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THE REGULARITY OF WEAK AND VERY
WEAK SOLUTIONS OF THE POISSON EQUATION
ON POLYGONAL DOMAINS WITH MIXED
BOUNDARY CONDITIONS (PART I)

Abstract. We examine the regularity of weak and very weak solutions of
the Poisson equation on polygonal domains with data in L?. We consider
mixed Dirichlet, Neumann and Robin boundary conditions. We also describe
the singular part of weak and very weak solutions.

1. Introduction. In this series of two papers we describe the regular-
ity of weak and very weak solutions of the Poisson equation on polygonal
domains. We consider mixed boundary conditions of the following types:
Dirichlet, Neumann and Robin. We also characterize the singular part of
weak and very weak solutions. By a wvery weak solution we mean a function
from the maximal domain of the Laplace operator in L? which satisfies the
Poisson equation. In our investigations of the regularity of solutions we fol-
low Grisvard [5]. Our theorems generalize some results of [4] and [5]. Our
main contribution is in the case of Robin boundary conditions with constant
coeflicients.

Let us recall that if we consider the Poisson equation on a smooth domain
with data from L?, then the solution is in H?. However, if the domain is
not smooth or if we admit mixed boundary conditions, then we may obtain
singular solutions, i.e. not in H?. In this case, it is important to characterize
the asymptotic behaviour of the solution in a neighbourhood of a singular
point. A powerful tool to study this is Kondrat’ev’s theory [6]. It allows us
to describe the asymptotic behaviour of solutions of the Poisson equation
with data from a weight space, where the weight is a power of the distance
from the conical point. The regularity of weak solutions of mixed Dirichlet
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(D), Neumann (IN) and Robin (R) boundary value problems may be de-
duced from [7, Theorem 6.4.1], for example, provided that the angles are
different from the exceptional values. However, Grisvard’s approach (see [4],
[5]) covers those exceptional cases and also allows us to characterize the
singular behaviour of very weak solutions. This cannot be obtained from
Kondrat’ev’s theory. We want to stress that the regularity of weak solutions
of mixed D, N, R boundary value problems may be deduced from [5, The-
orems 1.4.6 and 2.4.3], but we have not been able to obtain the analogous
result for very weak solutions using [5]. In order to attain it we have to
adjust Grisvard’s approach to the Robin condition.

There is a vast body of literature devoted to the smoothness of solu-
tions of elliptic boundary value problems on nonsmooth domains. Let us
only mention some monographs: [4], [13], [5], [11], [2], [7]. However, most
of these monographs deal with D, N or mixed D-N boundary conditions.
Mixed D-R, N-R boundary conditions are studied to a lesser extent. They
may be found e.g. in [10] and [1]. However, in the latter article the author
assumes that the coefficient in the Robin condition vanishes at a vertex. This
assumption excludes the Robin condition with a constant coefficient. On the
other hand, very weak solutions were studied in [3], but their definition in
that paper is different from ours. Our notion of very weak solution is based
on the terminology of [4]. The results presented in this paper come from [§]
and the details which are omitted here may be found in [8].

This series of two papers is organized as follows. In the present one we
investigate the properties of the Laplace operator restricted to the subspace
of H?(£2) defined by homogeneous boundary conditions. We prove that this
operator is injective and has a closed range. Then we characterize the an-
nihilator of its range as a subspace of the space of very weak solutions of
the homogeneous problem, defined by some orthogonality conditions. At
the beginning of the second paper we examine the very weak solutions of
the homogeneous problem. We prove some results on their smoothness and
then we obtain their series expansion of a special form. This allows us to
calculate the dimension of the space of very weak solutions of the homoge-
neous problem. Next, we prove a result on the regularity of weak and very
weak solutions of the Poisson equation with homogenous boundary condi-
tions. In the last part of the second paper we formulate analogous results
for nonhomogeneous boundary conditions.

