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QUANTILE HEDGING FOR BASKET DERIVATIVES

Abstract. The problem of quantile hedging for basket derivatives in the
Black—Scholes model with correlation is considered. Explicit formulas for
the probability maximizing function and the cost reduction function are
derived. Applicability of the results to the widely traded derivatives like
digital, quantos, outperformance and spread options is shown.

1. Introduction. As recent events on the market have shown, the risk
in pricing financial contracts should be more thoroughly surveyed. Although
the problem of minimizing risk is widely studied in the literature, the great
majority of the results do not meet the expectations of practitioners who are
interested in straightforward applications. This paper is concerned with risk
analysis for the basket derivatives and provides explicit computing methods
for the risk parameters.

The risk is measured by the possibility of a partial hedging of the pay-
off. Thus our approach is based on the idea of quantile hedging which was
introduced in [6] and later developed in various directions (see for instance
[4], [10], 2], [1]). Let us briefly sketch the general concept. Denote by H
a contingent claim and assume that the arbitrage free pricing method indi-
cates its price p(H ). This means that if the investor has an initial endowment
x > p(H) then he is able to follow some trading strategy such that his portfo-
lio hedges H with probability 1. If this is the case, then x carries no risk and
the probability mazimizing function &1 equals 1, i.e. &1(z) = 1. On the other
hand, if z < p(H) then the shortfall probability is strictly greater than zero
for each trading strategy and then @1 (x) < 1. The greater the probability of
shortfall, the smaller the value @1 (z). Thus the function ®; can be viewed
as a measure of risk sensitivity to the price reduction of the option. There
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is also another aspect of the problem. Assume that the hedger is willing to
accept some risk measured by the shortfall probability in order to reduce
initial cost. He chooses a number a € [0, 1] and searches for a minimal initial
capital @9(a) which allows him to find a strategy such that the probability
of the shortfall is smaller than 1 — «.. Thus if the hedger accepts no risk, i.e.
a = 0, then the minimal cost required to replicate H is just p(H). In this
case the cost reduction function satisfies @2(0) = p(H). However, if o > 0
then ®9(a) < p(H) and the function @3 enables us to view the effect of
how the risk acceptance affects the cost reduction of the option. Recall the
numerical example from [6, p. 261] which shows that @2(0,05) = 0,59 - p(H)
for a call option with certain parameters. This means that the acceptance
of a 5% margin of risk reduces the hedging cost by 41%. This shows that
quantile hedging is an attractive tool for risk analysis and should be taken
into account by traders.

The basic problem, however, is to determine the functions ¢; and &, for
specific derivatives. There are only a few examples in the literature where
they are explicitly found. In [6] explicit formulas are given for the most im-
portant case of a call option in a classical Black—Scholes model. The method
can be mimicked to obtain formulas for the put option. The idea is based
on reducing the original dynamic problem to a static one which can be
solved with methods used in the theory of statistical tests. Since the market
considered in [6] was complete, the solution of the static problem could be
obtained, via the Neyman—Pearson lemma, by indicating a non-randomized
test for appropriate probability measures. The Neyman—Pearson lemma can
be generalized to the case of composite hypotheses, i.e. when measures are
replaced by families of measures (see [3] where the solution in the abstract
form is presented). However, straightforward applicability of this result to
incomplete markets seems to be questionable.

This paper is devoted to determining the functions ¢, and @5 for the
basket derivatives in the Black—Scholes framework with correlation. As the
market is complete, we follow the same general method as in [6], but we find
the solutions explicitly using specific features of the model. More precisely,
we show that the original problem can be reduced to that of finding another
two deterministic functions ¥7,W¥, depending on H, which turn out to be
regular, i.e. continuous and strictly monotone if H is of a reasonable form (see
Propositions and . Then, roughly speaking, 1 = ¥ o ¥, Land ¢, =
UyoWy L. for a precise formulation see Theorem In the one-dimensional
case when H is a call option the result covers the above mentioned example
from [6]. We also determine explicit forms of ¥ and W5 for commonly traded
derivatives (see Section . As ¥q,¥s are rather complicated, the inverse
functions cannot be given by analytic formulas but can be determined with
the use of numerical methods. Thus a great advantage of our results is that
they can be used in practice.
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The paper is organized as follows. In Section [2| we briefly recall the multi-
dimensional Black—Scholes model and formulate the problem precisely. Sec-
tion [3] contains the main result, Theorem [3.6] which is preceded by a general
discussion on the results from [0] and the Neyman—Pearson technique. The
method established in Theorem is used in Section [4] for calculating the
functions ¥y, ¥s for two-asset derivatives which are widely traded: digital op-
tion, quanto domestic, quanto foreign, outperformance and spread options.

2. The model. Let (£2,F;,t € [0,T],P) be a fixed probability space
with filtration. The prices of d shares are given by the Black—Scholes equa-
tions

dS} = Si(audt + o,dWy), i=1,....d,t€0,T],

where a; € R, 05 > 0,i=1,...,d and W; = (W},..., W2),t € [0,T], is a
sequence of standard Wiener processes adapted to {F;;t € [0,T]} with the
correlation matrix @ of the form

I p12 ;13 - prd
P21 1 pa3 ... pa2g

Q= . . . s
pd1 Pd2  Pd3 .- 1

where
Pij :colf{VVli,VVlj}7 i,7=1,...,d.

We assume that @) is positive definite. The process given above will be called
a Q- Wiener process. The trader can invest his money in stocks as well as
put it on a savings account whose dynamics is given by

dBt = T‘Btdt, te [0, T],
with r standing for a constant short rate.

