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GENERAL METHOD OF REGULARIZATION.
III: THE UNILATERAL CONTACT PROBLEM

Abstract. The aim of this paper is to prove that the relaxation of the
elastic-perfectly plastic energy (of a solid made of a Hencky material with
the Signorini constraints on the boundary) is the weak* lower semicontinu-
ous regularization of the plastic energy. We consider an elastic-plastic solid
endowed with the von Mises (or Tresca) yield condition. Moreover, we show
that the set of solutions of the relaxed problem is equal to the set of solutions
of the relaxed problem proposed by Suquet. We deduce that the relaxation
of the energy of plastic soil (with the Signorini condition on the boundary)
is the weak* lower semicontinuous regularization of the energy.

1. Introduction. In this paper we investigate the convex functional
(1.1) BD x My 3 (u, 1) = S(e(w), 1) = | iz, e(u), p)
7

with constraints on the boundary of {2, where e(u) is the symmetrized gra-
dient of u, BD({2) is the space of bounded deformations and p is a regu-
lar measure on I, p € My(I7,R™). Moreover we assume that S(e(u), )
= oo if e(u) ¢ L'. In [6] we find the lower semicontinuous (l1.s.c.) relax-
ation of S, and we show that the relaxation is a l.s.c. function (in the weak*
BD x M, topology), not greater than §. Now we prove that the above men-
tioned relaxation is the largest l.s.c. minorant less than S, in the case of a
material with the von Mises (or Tresca) plastic yield condition (i.e. the l.s.c.
regularization of S, in this case). Moreover, we consider the Signorini prob-
lem in soil mechanics (i.e. a unilateral contact condition on the boundary of
a piece of soil).
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The Ls.c. regularization (in L] . topology) of functionals defined on the

space BV ({2) was investigated in many papers ([1]-[3], [18]), but their au-

thors did not consider problems with constraints on the boundary of 2.

In [12], the global method of relaxation (cf. [11]) is applied to l.s.c. regu-
larization of quasiconvex functionals with constraints (Dirichlet condition).
These functionals are defined on BV ({2). The revelant constraints do not
describe the relaxation proposed by Suquet (see [22] and [9]) or unilateral
contact conditions (cf. condition (H4) from [12]). In [12] the essential as-
sumption of the method is the local coercivity of the density of elastic-plastic
energy.

Kohn and Temam [20] solved the existence problem for an elastic-perfect-
ly plastic solid made of a homogeneous Hencky material. To prove that the
functional of the total potential energy is weak* l.s.c. in the space BD({2),
they used the method of relaxation of the kinematic boundary condition.
They did not show that the relaxed problem was the l.s.c. regularization of
the original problem.

Unilateral problems in plasticity were considered by Baiocchi, Buttazzo,
Gastaldi and Tomarelli [4]. In [4] they solved the Signorini-like Problem,
but they were not able to solve the classical Signorini Problem (see [15]) in
Hencky plasticity. Tomarelli [25] solved the Signorini problem in the space

(1.2) U(R)={ue BD() |divue L*(2)}, 2cCR3

for an isotropic and homogeneous body made of a Hencky material.

A ls.c. relaxation of the Signorini problem for an anisotropic and non-
homogeneous Hencky material has been found in [6]. Now we prove that the
relaxation (of [6]) is the L.s.c. regularization in the case of a material with the
von Mises (or Tresca) plastic yield condition. This generalizes Tomarelli’s
[25] result to the case of a non-homogeneous Hencky material with non-linear
elastic law. Moreover, we show that an analogous result holds in soil me-
chanics (where the set of admissible stresses is a convex cone; see Remark 2).

2. Some basic definitions and theorems. Let {2 be a bounded, open,
connected set of class C' in R™. The space of continuous functions with
compact support is denoted by C.. Let C*°(£2,R™) be the space of R™-
valued, infinitely differentiable functions. Moreover, the space of infinitely
differentiable functions equal to 0 at the boundary Fr {2 of (2 is denoted
by C§°(2). Finally, M ({2, R™) is the space of R™-valued, Radon, bounded,
regular measures on {2, with the norm || - ||y, (orm) -

We will use the duality pairs (M., C.) or (My, Cp), where M, is the space
of regular measures. Duality pairings will be denoted by (-;-), and the scalar
product of z,z* € R™ by z - z* or zz*. The scalar product of w, w* € R"*"
is denoted by w : w* = wijw;-*j. Let g = (91,---,9m) € C(2,R™) and
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o= (1,5 pim) € Mp(2,R™). Then §,g-p = §,gn = >0, §, gii.
If ¥ :Y — RU/{oo}, then F* denotes its polar function F*(y*) =
sup{{y"sy) — F(y) | y € Y}, and dom F = {y € Y | F(y) < oo} (see [16]).
If Q is a subset of Y, then Ig(-) is its indicator function (taking the value 0
in @ and oo outside), and I7)(-) stands for its support function.

Finally, we need the following notations. By (=, ) is the closed ball in a
metric space V' with center = and radius r. Furthermore, cly (Z) stands for
the closure of Z C V' in the topology of the space V; analogously, cl.(Z)
is the closure of the set Z in the norm || - ||. Similarly, int Z denotes the
interior of Z. £0(£2,R™),, is the set of y-measurable functions from (2 into
R™. We denote by E? the space of symmetric real n x n matrices. We set
Ileijlllgr = 2202 |eZ]| We denote by ® (resp. ®;) the tensor product (resp.
symmetric tensor product). If 7 C 2% is a linear topology in a vector space
X, then [X, 7] denotes the topological space and [X, 7]* its dual. We define
the following Banach spaces (see [20], [23]):

(2.1) LD(Q) = {u € LY (2,RY) ‘
gij(u) = 2(895]- + axi> e L (02),i,j= 1,...,n},

(2.2) BD(2)={ue LY2,R") | g;(u) € My(£2), i,j =1,...,n},

with the natural norms

lullzpe) = llullz + Z ez ()1,
(2.3)
lullpp(2) = llullp + Z €35 (a) I, -

Moreover, Ry = {u € BD({2) | e(u) = 0} denotes the space of rigid motions
in R”™.