2. Assumptions and the main results. We consider a polygonal
domain 2 in R2. Its boundary is composed of segments fj, j=1,...,N,
where I'; is an open segment with endpoints S; and S;41. We assume that
I'ynlj=0fork+#j—1,j,j+1and [;_1NT; ={S;}forj=1,...,N. We
denote by w; the angle between I'j_; and I'; and we assume that w; € (0, 2m).
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The segments are numbered in such a way that I;_; follows I'; in the
positive orientation of the plane. We denote by 7; the unit tangent vector to
I'; and by v; the unit outward normal vector to I'; such that the orientation
of the pair (7}, ;) is positive. Furthermore, we attach to each vertex S, j =
1,..., N, the polar (resp. cartesian) coordinates (7}, 6;) (resp. (z;,y;)) such
that ijl - {(’f’j,@j); Ty > 0, 9]' = 0} and Fj - {(’l“j,@j); ri > 0, 9j = w]'}
(resp. Ij—1 C {(2j,y;); ©; > 0,y; =0} and I C {(zj,y;); zjsinw; =
yj cosw; ).

For [o| < minj—;__n [Ij| we denote by z;(—0o) (resp. x;(c)) the point
of I'j_y (resp. T'j) which is at distance o from S;. We fix a partition of
{1,..., N} into three subsets D, N, R. We consider the following mixed
boundary value problem:

(Au=f in 2 for f € L*(2),
vju =0 on I for j € D,
(2.1) v-@ =0 on I for j € N
]8Vj J ’
ou ‘
”y]a +ajvju=0 on I} for j € R,

where v, is the trace operator on I';. We assume that o; > 0 for j € R and
we are not dealing with the pure Neumann problem, i.e. DUR. # (), because
the regularity of solutions of the Neumann problem is well known (see [5]).
The former assumption guarantees the uniqueness of variational solutions
of problem (2.1). Furthermore, we assume that if j — 1,5 € N UR, then
wj # .

We recall the standard definitions of the Sobolev spaces. We follow
Grisvard [4]. For m € N, p > 1 and U an open subset of R" with Lip-
schitz boundary we denote by W™P(U) the space of distributions u on
U such that D%u(x) € LP(U) for |a| < m with the norm |ullymsy) :=
{Z‘a|<m $i [D%u(z)P )|Pdz}/P. For each s € Ry \ N there exist m € N and

€ (0,1) such that s = m + ¢ and then the space W*P(U) is defined to
consist of those functions from W™P(U) which satisfy
i | D%u(z) — Du(y)|?

o =y

drdy < oo for |a| =
UuU
The norm in W#P(U) is defined by

Du(x) — D%u(y)|? 1/p
|ullwsr @y = {HUH];V,,LP + Z SS | W)l dmdy} )

_ ay|n+op
la|=m U U |:1: y|

In the case p = 2, the space WS’2(U)~is also denoted by H*(U). In addi-
tion, we need another Sobolev space, H*(U) := {u € H*(U); u € H*(R")},
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where % is the extension of u by zero outside U. In H*(U) we have the
norm HUHHS(U) = ||@||rs(rny). We investigate the maximal domain of the
Laplace operator in L2(U), i.e. D(A, L*(U)) := {u € L*(U); Au € L?*(U)},
equipped with the graph norm [|u||p(a, L2y = {HUH%Q(U) + HAuH%Q(U)}l/Q.
By E(A, L*(U)) we denote the subspace of H!'(U), consisting of the func-
tions such that Au € L?(U). This space is also equipped with the graph
norm [[ull a2y =l + [ Aul2s 0 112

We use the standard symbol D(U) for the space of smooth functions
with compact support in U. We write D(U) for the set of restrictions to U
of smooth functions with compact support on R™. The closures of D(U) in
the norms of W*P(U) and H*(U) will be denoted by W;?(U) and H(U)
respectively. For p > 1 and @ € R we denote by L, (Ry) the space of
measurable functions on Ry such that {° |u(¢)t*|P dt is finite.

We recall some standard notation of functional analysis. For a Hilbert
space H we will denote by H* its dual, i.e. the space of linear, continuous
functionals on H. If f € H*, then its evaluation at ¢ € H will be denoted by
(g, f). In the case of Sobolev spaces, the dual of H§(U) will also be denoted
by H=*(U). For m > 2 we define

T™(82) := {u € H™(2); u satisfies the boundary conditions of (2.1)}.
Finally, we set

M :={v € D(A,L*N)); Av =0 and
v satisfies the boundary conditions of (2.1)}.