REMARK 2.1. The most common approach to the description of the mar-
ket is based on a sequence of independent Wiener processes (see for instance
the classical textbook [9]). It can be shown that the model described above
is equivalent to the model with d independent Wiener processes and the
d x d diffusion matrix with constant coefficients. We work with a correlated
Wiener process because it is more convenient for later calculations. Let us
also mention that parameters in such a model can be easily estimated from
data (see [T, p. 104]).

Let us now briefly characterize a martingale measure of the model, i.e.
a measure P which is equivalent to P such that the discounted price processes
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5@ = e ™S i = 1,...,d, are martingales. The following is a version of
Theorem 10.14 in [5] adapted to our finite-dimensional setting.
THEOREM 2.2. Let ¢ be a predictable process taking values in R? satis-
fying
E(elo Q7 ?pedWo-3 [ leil?dty _ 1,

Then the process

t
Wt:Wt—SQl/zwsds’, t e [O,T],
0

1s a Q-Wiener process with respect to the measure P with density

dP
It can be shown that each measure equivalent to P can be characterized
by a density process

(21) Zt = eXé(Q71/2¢37dWS)_% SE) “Ps|2d$ te [O T]

AP _ @ 2peawi)—} (Tlei dt

for some predictable R?-valued process ¢. The process SZ is a P- martingale
if and only if SiZ s a P—martlngale Thus the measure P can be determined
by finding a process ¢ in such that $°Z,i=1,...,d, are P- martingales.
Simple calculations based on the It6 formula yield

a1 —rT

CM—T']_d 1/2 o1
B [ 1 ) I B

ag—rr

od

The martingale measure P is thus unique and given by the density process
(2.2) Zt = e—(QA[7a7;1d]1Wt)—%|Q71/2[L7;1d']\2t, te[0,T].

Moreover, it follows from Theorem [2.2] that the process
. 1
W= W, + 224 e 0,1,
o

is a -Wiener process under P.The dynamics of the prices under the measure
P can be written as

dSi = Si(rdt + o;dW}), i=1,....d.
The wealth process with the initial endowment = and the trading strategy
7 is defined by
d
X" = ﬂgBt—l—sz i te0,T],
i=1
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and assumed to satisfy X" = z. All strategies are assumed to be admissible,
ie. X;7" > 0 for each t € [0,T] almost surely, and self-financing, i.e.

d
dXPT =m)dB, + Y mdS], tel0,T).
i=1
A contingent claim, representing future random payoff, is a random variable
H > 0 measurable with respect to Fr. A hedging strategy against H is a pair
(z,7) such that

P(XE™ > H) =1.
A replicating strategy is a pair (x, ) such that
P(X5™ = H) = 1.
A price of H is defined by
p(H) := inf{z : 3 such that P(X3" > H) =1}

and, due to the fact that the market is complete, it follows from the general
theory that p(H) = E[e*”TH ], where the expectation is calculated under
the measure P.

If + < p(H) then P(X7" > H) < 1 for all 7 and the question under
consideration is to find a strategy maximizing the probability of successful

hedge, i.e.
(2.3) P(X7™ > H) — max.
s

We will refer to the corresponding function @ : [0, +00) — [0, 1] given by
&1 (z) := max P(X" > H)
m

as the mazimal probability function. If there exists 7 such that P(X%”Ar >H)
= &1 (z) then it will be called the probability mazimizing strategy for x.

We also consider the problem of cost reduction. Let a € [0, 1] be a fixed
number describing the level of shortfall risk accepted by the trader. Then
we are searching for a minimal initial cost such that there exists a strategy
with the probability of successful hedge exceeding 1 — «, i.e.

(2.4) z — min; 37 such that P(X7" > H) > 1 — o
The cost reduction function @9 : [0,1] — [0, p(H)] is thus defined by
®9(r) := min{x : I such that P(X7" > H) > 1 — a}.

If there exists 7 such that P(X?(O‘)’TAr > H) > 1 — « then it will be called

the cost minimizing strategy for .

In what follows we study the problem of determining the functions &4
and @9 for the contingent claim H of a general form. Then in Section
specific payoffs are examined.
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3. Main results. In this section we present a general method of deter-
mining @, and ®,. Let us start with the auxiliary problems which can be
solved via the Neyman—Pearson lemma.

Assume that We are given two probability measures P;, P> with strictly
positive density 92 N and consider two types of optimizing problems

(3.5) {
Bl >1-aq,

1
P
1
(36) { P3[B] — min,

where o,z € [0,1] are fixed constants. Problem (3.5)) is a classical one ap-
pearing in the statistical hypotheses testing. Recall that if there exists a
constant ¢ > 0 such that PQ(dPl > c) = x then the set

-~ (dP,
A=
{dpz c}

is a solution of (3.5)). It is not surprising that the solution of the problem
(3.6]) is of a similar form. For the convenience of the reader we prove the
following,.

Pi[A
A

— Inax,

]
] <

PROPOSITION 3.1. If there exists a constant ¢ > 0 satisfying Py (g—% Sc)

=1 — « then the set
- dP»
B := <
{ dp }

is a solution of the problem (13.6)).

Proof. Let B be an arbitrary set satisfying P1(B) > 1 — . We will show
that Py(B) > P2(B). The following estimate holds:

Py(B) - P2(B) = (15— 1p)dP,

(0]
= | (as-1pdrp+ | (p-15)dp,
{%SC} {%>c}
>c S (13—1B)dP1+C S 1pdP;
{GF2<c} {G2>c}
- c(S 15dPy - | 15dP1) = ¢(Pi(B) - Pi(B))
2 7
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Let us notice that both optimal sets A, B have a similar form

dPy
3.7 — >cy,
(3.7 {h=c}
with suitable constants ¢ > 0. More precisely, for A the constant ¢ is such
that

dP;
. Pyl — > =
(8:8) 2 (sz - c> ©

and for B it is such that
d
. —_— > =1-o.
(3.9) Pl(dpz_c> I —a

Now, let us come back to the initial problem of determining @1, ®5. Let us
start by presenting two auxiliary results which are nonrandomized versions

of Theorems 2.34 and 2.42 in [6].
THEOREM 3.2. Let x > 0. If A is a set solving the problem
{ P[A] — max,

3.10 -
(3.10) Ele7"TH14] < z,

then @1(x) = P(fl) and the probability maximizing strategy for x is the one
replicating the payoff H1 ;.