There exists a continuous surjective linear trace v : [BD(£2), || || sp] —
(LY (Fr 2,R™), ||| 2] such that y(u) = w, ¢ for allu € BD(2)NC(£2,R")
(see [23]). We endow the spaces
(2.4) X =C.(2,R") x C.(2,EY), Xo={(g,h) € X|g=divh},

with the natural norm

(2.5)  lglle(ern + [IhllowEr

= sup{[|g(2)[|r~ | # € 2} + sup{||h(z)|[gy [ = € 2}
forg € C(2,R") and h € C(£2,E?). Then BD({2) is isomorphic to the dual
of [(X/Xo), I-llc(erm + I lc2Em] (see [24]). The topology o((X/Xo)", X)
=o(BD(12),C.(2,R") x C.(£2,EY})) is called the weak™ BD topology. A net
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{us}sep C BD(£2) is convergent to ug € BD({2) in this topology if and
only if
(2.6) Xg-(uo—u(g)dx—i—Sh:s(uo—uzg)ao

Q Q
for all (g,h) € X (see [17, pp. 73-81]). For every ¢ € L!(Fr 2, R"), the set
{u € BD(R2) | yg(u) = ¢} is dense in [BD({2), weak™ topology] (see [6,
Proposition 2.5]). Then the trace operator «yp is not continuous on [BD({2),
weak* topology] if the space L! (Fr 2, R") is endowed with a Hausdorff topo-
logy.

A net {us}scp converges to ug (in the topology (2.7)—(2.8)) if
(27) ws—uy in|-|zprry Vpsuchthat 1 <p<g=n/(n-1)

and weakly in LY(2,R") (¢ = o0 if n = 1),
(2.8)  e(us) — e(ug) weak™ in My(2, EZ).

The weak™ BD({2) topology and the topology (2.7)—(2.8) are equivalent
on bounded subsets of BD({2) (cf. Proposition 2 of [8]). Therefore the in-
jection of [BD(S2), weak*] into [LP(£2,R"), weak topology] is continuous on
bounded subsets of BD({2), where 1 <p<g=n/(n—1) (=00 if n=1).

We define the Banach space of measurable functions

(2.9) Wn(R,div) = {o € L®(2,E") | dive € L"(2,R")}

endowed with the natural norm ||o|lywn (0 qaiv) = |0 || (2, Er) T div o n (2 n)
(cf. [23, Chap. 2, Sec. 7] and [6]). The distribution o : e(u), where o €
Wn(£2,div),u € BD(£2), defined (for p1 € C§°(£2)) by

(2.10) (o:e(u);p1)prxp = — S(diva) cupy dr — S o:(u®V ¢p)dz,

Q 2
is a bounded measure on (2, absolutely continuous with respect to |e(u)]
(see [23]).

ASSUMPTION 1. {2 and §2; are bounded open connected sets of class C'!
in R" with 2 CC (1. =

THEOREM 1 (cf. [23]). There ezists a continuous, linear, surjective, open
map Bg from [W™(£2,div), || - ||Wn(97divﬂ onto [L>®°(Fr 2,R™), || - ||re] such
that Bp(0) = o|p o -V for every o € C(£2, EY), where v denotes the exterior

unit vector normal to Fr (2. Furthermore, for all u € BD(f2) and all o €
Wn(£2,div), the following Green formula holds:

(2.11) So-:e(u)—l— S(divo-)-ud;v: S Bp(o) - vg(u)ds.
2 2 Fr 2

3. Auxiliary theorems and spaces. In this paper, the Lebesgue and
Hausdorff measures on {2 and Fr {2 are denoted by dx and ds, respectively.
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ASSUMPTION 2 (cf. [8] and [6]). K : 2 — 2B% is a multifunction such
that K(z) is a convex closed subset of EY for all z € {2, there exists zo €
C1(£2,E?) such that zo(z) € K(x) for every x € 2, and the following
conditions hold:

(i) if z(x) € K(x) for dz-almost every (dz-a.e.) z € 2,z E_C(ﬁ, E?Y)
and zjj, o € W™(2,div), then z(y) € K(y) for every y € (2;

(ii) for every y € £2 and every w € K(y) there exists z € C(£2, E?) such
that z)i, o € W™ (2, div), z(y) =w and z(x) € K(z) for every z € (2.

Conditions (i) and (ii) are equivalent to the condition that for every
ye,

(3.1)  K(y) = {a(y) | 2 € C(T,ED), 2 0 € W(2,liv),
z(x) € K(z) for dz-a.e. x € 2}. u

DEFINITION 1. Let j* : 2xE? — RU{oco} be a convex normal integrand
(cf. [16, Chapter 8, p. 232] and [8, Definition 2]) such that
(3.2) {w* e E} | j"(z,w") < oo} =K(z) for dz-a.e. z € (2.

AsSUMPION 3. For every 7 > 0 there exists ¢z such that
(3.3) sup{ Sj*(m,z*)dx z" € L°(,EY), ||z2"||pe <T

n
and z*(z) € K(z) for dz-a.e. x € Q} < ¢ < 00.

