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EXPANDING THE APPLICABILITY
OF TWO-POINT NEWTON-LIKE METHODS
UNDER GENERALIZED CONDITIONS

Abstract. We use a two-point Newton-like method to approximate a lo-
cally unique solution of a nonlinear equation containing a non-differentiable
term in a Banach space setting. Using more precise majorizing sequences
than in earlier studies, we present a tighter semi-local and local conver-
gence analysis and weaker convergence criteria. This way we expand the
applicability of these methods. Numerical examples are provided where the
old convergence criteria do not hold but the new convergence criteria are
satisfied.

1. Introduction. Let X, Y be Banach spaces. Let U(w, R) and U (w, R)
stand, respectively, for the open and closed ball in X with center w and
radius R > 0. Denote by L(X,)) the space of bounded linear operators from
X into ). In this study we are concerned with the problem of approximating
a locally unique solution x* of equation
(1.1) F(z)+ G(z) =0,
where F : U(w, R) — Y is Fréchet-differentiable around x¢ € U(w, R) and
G : U(w, R) — Y is continuous.

Many problems from computational sciences can be brought into the
form of equation using mathematical modelling [8], [I1], [19]. The
solution of these equations can rarely be found in closed form. That is why
the solution methods for these equations are usually iterative. In particular,

the practice of numerical analysis for finding such solutions usually involves
Newton-like methods [§], [11], [29], [30].
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In [4], [8], [I1], [19] we used the single-step Newton-like method defined
by
xo is a starting point in U(w, R),

1.2
(1-2) Tni1 = Tp — A(xn) " YF(zn) + G(z,)) foreachn=0,1,...,

as well as the two-point Newton-like method given by

Yy—1, Yo are starting points in U(w, R),

Yni1 = Yn — AWn, Yn—1) " (F(yn) +G(yn)) for each n =0,1,...
to generate respectively sequences {z,} and {y,} approximating z*, where
A(x), A(v,w) belong in L(X,Y). If A(z) = F'(z) for each x € U(w, R), we
obtain the Krasnosel’skii—Zin¢enko iteration [I1], [19], [50], [5I]. Moreover,

if G(z) = 0 for each x € U(w, R), we obtain Newton’s method [§], [11],
[19], [29] given by

(1.3)

4 xo is a starting point in U(w, R),
(14 Tpi1 = 2n — F'(2,) ' F(z,) foreachn=0,1,....

If A(z,y) = F'(x)+[z,y; G] where [z, y; G] is the divided difference operator
of order one for G, we obtain a secant-type method studied in [g], [20].
Several other choices of operators A, F' and G in f are given in
[1]-[51].

The study of convergence of Newton methods usually centers around two
types of convergence analysis: semi-local and local. Semi-local convergence
analysis is based on information around the initial point, to give criteria en-
suring the convergence of Newton methods; while local convergence analysis
is based on information around a solution, to find estimates of the radii of
convergence balls. There is a plethora of studies on weakening and/or ex-
tending of the hypotheses made on the underlying operators; see for exam-
ple [8], [11], [19], [29], [30] and the references therein. Concerning semi-local
convergence of Newton methods, one of the most important results is the
celebrated Kantorovich theorem for solving nonlinear equations. It provides
a simple and transparent convergence criterion for operators with bounded
second derivatives F” or with Lipschitz continuous first derivatives. The
second type analysis for Newton methods is local convergence. Traub and
Wozniakowski [47], Rheinboldt [44], [45], Rall [43], Argyros [§] and other au-
thors gave estimates of the radii of local convergence balls when the Fréchet
derivatives are Lipschitz continuous around a solution.

In the present paper, using more precise majorizing sequences we provide
convergence criteria and a tighter semi-local and local convergence analysis
for single and two-point Newton-like methods and than in [4],
[50], [51]. This way we expand the applicability of these methods.
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The paper is organized as follows. Section [2| concerns semi-local conver-
gence for single-step methods. In Section [3| we deal with semi-local conver-
gence for two-step Newton-like methods. Local convergence is also studied
in this section. Special cases and applications are given in the concluding
Section Ml

2. Semi-local convergence for single-step methods. Let R > 0 be
a constant and 7 € [0, R]. Suppose there exist w € X such that A(w)™! €
L(Y,X) and for any z,y € U(w,r), 6 € [0,1] the following conditions
hold:

(2.1) 1A (w) ™ (A(2) — A(w))I| < go(llz —wll) + 8

and

(22)  [[A(w) H((F' (2 + 0(y — ) = A(2))(y — 2) + G(y) = G(x))]|
< (91(lz — wl +0lly — 2[) — g2(llz — wll) + g3(r) + Ny — x|,

where go(r), gi(r + 7) — g2(r) (T > 0), g2(r), g3(r) are non-decreasing
and continuous functions for r in [0, R], [0, R]?, [0, R], [0, R], respectively,
9i(0) = 0 for ¢ = 0,1,2,3 and S, v are constants which satisfy 5 > 0,
v = 0.

Hypotheses and were used in [4] to provide a semi-local conver-
gence analysis for single-step Newton-like methods. The majorizing sequence
{tn} for {z,,} was given by

to=ro €[r,R], t1=ro+mn forsomen>0,

(2.3)

tnto = tni1 + Op(tny1 —tn) foreachn=0,1,...,
where
(2.4) 5 — 8(1)(91 (tn + 0(tns1 — tn)) — 92(tn) + ) dO + g3(tns1)

1—8—go(tnt1)

for each n = 0,1,.... Under the sufficient convergence conditions of
[4, Theorem 3], we showed convergence of {x,} to z* with the following
error bounds:

(25> Hxn—‘rl - an < tn—l—l —ln,
(2.6) [Tn1 — 2" <7 —tn,
where

t* = lim t,,.
n—oo

Next, we show how to improve these results. Let 29 € X'. Assume A(x) !
€ L(Y,X) and for xg, z1 € U(w,r) with z1 = x¢ — A(xo) " (F(z0) + G(x0)),
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6 € [0, 1], the following conditions hold:

(2.7) [A(z0) ' (A(x1) — A(z0)Il < go([le1 — zoll) + Bo

and

(2.8)  [|A(zo)  ((F' (w0 +0(21 —x0)) — A(w0)) (21 — 20) + G(21) — G(0)) |
< (g (Bllx1 — zoll) — g5(0) + g8 (1 — zoll) + y0)llz1 — o,

where ¢{ (i =0,1,2,3), By and o are as g; (i =0,1,2,3), B and ~, respec-
tively. We shall denote by (C;) the conjunction of conditions (2.1)), (2.2)),
(2.7) and (2.8). Let us define a sequence {s,} by

SQZToe[T,R], S$1=19+mn, 82:81+(5(81—80),

(2.9)
Sn+2 = Snt1 + Qn(Spy1 — Sp) foreachn=0,1,...,
where
5 Jo(0(s0 +B(s1 — 50)) — g3(s0) +0) d6 + g(s1)
1— o —g(s1)
and
(2.10) o = §o(91(5n + 0(sns1 — 50)) — galsn) +7) d + g3(sns1)

1 — B —go(sns1)

for each n = 1,2,.... Suppose that for each r € [0, R] and r; € [0, R — ],
the following conditions hold:

(2.11) R +7) = g3(r) < gi(r +7) = g2(r),

(2.12) 90(r) < go(r), ¢(r) < a(r),

(2.13) g5 (r) < ga(r),  g3(r) < g3(r),

(2.14) Bo < B,

(2.15) 0 <.

Then a simple inductive argument shows that for each n =0,1,...,
(2.16) sp < tn,

(2.17) Sn+1 = Sn <t — tn,

(2.18) s = nh_)ngo Sp < tF.

Next, we first provide sufficient conditions for the convergence of {s,}.
Then we show {s,} is a majorizing sequence for {x,}. We define functions
pN ¢ pXN on [0,1) for each fixed N =1,2,... and each n = N, N +1,...



Two-point Newton-like methods 67

by
‘ 1!
(2.19) pn (t) = | (gl (H(5N+1 —sN)+ SN +0t" H(snp1 — 5N)>
0
1— tnfl
o\ (sni1—sN) +sy | do

1—-t"
ty g\ T (sne1 —sw) +sw

n

+tg0 <11—t(SN+1 - SN) + SN> — t(l — ﬂ),

(2.20) gy (t) = pi (t) — PN (1)
N SN+1 — SN SN+1 — SN
(2.21) Pt) =g ————— +snv | —g2| ———— +sn
1—-t¢ 1-—1¢
S J—
+7+g3<N+18N +SN>
1—t¢
S — S
+tgo<NJlrl_tN + SN> —t(1-B).

Then we can show the following results on majorizing sequences for single-
step Newton-like methods.

LEMMA 2.1. Suppose

(2.22) go(s1) <1—=Pfo
and there ezists a € (0,1) such that

(2.23) 0<a; <a,
(2.24) Gn(a) >0,
(2.25) pL (o) <0.

Then the sequence {s,} given by (2.9)) is well defined, non-decreasing, bound-
ed from above by

§2 — 851

2.26 7=
( ) Sl S1 + 1 —a

and converges to its unique least upper bound s* € [0, s7*]. Moreover,
(2.27) 0 < Spt2— Spt1 < (s2 —s1)a™  for eachn=1,2,....

Proof. By (2.9) and (12.22), s2 is well defined and s2 > s1. We use induc-
tion to prove that

(2.28) 0<ap<a foreachk=1,2,....
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Estimate ([2.28]) holds for k£ = 1 by (2.23)). Then by (2.9)) and ({2.23]) we have
(2.29) 0<s3—s2<a(sa—s1) = s3<s2+a(s2—s1)

= s3<sa+ (14 a)(s2—s1)—(s2—s1)
2
-
— < s7.
— (52— 81) <51

Assume that (2.28)) holds for all n < k. Then by (2.9) and (2.28) we get

= s3 < s1+ 1

(2.30) 0 < Sppo — Shr1 < s%(s2 — 1)
and
1— ak-i—l
(2.31) Sky2 < 51+ 17(82 - 81) < S’f*.
-«
Evidently estimate (2.28]) is true with k replaced by k + 1 provided that
(2.32) ph(a) <0 foreach k=1,2,....
By (2.21)) and (2.24) we have
(2.33) pi(@) < ppyi(a)  foreach k=1,2,....
Define
(2.34) PL(t) = lim ph(t).
k—o0

Using @ and letting n — oo we see that pl, is given by for N = 1.
Estimate @ holds by (2.34) and (2.25). The induction is now complete.
Hence, {s,} is increasing, bounded from above by si* given by and
it converges to its unique least upper bound s* € [0, s}*]. =

REMARK 2.2. The conclusions of Lemma hold if (2.24) and (2.25))

are replaced by
(2.35) an(a) <0,
(2.36) pi(a) <O0.

In this case, we have py, (@) < pj(a) < pi(a) <O0.

We have the following useful and obvious extension of Lemma [2.1

LEMMA 2.3. Suppose there exists a minimum natural integer N > 1 and
a € (0,1) such that (2.24) and (2.25)),

s1<sp<---<snyy1, O0<an<a, go(sny1)<1l-—205,

SN+1 — SN
9 <'~1'_t(SN+1 — SN) —I—SN) <1-5.

Then the sequence { sy} given by (2.9)) is well defined, non-decreasing, bounded
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from above by
SN —SN-1
sSN=sy_1+——
N N-1 11—«
and converges to its unique least upper bound sy € [0, sy]. Moreover,
0 < SN4n— SN4n-1 < (SN+1 — sny)a™  for eachn=1,2,....
Next, we present upper bounds on the limit point ¢t* using {¢,}. Set

vi(t) = 192_(75)5 forallt=0,1,2,3 and v =

Then iteration ([2.3) can be written in the form
tOZTOE[TaR], t1:7’0+777

E

1—

Q-

(2.37) )
tnt2 = tnt1 + 0, (tpt1 —t)  foreach n=0,1,...,
where
51 So((tn + 0taer = tn)) = va(tn) +71) 0+ v3(tasn)
" 1 —vp(tnt1)
for each n = 0,1,.... Assume for the rest of this section that vy (i.e. g4)

is strictly increasing on [0, R]. Define a function x(s,t) on {(s,t) € [0, R]? :
s <t} by
1

x(s,t) = (J (s + 00t = 8)) = valt = 5) +71) dB + vy(t = 5) ) (¢ — s).
0

The result on upper bounds on the limit point ¢* using {t¢,} is as follows.
LEMMA 2.4. Let A € [0,v,*(1)]. Let f, va be differentiable functions on

0, 1(1)]. Suppose f has a zero in [\, vy *(1)]; denote by o the smallest such
zero. Define functions ¢ and g on [0,V4_1(1)) by

o(t) = 1—f(1/2)(t) and g(t) =t + ¢(t).
Moreover, suppose

g (t)>0 foreach t €[\ .
Then g is strictly increasing and bounded above by o.

