APPLICATIONES MATHEMATICAE
28,4 (2001), pp. 367-390

BoLEstAW CIESIELSKI (Boston)
ZBIGNIEW CIESIELSKI (Sopot)

IMAGE COMPRESSION WITH SCHAUDER BASES

Abstract. Asis known, color images are represented as multiple channels,
i.e. integer-valued functions on a discrete rectangle corresponding to pixels
on the screen. Thus, image compression can be reduced to investigating suit-
able properties of such functions. Each channel is compressed independently.
We are representing each such function by means of multi-dimensional Haar
and diamond bases so that the functions can be remembered by their basis
coeflicients without loss of information. For each of the two bases we present
in detail the algorithms for calculating the basis coefficients and conversely,
for recovering the functions from the coefficients. Next, we use the fact that
both the bases are greedy in suitable Besov norms and apply thresholding
to compress the information carried by the coefficients. After this operation
on the basis coefficients the corresponding approximation of the image can
be obtained. The principles of these algorithms are known (see e.g. [3]

) but the details seem to be new. Moreover, our philosophy of applying
approximation theory is different. The principal assumption is that the in-
put data come from some images. Approximation theory, mainly the isomor-
phisms between Besov function spaces and suitable sequence spaces given
by the Haar and diamond bases (see [1]

, [2]

), and the greediness of these bases, are used only to choose a proper
norm in the space of images. The norm is always finite and it is used for
thresholding only.

1. Introduction. In this paper we investigate functions over a discrete
d-dimensional cube Q¢ where Q is an interval of integers. The dimension of
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the vector space of all real-valued functions over Q% is |Q|? where |Q] is the
cardinality of (). In this function space we construct the Haar basis and the
diamond basis. The first one is orthogonal in the natural scalar product, and
the second one is interpolating at the points of the domain Q<. For each of the
bases we describe two algorithms: The first one computes the coefficients of
the basis expansion of a given function. The second one computes the values
of a function given its expansion, i.e. from its basis coefficients. In the last
part, motivated by theoretical results presented in Section 2, we consider
suitable greedy norms for both the bases in question. This, after introducing
thresholding, permits us to introduce a criterion for replacing small basis
coefficients by zeros, and then using the second algorithm to produce a
function which is an approximant of the original one and corresponds to
the given value of the thresholding. We mention that the algorithms in the
diamond case are implemented for the compression of images.

2. Theoretical background. We start by recalling some notions re-
lating to Schauder bases in Banach spaces (see e.g. [8]). An abstract Banach
space X with the norm || - || x is denoted as [X, || - || x]. A sequence {z,} =
{zn:n=0,1,...}in [X, ||| x] is called a Schauder basis, or simply a basis, in
X if for each x € X there is a unique sequence a = {an} = {an,n =0,1,...}
of scalars such that

D
(2.1) T = Zanxn.
n=0

For a given basis {z,} there are unique linear functionals {z*} in the
dual space X* such that a, = z}(z). The system {zg,z1,...;2{,27,...}
is biorthonormal, i.e. x}(x;) = 0k;. Now, denote by A the set of all a ap-
pearing in (2.1) while z runs through X. The linear space A with the norm

n
2.2 alla =su H a; T
( ) ||—H.A nZIS ; it
is a Banach space linearly isomorphic to X. The Banach space [A, || - || 4] is

customarily called the coefficient space. The basis {x,} is called uncondi-
tional if for each x € X the series on the right hand side of (2.1) converges
unconditionally, that is,

o0
(2.3) Z Enln T,
n=0

converges for each ¢ = {e, : n =10,1,...} with &, = £. There are two more
recent definitions of special bases in Banach spaces which are important for
approximations and which we recall here. A normalized basis {z,} in the
Banach space X, i.e. such that ||z, || x = 1, is said to be democratic if there is
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a constant C' > 0 such that for any two subsets P and @ of natural numbers
of finite equal cardinality we have

R o ) o ot

For the second definition we introduce for given x € X and for given natural
m the best nonlinear approximation of order m, i.e.

(2.5) Em(e, X) = jnf  inf ||z~ gcnxn «
n

X

)

where GG denotes a subset of the natural numbers. Now, a normalized basis
{zn} in X is called greedy if there is a finite constant C' such that

(2.6) Em(z, X) < C Hm — Z n Tn||

n€EGm(x)

for each x € X and each set G,,(x) of indices of cardinality m such that
(2.7) min{|a,| : n € Gp(z)} > max{|a,| : n & G (x)}.

We state the nice result of S. V. Konyagin and V. N. Temlyakov on greedy
bases [4]:

THEOREM 2.1. A normalized basis in a Banach space is greedy if and
only if it is democratic and unconditional.

We now confine our attention to a special class of function spaces on the
d-dimensional cube I% = [0, 1]¢, namely to Besov spaces. There are various
definitions of these spaces, usually they depend on three parameters: a—the
smoothness parameter, p—the integrability exponent, and ¢—the averaging
exponent. In order to write down the definition of the Besov norm we need
a modulus of smoothness. For a function f : I¢ — R and a vector h € R?,
we denote by Ay f the progressive difference of f with increment h:

(2.8) Anf(t) = {f(t+h)—f(t) ift,t+hel
0 otherwise.
If fe LP(I%),1<p<oo,andt >0, then the L? modulus of smoothness is
defined as
1/p

(2.9) wp(fit) = sup ([ |anf(@)dz) ",
0<|h|<t Id

where |h| is the Euclidean length of h € R?. Now, for f € LP(I?), the Besov
norm is defined by

(2.10) nmgz(wﬁ%ﬁf%f@

0
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The Banach space of f € LP(I9) with (2.10) finite is called the Besov space
and is denoted by By, = By (I 4), Note that By, is a separable Banach
space for each triple of parameters 0 < a <1, 1 < p,q < oo, and this is the
range to which we restrict our attention below.