ASSUMPTION 4. There exist u® € LD(f2) and ¢ € L'(§2,R) such that
J (x,w*) > e(u®)(z) : w* + q(z) for dz-a.e. x € £2, for every w* € E? and
vg(u®) =0on Fr(2. u

The set K(x) denotes the elasticity convex domain at the point z. Define
(3.4) jlx,w) =" (z,w) =sup{w:w" — j*(z,w") | w" € EI'}
for dr-a.e. z € 2 and all w € E7. Then j is a convex normal integrand.
Define joo : 2 x E!' - RU {0} by
(3.5) Joo(m, W) = sup{w : W* — I (W") | w" € E{}
for x € 2 and w € E”.

ASSUMPTION 5. I, I3 and Iy are Borel subsets of Fr {2 such that I N
N=0Iynly=0 I,NnIy =0 It = Iy, ds(intI'y) = ds(I's) and
ds(Fr 2—(1,UI1Uls)) = 0. Moreover, I'1 = Fr 2NC, where C = clintC C
is a closed Caccioppoli set and ds(Fr 2NFrC) = 0 (see [19], [8, Definition 3]).
Furthermore, vz (u)|, = 0 on I and an (n — 1)-dimensional density force
g € L*>(I1,R") is prescribed on I';. Moreover, yg(u)(z)-v(x) < 0 for ds-a.e.
x € I's. This means that we have a potential function hy : I'sxE? — RU{o0},
defined by
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oo if D i <0,
0  otherwise,

(36) o) =

where y = —yp(u) Qs v. »

The displacement formulation of the equilibrium problem for the elastic-
perfectly plastic body made of a Hencky material with the Signorini contact
condition, reads (see [6]):

(3.7) (SNy;) Find inf{A\Fi(u) + Gj(e(u)) | u € LD(£2)},

where

(3.8)  AFi(u) = —A( £ ude+ {g-vs) ds>
Q n
+ S Ity () (@)=0} (7B (1) ®s V) ds + S hs(z, —vp(u) ®s v)ds
) I's
for u € BD({2), and the functional G;(e(-)) : BD(§2) — RU {co} is given

by
(3.9) Gi(e(u)) = { oz, e(u))de ?f u e LD(2),

00 ifue BD(£2) — LD(£2).
The quantity in (3.7) describes the total elastic-perfectly plastic energy of a
body occupying the given subset {2 of R™. This body is subjected to volume
forces £ € L™(£2,R™) and boundary forces g € L (I, R™). The constant
A >0, A < 00, is the load multiplier (see [23, Chap. 1, Sec. 4]). The body is
clamped on Ij. We assume the Signorini contact condition on [5.

Similarly, we define the Suquet unilateral contact problem (cf. [22]):

(310)  (SSy,) Find inf{AF(u, p) + G;(e(w)) |
(u, [J,) € LD(.Q) X Mb(Fl,Rn)},

where

(3.11)  AB(up)=-A([t-udr+ g p)
Q n
+ | I w@=0y (—75(w) @5 v) ds + | hy(z, —yp(n) @5 v) ds
Io I's

ifue LD(2),u =~yg(u)ds for |p —vg(u)ds|-a.e. x € I}, and \Fy(u, p)
= oo otherwise. Unfortunately, (SN, ;) and (SS) ;) are not Ls.c. in the
weak® BD({2) and weak* BD({2) x M(I1,R™) topologies, respectively (cf.
[9]). Below we obtain explicitly the relaxed form of (SS) ;) and show the
relaxed form of (SN ;).

Let p € My(§2,E?). We recall that |p| is the total variation measure
associated with p. The density of p with respect to |p| will be denoted by
dp/d|p|. Let p = p,(z) dx + pg be the Lebesgue decomposition of p into
the absolutely continuous and singular parts with respect to dx.
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We consider the spaces Y!(£2) and Cg;, (12, E?), given by
(3.12) Y!'(2)={M € My(2,E?) | Ju; € BD(£2,),
e(w)g =M, uy o _g =0},
(313)  Caw(2,E}) ={o € C(2,E}) | o), € W"(£2,div)}.

These are topological vector spaces placed in duality by the bilinear pairing

0 1,j=10
We say that a sequence {M,, }men C Y1(£2) converges to My in the topology
U(Yl(_Q),CdiV(Q,E?)) if (Mp, — Mo);0)yiyc@pr) — 0 f(z every o €
Caiv(£2,E}) as m — oo. By [14, Theorem V.3.9] we have [Y'(£2),0(Y'(92),
Caiv (2, E§))]" = Caiv (12, E).

ASSUMPTION 6. There exists og € Cgiy (2, E?) for which Bz(00) = \g
on I and o¢(z) € K(z) for dz-a.e. x € 2. m

The space BD({2) is isomorphic to App = {u € BD({2) [ u, _5 = 0}
(cf. Assumption 1). Moreover, App is isomorphic to Y!(£2), and the iso-
morphism is given by App > u — e(u) € Y!(£2). The Banach spaces
[BD(2), || - |lsp] and [Y1(£2),] - I, ()] are isomorphic (cf. [6, Proposi-
tion 4.24]). Each closed ball ¢l (B(0,7)) (in Y*') is compact in the topol-
ogy o(Y1(£2),Caiv(£2,EZ)), where clj, denotes the closure in the norm

of BD(£2) (see [6, Proposition 4.23]). The space [cl|.|,,(Bsp(0,7)),
weak* BD(f2) topology] is isomorphic to [cly.,,(Bap(0,7)),0(Y(2),
Caiv(£2,E?))] (cf. [6, Proposition 4.25]). Let
(315) ML) = {n 0w e My(I1,ED) | € My(I1, RY)).
Consider the vector spaces
[C(1, EY), o(C(1y, EY), MY (1)),
MY(1L), o(M(I3), O(11, E2))]
(the latter being equivalent to [M*!(I7), weak*M!(I7)]).
The inside (resp. outside) trace of BD(§2) into L!'(Fr2,R") (resp.
BD(£, — ) into L'(Fr 2,R"™)) is denoted by ~4 (resp. ¥8) (see [23]).
The functional & : Y*(£2) x M!'(I'}) — R U {oo} is defined by