Proof. The function ¢ is well defined on [\, g] with the possible exception
when o = v 1(1); but the L’Hospital theorem implies that f admits a con-
tinuous extension on the interval [\, g]. The function g is strictly increasing,
since ¢'(t) > 0 on [\, g]. Therefore, for each t € [\, o] we have

gt) =t+o(t) <o+ ¢(e) =0 =
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LEMMA 2.5. Suppose that the hypotheses of Lemma hold. Define
functions ¢ and 1 on T := {(s,t) € [\, 0? : 5 <t} by

x(s; 1) _ [ x(s,t) = f(t) ift#o,
1— va(t)’ w(s’t)_{o ift = o.
Moreover, suppose that 1 (s,t) <0 for each (s,t) € Z. Then
o(s,t) <g(t) for each (s,t) € T.

o(s,t) = t +

Proof. The result follows immediately from the definitions of g, ¢, 1) and
the hypothesis of the lemma. »

LEMMA 2.6. Fiz N = 0,1,2,.... Under the hypotheses of Lemma [2.5
with A = ty, further suppose that

th<---<tyy1 <0 and f(tny1)>0.

Then the sequence {t,} generated by (2.37)) is non-decreasing, bounded by o
and converges to its unique least upper bound t* which satisfies t* € [tn, o].

Proof. We can write t,,11 = ¢(tp—1,%,). Then
tnt2 = O(tn, tn41) < g(tng1) < 0. m

REMARK 2.7. (a) The hypotheses of Lemma [2.1| or Lemma [2.3| are sat-
isfied in the interesting case of Newton’s method [8], [29]. Set Sy = 7o =

B =~=0, go(t) = Lot, g1(t) = g2(t) = Lt and g3(t) = 0. Then by (2.19)
and (2.20) we get

g (t) = 3(2Lot* + Lt — L)t"(sn41 — 5N),

R ]

~

1-1¢

Set
2L

o = .
L++/L?+8LLg

Then the hypotheses of Lemma [2.1] are satisfied provided that
(2.38) hs = Lyn < 1/2,

where
Ly = L((LoL)Y? + 4Ly + (8L3 + LoL)'/?).
Moreover, the hypotheses of Lemma [2.3] become

Lo(snt+1 — sn)

<...<sy<1/Ly, O<ay<a<l-
51 < < sy /Lo oy <a< T Losx

Another interesting choice but not necessarily the best possible is given by
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the following scheme. Choose

L L
Bl R )
f(t) = 0 and A=ty for N=1,2,....
1— Lot

Suppose that
By = La(ty —tn_1) < 1/2.

Set

03 = 20ty — tv-1)Ls 3= (1 + o >77
P Lo(l+ (1—2Ls(ty —tn_1))Y/2)’ 2(1—a)(1—Lon) )

Moreover, suppose

Y(tn,t) <0 for each t = g(tn) € [tn, 03]

Then gév are well defined. Elementary computations now show that all hy-
potheses of Lemma are satisfied for o = Qév .
Moreover, the following estimates hold:
Z(t N—t N—l)
1+ (1—2L3(ty — tn-1))'/2)

Furthermore, if

<o < Llo i
he=1Ln<1/2
and
(Lg + LLs)(ty — tn-1) < Lo(1 — (1= 205)/2(1 = 2h,)'/?),
then

2ty —tn-1)
N < * — .
% =0 T Ao,

We also see that for sufficiently small ¢y — tx_1, gév is smaller than rs3.

(b) The hypotheses of Lemmal[2.6|are satisfied in the Kantorovich case [g],
[11], [19], [29]. Indeed, set B = v = 0, go(t) = g1(t) = g2(t) = Lt and
g3(t) = 0. Then we must have

1 1—+1-2h L
he< g and o= T* for f(t) = §t2—t+n.

(c) The set T can be replaced by the more practical J = [\, 0]? in

Lemma 2.6

We can now present our semi-local convergence results for single-step
Newton-like methods. The proofs are omitted since they can be found in
[4, Theorem 3] by simply replacing the hypotheses of [4, Lemma 2| by those

of Lemma or [2.6] of the present paper.
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THEOREM 2.8. Suppose that (2.1), (2.2)) and the hypotheses of Lem-
ma hold. Moreover, suppose that there exists xog € U(w,19) such that

(2.39) 1A (20) ™ (£ (z0) + G(z0)) || < .
Then the sequence {xn} generated by the single-step Newton-like method is
well defined, remains in U(w,t*) for each n = 0,1,... and converges to a

solution x* of the equation F(x)+G(x) = 0. Moreover, for eachn =0,1,...,
|Tni1 — Tnl| <tps1 —tn and ||z, — 2| <t* —t, < 0 —ty.

Furthermore, the solution x* is unique in U(xo, t*) if
1
V(g8 + 0t) — g2(t)) dB + g3(t*) + go(t*) + B+ v < 1,
0
and in U(xg, Ro) if t* < Ry < R and
1
| (91t + 0R0) — g2(t*)) d + g3(t* + Ro) + go(t") + B+~ < L.
0
THEOREM 2.9. Suppose that conditions (C1), (2.39) and the hypotheses
of LemmaR1] or Lemma[2.3| hold. Then the conclusions of Theorem[2.8| hold
with {sn} replacing {t,}.
The local convergence analysis of single-step Newton-like methods is
given in the next section as a special case of the two-point Newton-like
method.

