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ON DISCRETE FOURIER ANALYSIS OF AMPLITUDE
AND PHASE MODULATED SIGNALS

Abstract. In this work the problem of characterization of the Discrete
Fourier Transform (DFT) spectrum of an original complex-valued signal
o, t =0,1,...,n — 1, modulated by random fluctuations of its amplitude
and/or phase is investigated. It is assumed that the amplitude and/or phase
of the signal at discrete times of observation are distorted by realizations of
uncorrelated random variables or randomly permuted sequences of complex
numbers. We derive the expected values and bounds on the variances of such
distorted signal DF'T spectra. It is shown that the modulation considered in
general entails changes in the amplitude and/or phase of the DFT spectra
expected values, which together with imposed random deviations with finite
variances can vary the amplitudes of peaks existing in the original signal
spectrum, and consequently similarity to the original signal spectrum can
be significantly blurred.

1. Introduction. The Discrete Fourier Transform (DFT) based peri-
odogram is a widely used tool for analyzing time series that can be de-
composed as a sum of monochromatic oscillations plus noise. Important ap-
plications of the periodogram include detection of hidden periodicities and
estimation of unknown oscillation parameters (amplitude and frequency).
Periodogram analysis often yields satisfactory results [3]. For example, it is
well known that very accurate frequency estimates of the sinusoidal compo-
nents can be obtained from the local maxima of a periodogram [20].

If the time series of complex-valued signal observations at discrete equi-
distant times z;, t = 0,1,...,n — 1, is available, then its Discrete Fourier
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Transform is computed as follows [9]:

1 n—1
1 T, = — —i
(1) Ty = th exp(—i2mvt/n)
t=0
forv=0,1,...,n—1 and integer n > 0. As mentioned earlier it can be used

to calculate the values of the periodogram

1 n—1 2
I,(\) = '\/ﬁ ;xt exp(—iAt)| , A€ [-m, 7],
at the discrete frequencies A\, = 27v/n, v =0,1,...,n — 1.

Frequently, the well-known Fast Fourier Transform procedures are used
to perform the relevant calculations [6], [15], [I6]. Theoretical as well as
numerical properties of the DFT are described in time series analysis text-
books [2], [4], [5], [LI]. Certain statistical properties of spectrum estimation
using the DFT are investigated in the works of Foster [7], [8], and some
other aspects like periodogram smoothing are considered in [17].

The present work deals with the problem of applicability of this tech-
nique to spectrum estimation of signals which are subject to random or
pseudo-random amplitude and/or phase modulation. The investigation of
this problem is justified by the fact that all signals that are normally called
“periodic” have some amplitude and phase variation from period to period.
For example an active sonar system transmits a periodic pulse train to de-
tect targets. The received pulses are not perfectly periodic due to random
modulation of the pulses from scattering and attenuation [10]. Also geophys-
ical signals related to El Nifilo phenomena are recognized as amplitude and
phase modulated [I].

The concept of random and pseudo-random modulation modeling is de-
scribed in Section 2. Theoretical results relating to the modulated signal
DFT spectrum are presented both in the case of a noiseless signal (Sec-
tion 3) and in the case of signal observations corrupted by uncorrelated
random errors (Section 4).

2. Modulation modeling. Let us consider a finite duration time series
of complex-valued signal measurements o; at discrete equidistant times ¢t =
0,1,...,n— 1. We assume that the analyzed signal is of deterministic char-
acter and involves some regular oscillations. Such a signal can be represented
for example by a sum of monochromatic oscillations 25:1 Ay exp(iwyt
+idg), t = 0,1,...,n — 1, with constant frequencies wy, amplitudes Ay,
and phases &, k=1,..., K.

Now, let us assume that the amplitude and phase of the signal values at
the observation times are distorted by fluctuations a; and ¢y, respectively,
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according to the model
(2) vy = ag exp(igy)op = ugoy,

where uy = a;exp(igy), t =0,1,...,n—1. Hence, we deal with an amplitude
and phase modulated signal.