(317) Sl g ue.v)=— | g p+ | j(z,e(n),) de
In 2

-+ S I{(7IB(U)®5U)(X)=0}(7[B(U) ®5 V) ds + S hs(x, —’)’[B(u) ®5 V) dS
I Is

(3.16)
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if up € LD(2) and pp = v5(u)ds for |p — v (u)dsl-a.e. € I, and
Sﬁ;(s(u)lﬁ, B ®sv) =00 otherwise, where s(u)lQEYl(ﬁ) and peMy(I7,R")
(cf. [6]). We assume that there exist u € BD(f2;) and p € My(I,R™) such
that uj, € LD(§2) and 8‘7( ()2, B ®s V) < 00.

4. Lower semicontinuous regularization. In this section the ls.c.
regularization of the functional S} is found, where the spaces BD({2) and
M (1) are endowed with the weak* BD topology and o(M!(I1), C(I'}, E?))
topology, respectively. We apply this result to the problem of relaxation in
Hencky plasticity.

The bilinear form between Y!(£2) x M (I') and Cy;, (2, E?) x C (11, E?)
is given by

(1) ((e(u) g, p@sv)i(0,K)2 = | o:e(u)o
Q

S (—v5(u) ds—I—X&:[u@sV}

Fr 2 Iy
for e(u) 5 = (e(w)j0, (—vh(w)ds @, ) € YN(@), p @, v € ML), o €
Caiv(2,E}) and k € C(I',E}) (cf. Proposition 6 of [7]). Because of the
duality between Y'(2) x MY(I1) and Cg;, (2, E?) x C(I', E?) we define a
functional (89)* : Caiv (2, E?) x C (I, E?) — RU {cc} by
(4.2) (8 (o,k) = sup{((e(w) g p @5 V); (0, K))2
— 8(e(u) g, p @5 v) | e(w) g € YN(2), p@sve M (1)}
for ¢ € Cyiy(2,E?) and & € C(I1,E?). The bidual functional (S])** :
Y1(02) x MY(I'}) — RU{co} is defined by
(4.3) (87 (e(w) p k@5 v) = sup{{(e() g, ks V); (0, k)2 — (83)" (0, &) |
o€ Caiv(2,EY), k € C(I1,ED)}
for e(u); € Y1(2) and p € M,(I,R™).
The bilinear form between My(£2,EY) x Y!'(2)p o x M'(I1) and
CdiV("(_Za E?) X C(Fl, E?) is

(4.4) (W, —v5(0) @s v, p @5 v); (0,K))3 = Sa:w
Q

+ S o (—v5(u) @, v)ds + S K:[u®;sv
Fr 2 I
for w € My(2,E?), v5(w)ds @5 v € Y' () mo p®sv e M(IN), o€
Caiv(2,E?) and & € C(I'},E?). The extension of Sg; onto M(2,ET) x
Y (2)p o x MY (I7) (denoted by gi) is given by
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(4.5) §§(w, —~h()ds @, v, p @, v) = — S g+ Xj(:z,w) dz
n Q

+ § Iyt w0y (VB(W) @5 v) ds + | hy(z, —v5(w) @5 v) ds
) I's

if we LY(2,E?) and p = v5(u)ds for |u — v5(u)ds|-a.e. x € I, and
S(w, =¥ (1) ds @5 v, p ®, V) = 0o otherwise.
By duality between M, (2, E?) x YI(Q)‘F o x MY(I1) and Cyg;y (2, E?)
x C(I',E?), we define the functional (S]) Caiv(2,E?) x C(I',E?) —
R U {oo}. It is given by
(4.6) (gj)*(a K) = sup{((w, —vj(u) ®; v, b Os v); (0, K))3
,—h(w)ds @5 v, u @5 v) | w € L' (2,E), u € BD()
and p ®, v € MY (1)}
for 0 € Cgiv(£2,E?) and k € C(I,E?). The bidual functional (gf\)** :
Y!1(02) x MY(I'}) — RU{co} is defined by
A7) (S (W, —vp(w) ds @ v, p O v)
= sup{((w, —v5(u) ®; v, p @, v); (0, K))3 — (5))* (0 k) |
o c Cdiv(ﬁa Eg), K € C(Fl,Eg)}
for (w, —vL(u)ds ®@sv) € YY) and p ®s v € MY(I1).
LEMMA 2 (see [6] and [8, Lemma 6]). For every o € Caiv (£2, E}) and
k € C(I',E}) we have (S85)*(o,k) > (SJ) (o, k). Moreover, (83)**(
nRsv) < (Sf\)**(M, p s v) for every M € Yl(Q) and p € Mb(Fl,]R”).
DEFINITION 2 (cf. [13]). A subset Hy of £°(£2,R™),, is said to be PCU-

stable if for any continuous partition of unity («o, ..., aq) with ag,...,aq €
C>(£2,R), and any z,...,2zq € Hp, the sum Z?:o o;z; is in H.