3. Convergence for two-point Newton-like methods. We present
our results for the semi-local and local convergence of two-point Newton-
like methods. As in [4], suppose there exist v, w € X such that A(v,w)~! €
L(Y,X) and for each x,y,z € U(w,r), 8 € [0,1] the following conditions
hold:

(3.1) 1A, w) " (A, y) = A(v, W)l < folllz =]l lly — wl) + 8

and

(32) [, w) " (F'(y + 0(2 — ) = A(z,))(z — y) + G(z) = GW))|
< (fillly — wll+0llz —ylD) = f2(lly —wl]) + fs(llz =z + )2 = yll;
where fo(r, s) is continuous on [0, R]? and decreasing with respect to each
argument, fi(r +7) — fa(r) (T > 0), fa(r), f3(r) are non-decreasing and
continuous functions on [0, R] with fy(0,0) = f1(0) = f2(0) = f3(0) = 0, and
the constants 3, v satisfy >0,y > 0 and 4+ < 1. Using and
a semi-local convergence analysis was given by us in [4, Theorem 2].
We now show how to improve these results under the same hypothe-

ses (3.1) and (3.2). Let ro € [0,R], y_1 € U(w,R) and yo € U(w,rg). It
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follows from and that

(3.3) [|A(v,w)  (Aly-1,50) — A(v,w))|| < f5([lv = y—1ll, lw = o) + Bo
and

(3.4)

|A(v, w) " ((F'(yo + 0(y1 — %)) — A(y—1,%0)) (y1 — v0) + G(y1) — G(wo))
< (f2llyo —wll+0llyr —woll) = £2 (lyo — wl) + £9 (llyr — y-11D) +70) Iy = woll,

where f2 (i = 0,1,2,3), Bo, Y0 are as fi (i = 0,1,2,3), 3, v, respectively.
Clearly

(3.5) fr+7) = f5(r) < filr +7) = fa(r),
(3.6) f3(r,t) < folr, ),

(3.7) ) < Alr),

(3.8) f2(r) < falr),

(3.9) f3(r) < fa(r),

(3.10) Bo<pB

(3.11) Yo < 7.

In practice, the computation of the functions f; and constants [, v requires
that of f?, Bo, Yo for i =0,1,2,3. Given y_1,yo in X, define c_1, co, ¢1 by

(3.12) ly-1—vll <c1, lly—1 —woll <co and [jv —w| <.

We shall refer to (3.1)—(3.4) and (3.12) as conditions (C2). The majorizing
sequence {t,} for {y,} was given in [4] by

t_1=m19, to=co+r0, t1i=co+ro+mn forsomen>0,

(3.13) tnio = tni1 + On(tnyr —tn) foreachn=0,1,...,
where
5, =
o(F1(ta—t0 + 70 + Otns1—tn)) = falta—to +70)) d6 + 7 + f3(tnr1—tn 1)

1— B~ foltn —tn—1+c—1,tns1 — to +10)
for each n =10,1,....
The following estimates hold for each n =0,1,...:

(3‘14) ||yn+1 - yn” < tn+1 - tna
(3.15) lyn — || <7 —tn,

where t* = lim,,_,o0 tp.
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In the present paper, we use the more precise majorizing sequence {s,}
given by

s_1=t_1, So=to, s1=ti, s2=51+a(s1— 50),

(3.16) Sn42 = Spi1 + @n(Sny1 — sn)  foreachn=1,2,...,
where
ap = To(f2(s0 + 0(s1 — 50)) — f9(50)) dO + 70 + f9 (51 — 51)
1— o — f3(so — s—1 + c—1,51 — s0 +70)
and
Qp, =

S(l)(fl(sn —50+70+0(5n11—5n)) — f2(8n —S0+70)) dO+7+ f3(Snt1—5n-1)
1—B— fo($n—Sn—1+¢_1,5n41—50+70)

foreachn=1,2,....

In view of (3.5)—(3.11)), (3.13) and (3.16)), a simple inductive argument

shows for each n =0,1,... that

(3.17) sp < tp,

(318) Sp4+1 — Sn < tn—l—l - tnv

(3.19) s* = lim s, <t
n—00

Hence, {s,} converges to s* under the same convergence hypotheses for {t, }
given in [4, Theorem 2]. However, the sequence {s,} is tighter than {t,}.
Next, we first provide weaker sufficient convergence conditions for {s,}.
Then we show that {s,} is indeed a majorizing sequence for {yy}.

We define functions pY, ¢2, pl on [0, 1] for each fixed N =1,2,... and
eachn=N,N-+1,... by

(320)  py(t) =

1 1 — ¢ 1
S < < (SN+1—SN)+SN—50+T0+975”_1(SN+1—SN)>
0

1_tn 1
—f2( — (3N+1—8N)+5N—50+7“0>)d9

+ v+ f(E" T+ ") (sv41 — sw))
1—¢t
o

(SN—i-l — SN) +sy —5-1+c_q,
11—t
1-—t¢

1-1¢

(SN+1— SN) + SN — S0 + T0>
—t(1 =),
(3:21) gy (£) = pplia (8) — 03 (1)
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and

(322) pt)=f (SNJ{I__;N + sy — S0+ To)

SN41 — SN
— /2 (T—t + SN —so+ To) +7./3(0)
SN+1 — SN

S — S
+7§f0<N+1N+SN—81+61, —7

1_¢ +8N—80+T0>—t(1—5).

Then we present the following results on majorizing sequences for two-point
Newton-like methods. The proofs are similar to the proofs of Lemmas[2.1] 2-3]

and Theorems
LEMMA 3.1. Suppose
folso—s—1+co1,81—s0+10) <1—P
and there ezists a € (0,1) such that 0 < a; < a and
(3.23) gn(a) 20,
(3.24) pl(a) <0.

Then the sequence {s,} given by (3.16) is well defined, non-decreasing,

bounded from above by

52 — 81
s =81+

l-«
and converges to its unique least upper bound s* € [0, s7*]. Moreover,

0 < spt2— Snt1 < (s2—s1)a”  foreachn=1,2,....