For example, let us assume that ¢; and a;, t =0,1,...,n—1, are realiza-
tions of independent identically distributed random variables, and amplitude
distortions are independent of phase distortions. Let the distribution of ¢;
be uniform on the interval (—®,®), i.e. ¢y ~ U(—P,P), where 0 < & < T,
which gives immediately

@ .
S exp(iz) dx = ,
—&

mg = Egexp(igy) = 25

03 = Eglexp(ig) — mg|* = Eglexp(ign)|” — |mg[* =1 —m3.

Clearly, 0 < mg < 1, and my = 0 only for @ = , so we also have 0 < 03) <1
About the distribution of the real-valued random variables a; we assume
that E,a; = 1 and E,|a; — E,a¢]? = 02 > 0 (if 0, = 0 there is only phase
modulation of the signal), which further implies, for u; = a; exp(i¢y),
my = B Eparexp(igy) = EqarEy exp(id) = my,
05 = EqEy|a; exp(ids) — mu|2
— Bulal2Bglexp(ion) 2 — mal? = 1+ o2 —m,

and obviously 02 < 02 < 1+02. For instance, a; can be uniformly distributed
on the interval (1 — A, 1+ A), where A > 0, and then 02 = A?/3.

Next, we will consider the case of pseudo-random modulation, where

ut = Zg(), t = 0,1,...,n — 1, represent some permutation o of the finite
sequence of complex numbers z; = g; exp(ip;), where g; > 0, ¢; € [0, 27),
7=0,1,...,n—1. This case corresponds to the situation when the possible

modulation series values are known but we do not know the order of their
occurrence in time. It is assumed here that the permutation o is drawn by
simple random sampling with equal selection probabilities 1/n! from the set
of all permutations of {0,1,...,n — 1}.

According to our modulation model (2) we have to analyze the DFT
spectrum of the signals of the form vy = w0, t = 0,1,...,n — 1, modu-
lated by a time series of complex numbers u; which represent realizations
of complex-valued random variables. Indeed, the case of u; = exp(i¢;) cor-
responds to phase modulation, the case of u; = a;exp(i¢;) to phase and
amplitude modulation, and the case of real-valued modulation series u; = a;
to amplitude modulation.
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In order to compute the DFT of the modulated signals of the form
v = wog, t = 0,1,...,n — 1, we apply the well-known circular convolu-
tion formula [9]:

(3) by= Y. dop= Y 0k

J+k=vmodn j+k=vor
Jjt+k=n+v
v n—1
= o+ > Uibntv;
7=0 Jj=v+1

forv =0,1,...,n—1. Hence, if we want to analyze the DFT of the modulated
signal 0,, it is necessary to characterize the statistical properties of the
modulating series DFT @,, v = 0,1,...,n — 1. Such a characterization is
given in the following two lemmas.

In Lemma 2.1 the DFT spectrum of a finite sample od uncorrelated
random variables with identical first and second moments is characterized.

LEMMA 2.1. If complez-valued random variables Z;, t =0,1,...,n—1,
are uncorrelated, and their mean values and variances satisfy the conditions
E.Z; =m, and E,|Z; — m,|? = 02 < o0, then forv,u=0,1,...,n—1,

~ ~ ~ T~ — 1
E.Z, =m0 and E.(Z,—E.Z,)(Z,— E.Z,)= 5035,,“,
where 0,,, denotes the Kronecker delta.

Proof. Since for any integer k # 0, +n,+2n, ..., we have

1 — exp(i27k)
— exp(i2wk/n)

n—1
(4) > " exp(i2rkt/n) = -

t=0

=0,

the assumptions of the lemma yield for v =0,1,...,n — 1,
B m n—1

E.Z, = 72 tZ; exp(—i2mvt/n) = m,do,.