The traces of elements of M are well defined because for v € D(A, L2(12))
we have y;v € f[l/Q(Fj)* and ’yja%jv € I;T3/2(Fj)* (see [5, Theorem 1.5.2]).

Now we are in a position to state the main results of the present pa-
per. Let us formulate a theorem on the regularity of weak (i.e. variational)
solutions of the mixed boundary value problem (2.1).

THEOREM 1. There exists a constant C, an integer K and family of
functions {Sk}E_| C HY(2) \ H?(2) with the following property. For every
f € L?(02) there emwists a unique v € H'(82) and numbers aj, € R, k =

1,..., K, such that u is a variational solution of problem (2.1) and
K
(2.2) u— Y a;S, € H*(92),
k=1
K K
(2.3) Hu—ZakSkHHQ(Q)JrZ!ak! < Clfllz2(e)-
k=1 k=1

Concerning very weak solutions we will prove the following theorem.
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THEOREM 2. There exists an integer K and a family of harmonic func-
tions {Fx}5 | C D(A,L*(2)) \ HY(£2) with the following property. For
each solution v € D(A,L*(£2)) of problem (2.1) there exist unique num-
bers cp, € R, k =1,...,K, and a function u € H*(£2) such that u satisfies
(2.1) and

K

(2.4) v:u—l—chFk..
k=1

REMARK 1. The numbers K, K and the asymptotic behaviour of the
functions Sk, Fy, will be described in Remarks 5 and 6 of [9].

Since the proof of Theorem 1 is the principal part of this series of pa-
pers, we shall briefly comment on its structure. The proof will be given
in four steps. First, we prove that the Laplace operator transforms T2(f2)
onto a closed subspace of L2(2). Subsequently, we describe N := AT?(2)+
as a subspace of M, defined by some orthogonality conditions. These re-
sults are established in this paper. In [9] we will calculate dim N'=: K and
dim M=: K. Finally, we will define the linearly independent family { Sy},
C HY(2)\ H?(2) such that N = span {ASk; k =1,..., K}. These results
lead to Theorem 1. Theorem 2 will be deduced from the proof of the former.

3. The semi-Fredholm property. The main purpose of this section
is to show that the Laplace operator transforms T?(f2), which is a sub-
space of H2(£2), onto a closed subset of L2(f2). We also prove that there
exists a unique variational solution of problem (2.1); this guarantees that
the Laplace operator restricted to 72(f2) is injective. Thus, we shall prove
that the operator A: T%(£2) — L?(£2) has the semi-Fredholm property. Fur-
thermore, we shall show that the subspace of smooth functions in T?({2) is
dense in T2({2). This will be useful later.

Now we demonstrate the following theorem.

THEOREM 3. The operator A:T?(£2) — L2(£2) is injective and has a
closed range.

Proof. We shall show that there exists a unique variational solution of
problem (2.1). First, we introduce some notation. For ¢ > 0 we set (2. :=
2\ Uévzl B(Sj,¢e), where B(Sj,¢) stands for the ball with center S; and

radius €. Furthermore, we define Dg := V; N'D({2), where

V= {u e H(2); yju =0 for j € D},

(3.1)
Vs :={u € V; suppu C 2. for some ¢ > 0}.
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We define a bilinear form on V' by

(3.2) (u,v)y = S Vu - Voudzdy + Z a; S Yjuy;v do.
2 ]ER Fj

Applying [12, Theorem 1.9] we can show that ||-||y := +/(-,)v is a norm on
V and (V, (-,-)y) is a Hilbert space. From the Riesz theorem we have:

PROPOSITION 1. For each f € V* there exists a unique uy € V such that
(3.3) (up,wy =(w, f) forweV. m

Using the density of Vs in V' ([5, Lemma 2.1.2]) and the Green formula
([5, Theorem 1.5.4]) we can show that if f € L?*(§2), then uy is a solution of
(2.1). The boundary conditions are well defined, because uy € E(A, L(12))
(see [5, Theorem 1.5.4]). Hence Proposition 1 implies that A:7T?(2) —
L?(02) is injective.

In order to prove that AT2(£2) is a closed subspace of L?(f2), we apply
Peetre’s lemma (see [4, Lemma 4.4.1.1]) to the Banach spaces T2({2) and
L?(£2) and the Laplace operator. Thus we have to show that there exists a
constant C' such that

(34)  lulluzo) < C{llAulr2qo) + llull 2y} for ue T?(2).