Let us notice that if 2 > p(H) then A = 2 and thus &, () = 1. Moreover,
if (3.10) has a solution for every = > 0, then @, is increasing.

THEOREM 3.3. Let o € [0,1] be fized. If B is a set solving the problem
{P[B] 2 1-— «,

3.11 -
(3:11) E[e " H1p] — min,

then @9(ar) = E[G_TTH]_B] and the cost minimizing strateqy for o is the one
replicating the payoff H1g.

Notice that $2(0) = p(H) and if (3.11]) has a solution for each « € [0, 1]
then @4 is decreasing.

Now we apply the method of solving the problems (3.5) and (3.6]) to
(3.10) and (3.11)). Notice that (3.10) and (3.11]) can be reformulated

P[A] — max,
(3.12) { P*(A) < z/E[e”"TH],
and
(e
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where P* is the probability measure given by the density
dP* H
4P E[H]
In view of we are searching for solutions fl, B to , in the

family of sets

{dP>} {dpdﬁ>} {Zl> H} -
Cp =<4 — cCp = C= , €=U,
dP* ~ dp dP* ~ T = "E[H]

where Zp is given by (2.2). Denoting, for simplicity, the constant ¢/ E[H] by
¢ we see that the optimal sets A, B are of the form

(3.14) Ao :={Z7" > cH},
where, by and , ¢ is such that
(3.15) P*(A) = = for A,
Ele—"TH]
(3.16) P(A.)=1—a for B.
Now define ¥; : [0, +00) — [0,1] and ¥5 : [0, +00) — [0, p(H)| by
(3.17) ¥ (c) == P(A.),
(3.18) Wy(c) := P*(A.) -Ele " TH] = Ele "TH14,].

Notice that both ¥;, ¥, are decreasing and ¥;(0) = 1, ¥»(0) = p(H). Thus
W5(0) provides the arbitrage free price of the continent claim H. Below we list
some properties of ¥y, ¥, needed later. First let us introduce two conditions
concerning a real function f : R% — [0, +00):

(C1) Xa({z: f(2) =c}) =0 for each ¢ > 0,

(C2) Ma({z: f(2) € (a,b]}) > 0 for each 0 < a < b.
Here Ay stands for the Lebesgue measure on RY.

PROPOSITION 3.4.

(a) The function ¥y is left continuous with right hand limits at each point
of the domain.

(b) lime— 400 ¥1(c) = P(H = 0).
Assume that ZrH = f(Wr) where f : R — [0,4+00). Then ¥y is

(c) continuous if and only if (C1) is satisfied,
(d) strictly decreasing if and only if (C2) is satisfied.

Proof. (a) The function ¥; can be written in the form

(3.19) 7y (c) = P(ZTH < i) _ FZTH<1>, ¢>0,

C
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where F’ G H stands for the distribution function of the random variable ZTH )
Thus ¥; has one-sided limits for any ¢ > 0 and the left continuity follows
from the right continuity of F; p for any ¢ > 0. Left continuity at ¢ = 0
follows from monotonicity.

(b) The assertion follows from the formula
Ui(c) = P(Z;' > cH | H > 0)P(H > 0) + P(Z;' > cH | H=0)P(H = 0)
and from

lim P(Z;'>cH|H >0)=0.

c——+400

(c) First we show continuity at zero. If ¢, | 0 then {Z5! > ¢, H}, is an
increasing family of sets and by the continuity of probability we have

lim ¥ (c,) = lim P(Z7' > c H) = P(U{Z; > an})

n—-+00 n—-+4oo
=P(Z;' > 0) =1=(0).
Taking into account (3.19) we see that ¥ is continuous for each ¢ > 0 if and
only if the random variable ZrH = f(Wy) has no positive atoms. In view
of the equality
P(ZrH =¢) = P(f(Wr) =¢) = Ly ({z: f(2) = ¢}), e>0,

and the fact that the distribution of Wy is nondegenerate we see that the
continuity of ¥; is equivalent to (C1). Ly, above stands for the distribution
of WT.
(d) For 0 < ¢1 < ¢ we have
&171(01) — &pl(CQ) = P(ZTH S 1/01) — P(ZTH S 1/02)
= P(f(Wr) € (1/c2,1/c1])
= Lwr({z: f(2) € (I/c2,1/c]}),
and it follows from the nondegeneracy of the distribution of Wy that the
strict monotonicity of ¥; is equivalent to (C2). =

n

PROPOSITION 3.5.

(a) The function Wy is left continuous with right hand limits at each point
of the domain.

(b) lime 400 ¥a(c) = 0.
Assume that ZrH = f(Wr) where f: RS — [0, 400). Then Wy is

(c) continuous if and only if (C1) is satisfied,

(d) strictly decreasing if and only if (C2) is satisfied.

Proof. (a) It follows from monotonicity that one-sided limits exist. We
show left continuity for any ¢ > 0. For ¢, 1 ¢ the family {Z V> e, H tn is
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decreasing and

({Z;' = enHY ={H =0} U{Z;' > cH} = {Z}' > cH}.

