| Dul?

|DulPS'(u) = £S5 (u) — div(S'(u)F) + FS"(u) Du,

has at least one renormalized solution.

(3]

4]

1]

(6]

18]

(9]
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