REMARK 3.2. The conclusions of Lemma hold if (3.23) and ((3.24))
are replaced by

(3.25) q
(3.26)

(
(

This time we have py, (@) < pj(a) < p1(a) <O0.

1
n

0,
1 0.

ININ

«
(0%

~— ~—

=

We have the following useful and obvious extension of Lemma, 3.1

LEMMA 3.3. Suppose there exists a minimum natural integer N > 1 and
a € (0,1) such that (3.23) and (3.24) hold and
51 <~ <sny1, O<an<aq,
fo(sn+1—s-1+c_1,5N41 — S0 +710) <1- 3.

SN+1— SN SN+1 —SN
| SNELY

3 SN—S_1+c_1, 3 sN—sN)+sN—so+ro><1—B.
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Then the sequence {s,} given by (3.16) is well defined, non-decreasing,

bounded from above by
SN — SN-1

and converges to its unique least upper bound sy, which satisfies sy € [0, si].
Moreover,

0 < SN4n — SN4n-1 < (SN+1 — sn)a™  for each n=1,2,....
REMARK 3.4. The upper bound g on the limit point s* can be computed
as in Lemmas [2.4 Simply replace g; (i =0,1,2,3) by
folt —t-1+c_,t—to+m), filt—to+ro), falt—to+r0), f3(t—s),

respectively.

We shall call Lemma the result corresponding to Lemma [2.6] with
the above changes.

Next, we present semi-local convergence results for two-step Newton-like
methods. The proofs can be found in [4, Theorem 2].

THEOREM 3.5. Suppose that conditions (C2) and the hypotheses of
Lemma hold. Moreover, suppose that there exist y—1 € U(w,R) and
yo € U(w,rg) such that

(3.27) 1 A(y-1,50) " (F(yo) + G(yo))|l < n.

Then the sequence {yn} generated by the two-step Newton-like method is well
defined, remains in U(w,t*) for eachn = 0,1, ... and converges to a solution
x* of the equation F(x) + G(x) = 0. Moreover, for each n =0,1,...,
(Y41 = Ynll <tnp1 —tn <o —tn and |lyn — 2| <" —t, <0 —tn.
Furthermore, the solution x* is unique in U(xq,t*) for x_1 = v if
1
VA +0t%) — fo(#) dO + fs(t) + fo(t* + er,t) + B+ 7 < 1,
0
and in U(xo, Ro) if t* < Rp < R and
1
S (f1(t" +0Ro) — f2(t7)) dO + f3(Ro) + fo(t" +e1,t) +B+v < 1.
0
_ THEOREM 3.6. Suppose that conditions (C2) hold and there exist y—; €
U(w,R), yo € U(w,r) such that (3.27) holds. Moreover, suppose that the
hypotheses of Lemma[3.1] or Lemma[3.3| hold. Then the conclusions of The-
orem [3.5] hold with {s,} replacing {t,}.
In order for us to cover the local convergence case for two-point Newton-
like methods, let us suppose as in [4, Theorem 5] that z* is a solution of (|1.1)),
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A(z*, 2*)~t € L(Y,X) and for any z,y € U(z*,r), 6 € [0, 1],
(3.28) [lA(a",2") " (A(z,y) — A(* a")I| < falllz = 2*[|, ly — 2*[)) + Ba
and
(3.29)
1A, )7 (F' (@ + 0y — 2%)) — Az, y)(y — ") + G(y) — G(a"))]
< (s +Olly — 2"l = folly — 2*[) + fr(llz — ") + ya)lly — "],

where f; (i = 4,5,6,7), B4, 74 are as f; (i = 0,1,2,3), Po, Y0, respectively.
These conditions were used in [4, Theorem 5| to provide a local convergence
analysis for two-step Newton-like methods. We can improve the error bounds

on the distances |y, — 2*|| for each n =0, 1,.... It follows from hypotheses
and that
(3.30)
[A(z*, %) (Ay-1,90) — Al @) < f2(ly-1 — "], ly-1 — 2*[]) + 57,
(3.31)
[A(z*, 2%) " (Alyo, 1) — Al™, )| < fi(llyo — ™[I, [lyr — =*|)) + B,
(3.32)

[A(z*, %)~ H(F' (2™ 4+ 6(yo — 7)) = A(y-1,40)) (4o — %) + G(yo) — G (™) )|
< (f3+0)yo—2*11) = £5 (lyo — =" ) + £2(ly—1 — 2" ) + D) 1o — 27|
and
(3.33)
[A(z*, %)~ (F' (2 + 0(y1 — %)) = A(yo, y1)) (11 — 2*) + G(y1) — G(¥))|
< (f5((40)lyr —2*[) = £ (lyr — ™) + £7 (lyo — =*|) +72) lyr — 27|,
where fij, ,6’1, ’y;{ (1t = 4,5,6,7 and j = 1,2) are tighter that f;, S4, V4
(1 = 4,5,6,7), respectively. Note that (3.30)—(3.33) require computations
only involving the initial data. Using the approximation

(3.34) = (ynt1 — ) )

= (A@a-1:90) " Al-1,90) Aly-1,30) ([ (/@ + 0(yn —2))
0

— Ayn-1,90)) 0y — 3°) + Glyn) — G(") )

and (3.28)—(3.33) (where (3.30)—(3.33) are used for the first two distances

ly1 — 2], [ly2 — 2*[| and (3.28), (3.29) for ||y, —2*|| for each n = 2,3, ... as
in [4] Theorem 5], where only (3.28)) and (3.29) were used), we arrive at the
following result.
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THEOREM 3.7. Suppose that there exists a solution of the equation f3(t)
=0 in [0, R], where

1

() =\ (fs((1+ 0)t) — fo(t)) dO + f7(t) + fa(t,t) + Ba+ 1 — 1.
0

Denote by Ry the smallest of the solutions in [0, R]. Then the sequence {yn}
generated by the two-step Newton-like method is well defined, remains in
U(z*, R1) and converges to x* provided that y_1,yo € U(z*, Ry). Moreover,
the following error bounds hold for each m =0,1,...:

lyni1 — x*H < enllyn — 2",
where

o B (f2((1L + O)llym — 27I1) = £&(llyn — 2*11)) d0 + f2(llyn—1 — z*|)) + 72
" 1= 85 = fi(lyn — )
forn=20,1 and
S5+ 0)llyn — 2*1) = folllyn — 1)) dO + fr(llyn—1 — 1) + 74
en =
1= B4 — falllyn — =*])
for eachn=2,3,....