To each of the two algorithms for image compression there corresponds
a basis in By . We start with the description of the diamond basis and then
we pass to the Haar basis. To define the diamond basis over I? we start
with the function ¥ (t) = max[0,1 — [¢|] and with the set D of all dyadic
points in I. Define Dy = {0,1} and Dy = {(2j —1)/2%: j =1,...,2F"1} for
k=1,2,... Thus
(2.11) D= U Dy,

k>0

and the Faber—Schauder functions over I are defined as follows:

(2.12) o (t) = (28t — 1)) for 7€ Dy, k=0,1,...

For the diamond functions over I it is convenient to set Cy = Dy and
Cr = Ci_1 U Dy. Then

(2.13) Cif = Ci_1 U Dy,

where

(2.14) Dpg={r=(11,...,74) € C’g :3i i€ Dy}, Dog= Dg.

Now, define

d

(2.15) - (t) = H?[)(Zk(tz —7)) forTe Dyq, k=0,1,...

i=1
In the two-dimensional case all the basis functions restricted to I? can be
easily graphically represented, and they look like diamonds. The system
{¢7 : 7 € D is called the diamond or multi-affine basis, and when ordered
in a sequence in such a way that Dy 4 precedes Djy1 4, it is a basis in the
Banach space C(I¢) of continuous functions over I? (cf. [5], [7]). We mention
some of its properties. For each f € C(I d) there is a unique collection
{br : 7 € Dy q, k=0,1,...} of real numbers such that

(216) f=22 > bor

k}:O IEDk,d

and the series converges uniformly over the cube I¢ (i.e. in the norm of
C(I%)). The coefficients b, = b, (f) are linear functions of f. By their unique-
ness we obtain b, (¢,) = 6; ;. The coeflicient functionals {b; } form therefore
a biorthogonal system to the diamond basis {¢;}. This system is explicitly
known and for given f € C(I¢) and 7 € D? the values of the corresponding
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functionals are given as follows (see [5]):

(2.17) b:(f) = f(z) forT € Dog,
and for k > 1,
1
(218) (=5 Y. (F@-f() forre Dra,
ee{-1,1}4
where 7° = (77,...,75) with
. 9=k ifr e D
2.1 e JTite-270 iim €Dy,
( 9) 7 {7’1' if ; € Ci_q.

It is convenient to introduce the following finite-dimensional projections in
the space C(I1%):

(2.20) Re(f)= D b:(f)¢r

T7€D} q

The fact that (¢,(t) : 7 € D?) is an interpolating basis in C(I¢) can now be
stated as

PROPOSITION 2.2. For each f € C(I?%) the series
(2.21) > Ri(f)
k=0

converges to f in the mazimum norm || - ||eo. The kth partial sum

k
(2.22) Pe(f) =) Ri(f)
1=0

interpolates f at the set Cg of dyadic points, i.e. for each k > 0,

(2.23) f() =Pu(f)(z) for T €CL.

Consequently, for all k and nonnegative f from C(I¢) we have Py f>0.
Moreover the basis constant is 1, i.e. [|[Prf|loc < ||fllocc for all £ and f €

C(I%). One more property of the diamond basis functions should be men-
tioned here (see (2.2) in [2]).

PROPOSITION 2.3. For any reals by and 1 < p < oo we have

(2.24) H S bro, pNQ—dk‘/p( 3 ,bﬂp)l/p’

T7€Dg q T7€Dg,q

where the implied constants depend only on the dimension d. In particular,
(2.25) zllp ~ 27 for T € Dy g.

The main result motivating our algorithm in the diamond case was es-
tablished in [2], Theorem 3.3. Before we state its particular case we recall
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that the inequality d/p < o implies the embedding By, C C(I 4), so for
f € By, the series (2.16) converges uniformly over [ d,

THEOREM 2.4. Let 1 < p,q < oo and p/d < a < 1. Then for f € B

(2.26) ||f||](gc7vq> ~ <§: [Qk(a—d/p)< Z |bI|P>1/p]q>1/q,

= T7€D q

P‘I’

where the implied constants do not depend on f.

COROLLARY 2.5. Let 1 < p,q < 0o and p/d < a < 1. Then the system
{¢:} defined in (2.15) is an unconditional basis in BS,. Moreover, when

P.a
normalized in By, it is democratic if and only if p = q.
Proof. According to (2.26) we have
(2.27) ]| §) ~ 2K@=d/P) for 7 € Dy 4.