Thus by dominated convergence we have

. 1 mr,—rT] -
i () = o BT 70 )

e E[e_TTH]_{Z;lZCH}] = QQ(C)
(b) For ¢, T 400 we have
{Z:' > e HYn | ﬂ{Zfl >c,H}y = {H =0} U{Z;" = +oo} = {H =0},

and thus

Bim s(en) = nETooE[e_rTHl{Z;zan}] =Ele” T Hly )] = 0.

n—-+o0o

(c) We show that the right continuity of ¥, is equivalent to (C1). Then
continuity follows from (a). For ¢, | ¢ > 0 we have

{Z' 2 e} 1\ 27" = cnH} = {H = 0}U{H >0, Z;' > cH}
" = {Z7' > cH} = {1 > c¢f(Wr)},
and thus
lim P(c,) = E[efrTHl{bcf(WT)}]-

n—-4o00

The condition lim,, . o Wa(c) = ¥o(c) holds if and only if P(1 > c¢f(Wr)) =

P(1 > cf(Wr)). The last condition holds for ¢ = 0, and for ¢ > 0 it is
equivalent to (C1).
(d) Fix 0 < ¢1 < ¢a. The inequality
s (c1) — Wa(c2) = E[e_rT‘Hl{l/Cl<f(WT)S1/C2}] >0
holds if and only if P(1/e; < f(Wg) < 1/ca) > 0. The last condition is
equivalent to (C2). =

Now assume that ZpH = f(Wy) for some f : R4 — [0, +00). Fix o €
[0,1], > 0 and consider the problem of existence of solutions to the equation

(3.20) Ui(c) =1—aq,
as well as to
(3.21) Us(c) = x.

In view of Propositions and , if (C1) is satisfied then ¥, ¥ are contin-
uous decreasing functions with images (P(H = 0),1] and (0, p(H)] respec-
tively. Thus for a € [0, P(H # 0)) and = € (0,p(H)] the equations (3.20)
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and do have solutions. Moreover, if (C2) is satisfied then the solutions
are unique.

The description of @1 and ®- is provided by the following theorem, which
is the main result of the paper.

THEOREM 3.6. Assume that ZrH = f(Wr) for some f : R — [0, +00)
satisfying (C1).
(a) Let ¢ = c(x) € [0,+00) be a solution of the equation
(3.22) U(c) =z, x€(0,p(H)).
Then the mazimal probability function is given by
P(H=0) forxz=0,
&1(x) = Wile(x))  forz € (0,p(H)),
1 forx > p(H).
Moreover, for any x € (0,p(H)) the probability mazimizing strategy

for x is the one replicating the payoff Hly,, -
(b) Let ¢ = c¢(a) € [0,400) be a solution of the equation

(3.23) Ui(c)=1—a, «a€[0,P(H#D0)).

Then the cost reduction function is given by
W(c()  for o€ [0, P(H # 0)),
Py(r) =
0 for a € [P(H #0),1].
Moreover, for any a € [0, P(H # 0)) the cost reduction strategy for
« 1s the one replicating the payoff H1 4

c(a)

Proof. The proof is based on the considerations preceding the formula-
tion of the theorem.

(a) If x > p(H) then the hedging strategy is the probability maximizing
strategy and then clearly @;(z) = 1. Consider the case x € (0,p(H)). By
Theorem [3.2| we know that &;(z) = P(A), where A is a solution of (3.10).
The solution of (3.12]), which is equivalent to @ , is of the form ([3.14))

with ¢ satisfying . But is equivalent to @D Thus we have
@1(1’) = P(Ac) = Spl (C),

where ¢ is given by the condition ¥5(c) = z. For x = 0 consider the trivial
strategy m = 0. Then P(X7" > H) = P(H = 0). On the other hand, due to
the monotonicity of @1, we have @1(0) < lim, o ®?1(x) = limg o ¥i(c(x)) =
im0 ¥1(2) = P(H = 0). As a consequence, ¢1(0) = P(H = 0). The
second part of the assertion follows from Theorem [3.2]

(b) If @ € [P(H # 0),1] then consider a trivial strategy = = 0 with
zero initial endowment z = 0. Then X7 = 0 and thus P(X7" > H) =
P(H =0) > 1— «. As a consequence, $3(a) = 0. Now consider the case
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a € [0, P(H # 0)]. It follows from Theorem that ®o(a) = E[G_TTH]_B],
where B is a solution to (3.11]). The optimal solution of (3.11)) is the same
as for (3.13) and has the form (3.14) with ¢ satisfying (3.16]). The condition
(3.16)) can be written as ¥;(c) =1 — a.. Thus we have

®o(a) = Ele"TH1,4,] = ¥s(c).
The second part of the assertion follows from Theorem [3.3] =

In virtue of Theorem to determine @1, @9 one has to find ¥y, ¥y

and solve the equations (3.22)), (3.23). In general, as ¥;, ¥ have a rather
sophisticated form, one should not expect to find analytic formulas for the

constants in (3.22)), (3.23). However, the equations (3.22)), (3.23) can be

solved with the use of numerical methods. In the following we solve the
problem of determining ¥y, ¥, for the most common basket derivatives.