The proof of (3.4) consists of two steps. First, we show that (3.4) holds for
smooth functions. Next, we prove that the smooth functions are dense in
T2(§2). More precisely, we establish the following lemmas.

LEMMA 1. There exists a constant C' such that for all m > 3 and for all
u € T™(£2) we have the estimate

(3.5) [ull 22y < CLIAull L2 () + llullmr(2)}-

LEMMA 2. For every m > 3 the subset T™(S2) is dense in T?(£2), i.e.
[ & ]
i —r2(0).

Applying interpolation inequalities to (3.5), and then using Lemma 2,
we obtain (3.4). Hence, the proof of Theorem 3 will be finished if we prove
Lemmas 1 and 2. This will be done in Subsections 3.1 and 3.2, respectively.

3.1. Proof of Lemma 1. We only have to show that there exists a con-
stant C such that for m > 3 we have

(3.6) N 1D%u|2a ) < CLI AUl )+ ullZr ()}
jal=2

for all u € T™(£2). Integrating by parts we obtain
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||D925U||%2(Q) + 2||D£DDQUH%2(Q) + ||D§U||%2(Q)

N
0
~ Al + 23 § (3D (35 5Dy ) o

j=11;

Hence we will get (3.6) if we prove that there exists a constant C' such that
for all w € T™(£2) and € € (0, 1),

i } (v Dzw) (w a%Dy“> do

j=11;

(3.7) < C{eflullfz g +€_1HUH%{1(Q)}'

REMARK 2. The inequality (3.7) depends essentially on the boundary
conditions, because its left hand side contains the traces of the second deriva-
tives and it may be estimated by the norm of u in H* for s > 5/2. If there is
no Robin boundary condition, then (3.7) holds with C' = 0 (see [4, Lemma
2.2.1]).

We only check (3.7) in a special case, because in the remaining cases
we can proceed in the same way. Assume that j € N, j + 1 € R and that
Vi, Vi # 0, where v; = (uf, y;’) We shall estimate the quantities

0 0
(338) | (3Dsw) (’rj gDyU> do+ | (vj+1Du) <7j+1 87—,Dyu> do.
Fj J Fj+1 Jj+1
The boundary conditions on I'; and I'j1 are
vy (Dyu) + vl (Dyu) = 0,
Vi1 (D) + vy (Dyu) = —ajiu.

Substituting (3.9) in (3.8) we obtain

(3.9)

vy 0 vy 0
—V—] S(%D u) (VjWD > 2t S (Vj+1Dyu) (%Ha D U> do
J oy J J+1 i1 Ti+

a; 0
j+1
- S Y1l Y1 <—8 : Dyu> do.

Integrating the first two expressions, and integrating the last one by parts,

we get

1 14 a;
(310 [J—“ - 2| Du(syi0) — 22 atsy ) Dyusyi)
J+1

Qj 0
+ i+1 S Yit1 (87'—““) Yj+1(Dyu) do + R,
J

where R involves the vertices S; and Sjy2. Applying [4, Theorem 1.5.1.10]
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we can estimate the integral in (3.10) by the right hand side of (3.7).
If vl /vi, — v /vy # 0, then det(v;,vj41) # O, hence from (3.9) we
get Dyu(S;y1) = cou(Sj+1), where the constant ¢y depends only on the
boundary conditions. Therefore, the first two terms in (3.10) are equal to
clu2(5j+1) for a constant ¢;. Now, using the Sobolev embedding theorem
and an interpolation inequality, we obtain the estimate in the form (3.7).

If v, /vi. — v/ /v? = 0, then the left hand sides of (3.9) are equal
at Sjt11 ([4, Theorem 1.6.1.5]), hence so are the right hand sides, and thus
u(Sj4+1) = 0. This means that the first two terms in (3.10) vanish in this case.
Clearly, the terms involving S; and Sj42 will be cancelled by appropriate
terms coming from the integrals on I';_; and I7j4o.

REMARK 3. We have chosen the special case 7 € N, 7+ 1 € R and
v, Vi # 0 in order to show the idea of the proof of (3.7). In all other cases
we proceed in the same way. The details are omitted.

