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DISCRETE TIME RISK SENSITIVE PORTFOLIOOPTIMIZATION WITH CONSUMPTION ANDPROPORTIONAL TRANSACTION COSTS

Abstra
t. Risk sensitive and risk neutral long run portfolio problems with
onsumption and proportional transa
tion 
osts are studied. Existen
e ofsolutions to suitable Bellman equations is shown. The asymptoti
s of the risksensitive 
ost when the risk fa
tor 
onverges to 0 is then 
onsidered. It turnsout that optimal strategies are stationary fun
tions of the portfolio (portionsof the wealth invested in assets) and of e
onomi
 fa
tors. Furthermore anoptimal portfolio strategy for a risk neutral 
ontrol problem is nearly optimalfor a risk sensitive portfolio 
ost fun
tional with risk fa
tor 
lose to 0.1. Introdu
tion. Assume we are given a dis
rete time market with mrisky assets. Denote by Si(t) the pri
e of the ith asset at time t. Assume that(1) Si(t + 1)

Si(t)
= ζi(z(t + 1), ξ(t + 1)),where (z(t)) ∈ R

d is a Markov pro
ess with transition operator P (z(t), dy)des
ribing the evolution of e
onomi
 fa
tors, (ξ(t)) stands for a sequen
eof i.i.d. random variables, independent of (z(t)), and ζ is a given positivefun
tion su
h that the mapping z 7→ ζ(z, ξ) is 
ontinuous for ξ > 0. Denoteby X−(t) the wealth pro
ess at time t before 
onsumption and possibletransa
tions, and by X(t) the wealth pro
ess after possible transa
tions. Let
π−

i (t) be the portion of the wealth pro
ess invested in the ith asset at time
t before 
onsumption and possible transa
tions, and πi(t) the portion of thewealth lo
ated in the ith asset after transa
tions at time t. We shall saythat π(t) = (π1(t), . . . , πm(t))T (where T stands for transpose) and similarly2000 Mathemati
s Subje
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π−(t) form portfolios at time t after and before 
onsumption and possibletransa
tions. Denote by α(t) the portion of 
apital 
onsumed at time t. Let
S0 = {(ν1, . . . , νm)T : νi ≥ 0,

∑m
i=1 νi ≤ 1} and S = {(ν1, . . . , νm)T ∈ S0 :∑m

i=1 νi = 1}. For given π ∈ S0 let
g(π) = (g1(π), . . . , gm(π))T , where gi(π) =

πi∑m
j=1 πj

.After a 
hange of portfolio from π to π′ the wealth X is diminished by
c(π̂ − π)X, where π̂ is a 
ertain element of S0 (we shall see in Lemma 1that it is unique) su
h that π′ = g(π̂) and for ν ∈ S0 − S0 (the algebrai
di�eren
e)(2) c(ν) =

m∑

i=1

c1
i (νi)

+ +
m∑

i=1

c2
i (ν

i)−with 0 < c1
i , c

2
i < 1. Given a portfolio π and wealth X we 
an 
onsume aportion α of the portfolio and 
hange the portfolio to π′. Sin
e our 
onsump-tion has to be 
ompensated by suitable selling of assets there should exist π̂su
h that(3) X(c(π̂ − π) + α) = X − X

m∑

i=1

π̂iand g(π̂) = π′. Consequently, given π we 
an 
onsume a portion α andafterwards 
hoose π′ if and only if there is π̂ ∈ S0 su
h that(4) m∑

i=1

π̂i + c(π̂ − π) + α = 1where(5) π′ = g(π̂).In general for given π and α, not all π′ ∈ S are admissible. In what followswe shall assume that we are allowed to 
onsume only a part of the availablewealth, i.e. there is a Λ > supπ∈S c(−π) su
h that(6) 0 ≤ α ≤ 1 − Λ.Given π, π′ ∈ S and α ∈ [0, Λ] de�ne the fun
tion(7) F π,π′