PROPOSITION 3. The functional (gf\)** defined by (4.5)—(4.7) satisfies

(4.8) (S] ( \Qv 7{9 ds @s U, pp Qs V) = S Ag - 1

I
+ § doo(@, —yB(w) ®s v)) ds + | (B + L) (2, —vb(w) ©; v) ds
I I
. Ial((u—’yIB(u)al,s*)®51/) ) ds 5
(S a0 i)

+ { i@, e(u)a) do + | joo (@, de(u)s/dle(w)s|) dle(u)s|
02
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for every (e(u))q, —~E(u)ds @5 v) € YY) and p @5 v € M (1), where
(4.9) b (2, 0) = {O if o(z) € A(x),

oo otherwise,

and

n

Z 0ii(v5(0) ®; v)ij > 0 for all u such that
ij=1

(4.10)  A(z) = {0' cE"

Z’TJIB ®s uZ’YIB(U)-V§O} for ds-a.e. x € I.

Proof. Let p= p—~k(u)ds on I'. By Assumption 6 we have B5(00) =
Ag on . Hence SFl \g-p = Sfl o0: (p®sv) for every p € My(I',R™). Note
that v5(LD(£2)) = LY(Fr 2,R") (cf. [23, Chapter 2, Theorem 1.1]). By [21,
Theorem 3A], for every o € Cyi, (2, E?) and k € C(I', E?) we get

(4.11) (gi)*(a', K) = sup{ S (k—0): (L®sv)+ S o:(p®sv)

Fl Fl
. d(p ®s V)
+ S oo . (#’ Xs V) — S {Z?zgz:‘)( )—0} <—d|p s I/| >d|p Xs V|
Fl Fl
+ ) o (—vb(w) s v)ds = | I -0y (—7B(W)
Io Io
+ [ o (5 @ v)ds — | hy(z, —vj () @, v)ds
I I's

+Sa:wda:— Sj(:r,w)dx
Q Q

u € BD({2) such that ujp € LD({2),

o, 5 =0, w € LI(@.EL) and o € M(13, %)}

= [ @) dotsuw{ [ ((k=0)-v) -+ [(o0-0) 1
9] In I
+ o) | neMy(n R and pe,v =0} + | Kz, o) ds
In I's
= Vi@, 0)de + | Ik-o)vw)——rgy} (k — @) ds + | hi(z,0) ds,
Q n I
because o - v = A\g on I (see also [8, (4.9)] and [7, (3.18)]).
By the duality between~Y1(!_2) x MY(I) and Cqiy (2, E?) x C(I,ED)
we obtain the functional (84)**. The spaces Cyiy(£2,E?) and C(I,E?) are
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#J(k=0)v) -

PCU-stable, so by [13, Theorem 1] and the proof of Theorem 4 of [13] w

(4.12) (gi)**(e(u)@, BRs V) = sup{ S o:e(u)n— S j (z,0)dr

2 2

} I{((k-0)v)(@)=—rg(a)} (5 — @) - V) ds

I I
+ S —~h(n)ds) @, v X]OO(CE o)d|(pn —v5(u)ds) @, v
I I
S (—v5(n) @, v) ds — Sj;o(x,a)ds
Io Io

+ Jos (A @, v)ds = § (2 + %) (w,0) ds |
T I's

o c C’div(h(_Za Eg)a K € C(FlaE;L)}

o : (d(p @ v)/dp ®; V) — jo (x, 0)] d|p @ v/

_.|_

Vo : (—vB(w) s v) = (b + ji)(x,0)] ds
I

s

+ 1o (—vp(u)

Iy

— i (z,0)]ds | o € Can (2, Eg)}

for every e(u)|5 = (e(u)), —~L(u) ds®@,v) € YL(2) and (u®sv) € MY(I7)

(where p = p — L (u)ds on I7), which is (4.8). In the above calculations

we use the equality j5,(z,0) = Ik (o) = Ix(z, o), which holds for every

o € Ef and x € {2. Moreover, by (3.2) we can assume that o(x) € K(z) for
every x € (2. Thus the proof is complete. »

Let w € E?. Then w{? = wij — nil&j trw, where d;; is the Kronecker

D

]

delta and w” denotes the matrix [w;5].

ASSUMPTION 7 (cf. [10]). There exist functionals j” : £ x (E*)P
RU{oco} and j: 2 x R — RU{oo} such that there exist kg > 0 and k; > 0
such that for every z € R and dx-a.e. x € £2, j%(x,2) > k122 — ko, and the
normal integrand j* (given by Definition 1 and Assumption 3) satisfies
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(413) (]*)*(3375) = ](-CU, E) = jD(xa ED) + jtr(xatre)
for every € € E and dz-a.e. z € 2. m

We say that a net {(u, py) heer € BD(82) x My(171,R™) converges to
(ug, ptg) in the weak™ BD(§2) x My(I1,R"™) topology if u; — ug in the
weak* BD({2) topology and p; — p in the weak* My (I, R™) topology.

Now we prove that (gﬁ\)** is the l.s.c. regularization of Si in the weak*

BD(£2) x M(I'1,R™) topology, for the elastic-perfectly plastic potential j
given by (4.13). Recall that the space U({2) is given by

(4.14) U(R) ={uec BD(Q) |divu € L*(2)}.

PROPOSITION 4 (cf. [10]). The functionals Si,gi and (gf\)** are equal
to oo for every (e(u)n, —vp(u)ds @, v) € YH(2) and p @, v € MY (1)
such that o € BD(£2) — U(£2).