3.2. Proof of Lemma 2. First we reduce the density of T™(2) in T?({2)
to the appropriate density on 0f2. Set

N

vim (v ) 2 aEN@NTH),
J/ j=1

Thus, Z%(§2) is a subspace of vazl H32(Iy) x HY?(Iy) (Z?(£2) being

equipped with its natural image topology). Hence the operator (II, ), where

IT is the projection of T?(£2) onto HZ(2), is an isomorphism from T2({2)

onto HZ(2) x Z%(92), i.e.

T?(0) =2 H3(N2) x Z*(N).

Thus, the density of T™(£2) for m > 3 in T?(£2) reduces to the density of
Z™ for m > 3 in Z2(§2). Without loss of generality we may assume that
m > 4.

In order to prove the desired density, first we have to describe the spaces
of traces Z2(£2) and Z™ for m > 4. We will need the following notations. If
fe  HY*(I_y), g € HY*(I}), then we write

f=s,9 & faj(-0)) - g(z;(0)) € H*Ry),

|/ (zj(=0)) — g(x;(0))]

g

3.11 2
( ) do.

4
(f')g>m5 = S
0

[5, Lemma 1.6.3] gives the following description of Z2({2): <fj,gj>§V:1 €
Z2(£2) if and only if (f;, ;)i € [[)o H¥(I}) x HY2(I}) and for j €
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{1,..., N} we have

fi=0 if j € D,
g, =0 if j €N,
gj+ozjfj:0 iijR,

(3.12) (a) f-1(S5;) = f;(5;),

0

_ 9 :
fi-1 =s; —cosw;j Ffj + sinwj gj,
Tj

b

(b1) 0Tj—1
J— : a

(bg) gj—1 :Sj — COS w;g; — smwj 8—7'Jf]

The space Z™ for m > 4 is described by conditions (3.12) and in addition
each <fj,gj>§\[:1 € Z™ satisfies <fj,gj)§v:1 € H L H™TY2() x H™=3/2(1)
and for j =1,..., N we have

0? 0
(3.13) COSWj 55— f] 1(S )—l—smw]6 95 1(S;)

Tj—

0? . 0
= COSWj 8—7_]2]0](5]) — S Wj a—Tjgj(Sj).

It can be easily verified that the topology on Z2({2) is induced by the norm

(319 15 lh —{D e 9 i

—i—< 9 f CoSw af—i—sinw g)
—C - Y g
67—]’—1 J Ja,rj J 799 s

9 1/2
+ <gj1, — Coswj gj — sinw; %fJ) } .
J Rs

Here 0 < 6 < min; || and (-,-)s; was defined in (3.11). Thus we have to
prove the density of Z™ in Z%({2) with respect to the norm |[|-||,. Using a
partition of unity the problem can be reduced to the appropriate density
in some neighbourhoods of the vertices S;, j = 1,..., N. We will show it
only in the special case: j — 1,5 € R. In the remaining cases we proceed in

the same way. First we formulate an obvious property of the Sobolev space
H3/2(R,):

PROPOSITION 2. If f € H3?(R,) and fe HY2(R,), then for every
a € R there exists a sequence {fn} C D(R4) such that f,, — f — 0 in
H3?2(R,) asn — oo and for alln € N we have f,(0) = £(0), f-(0) =0 and
7(0) = a.
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We introduce the following notations: w = wj, po(o) = fj(zj(—0)),
(o) = fit1(zj(=0)), pi(o) = g;(xj(=0)), 1(9) := gj+1(z;(—0)). Then
the problem of the density in a neighbourhood of S; for j — 1,5 € R
has the following form: we need to approximate functions (pg,qx)k=01 €
[T H3?7#(Ry) x H3/>7F(R,) satisfying

(a)  po(0) = qo(0),

(b1) pB—COSWQ(l)—OéQSinwfIO €ﬁ1/2(R+)7
(3.15) (by) —a1py — agcoswqp + sinw g, € }~I1/2(R+),

(d1) p1+aipo =0,

(d2) g1+ a2q0 =0,

by functions (pf, g Jk=01 € [Tpg H** ™ (Ry) x H¥27m(R,) satisfy-
ing (3.15) and in addition

(3.16) — coswpy”(0) + sinw pt'(0) = — cosw ¢ (0) + sinw ¢}’ (0).