α (δ) := δ + c(δπ′ − π) + α.Lemma 1. There is a unique 
ontinuous fun
tion e : S×S×[0, Λ] → [0, 1]su
h that for π, π′ ∈ S and α ∈ [0, Λ] we have(8) F π,π′

α (e(π, π′, α)) = 1.Furthermore e is bounded away from 0.
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e that the fun
tion F
π,π′

α is 
ontinuous, stri
tly in
reasingand F
π,π′

α (0) = c(−π) + α ≤ 1, while F
π,π′

α (1) = 1 + c(π′ − π) + α ≥ 1.Therefore there is a unique e(π, π′, α) satisfying (8). It remains to show
ontinuity of e. Let πn, π′n, αn be su
h that πn → π, π′n → π′, αn → α.Sin
e S is 
ompa
t there are subsequen
es, for simpli
ity denoted by n, su
hthat e(πn, π′n, αn) → a as n → ∞. If a 6= e(π, π′, α), then by 
ontinuity of
F we have 1 = F

πn,π′n

αn (e(πn, π′n, αn)) → F
π,π′

α (a), and 
onsequently a =
e(π, π′, α), a 
ontradi
tion. Assume now that e is not bounded away from 0.Then there are π, π′ ∈ S and α ∈ [0, Λ] su
h that e(π, π′, α) = 0. Therefore
F

π,π′

α (0) = c(−π) + α = 1, whi
h 
ontradi
ts (6).Consequently, given an initial wealth pro
ess X−(t) and portfolio π−(t)at time t under (6) we 
hoose a 
onsumption portion α(t) from [0, Λ] and anypost transa
tion portfolio π(t) ∈ S. Then, as a result of transa
tion 
ostsand 
onsumption our wealth pro
ess is diminished to X(t), where following(3) and (4) we have(9) X(t) = e(π−(t), π(t), α(t))X−(t).Furthermore
X−(t + 1) =

m∑

i=1

πi(t)X(t)

Si(t)
Si(t + 1)(10)

= X(t)
m∑

i=1

πi(t)ζi(z(t + 1), ξ(t + 1))

:= X(t)π(t)T ζ(z(t + 1), ξ(t + 1)).and(11) π−(t + 1) = g(π(t) ⋄ ζ(z(t + 1), ξ(t + 1)),with
(π(t) ⋄ ζ(z(t + 1), ξ(t + 1)))i := πi(t)ζi(z(t + 1), ξ(t + 1)).Therefore for t = 1, 2, . . . ,

(12) X−(t) = X−(0)
t−1∏

n=0

e(π−(n), π(n), α(n))π(n)Tζ(z(n + 1), ξ(n + 1)).In this paper we are interested in maximizing the following two 
ostfun
tionals: the risk sensitive long run 
ost
(13) J

γ

X−,z,π−
(α(n), π(n))

:= lim inf
t→∞

1

γt
lnEX−,z,π−

{
(X−(t))γ

t−1∏

n=0

(h(α(n)))γ
}

and the risk neutral long run 
ost
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(14) JX−,z,π−(α(n), π(n))

:= lim inf
t→∞

1

t
EX−,z,π−

{
lnX(t) +

t−1∑

n=0

lnh(α(n))
}

over all admissible, i.e. adapted to available information, sequen
es α(n) ∈
[0, Λ] and π(n) ∈ S, where h is a given 
ontinuous fun
tion taking positivevalues, expressing the 
orre
tion to our terminal utility fun
tion that 
or-responds to the 
onsumption rate, and γ is a negative risk fa
tor. Noti
efollowing [1℄ and [2℄ that the 
ost fun
tional Jγ measures average growth ofportfolio plus its varian
e with a negative weight γ. Moreover by (12) the
ost fun
tionals (13) and (14) are of the form
(15) J

γ

X−,z,π−
(α(n), π(n)) = lim inf

t→∞

1

γt
lnEX−,z,π−

{ t−1∏

n=0

[h(α(n))