REMARK 3.8. (a) We have f3(0) = B4 + 74 — 1 < 0. Therefore, if
fs(R) > 0, then it follows from the intermediate value theorem that fs =0
has a solution in [0, R]. That is, fs(R) > 0 can replace the hypothesis about
the existence of the solution in Theorem

(b) Let us define €, as e, but using f; (i = 4,5,6,7), B4, 4 for each
n = 0,1,.... Then e, < €,, so our new estimates on the distances
|lyn — || are tighter than the ones in [4]. Note that these advantages are
obtained under the same computational cost, since in practice the computa-
tion of f; (i = 4,5,6,7), Ba, 74 requires that of f{ (i = 4,5,6,7), 51, 74
(j=0,1).

(c) The local convergence results for single-step Newton-like methods are
obtained immediately from the above if we replace A(z*,z*), y—1, o, Y1,
fa(t, ), f1(t,t) (5 =0,1), y, by A(z*), xo, xo, 1, fa(t), f1(t) (1 =0,1), zn,
respectively.

4. Special cases and applications. Let us consider single-step meth-
ods in the Lipschitz case for Newton’s method. We set A(x) = F'(z),
G(z) =0 foreach x € D, zg =w, fo =B =7 =7 =190 =0, go(t) = Lot,
g1(t) = ga(t) = Lt, g3(t) = 0, gQ(t) = L_ot, g)(t) = g3(t) = L_it. Then
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conditions (C;) reduce to

(4.1) |F'(z0) " (F'(x) — F'(x0))|| < Lollz — xol|,

(4.2) IF' (z0) "' (F'(x) — F'(y))|| < Lllz —yl,

(4.3)

[ (o)~ (F" (w0 + O(F' (x0) "' F(20))) — F'(20)) || < L10[|F' (o)~ F(x0)]l,
(4.4)

| F' (o) " (F' (w0 — F'(20) ' F(x0)) — F'(x0))|| < Lo F'(20)~" F(0)]|

The iteration {s,} becomes

0 n L_on?
So = S1 = So = - =
(4 5) 0 ) 1 1, 2 n 2(1 — Lfln),
' L(SnJrl - Sn)2
= — hn=12,....
Sn4+2 = Sp+1 t+ 2(1— Losni1) or each n , 2,
Note that
(4.6) L o<L 1<Ly<L.
(a) The conditions of Lemma [2.3| will hold for N = 2 if
L,2772 1
4.7 + < —
(1) T —Lom) T I
and
L L.’ I L_on?
S5 T 057 7
(4.8) a1 = 2 2(1 — L) §a§a2:1_M
1— Lon

L_on?
bt (77 " 2(1- L—ﬂ?))
To solve the system of inequalites and , it is convenient to define
quadratic polynomials p; and po by
p1(t) = Bit® + Bot + B3, pa(t) = nt® + Yot + 7,
where
f1=LL_o+2aLy(2L_1 — L_3), p2=4a(L_1 — Ly), [3=—4a,
v1=Lo(Lg—2(1—a)L_1), vy =2(1—a)(Lo+L-1), ~v3=-2(1—a).
In view of 7, the polynomial p; has a positive root
_ —B2 + /B3 — 4P153

A
' 261
and a negative root. Inequalities (4.7)) and (4.8)) are satisfied if

(4.10) p2(n) < 0.
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Therefore, (4.9)) is satisfied if

If y1 < 0 and Ay := 3 — 4y17v3 < 0, (4.10) always holds. If 4 < 0 and
As > 0, then po has two positive roots. The smaller is denoted by Ao and is
given by

—v2 — VA
(4.12) Ao = 12 V2
21
If 41 > 0, the polynomial ps has a positive root Az given by
— VA
(4.13) Ny = 2TV
2m
and a negative root. Let us define
1 A1 if v < 0 and AQ < O,
(4.14) =2 — { min{\;, Xo} if v <0and Ay >0,

2
min{\, A3} ify >0.

Summarizing we conclude that and are satisfied if
(4.15) hy = Lyn < 1/2.
In the special case when L_o = L_; = Lg, elementary computations show
L3 = L4. That is, reduces to , which is the weaker than the “A”
conditions given in [I7]. The rest of the “A” conditions are
he =Ln<1/2, hi=Lin<1/2, hy=Lon<1/2,

where

Li=3(Lo+ L) and Ly=(L+4Lo+ (L* +8LoL)"/?).
Note that

he $1/2=hi <1/2=hy<1/2=h3 <1/2=>hy <1/2

but not necessarily vice versa unless L_o = L_1 = Ly = L.

In view of the definition of 31, the condition on h4 can be improved if L
can be replaced by L, such that 0 < L, < L. That requires the verification
of the condition

| F (o) (F' (21 +0(x9—21))—F'(x1))|| < Lyf||xa—21]| for each 6 € [0,1],

where 1 and x5 are given by Newton’s iterations. The computation of Ly is
possible and requires computations with the initial data (see Example 4.1)).
Note also that s3 will be given by

Ly(sg — 51)?

83 = S9 + 2(1 —L()SQ)
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instead of )

. L(82 — 81>

§3 =2+ 2(1 — L()SQ) '

Moreover, the condition on h, is then replaced by the at least as weak

h5 = L577 S 1/27
where Ls is defined as L4 with L, replacing L in the definition of ;.