4. Quantile hedging in a two-dimensional model. In this section
we determine explicit formulas for the functions ¥, ¥, for a few examples of
popular options. Since our derivatives depend on two underlying assets we
first simplify the general formulas from Section

For d = 2 we denote the correlation matrix by

o=|, 1)

1 1 11
1 -1 p “1j2 1| Vi+p + Vi—p VI+p J1—p
- 92 1 . 9 Q - 5

p p —1

Consequently,

Qfl

1 1 1,1
V1+p Vi=p 1+4+p V1—p
Hence the density of the martingale measure (2.2) can be written as

(4.24) Zp = e~ MWr—A2WE—BT

where

1 oL — 71T g — 7T
A1:: ) <_ ! +P2 )7
pe—1 o1 op)
1 aL—1r Qg —r
AQ:: 2 (p - )7
pe—1 o1 092
1 1 1 - 1 1 —r\?
pei((Fmt v e vs) )
8 Vitp Vi-p) o Vitp V1-p) o2
1 1 a]—r 1 1 a9 —T 2
+ — + + .
Vitp Vi-p) o Vitp V1-p) o2
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The formula for the set A, simplifies to
A, = {251 > cH} = {6A1W%+A2W%+BT > cHY,
and consequently formulas , become
7 (c) = P(€A1W%+A2W%+BT > cH),

Wg (C)

o,—r7T
Ele H1{6A1W%+A2W%+BTZCH}]-

Now we set the notation concerning the multidimensional normal dis-
tribution and recall its basic properties, which can be found in standard
textbooks on probability theory or statistics (see for instance [§]). A random
vector X taking values in R? has a multidimensional normal distribution if
its density is of the form

1 —La—m) Ty Y z—m d
(42)  Ix@=oamEamE e . ¢ zeR,

where m € R is the mean of X and X is a symmetric positive definite
d x d covariance matrix of X. The fact that X has a density will be
denoted by X ~ Ng(m, X) or L(X) = Ng(m,X). If d = 1 then the subscript
is omitted and N(m, o) denotes the normal distribution with mean m and
variance o. If X ~ Ny(m,X) and A is a k X d matrix, then

(4.26) AX ~ Ni(Am, AXAT);
in particular if a € R% then
(4.27) a’X ~ N(a¥'m,a’ Za).

Let X be a random vector taking values in R? and fix an integer 0 < k < d. Let
us divide X into two vectors X1 and X @ with lengths k, d— k respectively,
ie.

XU =(xy,..., X7, XP = (Xpp,..., X)"

Analogously, divide the mean vector m and the covariance matrix X,
m »(1) 3»(12)
m = ) 2 - b
(m(2>> [ 5(1) 2(22)]
so that EX(M) = mM) EX® = m@ Cov XM = ¥V Cov X@) = »(22)
Cov(XM, X)) = »(12) = 5T Denote by L(XM | X?) = 22)) the con-

ditional distribution of X() given X2 = z() € R4=*_If £(22) is nonsingular
then

(4.28) LXD | XO® = 2@) = Ny (mD (@), 2D (2)y),
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where
mW (@) = m® ¢ 257 @) @)
(4.29) S (@) = (D) _ 502) 5@~ e,

Actually the conditional variance X (11)(:(:(2)) does not depend on z(?) but we
keep the notation for the sake of consistency. The conditional density will
be denoted by fx ) x@ -z (), where () € R¥. In particular if (X,Y)
is a two-dimensional normal vector with parameters

my o11 012
ma 021 022

then
LX Y =y)=N(mi(y),o1(y)),
where
2
(4.30) mi(y) == mi+ 2y —ma),  o1(y) =01 — 2,
022 099

If X is a random vector then its distribution with respect to the measure P
will be denoted by £(X) and its density by fx. Analogously, the notation
fX<1)\X(2)=x<2> (ac(l)) stands for the conditional density with respect to P.

In the following subsections we will use the universal constants: Ay, Ag, B
defined in (4.24)) as well as aq,a9,b, a1, as, b introduced below.
Fix a number K > 0. One can check the following:

(4.31)  {S}>K}={W}>a} = {W} >a},
(4.32) {8} > K} ={W}>a)}={W}>as},

(4.33) {Sh > 52} = {o\ Wi — 0o W2 > b} = {01 W} — 0aW2 > b},

where

1 K 1, _ 1 K 1,

ai Ul(h’ls’é — (Oél - 201)T>7 ay = m(ln% — (T’ - 20_1>T>7
1 K 1, _ 1 K L o

az :z@(lnsg— (a2—202)T>7 az :_02<IHS§_ <7’_2‘72>T>7

S8 1 - Sgo1
b:= lns—g + (ag —aq — 5(0% —a%))T, b:= lns—g1 - 5(0% —oT.

In all the formulas below it is understood that In0 = —oo and @ stands for
the cumulative distribution function of N(0,1).
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4.1. Digital option. In this section we determine ¥7, ¥, for the payoff

(4.34) H=K- 15552y, where K>0.

By

(4.33) we have

(4.35)  Wi(c) = P(A) = P(eMWHHAWEEET > K161 o))

= P(A\W} + AsW2 + BT > In(cK), S > S%)
+ P(eMWrtAWEHBT 5 o gl 62)

= P(A\W} + AgW2 + BT > In(cK) | o1 W} — 0oW3 > b)
- P(1 W} — 0oW32 > b) + P(o1 Wi — 0 W3 < b).

Let us notice that

A Ag

01 —02

Alw% + AQW%

X =
O'1W71~ - O'QW%

Wi
w2 |’

so in view of (4.26])) we have X ~ N3(0, ), where

(A1 + AQT‘)TAl + (A17' + AQ)TAQ (01 — UQ’I")TAl + (0’17“ — UQ)TAQ

(01 — UQT‘)TAl + (017“ — (TQ)TAQ (01 — UgT’)TUl — (017’ — Ug)TUQ

In virtue of (4.30]) we have

LAW] + AWE | o1 Wi — 0aWE = y) = N(m(y), o (y)),

where
m(y) (0‘1 — O'QT‘)Al + (0'17“ — 0'2)142;
(01 — oor)o1 — (017 — 02)09
0_( ) _ T(A10'2 + AQO’l)Q(pQ — 1)
y —0% + 2po109 — og '
By ([4.27) we have o1 W} — 0oW2 ~ N(0,T (03 — 2po102 + 03)). Going back

to 44.35# we obtain

400
Ui(c) = | P(AW} + AW > In(cK) — BT | o1 Wi — 0o W7 = )
b
S wicosw2 (y) dy + P(o1 Wi — 5 WE < b)

ree m(y) + BT — In(cK
- T (cK)

>falwl—azw2 (v) dy
o(y) T r

b

+af ! )
VT (02 =2poios +03) )
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Now let us determine Ws. In virtue of (4.33) we have
Uy(c) = e TE[H14] = e TE[K g1 552, - 1 Fotsert

]

{S}ZS%}}
= e ""KP(Sp > S7, 20" > cK1g162)
= e "TKP(Z;' > ¢cK | Sk > S2)P(St > S2)
= e*’"TKI;(eAlw%*AQWTQ“LBT > cK | 01W% — O'QW% > b)
. ﬁ(a{WV% — O’QW% > l~))
“+oo

- . ) . .