× e(π−(n), π(n), α(n))π(n)Tζ(z(n + 1), ξ(n + 1))]γ
}

and
(16) JX−,z,π−(α(n), π(n)) = lim inf

t→∞

1

t
EX−,z,π−

{ t−1∑

n=0

ln[h(α(n))

× e(π−(n), π(n), α(n))π(n)Tζ(z(n + 1), ξ(n + 1))]
}
.Risk sensitive portfolio optimization has been the subje
t of intensivestudies in a number of papers (see [1℄, [2℄, [7℄, [10℄ and [13℄). The 
ase withproportional transa
tion 
osts was studied in [2℄ and [13℄. In [2℄ the resultwas formulated under the assumption of the existen
e of a ni
e solution toa suitable Bellman equation. In [13℄ a more general model was 
onsidered inwhi
h the fa
tors were allowed to depend on the same random disturban
e

(ξ(t)). However, 
onsumption was not taken into a

ount and a te
hni
alassumption 
on
erning an obligatory diversi�
ation of portfolio was imposed.In this paper we allow 
onsumption and have no restri
tions on the 
hoi
eof portfolio. On the other hand, we assume that the fa
tors are independentof the disturban
es (ξ(t)). Risk neutral 
ontrol with proportional transa
tion
osts was also 
onsidered in [9℄, where the 
ase with (ζ(t)) of the form ofa sequen
e of i.i.d. random variables (without e
onomi
 fa
tors (z(t))) wasstudied. Some remarks 
on
erning relaxation of ergodi
 assumptions imposedon the fa
tor pro
ess (z(t)) as well as allowing the same disturban
es in theevolution of asset pri
es and e
onomi
 fa
tors are given in Se
tion 5.2. Risk neutral Bellman equation. We shall assume that
(UE) sup

z,z′∈Rd

sup
A∈B(Rd)

(P (z, A) − P (z′, A)) =: κ < 1
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R

d × S ∋ (z, π) 7→ f(z, π) := E[ln(πT ζ(z, ξ(1)))]is 
ontinuous and bounded.We 
an now solve the Bellman equation 
orresponding to the risk neu-tral 
ost fun
tional (14). As we show below the optimal value of this 
ostfun
tional is a fun
tion of the 
urrent value of the portfolio pro
ess π−(n)and the fa
tor pro
ess (z(n)) and does not depend expli
itly on the wealthpro
ess. We have the followingTheorem 1. Assume that the transition operator P is 
ontinuous invariation topology , i.e. for xn → x the measures P (xn, ·) 
onverge to P (x, ·)in variation norm. Then there is a 
ontinuous bounded fun
tion w : R
d × S

→ R and a 
onstant λ su
h that
(17) w(z, π) + λ = sup

α∈[0,1−Λ], π′∈S

[lnh(α) + ln e(π, π′, α)

+ Ez{ln(π′T ζ(z(1), ξ(1)))} + Ez{w(z(1), g(π′ ⋄ ζ(z(1), ξ(1))))}].The 
onstant λ is an optimal value of the 
ost fun
tional (14), and the strat-egy
(α̂(z(t), π−(t)), π̂(z(t), π−(t))),where α̂ and π̂ are Borel measurable sele
tors for whi
h the supremum in

(17) is attained , is optimal.Proof. Consider �rst the dis
ounted 
ontrol problem, the value fun
tion
wβ of whi
h is a solution to the following Bellman equation:

wβ(z, π) = sup
α∈[0,1−Λ],π′∈S

[lnh(α) + ln e(π, π′, α)(18)
+ Ez{ln(π′T ζ(z(1), ξ(1)))}

+ βEz{w
β(z(1), g(π′ ⋄ ζ(z(1), ξ(1))))}],with β ∈ (0, 1). We shall prove that there is a unique 
ontinuous boundedsolution to (18). For a 
ontinuous bounded v : R

d × S → R let
Tβv(z, π) = sup

α∈[0,1−Λ], π′∈S

[lnh(α) + ln e(π, π′, α)