The assumed zero correlation of the random variables Z;, t =0,1,...,n—1,
together with equality (4) imply, for v, u =0,1,...,n — 1,
E.(Z, - E.Z,)(Z,— E.Z,)
1 n—1 n
= —E: > (2 — E.Zy) exp(—i2mvt/n) Y (Zs — E.Z,) exp(i2mps/n)
t=0

|
—

w»
Il
o
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n—1ln—1

1 Y 7 .
=3 Z Z E.(Zy—E,Z))(Zs — E, Zs) exp(—i2m(vt — ps)/n)
n t=0 s=0
n—1

= % z; o2 exp(—i2n(v — p)t/n) = %Ugéw. .
t=
The assertion on the covariance structure of Z,, v=201...,n—1
becomes more understandable if we notice that for A\, = 27v/n, v =
0,1,...,n — 1, the vectors e, = n~Y2(1,exp(i\,), ... ,exp(ir,(n — 1)))7
form an orthonormal basis in C™.
In order to analyze the case of modulation by a permuted finite sequence

of complex numbers we need the following lemma.

)

LEMMA 2.2. Let zj, 7 = 0,1,...,n — 1, be complex numbers and let
o be a randomly selected permutation of {0,1,...,n — 1}, with selection
probability 1/n!. If ¢ = 254y, t =0,1,...,n—1, then forv =0,1,...,n—1,
1 n—1
Eyc, = 51/ ) h = - B
C mnby0, where my njgozj

n L}
Var,(¢,) = n‘i 1(1 —0,0), where V, = - Z |2 — mu|?,

Covg(Cy,Cy) =0 forv#p, v,p=0,1,...,n—1.

Proof. First, let us note that according to the well-known formula for
the expectation of a random variable,

n—1
Egct:;ma(t):j) (Zo(r) | () Zzg

fort=0,1,...,n—1, and consequently by definition ( ) and (4) we have

E,é —Zexp —i2mvt/n) = myduo
forv=0,1,...,n—1. Further since
Erlerl ZP B (|20l o (1) ;ZW
we have
(5) Var,(¢;) = Ecr|ct|2 - |EUCt|2 Z |ZJ|2 |mn|2 Va

fort =0,1,...,n — 1. Furthermore,
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n—1
Escics = ) Po(t) = j, o(s) = k) E(20(1)Z0(s) | 0(t) = j, 0(5) = k)
4,k=0
J#k
= ! ”51 2iZ, ! ”*12 (nmy, — Zj)
n(n —1) T p(n—1) &N T
JJ;:kO 7=0
J

- <n_1 S|Pl Zw}

which gives

Covy(et,cs) = Eqp(cr — Egey)(Cs — Egcs) = EgciCs — EgciEyCs

1 n—1 1 1n—1
s 2 2 12| _ 2 _ 2 - 12
— g ;}} e e L Sl |

and finally
(6) Covy(et,cs) = =Vy/(n—1) for s#t,s,t=0,1,...,n— 1.

Moreover, for any permutation o,

1 n—1 1 n—1 1 n—1
NZ;E CtZEE za(t):5§ Zj = Mn,
t=0 t=0 j=0

which immediately yields ¢y = E,¢g, Vary(¢y) = 0, and Cov,(¢é,,¢y) = 0 for
v=1,...,n— 1. In view of the equalities (5), (6) and (4) we easily obtain,
forv,u=1,...,n—1,

Covgy(Ey, Ey)

1 n—1 n—1
E"Z ¢t — Egcy) exp(—i2mvt/n) Z — E,¢) exp(i2mus/n)
TL t=0 s=0
1 n—1n—1
=3 Z Z Ey(ct — Eycy)(¢s — Eqcs) exp(—i2mvt/n) exp(i2mus/n)
t= 0 s=0

V

= Zg Zexp (—i2m(v — p)t/n) + ZeXp (—i2m(v — p)t/n)

e S5 exp(cizmutn) explizms)

t=0 s=0
= ;(1 + — 1>5uu T R2n-1) Zexp (—i2mvt/n) Zexp i2mps/n)
Vi
= n Spp-
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It follows from the proof of the above lemma that this time the modu-
lating random variables ¢; = z5(;), t = 0,1,...,n — 1, have identical mean
values and variances but are correlated.

3. Modulated signal spectra. Formula (3) together with Lemmas
2.1 or 2.2 allow us to characterize the DFT spectra corresponding to the
modulation models considered. Namely, in the lemmas and corollaries be-
low we derive formulae for the mean values and variances of the random

variables U, v = 0,1,...,n — 1. In the proofs we use the equality (see [9])
n—1 1 n—1
~ 12 2
(7) Sl =Sl
v=0 t=0
The corollaries concern the case of bounded signals o;, t = 0,1,...,n — 1,
and bounded modulation sequences z;, j =0,1,...,n — 1.