Introducing ngT,pq ng/qubTHp ¢ we can rewrite (2.16) as follows:

229 =Y S aroltly

k=0 IGDde
Now, combining (2.28), (2.27) and Theorem 2.4 we get

(2.29) 1F11$2) ~ (i( Z ‘az‘p)q/p>1/q_

k=0 IGDde

Thus, the sequence space Ay, of all a = {a; : ar € Dy 4, k > 0} with the
norm

(230 lallpg = (Z (3 ta)"™)

k=0 1€Dgq

is linearly isomorphic to [Bp .| - Hp,q]- Since this isomorphism takes the
normalized diamond basis into the customary unit basis vectors in A, 4,
it is sufficient to check that the latter basis is democratic if and only if
p = q. If p = q, then A, is simply the [, space and the unit basis vectors
form a democratic basis. Let us now take unit basis vectors e, € A, 4 with
Tk EDk,cb k=1,...,m. Then

(2.31) les, + .- +ep llpg~m?

and if for fixed k we are given m unit basis vectors e, € Ap g with 77 € Dy, g,
i=1,...,m, then

(2.32) less + .. + e ~mH/?,

Comparing (2.31) and (2.32) leads to the conclusion that p = ¢ and this
completes the proof.
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COROLLARY 2.6. Let 1 < p < o0 and p/d < o < 1. Then as a model
space for the diamond compression we can take the Besov space By, with

the basis ¢§?2,p, which is greedy.

We now turn to outlining the corresponding properties of the Haar or-
thogonal system over I%, in which case it is asumed that I = [0,1). Let us
start with the definition of the Haar functions over I¢. We begin with the
following decompositions:

21-11
(2.33) I= |J Ly forj>1,
k=0
where
(2.34) L= [% %) T4 = 5
Observe that this leads for each j > 1 to the splitting formula
(2.35) Lix=IL12:Uljy10511 fork=0,...,2771 1.

DEFINITION 2.1. The Haar functions over I are defined as follows:
(2.36) ho(t)=1 fortel,

and for 0 < k <271, j > 1,

1 fort € Ij+1,2k7
(2.37) hoi-145x(t) = hjr(t) = ¢ =1 for t € It o541,
0 elsewhere in 1.

It now follows that

(2.38) hjp(t) = h1 (2771 — k).
Now one checks directly the orthogonality of the system
(2.39) {hp :n >0}

with respect to the Lebesgue measure on I. We mention only that the Haar
system (2.39) is an orthogonal basis in LP(I) for 1 < p < oo (see [6]). For
later convenience we introduce Zy = {k € Z : k > 0}, D = {1,...,d},
and for k£ = (ki1,...,kq) define Vk = max(ky,...,kqg). The multivariate
Haar orthogonal system will be indexed by elements of Zﬁlr according to the
decomposition
(2.40) z$ = Zja

JELy
where

(2.41) Z‘d—{{kezi:2j1§\/ﬁ<2j} for j >0,
: a=

QEZi for j = 0.
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We also introduce
n
(2.42) Vo = U Zjq for neZy.
=0

DEFINITION 2.2. The Haar function over I% with index k € Zjq is de-
fined as follows: If £k = 0, then

d
(2.43) ho = ) ho.
i=1
IfkeZjqgand E={ie€ D: 271 < k; < 27}, then
(2.44) hi, = ®h‘k‘i ® ® | hai-14 1]
i€l t€D\E

COROLLARY 2.7. The Haar system {hy : k € Zfli_} is orthogonal and for
1 <p<ooandreal {ay € R: k€ Z; 4} we have, for j >0,

. 1/p
(2.45) | >0 awnm ~ (273 ) ™
keZjaq b k€Zjaq
where the implied constants depend only on d. In particular, for k € Z; 4,
(2.46) gl ~ 279972

To the index sets (2.41) and (2.42) there correspond respectively the
finite-dimensional function spaces

(2.47) W; =span{hy : k € Z; 4},
(2.48) Vn, =span{hy : k € Y,, 4}

We introduce the respective orthogonal projections of L2(I?) onto W; and
onto Vj:

(2.49) Qi(f) =D (f h)hu/ |1 hll3,
keZ; q

(2.50) Pu(f)= > (f:h)he/lhel3.
k€Y, 4

LEMMA 2.8. For f € LP(I%) and 1 < p < oo we have the Schauder
decomposition

(2.51) F=> Q.

JEL

For the partial sum P,(f) of f € L' we have the formula

(2.52) fwm:ﬁMwymM@
Q
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where Q C I% is a dyadic cube of volume 27, Moreover, for f € LP,
1<p<ooandn € Zy we have

(2.53) 1Pa (o < 1 1ps

(2.54) 1 = Pa(Pllp < Cap(f;277).

The following Bernstein type inequality also holds:

(2.55) wp(f36) < Cmin(s -2, )P fll,  for f € Vp,

where C depends only on d.

Proof. Most of the statements are well known at least in one variable.
Extension to several variables for the Haar system defined as in (2.43) and
(2.44) is straightforward.

THEOREM 2.9. For f € LY(I%) we have the following Fourier-Haar ex-
pansion convergent in L':

(2.56) F=. > bh

JELy kE€Z; 4

where
(2.57) b = (f, hw) /| i3
Let now 1 <p,g<ooand 0 <a<1/p<1. Then for f € By, we have

(5 e ) )

Sy

(2.58)

where the implied constants do not depend on f.

Proof. Using Lemma 2.8 we can prove by standard arguments the equiv-
alence

@50) (3 @ r1/207) " ~ (3 @)

TLGZ+ HEZ+

and consequently by Corollary 2.7 we obtain (2.58).