Proof. By (4.13) we get
(4.15)  j*(z,w*) = sup{w : w* — jP(z, wP) — j¥(z,trw) | w € E"}
= sup{w?” : (w)P +n7 (trw)(tr w*)
— P (e, wP) — 7 (z, rw) | w € BT}
= sup{w?” : (w*)P — jP(z,wP) | w € E"}
+sup{z(trw*)n"t — j"(z,2) | z € R}
= (77) (2, (W) + ()" (, tr(w*)n ).
Then by Assumption 7 there exist ko > 0 and k3 > 0 such that for every

z € R and for dz-a.e. x € 2, (j%)*(x,2) < ko2% + k3. Thus by (3.2) there
exists a multifunction KL such that

(4.16) K(z) = KP(z) ® {:1 € E? | I;; = §;; and z € R},

where KD : 2 — 2B is defined for every x € £2 (see (3.1)). By (3.5), we
have joo(z, W) = oo for every z € {2 and w € EY such that trw # 0. By
(3.17), (4.5) and (4.8) we get S3(e(u) gz, p @5 V) = S (e(u) 0, —v5(u) ds
Rs Uy b Qg V) = (gi)**(e(u)|g, —~E(u)ds @5 v, p @5 V) = oo for every
(e(u)g 1 ®s v) = (e(u))g, —vp(w) ds @s v, @5 v) € YH(R2) x MY(I1)
such that tre(ujp) = div(uyp) € My(2,R) — LY(2,R). =

From (3.1), (3.5) and (4.16) we obtain
COROLLARY 5. For every u € U(§2) and for ds-a.e. x € Fr {2,

(4.17) Joo(; (=vp(0) @s V) =00 if —yp(u)-v#0

on Iy, and
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(4.18) (hs + Ix)" (2, —yp(0) @ v) = b (2, —yp(0) ©s V)
= hs(z, —vp(u) ®; V)
on Iy (cf. Remark 2). m

Now we turn to the direct method of regularization. The study of the
difference between (S3)* and (S3)* plays an essential role in this section.

LEMMA 6. For every u € BD({21) and p € My(I'1,R"™) such that u|; €
LD(2),u, _g5 = 0,v5(u) =0 on Iy and v4(u)ds = p on I' we have
(419) (8™ (e(u)jan (W) ds ®, v, s 4 )

= (80" (e(0) g, 1 ®s v) = S5 (e(u) g, 1 @5 V).

Proof. By Proposition 3 and by (4.18), we obtain (4.19) as in [8, Lem-
ma 8] (see also [9, Lemma 1]). m

LEMMA 7. Let ks € C(I'1,E?), 05 € Cqiy (2, E?), where divas = 0 on
2 and §, ks : [t @sv]ds =0 for every t € LY(I1,R™). Then

(4.20) (S))*(o,Kk) = (S))*(0 + 05, K + Ks)
for every o € Caqiy(2,E?) and k € C(I'y, E?).

Proof. By (4.2) and the Green formula (2.11) we have
(421)  (8))(o:k)

= sup{ - S(diva)'udaz—k S K:(p®sv) —Si(e(u)lﬁ,u®s V) ‘
n Iy

U € LD(2),ug,_5=0and p € Mb(Fl,R")}

= sup{— S[div(a +o05)] - udr + S (k+ Ks) : (7g(u) ®;s v)ds
(9] I

~ S(ew) g 15 (W) ds @, v) |
u € LD(2),u) _5 = 0} = (S/{)*(a + 05,k + Ks)

(cf. [7, Lemma 18] and (3.17)). Moreover, the trace «p is a surjection from
LD(£2) onto L*(Fr £2,R"™) (see Theorem 1.1 of [23, Chapter 2]). u

We say that a net {(o, k¢) her C Caiv (2, E?) x C (I, E?) converges to
(o, K) in the topology

(4.22)  o(Cai(2,EM) x C(I, EY), L' (2,ED))
X {(p, p®sv) €Y (Q)po x MY (1Y) | i1y = 0, @y ds = p @5 v})
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if (wdz,p®sv,pds®sv);((04, k) — (6,K)))3 — 0 for all w € L1 (2, E?)
and p € L'(I,R").

LEMMA 8 (see [9, Lemma 3|). Let
(4.23) [ Caw(2,E?) x C(I',E?) — R
be a linear functional, continuous in the topology (4.22), such that for some
Ko € C(I1,E?) and o1 € Cyiv(£2,ET), and every os € Cgay(2,EY) with
dives =0 (in L™(£2,R")), we have
(4.24) f(&1+ o4, ko) = f(&1, ko).
Moreover, assume that for every o € Caiy(£2,E?) and k, ks € C(I1,EY)
such that §. ks: [t @sV]ds =0 for every t € LY(I,R™), we have f(o, k) =

flo, Kk + Kg). Then there exists uy € LD(§2) such that yg(u1) = 0 on I}
and for every (o,k) € Caiv(£2,E?) x C(I'1,E?) we have

(4.25) floor)=\o:e@)dr— | o:(y5(th)®.v)ds
(9] Fr
+ | ki(vp() @ v)ds. w
I

Let Q1 : Caiy(2,E?) x C(I', E?) — R U {co} be defined by
(4.26) Qi(o, k) = inf{(8))" (0 + o5, k) | o5 € C(2,ED) with dive, = 0}

for o0 € Cyiy(2,E?) and k € C(I1,E?).
PROPOSITION 9 (see [9, Proposition 4]). For every o € Cqiy (2, E?) and
Kk € C(I',EY) we have
(4.27) (Si)*(o-a K) = Cl(4.22) Q1(o,K),
where cly 92y Q1 denotes the largest minorant which is less than Q1 and

l.s.c. in the topology (4.22) (i.e. cly99)Q1 the l.s.c. regularization of Q1 in
(4.22)). =

We say that a net {(o, k¢) her C Caiv (2, E?) x C (I, E?) converges to
(7, k) in the topology
(428)  o(Caw(2,EZ) x C(I', E}), Y (22) x (LY(I'1,R") ®, v)
if
(4.29) ((e(u) g, 2ds ®s v); (o1, Ke) — (0,K)))2 — 0
for every e(u) 5 € Y!'(2) and z € L' (I, R").