LEMMA 3.1. Under the assumptions of Lemma 2.1 the DFT of the finite

time series ry = Ziog, t =0,1,...,n — 1, satisfies, forv=20,1,...,n—1,
9 n—1
B, =m.6, and E.|f, — B2 =22 2
2Ty = Mz0, an Z’rll_ ZTV‘ T2 ‘Ot"
t=0

Proof. By (3) the first assertion of Lemma 2.1 yields E.7, = m,0, for
v=20,1,...,n — 1. By the same formula

v n—1
Py — By =Y (Z; = E.Z)ov—j+ Y (Zj— B.Zj)onsv—;
j=0 j=v+1
and the second assertion of Lemma 2.1 implies

o n—1

02 v n—1 o
B.lf, — Eai|* = = [Z i+ > |5n+y,j|2} = =3 ol
j=0 j=v+1 u=0

for v =0,1,...,n — 1, which together with (7) completes the proof. m
COROLLARY 3.1. If o] < B <oo,t=0,1,...,n—1, and the assump-

tions of Lemma 2.1 hold, then the DFT of the finite time series ry = Zoy,
t=0,1,...,n—1, satisfies, forv=0,1,...,n—1,

232
Ez"':u - Ez":zz|2 S L

LEMMA 3.2. Under the assumptions of Lemma 2.2 the DFT of the finite
time series sy = zy(1)0t, t = 0,1,...,n — 1, satisfies, forv=0,1,...,n—1,
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n—1
- - 1
E,;5, = myo,, where m, = — E Zj,
n
=0

v 1 n—1 1 n—1
Eg\é,,fEGE,,F < = 72|0t|2, where 'V, = 72|zj fmn|2.
n—1n = (e

Proof. As in the proof of the previous lemma, equality (3) and the as-
sertions of Lemma 2.2 ensure that £,35, = m,0, and

E, |8, — E 5,7 = Vo N 50
J|5V - O'SV’ T a—1 Z IOM‘
pn=0
w#V
for v =0,1,...,n — 1, and the proof is complete in view of (7). =
COROLLARY 3.2. If|o| < B<oo,t=0,1,...,n—1, and the assump-

tions of Lemma 2.2 hold, then the DF'T of the finite time series sy = 2z (1)0t,
t=0,1,...,n—1, satisfies, forv=0,1,...,n—1,

V, B2 11 )
= T where Vn:nz;)],Zj—mn] .
J:

EO'|§I/ - EO'§V|2 S
n —
Bounded signals |o;] < B < oo, t = 0,1,...,n — 1, are of course of
primary interest in this work since we intend to investigate spectra of regular
oscillations of stationary character, modulated by random amplitude and
phase fluctuations. Moreover, boundedness of the modulating sequence z;,
j =0,1,...,n — 1, ensures that V,/(n —1) — 0 as n — oo. This will
hold for the phase modulating sequences z; = exp(iy;), j =0,1,...,n — 1.
However, the simple example of the amplitude modulating sequence z; = 27,
j = 0,1,...,n — 1, for which V,, ~ 3714"/n, shows that for unbounded
modulating sequences we may have V,,/(n — 1) — oo, and then our bound
on spectrum variances in Corollary 3.2 is not useful. Hence, we formulate
the relevant corollary.

COROLLARY 3.3. If o] < B < 00, t =0,1,....,n—1, and |z;] < C
< o0, j=0,1,...,n—1, and the assumptions of Lemma 2.2 hold, then the
DFT of the finite time series sy = 2,0, t = 0,1,...,n — 1, satisfies, for
v=20,1,...,n—1,