+ Ez{ln(π′T ζ(z(1), ξ(1)))} + βEz{v(z(1), g(π′ ⋄ ζ(z(1), ξ(1))))}].One 
an easily verify that under our assumptions the operator Tβ is a 
on-tra
tion in the spa
e of 
ontinuous bounded fun
tions. Consequently, thereis a 
ontinuous bounded fun
tion wβ whi
h is a solution to (18). Moreover
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(19) wβ(z1, π1) − wβ(z2, π2) ≤ sup

α∈[0,1−Λ], π′∈S

(
ln

e(π1, π
′, α)

e(π2, π′, α)

+ Ez1
{ln(π′T ζ(z(1), ξ(1)))} − Ez2

{ln(π′T ζ(z(1), ξ(1)))}

+ β(Ez1
{wβ(z(1), g(π′ ⋄ ζ(z(1), ξ(1))))}

− Ez2
{wβ(z(1), g(π′ ⋄ ζ(z(1), ξ(1))))})

)

= sup
π′∈S

(I(π′) + II(π′) + III(π′)).By (UE),(20) III(π′) ≤ κ‖wβ‖sp,where ‖wβ‖sp := supz,π wβ(z, π) − infz,π wβ(z, π), so we have
(1 − κ)‖wβ‖sp ≤ sup

α∈[0,1−Λ], π1,π2,π′∈S

(
ln

e(π1, π
′, α)

e(π2, π′, α)

+ sup
z1,z2∈Rd

|f(z1, π
p) − f(z2, π

p)|

)
< ∞(taking into a

ount that by Lemma 1 the fun
tion e is bounded awayfrom 0). Hen
e the family

{wβ(z, π) − inf
ẑ,π̂

wβ(ẑ, π̂) : β ∈ (0, 1)}is bounded. By 
ontinuity of transition operators (in variation norm) it isalso equi
ontinuous so that we 
an use the standard As
oli�Arzelà argument(see [11℄) to take a vanishing dis
ount approa
h (see [8℄).3. Risk sensitive Bellman equation. In this se
tion we shall assumethat there is a probability measure µ and a positive 
ontinuous density
p(z, z′) of the transition operator P , i.e. for A ∈ B(Rd), z ∈ R

d we have
P (z, A) =

T
A

p(z, z′)µ(dz′), and furthermore(21) sup
z1,z′

1
,z2,z′

2
∈Rd

p(z1, z
′
1)

p(z2, z
′
2)

:= M < ∞.Noti
e that this assumption is stronger than (UE). Furthermore by S
he�e'stheorem (see [12℄) the transition operators are 
ontinuous in variation topol-ogy. Additionally we shall assume that there is a δ > 0 su
h that for
γ ∈ [−δ, 0) the mapping (z, π) 7→ Ez{(π

T ζ(z(1), ξ(1)))γ} is bounded and
ontinuous.In the next theorem we show that optimal strategies for the risk sensitive
ost fun
tional (13) depend on the 
urrent value of the portfolio pro
ess
π−(n) and the fa
tor pro
ess z(n) only (they do not depend on the wealth
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ess and this 
ould be already noti
ed from the form (15) of the 
ostfun
tional (13)).Theorem 2. For γ ∈ [−δ, 0) there is a bounded 
ontinuous fun
tion
wγ : R

d × S → R and a 
onstant λγ su
h that
wγ(z, π) + γλγ = inf

α∈[0,1−Λ], π′∈S
[γ(lnh(α) + ln e(π, π′, α))(22)

+ lnEz{exp{γ ln(π′ζ(z(1), ξ(1)))

+ wγ(z(1), g(π′ ⋄ ζ(z(1), ξ(1))))}}].Moreover λγ is the optimal value of the 
ost fun
tional (13), and the strategy
(α̂γ(z(t), π−(t)), π̂γ(z(t), π−(t))),where α̂γ and π̂γ are Borel measurable sele
tors for whi
h the supremum in