=eTK | P(eMWVrtRWItET 5 oK | oy W — 0o WF = )

b

: fglw%,@”vr/% (y) dy

+oo
=e K | P(Alw% + AyWZ > In(cK) + Ay

b
a9 — T

a1 —T

T

o1

+ A, T — BT dy

N]‘ N2 — . £ — —
oy UIWT - UQWT = y) fglw%,g2w% (y)

= TK S @

b

+o0 <m(y) —In(cK) — Al%T — AQ%T + BT>
o(y)

: falw%—agw% (y) dy.

4.2. Quantos
4.2.1. Quanto domestic. The contingent claim is of the form
(4.36) H=S5%(S+ - K)", K>O0.
First, notice that
(4.37) A, = {eMWrtAWE+BT > 162 (gl _ [))
= {(A2 = 02)W7 = v(c, W)} = {(A2 — 02)WF > w(c, WH)},
where

v(c,x) = ln(che(QQ_%"%_B)T_A”(Sée(al_%"%)T“’lx — K)),

152 puA LT A, 227y 4 1 2
w(e, ) = ln[che(r 202 BHAL T+ A ) 1$(S(1)6(T 201)T+012) —K)]

By (4.31)) and (4.37) we have
¥ (c) = P(A.| S+ > K)P(S+ > K) + P(A. | S% < K)P(S+ < K)
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= P((A2 — 02)W} > In(cS3e(@2 23~ BIT=AWi (g1, — K)) | W} > ay)
- P(Wg > a1) + P(Wr < ax)

+oo

= | P((A2 = 02)WF = v(c, W) | Wg = 2) fypy () dae + 45(;17)'

al

The conditional distribution is given by
L((A2 = 02)WF | Wy = ) ~ N(m(z), 0(x)),
where m(z), o(x) are given by (4.29). Hence

W (c) = TO@(W) fwa (@) dz + @(\‘}%) .

ai

To avoid technicalities assume that As # oo. We have
Uo(c) = e " TE[ST(Sp — K)1a,]
= ¢ "TE[SF(ST — K) 14, | S} < K]P(St < K)
+ e "TE[S2(Sh — K)t1,4, | Sk > K|P(S4 > K)
= ¢ "TE[S3(5} — K)1,4, | Sk > K|P(S4 > K).
By (4.31) and (4.37) we have

Wy (c) = e TB[SZer 27T+ WE (gle(r—hol T+ Wi _ )
Yooy | Wh > @] POV} > a)

+oo _ __
— T S E[Sge(r—%ag)T-i—agW%(Sée(r—%U%)T—I—alW% . K)

ay

L onizzueipy | Wr = 2lf (2) du

+oo +oo
) ~ ~
— Cl S 60'1$ S eA2—02 yf(A270'2)Wf12—!‘W'11":x (y) dy fW% (.’L’) dzx
ay w(c,z)
+o0 400 s ~ .
_ 02 S S eAa—o2 yf(A2_02),M7%|W%=I (y) dy fW% (.’L‘) dx.
a1 w(e,x)

with C] := e*TTS(%S%e(QT_%“%_%U%)T, Cy := e*’”TKS%e(”_%U%)T. From (|4.30)
we have £((Ag — 09)W2 | Wk = z) = N((Ay — a2)pz, T(1 — p?)(Ag — 02)?)
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and hence
o (y—(Ag—09)px)?
[ gne [+ TER TG A na? dy fo (¢) da
Wg(c) o ai w(e,x) W
V21T (1 — p?)(Ag — 02)?
go (y—(Ag—09)pz)?

Sffoo Voo e A2-52 YN Ir (=2 (Ag—09)2 dyfwl( z)dx

— a1 Jw(c,x)
V21T (1 — p?)(Ag — 02)2

4.2.2. Quanto foreign. The payoff is of the form

K\™"
=(sSt-=1), K>Oo.
(T S%)

First, notice that
1 K 1 2
(438) {ST S2 > 0} = {01WT + O'QWT > d}
= {0_1W% + O'QW% > J} =: (),

K 1 ~
d:=In——> — (al—i—ag—?(cr%—l—a%))T, d:=d+ (aq + ay —2r)T,

S5:55

and
(439) A, = {€A1W71~+A2W72~+BT > C(S% o ;}:)}

= {4 W} + (Ag + 02)WE > v(c, oy Wi + 0o WE)}

= {A1WT + (Ay + O'Q)W/Z% > w(e, Ulﬁ//% + oW},
where
’U(C, Z) = 1In (;26( 03*012 B)T(S 52 a1taz— (‘71+02)T+Z _ K)),
w(c, z) — |:5?2€T( 02 —r+A; oc1 r 7B)(Sésge(Qr—%(a%—&-ag))T—&-z o K):| )
By (4.38]) we have

K
Wl (C) = P(eAlW%+A2W72“+BT Z C<5’% — 52> ‘ Qo)P(.Qo)
T
+ P(eMWEHAWEEET > 0 | 06)P(5)