COROLLARY 2.10. The Haar functions h( )q normalized in By, 0 <
a<1/p,1<p,q< oo, form a greedy basis in thzs space if and only if p = q.
Thus, we can take ng(fd) with 0 < a < 1/p as a model space for the Haar

COMpPTression.

3. The diamond compression. We start with a fixed power of two,
2", n >0, and the interval of integers J = [0,...,2"]. Denote by L,(J) the
real vector space of all real vectors x = {z(k) : k € J}; the dimension of
L,(J) is |J| = 2" + 1 (here and in what follows, the number of elements
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of a finite set A is denoted by |A]). There is a natural basis of unit vectors
in Ly (J):
(3.1) e, ={ei(k): ke J} withe;(k)=0; for i, ke J
For each x € L,(J) we have the basis representation
(3.2) X = Z x(i)e;.
ieJ
Now, we are going to define the one-dimensional discrete Schauder basis and
the corresponding partitions of unity. We use the function

(3.3) P(t) =max[0,1 —|¢t|]] forteR.
Now, each 7 € J is of the form
(3.4) i=2"" .y

where the integer n — j is the maximal power of 2 dividing #; here v is odd
for i # 0, with 0 < v < 27, and for i = 0 we set j = 0, v = 0. Now, for each
i € J represented as in (3.4), the corresponding Schauder function over J is
defined as follows:

(3.5) ¢i(m) = (22 "m —v) forme J,
The Schauder functions are linearly independent and
(3.6) Ly(J) = span{¢; : i € J}.

Thus, for each x € L, (.J) there is a unique a € L, (J) such that
(3.7) x=>ali)$i.
iceJ
Now, it is known and also easy to check that for i as in (3.4),
' x(1) for i =0,2",
(38) ali) = {x(z) — 3a(i — 2" 9) + a(i+2"77)] for 0 <i < 2",
A system of functions in L, (J) is called a partition of unity if its members

are nonnegative and add up to the constant function 1. We now define a
family of such partitions. For given s, 0 < s < n, and v, 0 < v < 2% define

(3.9) Vs (m) =(2°"m —v) form e J.
It follows that in vector notation

25
(3.10) D ey =1.

v=0

In particular, in the extreme cases of s = 0 and s = n we obtain respectively
Yo,0 = Po, Yo,1 = ¢2n and P, , = e, for v € J. Formula (3.9) also yields

(3.11) ¢i =j, foriasin (3.4).
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Let us now introduce an increasing sequence of subspaces of L, (.J) by setting
(3.12) Ly,s(J) =span{¢, : 0 <v <2°}  with 0 < s <n.

Clearly, {5, : 0 < v < 2°} is a basis in Ly, s(J) and Ly, (J) = Ln(J).
However, in the same space there is another basis, namely a suitable part
of the Schauder basis. More precisely, using (3.11), we get

(3.13)  Lns(J) =span{¢; =¢;, : 0 < j <sandvasin (3.4)}.

Let now 0 < s < n. Then the basis {15, : 0 < v < 2°} in Ly 4(J) is
interpolating at the points m for which g ,(m) = 1. Consequently, for
y € Ly s(J) we have

)
(3.14) Y=y )
v=0

Applying this to y = ¢s_1,, and using (3.9) we get the lifting up formula

125,2#—1 + 125,2;1—%1
5 .

(315) 1_#5—1,/1 = %s,?u +

We now turn to the multidimensional case. As in one dimension, L, (J%)
denotes the real vector space of real vectors x = {z(m) : m € J¢}. We also
introduce an increasing sequence of its subspaces by setting

(3.16) Lys(J%) = span{tys, : v € J vy <2} with0<s<n,

where
d
(317) QA)S,E — ®7£S,,uk'
k=1

The system {15, : v € J%, Vv < 25} is a partition of unity and it is a basis
in L, s(J%). As in the one-dimensional case we have

PROPOSITION 3.1. Fors=1,...,n and {p € J*: Vp <2571} we have
1
(3.18) %s—l,ﬁ = Z ﬁ Tfs,QH—i—ga
QG{—l,O,l}d
where |g| = |e1| + ... + |eq]-

Proof. Take u € Ln,s(Jd). Since the basis {¢s, : v € J4, v < 2%} s
interpolating at the points 2" %y it follows that

(3.19) u= Z u(2"r) Yo

V<28
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In particular, since ¢s_1, € Ly s(J9), it follows from (3.19) that
(320) 125_17& = Z %5_17E(2n782) 12572‘
V<28

Now, (3.20), (3.17), and (3.9) imply (3.18).
To define the diamond basis in L, (J¢) we need the following decompo-
sition of the index set J:

(3.21) J= O 5(J);,

7=0

where 6(J)o = {0,2"} and
(3.22) §(J);={2"9v:1<v <2, vodd} forl<j<n.
We also introduce Jy = {0,2"}, J; = Jj—1 U(J);. Clearly, J,, = J. Hence,
(3.23) Ji={2"9v:0<v <2} forj=1,...,n.