The approximation should be with respect to the norm of Hj\f: L H32(1y) %
H'/2(I}) and such that

(py — cosw gh + sinw q1, pi’ — cosw ¢}’ + sinw 7))y —— 0,

n—oo

(p1 + coswq1 + sinw qo’, p + cosw qf + sinw ¢} )m — 0.

Here (f,9)m = {3 M dt. From (a) and (by) of (3.15) we have

(3.17) (a1 + ag cosw)qy — sinw qo’ € HY?(R,).

+

To get (3.16), we assume that
cos w

(3.18) (c1 — c2) = ((a? + ) cosw + 2a1a3)q(0)

sinw
for some c1, c2 € R. Let h(t) := (aq + a2 cosw)qo(0)t1)p(t) —sinwqo(t), where
1 is a smooth function such that ¢» = 1 on B(0, ¢) and ¢ = 0 outside B(0, 2¢)
for some € > 0. Then from (3.17) we have h' € H 1/2(R,.), and hence from
Proposition 2 we get a sequence {hy }neny € D(R4) such that
hp —h —— 0 in H3?(Ry),

n—oo
hn(0) = —sinwqo(0),  Ah,(0) =0, A0)=c.
From (a), (by) and (b2) we obtain

(3.19)

(3.20) (a1 cosw + ag)po — sinw pjy € HY?(R,).
Set w(t) = (a1 cosw + a2)po(0)ty(t) — sinwpe(t). Then from (3.20) we



Regularity of solutions of the Poisson equation 453

have w' € H Ui(]RJr) and applying again Proposition 2 we find a sequence
{wn}nen € D(Ry) such that

wy, —— w in H3?(R,),
(3.21) n—o0
wp(0) = —sinwpe(0), w,(0)=0, w(0)=cs.

n

We have assumed that w # 7, hence we can define

1
n._ 0)te) — n— ol
o = ((a1 cosw + a2)qo(0)tY — wy),  pf a1py,
1
1 = 0 t — h n = — n.
% = (g cosw + a1)qo(0)te) — hy),  ¢f a2

Tt is clear (p}, qf k=01 € [Lh_o H?/>F+™(Ry) x H3?7F+m(R ) and from
the definition of py, ¢f, hn, and w,, we get

1

HPO—PSHFI:’)/%R” ~ lsinw Hw_7“U”HIL~13/2(JR+) n—oco 0
1

llgo = a0l zor2(ey) = | s (1 = Poll ooy 0 O-

Thus, we have the desired convergence. It can be easily verified that con-
ditions (a), (b1), (b2) of (3.15) are satisfied and the equality (3.16) holds,
because ¢; and ¢y were defined by (3.18). Clearly, the boundary conditions
are also satisfied, hence the sequence (p}}, ¢')r—0,1 is the desired approxima-
tion of (pg, qr)r=o0,1-

In the remaining cases of the boundary conditions we proceed similarly.
The details are omitted. m

REMARK 4. For other boundary conditions we also apply the following
property of Sobolev spaces:

ProposiTiON 3. If f € H3/2(R,), then there exists a sequence {f,} C
D(Ry) such that f, — f in H*%(R}) as n — oo and for all n € N we have
fn(0) = £(0), f1(0) = a1, f/(0) = ag, where a1, ay € R are arbitrary given
numbers. Furthermore, the imbedding Hg/z(RJr) — HY2(R,) is continuous.

Thus, we have proved inequality (3.4), therefore the proof of Theorem 3
is complete.