PROPOSITION 10. Let Ay ={(0, k) € Caiy (2, EZ) x C(I, E) | ||div o] zn
<k, |kllc(r, Ery < k}. For every o € Caiy(£2,EY) and & € C(I', EY) there

S
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exists k(g gy > 0 such that for every k > k@ g),
(4.30) (8)°(8,R) = clz, Qi(3,R),
where clg, Q1(-,-) is the lLs.c. regularization of the function (o,k) —
Qi(o, k) + Iz, (0, k) in the topology (4.22) and Iz, () is the indicator func-
tion of Ay.

Proof. The proof is similar to that of [8, Proposition 13] (see also [9,
Proposition 6]). =

THEOREM 11. For every e(u) g € YL(02) and p € My(I1,R"™) we have

(4.31) (S (e(w) s 1 @5 ) = ()™ (W), 3 1 @5 v).
Proof. The proof is similar to that of [9, Theorem 7] (see also [8, Theo-
rem 14]). m

The displacement formulation (SN) ;) of the equilibrium problem for the
elastic-plastic body made of a Hencky material with the Signorini contact
condition is given by (3.7). The Suquet unilateral contact problem (SS) ;)
is defined by (3.10). Moreover, in [6] we studied the bidual relaxed Signorini
problem
(4.32)  (OPy;) Find inf{(A\Fy)™(u, p) + G;"(e(n)) |

uc BD(Q)a [AS Mb(FhRn)}a
where for every u € BD(f2) and p € M,(I1,R"),

(433)  (OE) " (wp)=-A[ [ foude+ [ g p]
k0]

I

+ S Joo(x, —vp(0) ®s V) ds + S (hy + Ic) (z, —yp(u) ®s v) ds
I I

. d((n — vp(u) ds) @, v) () ds) & v
+§f°°<””’ el o ) 1 =7 89 .0
and
“(e(u)) =\ j(z,e(u x ] xw u
(439) G felw) = § it () +§2gm< ) dletw) |

LEMMA 12 (cf. Lemma 15 of [8 [ . If f € L"9(0,R™), where § > 0,
then the functional BD(£2) > u — {,f - udz € R is continuous in the
weak® BD(2) and o(Y1(02), C’ +(£2,ED)) topologies on bounded subsets of
BD(£0).

AsSuMPTION 8. There exist ky > 0 and r; > 0 such that j*(z, w*) < k;,
for every w* € Bgn(0,71) and dz-a.e. x € §2, where Bgn (0,71) is the closed
ball in E with center 0 and radius 1. =
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Suppose the function
(4.35) (u, ) = [Sy;1(u, p) = AFa(u, p) + Gj(e(u))
is coercive over BD(f2) x M, (I, R™), where F; and G; are given by (3.11)
and (3.9). Moreover, let 0 < A; < A. Then [SS), ;] is coercive on BD(f2) x
M (17, R™). Similarly, if the function
(4.36) (u, p) = [OP;1(u, p) = (AF5)™ (u, p) + G5 (e(u))
is coercive and 0 < Ay < A, then [OP}; ] is coercive over BD({2) x
My (171, R™). Moreover,

(4.37) [SSx;1(u, 1) = [OP5](u, p)
for every (u, ) € BD(£2) x M (I, R™).

We say that a net {(u, ;) }rer € BD(£2) x My(I1,R™) converges to
(ug, ptg) in the weak™ BD(£2) x My(I1,R"™) topology if u; — ug in the
weak* BD({2) topology and p; — p in the weak* My (I, R™) topology.

THEOREM 13. Let f € L"(02,R™), where § > 0. If the function [SS) ;]
is coercive over BD(£2) xMy(I'1,R™), then the l.s.c. regularization of [SSy ;]
(in the weak™ BD(£2) x My(I,R") topology) is [OP}%].

Proof. The proof is similar to that of [8, Theorem 18] and [9, Theo-
rem 8. m

Thus for every solution (uo, o) of (OF5”;) there is a net {(Wm, L) tmeH
which minimizes [SS) ;]| and (up, p,,) = (o, pg) in the weak* BD(§2) x
M, (I, R™) topology.

COROLLARY 14. The functional [ SSy ;| is coercive over the space BD({2)
x Myp(I1,R") if and only if [OP}] is coercive.

Proof. By Theorem 13, if [SS) ;] is coercive, then so is [OP{%] (cf.
Corollary 19 of [8]). By (4.37) the proof is complete. m

The bidual relaxed Signorini problem (where the relaxation on I}, pro-
posed by Suquet in [22], is omitted) is defined by the formula

(4.38) (NPy;)  Find inf{(AFn)™(u) + Gj*(e(n)) [ u € BD(2)},
where for every u € BD({2),

(4.39)  (AFn)™(u) = —)\[ [t ude+ [ g vpu) ds]

2 I
+ | oo, —yp(w) @5 v)ds + | (W + I)* (z, —vp(w) @5 v) ds
Iy I's

and G is defined by (4.34).
Similarly to Theorem 13 (cf. [9, Theorem 18]) we obtain the following
result:
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THEOREM 15. Let f € L"9(2,R™), where 6 > 0. If the function
(4.40) BD(£2) > u [SN)y;|(u) = AFi(u) + Gj(e(u))

is coercive over BD(S2), then the l.s.c. regularization of [SNy ;| in the weak*
BD(£2) topology is the functional

(441)  BD(2) 3 u— [NP{] () = (AFx)™ () + G2 (e(u)).

REMARK 1. Let f € L"9(£2,R"), where § > 0, and suppose the func-
tional [SN, ;| is coercive over LD(f2). Since [SNy;|(u) = oo for u €
BD(§2) — LD(S2), the ls.c. regularization of [SN) ;] in the weak* BD({2)
topology (over the space SBD({2)) is

(442)  SBD(Q) 3 ur [NP|(w) = (AFy)™(u) + G7*(e(u))

(cf. [5]). Indeed, (4.42) is the supremum over the set of affine mappings
(continuous in the weak™ BD(f2) topology) less than the functional [SN) ;1.