We may now decompose the d-dimensional index set J¢. Define
(3.24)  S(JNo=Jf, 0(JN;=JI\NTL, forj=1,...,n
Then

(3.25) 5(JN); ={ie JI: Iy ir €(J);},
(3.26) J = Jo(1%;.
7=0
DEFINITION 3.1. For i € §(J9);, 0 < j < n, define
d
(3.27) ¢ = ®g}j7,,k with v, = 277"
k=1

In this formula, if vy is odd, then ¢;,, = ¢;, with i, = 2"=Jy;,. The system
{¢; :i € J) is a basis in L, (J9), called the diamond or multi-affine basis.

Thus, for each y € L, (J9) there is a unique b € L,,(J%) such that
329 y= Y b
ieJd
DEFINITION 3.2. The map S :y — b is called the Schauder transform.

Our goal is to describe algorithms for S and for its inverse, i.e. for calcu-
lating b in terms of y and vice versa. Extension of (3.8) to the d-dimensional
case solves the first part. Such a formula is known [5]:

PRroroOSITION 3.2. If 7 =0, then
(3.29) b(i) =y(i) forie 5(Jd)j,
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and if 1 < j <n, then
. . 1 . . .
(8:30) b)) =y(i)—5; D w+2"7)  foried(J);,

§€{71>1}d

where €* is defined as follows: Since iy, € Jj it follows by (3.23) that iy, =
2"y with 0 < v < 27, Now, put

% {0 if v s even,

k= € if v is odd.
Moreover,
(3.31) b(i)| < 2max{ly(i)|: &' € JU}  forie JY,
and fory > 0,
(3.32) 1b(i)| < max{y(i): ¢ € J  forie JO.

Now we are interested in finding an algorithm for S~!. Given b in formula
(3.28) we want to recover y. Using decomposition (3.26) we rewrite (3.28) as

(3.33) y = Z > b

J=0 §(J%);

In addition we introduce the corresponding partial sums
S
(3.34) Yy =373 bi)es
j=0 5(Jd)j
Since y®) € Ln.s(J%), by (3.16) we have a unique representation
(3.35) = > D).
V<28

The basic algorithm for calculating the inverse to S is presented in

PROPOSITION 3.3. For the vectors b(®) = {p(*) () = v < 2%} with s =

0,...,n, given b, we have the following recurrence relation:
(3.36) b () =b(2"w)  for p € {0,1}¢,
and for s =1,...,n and Vu < 25,
(3.37) b () = 017 (1) + b5 (),
where

(8) () _ 1oy (|ptl-c
a3 Ww- X g (|EE).

ge{-1,0,1}¢
{ (2" 5p) df 257 <vp <28,

(3.39) i v <2t
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Proof. We start with the relation
(3.40) y@ =y 4 > b(i) ¢
8(Jd)s

We rewrite both terms on the right hand side of (3.40) in the same basis as
n (3.35). Using Proposition 3.1 we obtain

= Y V@),

VZS2s 1
1

— (s—1) -

= Z b (v) Z ole] Vs 2vte
vy<2s—1 ee{-1,0,1}4

= > w2 WY
ge{—l,o,l}d ©ovp<es-l

== Z Z bs 1 ws 2u+tey
§€{—1,0,1}d Vy<2s-1

where the last summation is taken over all admissible v, i.e. such that 0 <
2up +ep < 2% for k=1,...,d. Now, given g, for each p with Vu < 2%, there
is a unique v with Vv < 2571 such that p =2v+cand v = [(u+1—¢)/2]
(lz] is the integer part of x). Consequently, B

_ 1 B pw+1l—c¢

s—1 s—1 =

(341) ¥V =3 ( 2. gt )QTD)%“
Vps2® tee{-1,0,1}¢

To represent the second term of the right hand side of (3.40) we use
Definition 3.1: for i € 6(J%)s, 1 < s < n, we have

¢i =, with 277 p=1i.
Thus,

(342) Y b(@i)gi= Y b(D)¢su

6(J)s 5(J)s 25— l<vp<2s

Z b(2nisﬁ)ws,u-

Now, (3.41) and (3.42) imply (3.37)-(3.39) and the proof is complete.

COROLLARY 3.4. If b is the Schauder transform of the image y, then
y(o), y(l), .. ,y(”) are consecutive approximations (recovers) of 'y in terms
of b. In particular y = y™. It also follows from the algorithm that to
calculate y®) we need to know b(i) only for i € Ja.

For theoretical reasons presented in Section 2, in the diamond case it is
natural to consider the following Besov norm on L, (J%): for y as in (3.33),
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we define
n

(3.43 Iyl = (20 3 pep)

j=0 i€8(J%);

with the admissible parameters 1 < p < oo, d/p < a < 1. In particular, if
y = ¢i and i € 5(J%);, then ||| = 27(e—d/p),

DEFINITION 3.3. For the diamond functions normalized in the norm
(3.43) we introduce the notation

(3.44) PP = 21dlr=e) g, for i € 6(J%);, 0<j < n.

COROLLARY 3.5. If y € Ln(Jd) 1s represented in the normalized dia-
mond basis as given in (3.44), i.e

(3.45) y=) Y el = Y ae”,

J=0 ies(Jd); ieJd
then
a - i) /P o\ 1P
(346) Iyl = (X X le@F) " = (X la)P)
J=0ies(Jd); i€Jd
where
(3.47) a(i) = 2@~ 4Pp@i)  for i € 5(J7);.