(22) is attained , is optimal.Proof. We 
onsider �rst a version of the risk sensitive dis
ounted 
ostfun
tional (see [3℄). The value fun
tion wβ 
orresponding to that 
ontrolproblem is 
ontinuous and is a solution to the following Bellman equation:
wβ(z, π, γ) = inf

α∈[0,1−Λ], π′∈S
[γ(lnh(α) + ln e(π, π′, α))(23)

+ lnEz{exp{γ ln(π′T ζ(z(1), ξ(1)))

+ wβ(z(1), g(π′ ⋄ ζ(z(1), ξ(1))), βγ)}}].Therefore by (21),
(24) wβ(z1, π1, γ) − wβ(z2, π2, γ) ≤ sup

α∈[0,1−Λ], π′∈S

(
ln

e(π1, π
′, α)

e(π2, π′, α)

+ ln
Ez1

{exp{γ ln(π′T ζ(z(1), ξ(1)))

Ez2
{exp{γ ln(π′T ζ(z(1), ξ(1)))

+ wβ(z(1), g(π′ ⋄ ζ(z(1), ξ(1))), βγ)}}

+ wβ(z(1), g(π′ ⋄ ζ(z(1), ξ(1))), βγ)}}

)

≤ sup
α∈[0,1−Λ], π′∈S

ln
e(π1, π

′, α)

e(π2, π′, α)
+ lnM.Consequently, for �xed z ∈ R

d and π ∈ S the family
{wβ(z, π, γ) := wβ(z, π, γ) − wβ(z, π, γ) : γ ∈ [−δ, 0)}is bounded, i.e. there is a 
onstant L (independent of γ) su
h that

|wβ(z, π, γ)| ≤ L.Using 
ontinuity of the density of the transition operator P we easily showits equi
ontinuity. Therefore there is a subsequen
e βn → 1 and a family
wm(z, π) su
h that wβn(z, π, βm−1

n γ) 
onverges uniformly on 
ompa
t subsets



402 �. Stettnerto wm(z, π). Moreover sin
e by (23),
wβ(z, π, βm−1γ) − wβ(z, π, βmγ) ≤ sup

α∈[0,1−Λ], π′∈S

[βm−1γ(lnh(α)

+ ln e(π, π′, α)) + lnEz{exp{βm−1γ ln(π′T ζ(z(1), ξ(1))) + L}}]and
wβ(z, π, βm−1γ) − wβ(z, π, βmγ) ≥ inf

α∈[0,1−Λ], π′∈S
[βm−1γ(lnh(α)

+ ln e(π, π′, α)) + lnEz{exp{βm−1γ ln(π′T ζ(z(1), ξ(1))) − L}}],for a suitably 
hosen subsequen
e λγ(βm) :=wβ(z, π, βm−1γ)−wβ(z, π, βmγ)
onverges to λm
γ . The family {wm(z, π) : m = 1, 2, . . .} is also bounded andequi
ontinuous and there is a subsequen
e su
h that wm 
onverges to wγ ,and λm

γ to λγ , a solution to (22).4. Risk sensitive asymptoti
s. In this se
tion we are interested in thelimit behaviour of the 
ost fun
tional Jγ when γ in
reases to 0. Noti
e �rstthat by the Hölder and Jensen inequalities we obtain for γ1 ≤ γ2 < 0,
J

γ1

X−,z,π−
(α(n), π(n)) ≤ J

γ2

X−,z,π−
(α(n), π(n))(25)

≤ JX−,z,π−(α(n), π(n)).Assume additionally a kind of nondegenera
y for ζ:
(ND) for ea
h z ∈R

d the ve
tor ζ(z, ξ(1)) has a positive density on (0,∞)m.We haveProposition 1. Under (ND) for Borel measurable fun
tions α : R
d ×S

→ [0, Λ] and π : R
d × S → Sθ, where θ > 0 and Sθ := {(ν1, . . . , νm)T ∈ S :

νi ≥ θ, i = 1, . . . , m} we have
(26) J

γ

X−,z,π−
(α(z(n), π−(n)), π(z(n), π−(n)))