C?B?
n—1

Ea|§1/ - Eo§y|2 S

Lemmas 3.1 and 3.2 show that modulation according to our models can
make both the amplitudes and phases of the modulated signal spectrum
mean values E.7, or E,5,, v =0,1,...,n — 1, differ from the amplitudes
and phases of the original signal spectrum 6, v = 0,1,...,n—1. The ampli-
tudes of all spectrum mean values are multiplied by the constant factor |m,|
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or |my|, and their phases are changed by the constant additive distortion
¢, or &,, where m, = |m,|exp(i¢,) or m, = |my|exp(i®,), respectively.
Phase distortion does not occur if m, or m,, are real-valued as in the exam-
ple described in the introduction or if z; = ¢; >0, 7 =0,1,...,n — 1. Such
changes of the amplitudes and phases of the spectrum values are clearly
of non-random character. However, there are also random effects of mod-
ulation which are characterized by variances of the random variables 7,,
v =0,1,...,n — 1. If the modulating series Z;, t = 0,1,...,n — 1, in-
volves realizations of uncorrelated random variables with identical mean
values and variances, then according to Corollary 3.1 the variances Var, (7, ),
v=20,1,...,n—1, decrease uniformly to zero as n — oo, whenever the orig-
inal signal o;, t = 0,1,...,n — 1, is bounded. According to Corollary 3.3
the same property holds also in the case of a bounded modulating sequence
2j, j = 0,1,...,n — 1, and bounded signals o;, t = 0,1,...,n — 1. Conse-
quently in the two cases considered, the influence of the random distortions
7, — FE, T, or 5, — E;5,,v=0,1,...,n— 1, on the modulated signal spec-
trum diminishes asymptotically as n — oo. This means that they will not
blur completely the discrete spectrum mean values on which they are super-
imposed. Some small peaks present in the original signal spectrum can be
smoothed due to amplitude and phase modulation but possibly larger ones
will be still distinguishable.

Hence, any peaks present in the amplitude spectrum of the original
bounded signal |0,], v = 0,1,...,n — 1, may be less distinguishable in the
modulated signal amplitude spectrum |7,| or |§,|, v = 0,1,...,n — 1, es-
pecially when |m,| < 1 or |m,| < 1, respectively. In the extreme case of
m, = 0 or m,, = 0 we have E,7, = 0 or E;5, =0, v =0,1,...,n —1,
and then the modulated signal spectrum will have purely stochastic charac-
ter without any frequencies distinguished, so that any peaks present in the
original signal spectrum will be completely blurred. For a bounded modu-

lation sequence zj, j = 0,1,...,n — 1, and bounded signals o;, t = 0,1,...,
n — 1, this extreme effect can be asymptotically approached if m, — 0
as n — oo. This can occur if z; = exp(ip;), 7 = 0,1,...,n — 1, and the
infinite sequence ¢j, 7 = 0,1,..., is uniformly distributed in the interval
[0, 2] [18].

4. Spectra of modulated noisy signal. Assume now that the time

series of the original signal values o, t = 0,1,...,n — 1, is corrupted by
random observation errors, according to the model
(8) yy=or+mn, t=01,....,n—1,

where n; are realizations of uncorrelated complex-valued random variables
having zero mean E,n; = 0 and finite second moment 0727 = Ey|mi|* < .
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Let us see what happens if the corrupted signal values are submitted
to random or pseudo-random modulation of the same kind as above, i.e.

v = uly, t = 0,1,...,n—1. In what follows we assume that the observation
errors 1;, t = 0,1,...,n—1, are independent of the random variables forming
the modulation series u;, t = 0,1,...,n — 1. We can prove the following

lemmas and corollaries.

LEMMA 4.1. Under the assumptions of Lemma 2.1 the DFT of the finite
time series ry = Zyye, t =0,1,...,n — 1, satisfies, forv=20,1,...,n—1,

2 ( 2 2\ 2

~ ~ ~ ~ o o+ |m;|%)o

EyE.7y =m.o,, EyE.|f, — B E.7|* = = Y o + ————1 - =
t=0

Proof. Since the assertions of Lemmas 2.1 hold, Lemma 3.1 ensures that
E.7, = m,y, and by (8) and Lemma 2.1 applied to the observation errors
m, t=0,1,...,n — 1, we have E,E.7, = m,E,(6, + 7,) = m.0, for v =
0,1,...,n — 1. Furthermore,