Clearly, the basis {d)E :i € J% in the Banach space [L,(J9), | - ||1(Da)] is
greedy. )

In order to have a way of dropping the irrelevant coefficients in the rep-
resentation (3.45) we introduce the distribution function for the coefficients
{a(i)} which is related to thresholding. We recall the restrictions on the
parameters o and p: 1 < p < 00, d/p < a < 1. Now, introduce

(3.48) B(\) ={ieJ:|a(i)| <A}, A>0,
and the distribution function
(3.49) EF(\) =|B(\)|.
For given «, p and A we assign to y given by (3.45) the compressed y:
(3.50) ya= D axDe"”,
ieJd
where

(3.51) ax(i) = {8@ AT
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PROPOSITION 3.6. The Besov distance between y and its compression
y can be estimated as follows:

(3.52) ly = yall§ < ALFO)].
Equality in (3.52) is attained for any 'y of the form
(3.53) PBE

icJd

The proof of Proposition 3.6 is elementary. We only mention that the
right hand side of (3.52) is a nondecreasing right-continuous piecewise linear
function of A and it goes to zero as A — 0.

DEFINITION 3.4. We say that y) is an e-compression if
(3.54) ly =yl <.

From the above we get

COROLLARY 3.7. If A[F(\)]Y/P < ¢, then y is an e-compression.

4. The Haar compression. As in the diamond case we start with a
fixed power 2", n > 0, and for technical reasons with the “semi-closed”
interval of integers I = [0,...,2") = [0,...,2" — 1]; again L,(I) is a real

vector space of dimension |I| = 2™. There is a natural basis of unit vectors
in L,(I):

(4.1) e; ={ei(k):kel} withe;j(k)=0d;y fori kel
In the natural scalar product in L, (I):

(4.2) ey) = o S (bu(h)

kel
the basis (4.1) is orthogonal, i.e.

d;
(4.3) (ei, ep) = |[v’|“ for i,k € 1.

Now, for each x € L, (I) we have the basic representation
(4.4) X = Z(x, ej)e; = Z x(i)e;.
el i€l
Along with {e; : i € I} we are going to consider the discrete Haar

orthogonal basis and a system of partitions of unity. We start with the
following decomposition of the index set I:

27 -1
(4.5) 1= LJIN€ for j=0,...,n,
k=0
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where
(4.6) L =[2"7k2"7(k+1), |Lxl=2"".
Observe that this leads, for each j, 0 < j < n, to the splitting formula
(4.7) Lig=1Ijs10kUljy10k11 fork=0,...,27 — 1,
The Haar orthogonal basis is now defined as follows:
(4.8) ho=1, ie. ho(i)=1 forielZ,

and for m = 27 + k with 0 < k < 27 and 0 < j < n define h,,, as follows:

1 for i € Ij—i—l,Qka
(4.9) th.c(i) = hm(Z) = { —1 fori e Ij+1,2k+1a

0 elsewhere in Z,
where Z is the set of all integers. It now follows that

(4.10) hoi (1) = h1(27i — k2™) fori € I.
Now one checks directly the orthogonality formula

h
(411) (hmyhm’) = 5m,m’w for m,m/ el

1]
Notice that supphg = I and supp h,,, = I, for m = 2 + k.
DEFINITION 4.1. The system {h,, : m € I} is called the discrete Haar

orthogonal basis in Ly(I). It is normalized so that (h;j, hjz) = 277 or
equivalently that max|h; ;| = 1.

Consequently, for each x € L, (I) we have the representation
(4.12) x = byhy with by = (x,hg)/(hg, hy).
kel

To each decomposition (4.5) with 0 < j < n, there corresponds a partition
of unity {n;x € Ly(I?) :0 < k < 27}, where

L1 forie Iy,
(4.13) nj (i) = { 0 fori€Z\ Ly,
(4.14) k(i) = noo(27i — k2),

2791
(4.15) 2 me=1 onl

k=0

Note that (4.6) implies
(4.16) n,,=e; forkel,
and for 0 < j < n, (4.7) gives

(4.17) Njp =Nj541 9k T Njt12k+1 for 0 <k < 2.
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Let us introduce in L, (I) an increasing sequence of subspaces by setting
(4.18) Lij(I)=span{n;,: 0 <k <2/}, 0<j<n.

The inclusion L;(I) C Lj+1([) follows by (4.17). Clearly, the dimension of
L;(I) is 27. There are important relations between the Haar orthogonal basis
and the family of partitions of unity: for 0 < s < 2/ and 0 < j < n,

(4.19) lhoiys| = njs = njp1 25 + 0jg1,2641

where |h,,| = {|hm(i)|:i € I}, and for 29 <t < 2/t and u =t — 27,

(4.20) hy =hyj, =111 20 — Mg 2041

To define the Haar transform some more notation is needed. It is con-
venient to consider for i € I the function Vi = max(iy,...,4q). We now
decompose I? as follows:

n
(4.21) 1 ={orulJJ;
j=0
where
(4.22) Ji={ieI?:29 <vi<2t}
Each of the sets in (4.22) is further decomposed as
(4.23) Ji= U Jie
0#£eCD
where
(4.24) Jj.={iel?:2 <ip<2ifkceandiy <2 ifke D\ e}.
Now, define the tensor product x1 ® ... ® x4 of x1,...,x4 € L,(I) as an
element of L, (I?) such that
(4.25) (21 ®...Qxq)(0) = 21(i1) ... xq(ig) forie I