(b) Another extension of our results is as follows. Let N = 1,2,... and

R € (0,1/Lp). Assume zy,...,zN can be computed by Newton’s iterations,

and F'(zy)~' € LV, X) with |[F'(zx) ' F(zyn)| < R — |lzy — 0. Set

D = U(xg, R) and Dy = U(xn, R — ||zny — z0||). Then, for all z € Dy,

1F" ()~ (F (@) = F' ()| < [F"(@n) 7 F (o) |1 F (20) ™ (F () = F'(y)l
L

< x —
and I I
F' TN g y)|| < — TN —TN_1 2,
Set
L LLN
LN:LN: s Nzix]v—x]v_ 2.
0 1— LOHxN _ J/‘O” n ) H 1”

Then the Kantorovich hypothesis becomes
YN = LNpN <1/2.

Clearly, the most interesting case is when N = 1. In this case the Kan-
torovich condition becomes

hy = Len < 1/2,
where
Lg = 1(Lo + LVL).
Note also that Lg can be smaller than L.

Let us compare the “h” conditions on concrete examples.

EXAMPLE 4.1. Let Y =Y =R, 20 =1,D =[£,2—¢], £ € [0,.5). Define
a function F' on D by

(4.16) F(z) =2% - ¢
(a) Using the Lipschitz conditions (4.1]) and (4.2)), we obtain

We have
he=32(1-¢)(2-¢) > .5 forall &€ (0,.5).
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Hence, there is no guarantee that Newton’s method starting at o = 1
converges to x*. However, one can easily see that if for example & = .49,
Newton’s method converges to 2* = v/.49.

(b) Consider our “h” conditions given in this section. We obtain

h=3(T-3)1—-¢ <5 for all ¢ € [.4648162415,.5),
ha = 15 (8 — 36+ (562 — 246 +28)/2)(1-¢) < 5 for all £ € [.450339002, .5),
ha = o (1 —€)(12 — 4€ + (84 — 58 +1063)Y/2(12 — 10¢ + 26H)V?) < .5

for all £ € [.4271907643, .5).

Next, we pick some values of ¢ such that all hypotheses are satisfied, so we
can compare the “h” conditions using Maple 13 (see Table 1).

Table 1

£ x* h ha ho hs3

486967 6978302086  .5174905727  .4736234295  .4584042632  .4368027442
5245685  .7242710128  .4676444075 4299718890 .4169293786  .3983631448
452658 6727986326  .5646168433  .5146862992 4973315343  .4727617854
435247 6597325216  .5891326340 .5359749755  .5174817371  .4913332192
425947 6526461522  .6023932312  .5474704233  .5283539600 .5013421729
7548589  .8688261621  .2034901726  .1934744795 .1900595014  .1850943832

In Fig. [I} we compare the “h” conditions for £ € (0,.9).

0,6

0,2

) 0.1 02 03 04 05 06 07 08 009

Fig. 1. Functions hy, hi, he and hs (from top to bottom) with respect to £ in
interval (0, .9), respectively. The horizontal line has equation y = .5.

(c) Consider the case £ = .7548589 where our “h” are satisfied. Let

£+5

L ;=2 and L_y= = 1.918286300.
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Hence,
a = .5173648648, 1 = .01192474572 and o = .7542728992.
Thus, conditions (4.6)—(4.8) hold. We also have

B1 = 9.613132975, B2 = —.5073095684, (3 = —2.069459459,
v1 = —.02751250012, 2 = 4.097708498, v3 = —.965270270,
A1 = .4911124649, Ay = 16.68498694, Ao = 148.7039440.

Since 71 < 0, Ag > 0 and using (4.14]), we get in turn
1

— = min{\y, Ao} = .4911124649.

2L4

We deduce that condition (4.15)) holds provided that

Ly =1.018096741 and hy = .08319245167 < .5.
If we consider L, = 1.836572600, we get
hs = .07234026489 < hy.

Finally, we pick the same values of £ as in Table 1, so we can compare the
h4 and hy conditions (see Table 2).

Table 2

I3 ha hs

486967 1767312629 1377052696
5245685  .1634740591 .1290677624
1452658 1888584478 1454742725
435247 .1950234005 .1493795529
425947 .1983192281 .1514558980
7548589  .08319245167 .07234026489

EXAMPLE 4.2. We also consider Example [£.1] in one more case. Let { =
.74137931. Then L = 2.51724138, Lo = 2.25862069 and n = .0862068966.
Using the hypotheses of Lemma and Remark [2.7((a), we have

0 =.1218276252, « = .5181703378, 1/Ly = .4427480915,
rs = .1078366107.

Using , we get

to = .09782207463, t3 = .09804003491, ¢4 = .09804011171,
and for all n > 5,
tn, =tqg = .09804011171 = ¢* < o* = .09839144902 < .4427480915 = 1/ L.
Moreover, if we use the choices in Remark (a) with N =1, we get

L3 =2.279717419 and Qill, = .09781769768.
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For ¢ := gé, we obtain
Y(n,t) = 1293103450 t* 4 7829964326 t — .08891007985 for <t < oi.

Hence, the hypotheses of Lemma are satisfied for A = 7 and o := oi.
Finally, we have r3 > g;l,).

EXAMPLE 4.3. Let X = Y = CJ[0, 1], the space of continuous functions
on [0, 1], equipped with the max-norm. Let 6 € [0, 1] be a given parameter.
Consider the “cubic” integral equation

1
(4.17) u(s) = u3(s) + \u(s) S G(s,t)u(t)dt +y(s) — 6.

0
Nonlinear integral equations of the form (4.17) are called Chandrasekhar-
type equations [8], [I1], [19] and they arise in the theories of radiative trans-
fer, neutron transport, and in the kinetic theory of gases. Here, the kernel
G(s,t) is a continuous function of two variables (s,t) € [0, 1] x [0, 1] satisfy-

ing

(i) 0<G(s,t) <1,
(ii)) G(s,t)+G(t,s) =1.

The parameter A is a real number called the “albedo” for scattering;
y(s) is a given continuous function defined on [0, 1] and z(s) is the unknown
function sought in CJ0, 1]. For simplicity, we choose

up(s) =y(s) =1,
G(s,t) = SL for all (s,t) € [0,1] x [0,1] (s +t # 0).