E.|f, — B = ; Z
t=0
forv=0,1,...,n — 1, and simple calculation shows that
E.|fy — EyE.7,|* = B, |, — Eufy + E.fy — EpEL7,|?
= E.|f, — B.7|* + |Eofy — EyEL7y |
= E:|fy = B[ + [ma(Gy — 0,) .
Hence, the above equalities together with (8) and Lemma 2.1 imply

n—1
g

2
E,E.|F, — E,E.7|* = 3 Z Eylop +ne|* + Eylm.i, 2
=0
—1

2n 2 2
(o 2 2 ’m2| g
= 2> Mot + Byl + — ="
t=0
for v =0,1,...,n — 1, which completes the proof. m

LEMMA 4.2. Under the assumptions of Lemma 2.2 the DFT of the finite

time series sy = zy(nyt, t = 0,1,...,n — 1, satisfies, forv=0,1,...,n—1,
1 n—1
E,E;5, = mpo,, where m, = - E Zj,
Jj=0

V, 1« Ve |mgf?
~ ~ |2 2 2
Ey B3y — EyEqsyf* < — = o +gn<n_”1+n>,

—1n n
t=0
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where
n—1
1
2
Vo =— g |2 — M|
n <
J=0

Proof. The proof is analogous to the proof of Lemma 4.1 except that it
is now based on Lemmas 2.2 and 3.2. =

From Lemmas 4.1 and 4.2 we can easily deduce corollaries analogous to
3.1-3.3 for the case of bounded signals o;, t = 0,1,...,n — 1, and bounded
modulation sequences zj, j = 0,1,...,n — 1, respectively. Thus, we see that
the presence of zero-mean uncorrelated errors corrupting the original signal
values does not change the character of the DFT spectrum of the modulated
series. Indeed, the formulae for the spectrum mean values remain the same
as in the case of errorless signal modulation, and the spectrum variances
in Lemmas 4.1 and 4.2 differ from those of Lemmas 3.1 and 3.2 by the
relevant additive terms which occur because of non-zero second moment of
the observation errors. This means that our earlier assertions concerning
the behaviour of the modulated signal spectrum hold also in the case of a
bounded signal corrupted by uncorrelated random errors which have zero
mean and identical finite second moment.

5. Conclusions. The properties of the DFT spectrum examined in this
work are helpful in understanding the possible changes such a spectrum
undergoes in the case of random amplitude and/or phase modulation of
the original signal. Our modulation model includes distortions of stochas-
tic nature in the amplitudes and/or phases of the original signal values at
observation times. For bounded signals of deterministic character (like a
sum of monochromatic oscillations with constant amplitudes and phases) it
is proved that occurrence of random or pseudo-random amplitude and/or
phase modulation of the signal can completely change the character of its
DFT spectrum. Namely, the amplitude and/or phase modulated signal spec-
trum may have a purely stochastic character. On the other hand it is also
shown that in certain cases the modulated bounded signal spectrum can
still resemble the spectrum of the original signal, although small peaks can
be significantly smoothed. Similar conclusions are deduced also in the case
of a deterministic signal which is corrupted at the times of observation by
uncorrelated random errors with zero mean and finite second moment. Since
the DFT is linear, the results obtained also help to understand the influence
of modulating a particular component on the spectrum of a signal which
is a sum of several modulated components (e.g. modulated monochromatic
oscillations).

It is worth remarking that our conclusions complete the observations of
Ni and Huo [13], concerning importance of phase and amplitude information



68 W. Popinski

in signal and image reconstruction. The concept of phase randomization used
to obtain multivariate surrogate time series [12] with distribution similar to
the series being observed is also related to the subject considered here.

Hinich [10] used a similar approach to amplitude modulation modeling to
derive statistics for detecting randomly modulated pulses in noise. Detection
of random amplitude modulation is also the subject of [14]. The Singular
Spectrum Analysis (SSA) method has an important property, first noted
by Vautard and Ghil [19], that it may be used directly to identify modu-
lated oscillations in the presence of noise. Allen and Robertson [I] proposed
a generalization of the “Monte Carlo SSA” algorithm which allows for objec-
tive testing for the presence of modulated oscillations at low signal-to-noise
ratios in multivariate data.
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