= P(S2eMWrtAWIHBT > (5162 K) | Q0)P(20) + P(525),
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As a consequence of (4.39) we obtain
Wl(c) = P(Alelﬂ + (A2 + O'Q)W% > ’U(C, O'1W71~ + O'QW%) | .QQ)P(.Q())
+ P(4%)
+o0

= S P(AWE + (Ag 4 02)W2 > v(c, 2) | o1 Wi + 0o W2 = 2)
d

Soswito,wz (2) dz + P(£2).
By we have
LAW] + (A2 + 02)WE | o1 Wi + 0aW7E = 2) = N(m(z), 0(2)),
where

(Al + (AQ + UQ)p)O'l + (Alp + A + 0'2)02
0% + 2poio9 + 0'%

Y

m(z) ==

U(Z) = T{(A1 + (AQ + O'Q)p)Al + (Alp + (Ag + UQ))(AQ + 02)

B ((Al + (A2 + 02)p)or + (A1p + (A2 + 02))02)2
0? + 2poi09 + 03 ’

and thus

+oo
m(z) — v(c, 2)
nie) = | oMUy (o)
1 §i < a(z) > Wi+oaW,

()
+o .
VT (0} +2p0102 + 03)

By (4.38)) and (4.39) we have

- K _
tale) = B (51— 4 )1 | 0] Plew)
T
- K _
=e"TE KS; — 52) 14, 90] P(£2)
T
—+o00
— T S E[Sjlw].Ac ‘ O’1W711 + O'QW% = Z]f01W%+02W%(Z) dz
d
+oo
-1 — — _
_ e TK S E {SQlAC o1 Wi + ooWi = z] f01W%+02W%(2) dz.
P T
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Using (4.28) we find the conditional distributions
LOWVE AW+ (Ag + 02)W2 | oy Wik + 0o W2 = 2) = No(M(2), X1(2)),

LIWE, A Wi+ (Ag + 02)W2 | o1 Wik + 03 W2 = 2) = No(M2(2), 22(2)),

where M!'(z), M2(2), X1(2), X?(z) are determined by (4.29). As a conse-
quence,

L +0o0 +oo +00

_p _ 1,2 ~

Uy(c) = e T Shelr—2o0T S S S e"“tFl(:r,y)dydfoIW%+02m~/%(z)dz
d —oow(c,?)

+00 +00 400

_T,_;U2 —02T f
e 2T VN e P ey dyda g

—rT K

5702 (Z) dza

— e

d —®w(cz)
where F!, F? stand for the density functions of the two-dimensional normal
distributions No(M1(2), Z1(2)), Na(M?(2), X?(2)) respectively.

4.3. Outperformance option. The problem is studied for

H = (max{S+, 52} - K)", K >0.
Notice that
(4.40)  {eMWitAWEEBT > (gL )} = (A,W2 > vy (e, W)}
= {A2WT > wi(c, WT)}

(4.41)  A{eMWrtAWEEET > (S — K)} = {A,W} > va(c, WE)}
= {AW] > wy(c, W)},

where
=In [CSOG —291 T“’lx] Az — BT,
=In [CSOe 2503 T+°29] Asy — BT,
1n(ce"“”+ ST =BT (glelr—3otT+ois _ feyy 4 22 = T'p
o
lm(ce_AQyJr (4255 =B)T (Sge(T*%"g)T*”y — K)) + R
o1

By (A:31) (E33) we have

W (c) = P(eMWrtAWitBT > (g1 v §3 — K)*)
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= P(eAlW’}JrA?W’;JFBT > (St — K) | W} > ay, 01 Wi — 0 W3 > b)
- P(W} > ay,01Wi — 0oWi > b)
+ P(eAlW%+A2W%+BT >0 | Wi < ap, o1 Wi — 0oW2 > b)
- P(Wi < ay, 01 Wi — oW > b)
+ P(eMWrHAWRHBT > (62 _ ) | W2 > ag, oy Wh — 0 W2 < b)
- P(W2 > ag, 01 W3 — 0 W2 < b)
+ P(eAlW%+A2W%+BT >0 | W2 < ag, 0, Wi — aaW2 < b)

- P(W} < ag,01Wi — 0aWi < b).
By (4.40), (4.41) we have

Wy (c) = P(AW3 > vy (e, W) | Wi > a1, 01 Wi — oW > b)
-P(W4 > ay,0.Wi — 0oW2 > b) + P(W4 < ay, 0, Wi — oo W2 > b)
+ P(A W} > vale, W) | W2 > ag, 01 Wi — oo Wi < b)
. P(W% > a2,01W71~ — O'QW% < b) -+ P(W% < a2,01W% — O'QW/]Q" < b)
Let mq(y, z), ma(x, 2),01(y, 2), 02(x, z) be the means and variances of the
conditional distributions
LAWE | W2 =y, 01 W — 0. Wi = 2)
L(AW2 | Wk = 2,00 Wh — 0oW2 = 2)

N(ml(y7 z),al(y, Z))?

N(mao(z, 2), 09(x, 2)),

given by (4.29). Then

e +OO¢<m2(x7 Z) - U1(07$)

¥ (c) = S S

)fW%,O’lW%UQW,% (z,2) dz dx

o b o9(x, z)
a1 +oo
+ S S fW%,an%—UgW%(x7z) dzdx
—c00 b
i ml(y,z) B UQ(Cay)
+ S S o fW%,an%—agW%(yvz) dz dy
as —oo Ul(yv Z)
a2 b

+ S S fW%,olW%fcrzW%(yvz)dZdy'

—00 —00
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By (4.31)—(4.33), (4.40), (4.41) we have

y(c) = e "TE((Sh Vv 82 — K)t1y,)
= e "TE((S} — K)1a, | Sp > K, S} > S7)P(St > K, S > S7)
+e "TE((S7 — K)1a, | S7 > K, Sp < S7)P(SF > K, St < S7)
= e "TE((S} — K)1

