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CENTRAL LIMIT THEOREM FOR SQUARE ERROR
OF MULTIVARIATE NONPARAMETRIC BOX
SPLINE DENSITY ESTIMATORS

Abstract. We prove the central limit theorem for the integrated square
error of multivariate box-spline density estimators.

1. Introduction. Peter Hall [14] proved the central limit theorem for
the integrated square error of multivariate density estimators. He considered
the Rosenblatt—Parzen kernel estimator f, ,, such that

Efin =57 § K(m i y)f(y) dy.
R4

To state the assumptions imposed on the function K let us introduce the
following standard notation: the convolution

Frg@) = fl@ =yl dy,
R4
the scaling operator
onf(x) = f(z/h),
and the convolution operators
Txkf=K=xf and Tkpf=opoTkooy
for h > 0. The assumptions imposed on K > 0:

S K(z)dx =1,
R4
X zjK(z)dx =0,
R4
S zjr K(x)dr = 2kd;; < oo

Rd
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438 K. Dziedziul

for all 3,7 = 1,...,d and = = (z1,...,x4), imply that for the operators
Ty, we have the saturation theorem, i.e. for all sufficiently smooth func-
tions f,

(1) L’hhj;_ L kv,

where V2 is the Laplacian, the convergence is (for example) in L? norm and
k is a constant which depends on K. We set ourselves two aims:

(i) To prove P. Hall’s theorem for box-spline estimators. For some box-
spline operators we have the saturation theorem 1.13 of [11].

(ii) To weaken condition (1). Our earlier research [1], [2] on the weak
saturation theorem will help us to achieve this aim. In this way the lin-
ear density estimator (see below) also satisfies the conditions of the main
theorem.

The first approach to spline estimators was made by Ciesielski [6], and
the research was continued by Krzykowski [15]. We develop and simplify
their ideas. Why do we use box splines? The definition of a box spline is a
generalization of a B-spline used in the univariate case. For details we refer
to [5]. The simplest case of our estimators is a histogram. Unfortunately it
does not satisfy the assumptions of the theorem, unlike the linear estima-
tor which is a significant example of our estimators. Ciesielski’s definition
does not contain this important case. The linear estimator is also known
in the literature [18]. We also know that spline estimators are better than
Rosenblatt—Parzen kernel estimators from the numerical point of view since
they localize the observation. The same concept is important in wavelet
theory but the construction is different [13].

Let us present the linear estimator in R? from our point of view. Let

1 1)2

B(xlij) _ { ) (:1:1,5[52) € [07 )27

07 (xlal“?) ¢ [07 1) 3

and let us define a hat function B; by
14 2 on f1,
ro—x1+1 on f2,
f5 f3 2—x on f3,
Bi(w1,22) = ' d

16 12 2 — 1o on f4,
1 x1—x2+1 on f5,
L T1 on f6.

Fig. 1. Support of the hat function
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Fig. 2. Hat function

A spline estimator is defined as follows. Let Xq,...,X, be a random
sample from a distribution with density f. Let

c=1(1/2,1/2), Bsy(z1,22) = B((x1,22) — ¢).

Then

Frn(r) = % 3 %ZlBg(Xj/h —a))Bi(a/h — ).
a€Z? Jj=

Let us notice that B; gives the appropriate smoothness of the estimator.

EXAMPLE 1.1. As a random vector (Xi,X2) let us consider the daily
changes of the Warsaw Market Index (WIG) and the Dow Jones Industrial
Index (DJI). 70 data are collected between January and April, 2000. An
example of the data: 12.01.2000 WIG, 11.01.2000 DJI (—1.93%, —0.53%).
The estimator is visualized in Fig. 3.

0.2
0.15 10
Z i 7/
0. SRR I ]
S]]
0.05| LERELLb]
SRR

.' XA L
L7 .
RRZRTLILTR

Fig. 3. Visualization of the estimator
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The organization of the paper is as follows. In Section 2 we state the main
result, the central limit theorem. In Section 3 we present without proof the
asymptotic formula for the error of the Ciesielski operator. In Section 4 we
give the proof of the main theorem.

2. Central theorem. Let V = {v1,...,vs} denote a set of not neces-
sarily distinct vectors in Z¢ \ {0} such that
span(V) = RY,

We call such a set admissible. Let V denote the matrix whose columns are
the vectors from V. Usually the box spline corresponding to V' (denoted by
B(- | V) or By) is defined by requiring that

(2) V f@)B@|V)de = | f(Vu)du
Rd [0,1]°
for any continuous function f on R?. This definition gives a class of functions.

In numerical applications we choose the smoothest box spline such that for
all z € R?,

Z By(z —a)=1.
aczd

The best reference is [5].
Let us present a recurrent definition of a box spline in R?. If

1 0
Wl_(o 1)’

then B(- | W1) is the characteristic function of the cube [0, 1)2. If

10 1
W2_<0 1 1)’

then B(- | W2) is the hat function (see Figs. 1 and 2). Moreover
1
B(x | Wa) = | B(z — t(1,1) | W) dt.
0
Thus we get a constructive definition of a box spline. Let V' be an admissible
family. The box spline corresponding to V' is given by the recurrent formula
1
(3) Bz | V) =Bz —tv; | V\ {v;}) dt
0

where the vector v; is chosen in such a way that the family V' \ {v;} is
admissible.
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Properties of boz splines (see [5]). The function By is piecewise polyno-
mial. The closed convex set

(4) (V>:{thvj:0gtj§1,j:l,...,s}
j=1
is the support of the box spline B(- | V). For an admissible set V' let

(5) ov =max{r: Vxcy, gx=rspan(V \ X) = ]Rd}.
If oy > 1, then
(6) By € C?V7HRY) \ €2 (RY).