4. Description of the annihilator A/. The goal of this section is to
describe the annihilator of AT?(£2), denoted by A/ and defined by

(41) veN & veL’()and |vAudrdy =0 for all u € T?(12).
02
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For each j = 1,..., N define
exp(Ajz;+Bjy;) for j—1,7 e NUR,

= yjexp(A;x;) for j—1e€D, jeNUR, w;=7/2,37/2,
xj exp(Bjy;) forj—1e NUR,jeD, wj=7/2,31/2,
0 in the other cases,
where A; and B; are so chosen that Jj satisfies the boundary conditions
on Ij_; and I;. Furthermore, let n; = n(r;) be smooth functions such
that n; = 1 on B(Sj,¢) and n; = 0 outside B(S;,2¢), for some positive
€ < miny |I|/4. Then we define

(43) by =y,

It is clear that the functions ¢, for j = 1,..., N are smooth on 2 and
satisfy the boundary conditions of (2.1). Hence ¢; € T?(£2) for j = 1,...,N.
Moreover, the functions 1; have the following property: if u € T3(£2), then
the function

(4.4)  wy=u— Z Z Z 836

J

jeJ1 J€J2 JEJ3
satisfies
(4.5) wy(S;) =0, Vw,(S;)=0 forj=1,...,N,
where

Ji={j;j—1,j€ NUR}
Jy:={j;j—1€D,je NUR, w; =7/2,31/2},
J3:={j;j—1eNUR, j€D, wj =n/2,3r1/2}.
By straightforward calculation we also have
i

(4.6) 57"

W = rjpiWi j(coswj,sinw;j,r;)  on I for j € NUR,
where W; ; are some polynomials in coswj, sinwj, rj, and ¢ = 1,2. Using
the above notations we now characterize the annihilator .

THEOREM 4. The elements of the annihilator N are the very weak solu-
tions of the homogeneous problem (2.1) which are orthogonal to the Laplacian

of ¥j, i.e.
veN & veMand Svijcmdy:Oforj:l,...,N.
2

REMARK 5. It is worth stressing that the above orthogonality conditions
are essential. As will be shown in Theorems 2 and 3 of [9], the annihilator
N is a proper subspace of M if j — 1,7 € NUR for some j.
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Proof of Theorem 4. Assume that v € N; then by (4.1) we have
{ovAY;dedy = 0 and Av = 0 in the sense of distibutions, because v; €
T2(£2) and D(£2) C T?(£2). Now we check that v satisfies the boundary con-
ditions of (2.1). From the trace theorem 1.4.6 of [5] we know that for any
©j, 95, & € D(I) there exists a function u € H2(§2) such that

0 ‘
vju =0, o 8—yu = @; for j € D,
i
0
U= @j, a—u-O for j € N,

0 .
viu ==&, a—yyu = ;¢ forjeR.

Hence u € T?(f2) and we can use the Green formula ([4, Theorem 1.5.3])
for u and v, which by the assumption reduces to

= (v, 05 +Z<7] —v ¢]>+Z {< ,—§j>—<ij,aj§j>} = 0.

jeD

The functions ¢;, ¢;,&; € D(Ij) can be chosen independently. Thus from
the density of D(I}) in both HY2(R,) and H*?(R,) (see [4, Theorem
1.4.2.1]) we conclude that v satisfies the boundary conditions in (2.1), there-
fore ve M.

Conversely, assume that v € M and {,vAy;dzdy =0for j=1,...,N.
We will show that

(4.7) S vAudrdy =0 for u € T3(12).
Q

Hence applying the density of T3(2) in T?(£2) (Lemma 2) we obtain v € N.
To prove (4.7) take an arbitrary u € T3(§2) and let w, be as in (4.4). From
the assumptions we have

(4.8) S vAudz dy = S vAw, dx dy.
N N

Now (4.5) allows us to apply the Green formula ([5, Theorem 1.5.3]) for v
and w,, which reduces to the equality § o VAw, dr dy = 0, because Av =0
and both v and w,, satisfy the boundary conditions (2.1). Hence, from (4.8)
we obtain (4.7), thus v € N and the proof is finished. =

REMARK 6. From the proof of Theorem 4 we see that the orthogonality
conditions were necessary, because we would be unable to apply the Green
formula ([5, Theorem 1.5.3]) for v € D(A, L%(§2)) and u € H?(R2) if u does
not vanish in some neighbourhood of the vertices S, j = 1,..., N. For some
boundary conditions the Green formula can be generalized (see [1]). Then
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the traces can be defined in such a way that the annihilator A is exactly
the space of solutions of the homogeneous formal adjoint problem.

In the second part [9] we will examine the space of very weak solutions of
the homogeneous problem. This will allow us to finish the proof of Theorems
1 and 2. Furthermore, we will formulate an analogous result for nonhomo-
geneous boundary conditions.
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