1171 ~ 7l 772 T
(432w (e 7)) | WT 2 81,01 Wr — 007 2 B)

-P(W} > d1,01W71~ - UQW% > b)

+eTR((S2 - F)L 4 1 s (72} | W2 > ag, 01 W} — 0o W2 <)
. ﬁ(ﬁ}% > CNLQ,Jqulﬂ — O’QW% < 5)

Let m1(y, 2), 01(y, 2) and ma(z, z), 02(z, 2) denote the means and variances

of the conditional distributions

LAWE | Wi, o1 W — 0aW7) = N(mi(y, 2), o1(y, 2)),
L(AWE | Wk, oW — 0aW2) = N(ma(a, 2), 02(x, 2)).
Finally we obtain

+00 +o00

!p2(c) — efrT S S (Sée(rf%U%)T+o1x - K)¢<m2(xvz) - wl(cvx)>
i : oa(x, 2)
. fW%,gl'vT/%—ogWE (x,2)dzdx
+oo b
+ e T S S (Sge(r—%ag)T—i-my _ K)@<m1(yaz) - w2(ca y))
Gy —o00 Ul(ya Z)

. fW%,UIW’}“_UQWE (y7 Z) dz dy

4.4. Spread option. The payoff is of the form
H=(S}—-S8%-K)", K>0.

For any y € R,
(4.42) {8} — Sgele2m2DTHow _ | > 0} = (W} > e(y)},
where

1 1 oo 102Vt 1
e(y) = 01<1n [56(536( 2—503)T+ 2y):| _ (Oll . 20'%)T>.
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Then
Wi(c) = P(eMWTHAWEEET > o] — S — K)*)
“+o0o
= | P(eMWrtAWEEBT > o(Sh — 2 — K) | WE = y) fa(y) dy
too 1 2
= | P(eMWatAWitBT > (S — 57 — K), W} > e(y) | W2 =)
- - fwz(y) dy
“+00
+ | P(eAWITAWIHET > 0 W < e(y) | WE = y) fivz (v) dy
“+o0o
= S P(eAzerBTeAlW% — cS&e(al_%"%)TemW% > —C(Sr_Qp + K),
) Wi > e(y) | WE = y) fwz (y) dy
+oo
+ | POVE <ely) | Wi = y) fiwa(y) dy.
Let
L(Wp | Wi =y) = N(m(y),o(y)).
Then
—+o00
¥i(c) = S S fW%|W%:y(x) dx fw%(y) dy
—00 S(c,y)N(e(y),+o0)
“+o00
e(y) — m(y)>
T (W)
L o(y) ’

where for y € R,
S(e,y) :={x: e BT e _ cSée(a“%U%)Teglx
> —c(Sge(o‘2_%(’%)T+"Qy + K)}.
For practical applications it is necessary to find a closed form of the set
S(e,y). In the formulation of the next result we will use the solutions of the

equation

2

(4.43) g(z) = —c(S2el2—393) o2y 4 [¢y,

_1,2 .
where g(z) := eA2vtBTeAr _ Glel1=301)T¢o12 These solutions can be
found numerically.
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PROPOSITION 4.1. The set S(c,y) is of the following form:
(a) If Ay > o1 and
(i) 9(2) > —c(SZe 227720 4 ) then S(c,y) = (—o00,+00),

g
(i) g(z) > —c(Sge(O‘Q_%U%)T+U2y + K) then S(c,y) = (—o0,z1) U
(2, +00), where x1 < o are the unique solutions of (4.43)).

~ A +BT
Above, I stands for 1A 111( Ajef2y )
o1—A7 0‘1851 (o1 — 1)T

(b) If Ay =01 and

(i) eA2vtBT > cglelon— 2907 then S(c,y) = (—o0,+00),
(ii) eA2v+BT < cSfelor— 20T then S(c,y) = (—o0,x0), where xo is
a unique solution of (4.43).

(c) If A1 < o1 then S(c,y) = (—o0, x0), where zg s a unique solution of
(T13).

Proof. (a) One can check that g has a minimum at the point & and is
decreasing on (—oo, ) and increasing on (&, 4+00). Hence (i) and (ii) follow.

(b) The formulas for S(c, y) follow from the simplified form of the function
g(l‘) — (6A2y+BT CSl (a1 — 201) ) Az

(c) It can be checked that g is strictly increasing on {x : g(x) < 0} and

limg 4o g(x) = —00. Thus (4.43) has a unique solution and the form of the
set S(e,y) follows. =

Now let us determine ¥,. One can check that for y € R,
(144) (S} - 85U K > 0} = {Wh 2 f(y)},

where
) ::i In| & (2= 3od)Tromny | (1 Lo2) 7)),
S 2

For y € R define

G [ A= T T+ Ay (y— =2 = T)+ BT

c(Shelr—zo)THore _ g2(r—309)T+ory _ )1,

Vy(c) = e TBI(SF — S} — K)1a]
“+o00
=T | BI(Sh— 83 — K)*La, | W3 = 4]y (v) dy

—00
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+o00
=t S E[(S% - SCQF - K)lAcl{W%zf(y)} | WT% = ]fﬁ%(y) dy
+o0o B - B
+e S E[(S - SF — K)+1Ac1{’w7;<f(y)} | Wi = y]fW%(y) dy
s 12 1 2
—e T S S (S&e(’”*aﬁ)Tﬂ’lx _ Sge(rf§02)T+ozy - K)

~20 S(ey)N(f(y),+o0) - -
: fw%fw“%:y(x) du fw% (y) dy.

The explicit form of the set S (c,y) can be established in the same way as
for S(c,y) in Proposition

1]
2]
13l
14]
[5]
16]
g
9]

[10]
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