DEFINITION 4.2. The discrete d-dimensional Haar system is defined as
follows:

d
(4.26) hy = Q) ho,
k=1

and for ¢ € Jj.,

(4.27) h; = ®hik ® ® Ihyi g, |-

kee keD\e

As in the one-dimensional case, for any u,v € L, (I 4) we have the scalar
product

(4.28) (u,v) = ,I—ld| S wli)o(d).

icld
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In analogy to (4.18) we introduce an increasing sequence of subspaces in
L,,(I%) by defining, for 0 < j < n,

(4.29) L;(I%) =span{n;; : i € I" and Vi < 27},
where
d
(4.30) n;; = ® 1y, -
k=1

PROPOSITION 4.1. The d-dimensional Haar system {h; : i € I?} has the
following properties: it is orthogonal, (hy,h;) =273 for i € Jj and

(4.31) L;(I%) = span {h i€ {0} U U Js}.
s=1
Moreover, for the support of h; we have the formula
d
(432)  L=]][2" 7k, 2" (k, +1)) with k, =i, mod 2.
v=1

There are always 2% — 1 Haar functions having the same support; hy is an
exception.

Each y € L,(I%) can be represented in the Haar basis {h; : i € I} as

(4.33) y = b(@)h; =b0hg+ > Y bi)h
icrd Jj=01eJ;

where

(4.34) b(0) = (y, ho),

(4.35) b(i) = (2))4y,h;) foric J;, 0<j<n.

DEFINITION 4.3. The map H : y — b given by (4.33) is called the Haar
transform.

Our next goal is to extract from formulas (4.34) and (4.35) an algorithm
for calculating b in terms of y.

PROPOSITION 4.2. To calculate b = Hy we have the following formulas:

(4.36) 0) =7 d| > i

ield
and if i € Jj., then

(4.37) Z 1l Z ye(m"),
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where I; is given as in (4.32), n runs over 0,1 sequences of length |e|, ye is
defined as in (4.41) and I as in (4.42). Moreover,

(4.38) |b(i)| < max{|y(i')| : &' € I} forie I%.

Proof. Formula (4.35) for i € J; can be rewritten as

(4.39) b(3) =1 I P Z

Now, by (4.6) and (4.7) for i € Jj. obtam

(4.40) L= ][ Lie xUII L1260
veD\e n vee

where 7 = (n1,...,m) With n, =0, 1. Consequently, I =T xI", and so
m € I; if and only if m = (!, m”) with m’ € I’ and m” € I” where

I Zs. =TT L1264,

ve€D\e n vee
Define now
(4.41) ye(m") = Y y(m',m").
m/ell
Clearly,
> ymhi(m) = Y ye(m”) [ hosin, (o),
mel; n m'el, vee
where
(4.42) Ly = 11 L1z 4m
vee
Thus,
> ym)hy(m) = (=DM D" ye(m”);
meli n m//EIQ

comparing this with (4.39) we find (4.37) and the proof is complete.
In the two-dimensional case formula (4.37) becomes very simple.

Our next goal is to present an algorithm for calculating the map G =
H!, inverse to the Haar transform. We apply the so-called bottom up
algorithm. Using the notation introduced earlier we assume that we are
given b € L, (I%) and we want to find y = Gb given by (4.33). To construct
the algorithm we introduce the partial sums for y:

(4.43) y'” = b(0) hy,

s—1
(4.44) y®) = 30 4 Z Z b(i)h; fors=1,...,n.

J=0:1€J;
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Clearly,
(4.45) y" =y, y® e Ly(I%)  fors=0,...,n.

It follows from (4.45) and (4.29) that y(*) can be represented in the basis
{ng;:i€I%and vi < 2°}:

(4.46) y® =3 v (i),
Here and later on we denote by Vi < 2% the set {i € It vi < 25}. We are

going to determine the b(*)(i) recursively in terms of the Haar coefficients
b(i) in (4.33). For s = 0 we have

(4.47) b%(0) = b(0).

Now, (4.44) gives

(4.48) yth = y0o) 4 Z b(i)h; for s=0,...,n.
1€Js

Using (4.17), for i € I? we get

(4.49) Ny =Y Ngpigite,
£
where ¢ = (e1,...,&4) with €, = 0,1. Thus (4.46) can be rewritten as
(4.50) y & =37 b90) > neie.
Vi<2s e

Introducing the indicator function x;(m) of the set
(21,21 + 1} x ... x {2ig,2iqg + 1},
and changing the order of summation in (4.50), we get
(1.51) Y= Y Y 0mng
vm<2stl Vi<2s

Now, the equality x;(m) = 1 implies ¢ = [m/2]; here for ¢ = (c1,...,cq) we
define |¢| = (|¢1],- -+, [cq))- Thus, (4.51) can be simplified to

(4.52) y =Y b9 (m/2))nssm.