→ JX−,z,π−(α(z(n), π−(n)), π(z(n), π−(n)))as γ in
reases to 0.Proof. Sin
e the proof is rather te
hni
al we point out the main stepsonly. By the assumption we imposed on the 
ontrol π and assumption (ND)the pair (z(n), π−(n)) forms a Markov pro
ess satisfying a minorization prop-erty (see [4℄) with an ergodi
 minorization set C = K × Sθ, where K is a
ompa
t set in R
d. Consequently, one 
an 
onsider the splitting of this pair.This allows us to study a multipli
ative Poisson equation as in [4℄ 
orrespond-ing to the random terms depending on (z(n), z(n + 1), π−(n), ξ(n + 1)). Tobe more pre
ise: let

q(z, z′, π, ξ) := ln(h(α(z, π))) + ln e(π, π(z, π), α(z, π))(27)
+ ln(π(z, π)T ζ(z′, ξ)).
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(28) ŵ(x)

= ln Êx

{
exp

{ τC1∑

n=0

γq(z(n), z(n + 1), π−(n), ξ(n + 1)) − λγ(α, π)
}}

with Ê 
orresponding to the split Markov pro
ess, x = (z, π, x2), x2 ∈ {0, 1},
τC1

the �rst hitting time of the set C × {1} and λγ(α, π) the value of therisk sensitive 
ost fun
tional γJγ 
orresponding to the 
ontrol fun
tions α, π.Then ŵ is a solution to the Poisson equation
(29) ew(z,π,x2) = Êz{exp{γq(z, z(1), π, ξ(1))− λγ(α, π)

+ w(z(1), π(1), x2(1))}}.Finally, we prove a version of Proposition 3 of [6℄, whi
h shows the 
on-vergen
e of the solutions to the multipli
ative Poisson equation (29) to thesolution of an additive Poisson equation and this way implies the 
onvergen
e(26).Remark 1. An alternative approa
h based on the large deviation prin-
iple as in [5℄ gives the 
onvergen
e in (26) for 
ontinuous fun
tions α and
π only and requires additional assumptions. Noti
e that assumption (ND) israther strong and we in fa
t need only the existen
e of an ergodi
 minoriza-tion set, as was pointed out in the proof of Proposition 1.We 
an now summarize the above results (
f. Theorem 3 of [5℄):Corollary 1. If an optimal 
ontrol π̂ to the risk neutral problem doesnot allow eliminating investments in any of the assets, i.e. there is a positive
θ su
h that π̂i(z, πp) ≥ θ for z ∈ R

d and πp ∈ S, then under (ND), λγ → λas γ in
reases to 0. Furthermore an optimal 
ontrol for the risk neutral 
ostfun
tional is nearly optimal for the risk sensitive fun
tional when γ is 
loseto 0.5. Remarks on assumptions and further extensions. Noti
e �rstthat we used a very ni
e ergodi
 stru
ture of the fa
tor pro
ess (z(n)) (seeassumptions (UE) and then (21)) for 
larity of the assumptions and presenta-tion. Using the methodology of the papers [4℄ and [5℄ under some assumptionswe 
an extend the result to the 
ase when (z(n)) is a Markov pro
ess withthe minorization property. A further extension to the 
ase when the fa
torsdepend on the same disturban
es, e.g., when z(n + 1) = r(z(n), ξ(n + 1)),is nontrivial. When we allow 
onsumption and impose an assumption 
on-
erning diversi�
ation of portfolio (see [13℄) we 
an use some arguments ofthe paper [13℄. The general 
ase without this assumption requires additionalte
hni
alities that go beyond the s
ope of this paper. Noti
e moreover that it
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ru
ial for our approa
h that 
onsumption rate α was not greater than
1−Λ, sin
e by Lemma 1 we were allowed to 
hoose (after transa
tions) anyportfolio π′ ∈ S. The 
ase without this assumption is more 
ompli
ated andTheorems 1 and 2 may not be true.
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