+1
Let D = U(ug,1 — ) and define an operator F' on D by
(4.18) .
F(z)(s) = 23(s) — z(s) + \z(s) S G(s,t)x(t)dt +y(s) — 6 for all s € [0,1].
0

Then every zero of F' satisfies (4.17). Using (4.18]) we obtain (cf. [§], [I1])
1

1
[F'(z)v](s) = Az (s) | G(s, t)o(t) dt + Av(s) | G (s, t)(t) dt
0 0
+ 322(s)v(s) — I(v(s)).
Therefore, the operator F' satisfies the conditions of Theorem [2.8 with
~ A/ln24+1-90 ~ [Alln2+3(2-90) I ~ 2A|In2+3(3-0)
T 20+ A2 T 14+ A2 7 0T T 2(1+ [A[n2)
It follows from our main results that if one of our “A” conditions holds, then
problem has a unique solution near ug. This assumption is weaker
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than the one given before using the Newton—Kantorovich hypothesis. Note
also that Lo < L for all 6 € [0, 1] (see also Fig. [2)).

Fig. 2. Functions Ly and L in 3d with respect to (A, 6) in (=10, 10) x (0,1); L is
above L.

Next, we pick some values of A and # such that all hypotheses are satis-
fied, so we can compare the “h” conditions (see Table 3).

Table 3
A 0 hs h1 ha h3
.97548 .954585 4895734208  .4851994045  .4837355633  .4815518345
.8457858  .999987 4177974405 .4177963046  .4177959260  .4177953579

3245894  .815456854 5156159025  .4967293568  .4903278739  .4809439506
.3569994  .8198589998  .5204140737  .5018519741  .4955632842  .4863389899
3789994 .8198589998  .5281518448  .5093892893  .5030331107 .4937089648
458785 .5489756 1.033941504  .9590659445  .9332478337  .8962891928

EXAMPLE 4.4. Let X and ) as in Example [£.3] Consider the nonlinear
boundary value problem [8]

w = —ud — yu
{u(O) =0, wu(l)=1

It is well known that this problem can be formulated as the integral equation
1

(4.19) u(s) = s+ | Q(s, 1) (u(t) + yu?(t)) dt
0
where @ is the Green function given by
t(l—s), t<s,
t) =
s, ) {8(1 —t), s<t.
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Then problem (4.19) is in the form (1.1)), where F': D — Y is defined as
1
F(2)](5) = 2(s) — 5 — | Q(s, ) (@3(1) + 702(1))
0
Set up(s) = s and D = U(ug, Rp). The Fréchet derivative of F' is given by

(cf. 8)

1
[F'(@)v](s) = v(s) — | Q(s, 8)(32>(t) + 2¢(t))v(t) dt.
0
It is easy to verify that U(ug, Ryg) C U(0, Ry 4 1) since ||ug|| = 1. If 2y < 5,
the operator F’ satisfies the Lipschitz conditions, with
1+7 L_’)/+6R0+3 2v+3Ry+6
5—2y’ 4(5 — 2) 8(5—2v)
Note that Lo < L (see also Fig. (3.

and Lg=

’]”:

Fig. 3. Functions Ly and L in 3d with respect to (v, Ro) in (0,2.5) x (0,10); L is
also above L.

Next, we pick some values of v and Ry such that all hypotheses are
satisfied, so we can compare the “h” conditions (see Table 4).

Table 4
5y Ro hy hy ha hs
.00025 1 14501700201  .3376306412  .2946446274  .2413108547
.25 .986587 6367723612 .4826181423  .4240511567  .3508368298

358979 986587 7361726023  .5600481163  .4932612622  .4095478068
358979 1.5698564  1.013838328  .7335891949  .6245310288 4927174588
341378 1.7698764  1.084400750  .7750792917  .6539239239  .5088183074

Finally, we provide two examples in the local case, where ¢* < ¢ (¢*, ¢
are the Lipschitz constants as in (4.1)) and (4.2)) where x¢ is replaced by z*).
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EXAMPLE 4.5. Let X =) = R. Define a function F' on D = [—1,1] by
(4.20) F(z)=¢€"—-1.

Then, using (4.20)) for * = 0, we find that F(z*) = 0 and F'(z*) = € = 1.
Moreover, the hypotheses of Theorem hold for ¢ = e and £* = e — 1.
Note that £* < £.

EXAMPLE 4.6. Let X and ) be as in Example Define a function F'
on D by

(4.21) F(h)(x) = h(z) — 5\ 20h(0)* df.
Then

F'(hlu])(z) = u(z) — 15 | 20h(0)*u(0) dd  for all u € D.
0
Using (4.21)) we see that the hypotheses of Theorem hold for z*(z) = 0,
where z € [0, 1], £ = 15 and £* = T7.5.
We conclude this section with an example where G # 0 in ((1.1)).

EXAMPLE 4.7. Let X and ) be as in Example Consider the integral
equation on D = U(xg,r/2) (r € [0, R]) given by

1
(4.22) = k(t, 5,2(5)) ds,
0

where the kernel k(t, s, z(s)) with (¢, s) € [0,1] x [0,1] is a non-differentiable
operator on D. Define operators F';, G on D by
(4.23) F(x)(t) = Iz(t) (I the identity operator on X),
1
(4.24) G(z)(t) = — | k(t, 5, 2(s)) ds.
0

Choose zg = 0 and assume there exists a constant ko € [0, 1), a real function
k1 (t, s) such that

(4.25) [k, s, 2) — k(t, s, 9)|| < ka(t, s)l|lz =yl
and
1
(4.26) sup Skzl(t, s)ds < ko
tef0,1]
for each t,s € [0,1] and z,y € D. Moreover choose r9 = 0, yo = y_1,

S Y
A(x) = I(z), vo(r) =7, B =~v=0,v =0 and v1(r) = ko for each z,y € D
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and r,s € [0,1]. It can be easily seen that the conditions of Theorem

hold if
n

t* =
1— ko

T
< -
-2

Conclusion. New convergence criteria for semi-local/local convergence
of single-point and two-point Newton-like methods using majorant functions
are presented. We use Lipschitz and center-Lipschitz conditions on the first
Fréchet derivative. Our results expand the Kantorovich analysis used in
earlier studies [2], [4], [8], [50], [51]. Numerical examples, special cases and
applications are also provided.
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