Vm<2s+1

It also follows by (4.17), (4.19), (4.20) and (4.27) that each h;, i € J, has an
explicit representation in the basis {nsi1m : Vm < 2571}, Indeed, defining
k = i mod 2% we find that
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d
(4.53) hy = Q) (ner12e, + (1% "ngp o, 41)
v=1
d
= 2 Q™ s gk, 4,
n v=1
= D (Fpymestitetnaclin oy,
n
— Z(—l)(%ﬂ)'ésnsﬂ,z@ﬂ
1

- Z (=)™ = xg(m)nsi1,m,

vm<2s+tl

where €4(1) is given by the dyadic expansion i = g¢(i )—l—sl( ) 2+4e9(i)-224. . .
(2k + n) - g5 is the dot product of 2k + n and g5 = (e5(i1),...,e5(iq));
n = (n,...,nq) with 1, = 0,1; and xg(m) is the indicator function of the
product set {m : 2k, < m, < 2k, + 1 for v =1,...,d}. Consequently,

Yo=Y Y b@) (1) g (m)ng .
icJs Vm<2s+1 i€,

Now, for fixed m the equality xz(m) = 1 implies that m = 2k + 1 and that
k= |m/2] and i = [m/2] + £52° with |es| = |es(i1)| + ... + |es(iq)| > 0.
Thus,

(4.54) dob@hi= Y BT (m)ngm,
i€Js Vm<2st+l
where
(4.55) BEH(m) = > (=1)2™b(|m/2] +1n - 2°).
n:n|>0

where 7 runs through all the 0,1 sequences of length d. Using now (4.46),
(4.48), (4.52), (4.54) and (4.55) we obtain the basic recurrence relation

(4.56) b+ (m) = b (|m/2]) + B (m)

for Vin < 2571 and s = 0,...,n. In particular, since y = y!
the value of the inverse Haar transform Gb.

In the final step of our discussion we treat the Haar compression, intro-
ducing, motivated by the theory, the corresponding Besov norm

@sn vl = (b rp+22J w0 S o))

i€J;

n+1) we obtain

where the coefficients {b(i)} are given by (4.33). It now follows from (4.57)
that
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(4.58) [y || = 2i(e=d/p) for j € .

Let us introduce the Haar system héa’p ) = 1, h( P) — 9j(d/p- O‘)h whenever
i€ Jjand j =0,...,n. It is the Haar basis normahzed in the Besov norm

Il - ||§,a) and the representation (4.33) now takes the form

(4.59) y = b@P)(Q)n{*” +Z ST o) () = 3 plar)(

j=0 ieJ; Vi<2m

|s/\

where
(4.60) P (0) =b(0), b@P(i) =2~ dPpi),  ie J;, 0<j<n.

The space L, (I?%) with the Besov norm || - ||§,a) becomes I}, , and (4.57) reads

(4.61) I¥I$) = [Ber @+ 3 3 pen@p]
7=0 ZGJ]'
= 3 per@r) .
vi<2n

We recall that we have a good motivation for these considerations for the
parameters (a, p) in the range 0 < a < 1/p < 1.
To conclude our compression we introduce

(4.62) B(\) = {Vi<2": plP) ()| <A}, A>0,
and the distribution function
(4.63) EF(\) =|B(\)|.

Now, as in the diamond case we have

PROPOSITION 4.3. Assume that 0 < a < 1/p < 1. For given «, p and
A > 0 we assign to'y given by (4.59) the compressed y:

(4.64) ya= Y 0P Hn,

Vi<2m
where

o b(P) (4 i € I\ B()),

0 for B(\).
Then
(4.66) ly =yl < ALFOOITP,
and equality in (4.66) is attained in particular for'y of the form
(4.67) yra= > £AhP.

Vi<2m
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The definition of e-compression is the same as in Definition 3.4. More-
over, as in the diamond case we have the same

COROLLARY 4.4. If A[F(\)|Y/P < ¢, then y is an e-compression.

References

[1] Z. Ciesielski, Haar orthogonal functions in analysis and probability, in: A. Haar
Memorial Conference (Budapest, 1985), Colloq. Math. Soc. Jadnos Bolyai 49, North-
Holland, 1987, 25-56.

[2] Z. Ciesielski and A. Kamont, Lévy’s fractional Brownian random field and function
spaces, Acta Sci. Math. (Szeged) 60 (1995), 99-118.

[3] R. A. DeVore, B. Jawerth and B. Lucier, Image compression through wavelet trans-
form coding, IEEE Trans. Inform. Theory 38 (1992), 719-746.

[4] S. V. Konyagin and V. N. Temlyakov, A remark on greedy approzimation in Banach
spaces, East J. Approx. 5 (1999), 365-379.

[5] J. Ryll, Schauder bases for the space of continuous functions on an n-dimensional
cube, Comment. Math. Prace Mat. 27 (1973), 201-213.

[6] J.Schauder, Eine Figenschaft des Haarschen Orthogonalsystems, Math. Z. 28 (1928),
317-320.

[7] Z. Semadeni, Schauder Bases in Banach Spaces of Continuous Functions, Lecture
Notes in Math. 918, Springer, Berlin, 1982.

[8] I. Singer, Bases in Banach Spaces I, Springer, Berlin, 1982.

B. Ciesielski 7. Ciesielski
E-mail: bolek@ne.mediaone.net Institute of Mathematics
Polish Academy of Sciences

Abrahama 18

81-825 Sopot, Poland

E-mail: Z.Ciesielski@impan.gda.pl

Received on 21.6.2001;
revised version on 12.9.2001 (1582)