COROLLARY 16. The functional [SN) ;| is coercive over BD(S2) if and
only if [NP{%] is coercive.

Proof. The proof is similar to that of Corollary 14. m

COROLLARY 17. The functional [SN) ;| is coercive over BD(S2) if and
only if [OP{] is coercive over BD(§2) x My(I',R™).

Proof. Indeed, by (3.7)-(3.11) the function [SS) ;] is coercive over
BD(§2) x My(I'1,R™) if and only if [SNy ;| is coercive over BD(S2). By
Corollary 14 the proof is complete. =

THEOREM 18. Let f € L™T9(2,R™), where § > 0. Moreover, let j* : £2 x
E} — RU {oo} be a nonnegative normal integrand. If the function [SNy ;]
is coercive over BD(S2), then the couple (0, ) € BD(£2) x My(I1,R") is a
solution of (OF) if and only if p = vg(u)r,ds € My([1,R") and u is a
minimum point of the function [NP;“;]

Proof. Since j* is nonnegative, (NP5%) and (OP}%) have finite infima.
Indeed, [N Py ](0) < oo and [OP5%](0, 0) < oo (cf. Assumptlons 3 and 6).

First, let u be a solution of (NP5%). Then the couple (u,yg(u) ,ds) €
BD(£2) x My(I'1,R") is a solution of (OF}%), since

(4.43) inf(NP;%) = inf(SNy;) = inf(SSh ;) = inf(OP;%)

(cf. Theorems 15 and 13 and formulae (3.7)—(3.11)).

Next, we show the converse implication. Let (u, ) be a solution of
(OP57). Then there exists a sequence { (W, Ky, ) fmen in BD(£2) xMy(17, R™)
such that M00[S 5 (Um, pr,) = Inf(OFY%) and (um, py,) — (U, p) in
the weak* BD(f2) x My(I1,R™) topology. By (3.10) there exists mg € N
such that for every m > mg we obtain w,, = vg(uy)ds on I, because
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inf(OP}%) < oc. Since inf(NP}%) = inf(OFyY), we have

(444)  Tim [55,,] (W0 5 () ds) = lim [SNy](w,) = inf(VPL)
(cf. (4.43)). Therefore, by Theorem 15, we get

(4.45) [NP{;1(0) = inf(NPY;) = inf(OPYY).

We now prove that pr = yg(u) ds on I'y. Suppose otherwise. By (4.38), (4.32)
and (4.45) we have [OP{%[(a,vp(0)|r, ds) = [OP;%](u, p). The function

d(t(p — vp(u) ds) ©s v)
d|(p —vp(0) ds) @5 v

+(1-t) g vp@ds+t g @
I I

0.0)3 0 J i )l s (@) ) .

I

is positively homogeneous. Then

[OP5](u, o) = [OP; (0, (e — (@) ds) + (W) ds)
for every t > 0. This contradicts with the coercivity of [OP{] (cf. Corol-
lary 17). m

REMARK 2. In the case of soil mechanics, the set of admissible stresses
is a convex cone which contains the half-line A, = {o € E | tro < 0,
ol = 0}, where ol =o—n"1dtro and 0;; is the Kronecker delta. Moreover,
by Assumption 8, the set of admissible stresses contains a neighborhood of
0 € E? (the origin of the cone # 0). Then by direct calculation we obtain

(4.46) (W + Ix,)" (z, —vp(u) @ v) = b (x, —yp(u) ®s V)
= hs(xa _’YB(u) ®s V>7
where K; is the elastic domain (of the soil) at the point x. Indeed,
n

(4.47) Z aij (Yp(u) @5 V)i

)
17-] n

1
- - trotr(vs(u) @, v) + Z aﬁ(’y[B(u) ®s 1/)3
ij=1
and sup{o : (—v5(u)(z) @5 v) — Ia, (o) | 0 € E} = hs(z, —v5(0) ®5 v)
(cf. (4.15)). Thus we obtain a generalization of Lemma 6 to the case of a
soil material.

Let f € L”*%Q,R”), where 6 > 0. Moreover, suppose the functions
[SNx;1, [INP{%], [SS),;] and [OPS] describe a piece of elastic-plastic soil,
i.e. J, joo, K (KK = Ky) describe the properties of the soil and Assumption 7
does not hold. If the function [SS) ;] is coercive over BD(2) x My (I, R™),
then its l.s.c. regularization in the weak* BD(£2) x M,(I1,R") topology
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is [OP}%]. Moreover, Theorems 13, 15, 18, Corollaries 14, 16 and 17 hold
for the case of a soil material. m

Suppose ds(Ip) = 0 and §, f-Udz+§,, g-v5(W)ds = 0 for every i € Ro.
Moreover, suppose that for every sequence {(Wm, t,,)}tmen C BD(£2) x
M, (I, R™) such that infr{[[um + rl|Bp + |ty + vB(r)|r dsll, (i rey [T €
Ro} — oo as m — oo, we have [OP;\‘:;} (W, W,,,) — 00. Then there exists a
solution (us, p,) of the problem (OFy%) in BD(2) x My (I, R™). For every
u' € Ry the field (uy +u', p, +yp(u')rds) € BD(£2) x My(11,R™) is
a solution of [OPy%] if and only if § (A + Ix)"(z, —vp(us) ®s v)ds =
§p (b + Ie)* (2, —vp(us + ul) ®; v)ds (cf. Theorems 4.34 and 4.31 of [6]).
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