If oy = 0 then By may not be continuous only on the border of its sup-
port (V).

For 1 <p<ooandk €N, Wé“ denotes the Sobolev space on R%, and
WE stands for the closure of the smooth functions with compact support in
the norm

[/ lloce = sup sup |D®f(z)],

zeR? |a| <k
where
Do olel
f_ax?l—afljgd’ Oé—(al,...,ad), |O[|—Oél++0[d
By || - ||, we denote the standard LP norm on R%:
1/p
1= ( § 17 az) "
Rd
Let D, be the directional derivative
n
of
Duf =2 v,
7j=1
Now we turn to the main theorem. Let us introduce a box spline estima-
tor. Let X1,..., X, be a random sample from a distribution with density f.
Let V1, V5 be admissible sets. Then
1 n
(7) Jnn(@) = — 2; Qn(Xj,),
]:

where @}, is the kernel of the Ciesielski operator (see (23), (24) below), i.e.
Qn(ysw) =h™" Y " Bly/h—a—cy | Vo)B(z/h—a | Vi),

a€cZd
where

(8) CY:%ZU’
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(9) Y =ViU(-Va),

and —V5 is the admissible set such that w € — V5 & —w € V5.
We now state the main result. We follow the notation of [14]. Let

e(n) = | E{fan(z) — F()}? do

R4
and
nl/2p—2 if nhdt4* — oo,
d(n) = ¢ nhd/? if nh?+4 — 0,

n(d+8)/(2d+8) ifnhd+4—>)\,

where 0 < A < oco. Let
1 2
(10) Kf:ﬁZva.
veY
For j = 1,2 define the admissible sets

Uj = V; U(=Vj).

THEOREM 2.1. Assume that f € WZ(RY) N W2 (RY). If oy, > 1 and
ov, > 0 then assuming that h — 0 and nh® — oo we have

(1) dm)]| § (fnnl@) = f@)}dz — c(n)]
Rd

2017 if nh¥t* — oo,
— < V2037 if nhdtt 0,
(4o PAM @+ 2o \—d/[d+N27 i ppd+d — ),

in distribution, where Z 1is the standard normal distribution,
2
o} = [ (Kf(@)*f(@)do — ([ K f(2)f(2)da)

of= >, > > Bi|U)B(6|Ur)

51€7Z4 6274 5374

X B(53 ’ UQ)B((52 — 01+ 03 ‘ Ug) S fQ(x) dx
Rd
REMARKS. 1. For the Rosenblatt—Parzen estimator this theorem was
proved for the L? norm in [14], and for the L? norm with 1<p<oo in [7].
2. Using our methods one can prove the same theorem for estimators
based on the orthogonal projection on scaled invariant spaces (see [9]
and [10]). In this case o1 = 0 and o3 = | f2. Our methods are different
from those used in the papers of Doukhan and Ledn.

3. Nonparametric hypotheses connected with this theorem are considered
in [16].
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Note that we have (see Definition 3.1)
(12) Efon = Q1" F.

THEOREM 2.2. Under the assumptions of Theorem 2.1,

c(n) = | B{fun(z) - f(2)}?da

]Rd
= B § (fan— Efan)*+ § (@ f = )
R Rd
1
~ o D Bla|Un)B(a| Ua) +1'C(V1, Va)

a€czZd
where
C(V, Vo) = |K[3

provided oy, > 2, oy, > 0 and
1
C(V1,Va) = HKfH%‘i'W Z ||DWf||% Z H
WeA L(Vi\W), a0 vEW
provided oy, =1, gy, > 0 where
A={W CV;:|W|=2, span(V; \ W) # R4

Dy = H D,.

veW
REMARK. To estimate ¢(n) (denoted by MISE(f) in the literature) we

need to calculate the asymptotic formula for {(Q, Vi f — f)?. This is quite
simple for a convolution operator. For the orthogonal projection it was done
in [8] and independently in [2] and for all LP norms, 1 < p < oo, in [4].

and

3. Box-spline operators. The inner product in L?(R?) is denoted by
(f,9)re = | f(2)g(z)da.
R4

From the definition (2) of a box spline we deduce that

(13) | Bz |V)do =1,
RA

and

(14) B(—z|V)=B(z|-V),

and

(15) BV * Bw(.CE) = B(a; ’ V, W)
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DEFINITION 3.1. The Ciesielski—-Diirrmeyer operator is defined by
(16) QU f = N (f,B(- —a—cy | Va))paB(- — a | V1),
a€czd

where ¢y = 2>, oy v (recall (8)) and

(17) (Vi,V2) _ oy, 0 QV1V2)

h ©01/h;

where h > 0 and
(18) onf() = f(:/h).
Let us state a simple lemma without proof.

LEMMA 3.1. For any integrable function f,
Q=0 for f>0,
Vi,V
(19) ja™r=1r.
Rd Rd
The saturation theorem for the tensor product of B-spline operators is
due to Ciesielski (see [6]). We formulate the theorem for general box splines.
This theorem was announced in [11] (Theorem 1.13) without proof since it is
similar to the proof of the saturation theorem for quasi-projections presented

n [11]. We slightly improve one assumption by requiring that gy, > 0. The
proof is the same. As usual in approximation theory, o(1) — 0 as h — 0.

THEOREM 3.1. Assume that Vi and Vo are admissible and
oy > 27 0V, > 0.
Then for all f € W2(Rd) and 1 <p < oo,
H Q(VLVQ

—f__z 2f

veY

(20)

The situation is worse for simpler operators, if we assume that oy, = 1.
The idea of the following theorem is taken from [1] and [2]. Define as
before

A={W CV;:|W|=2,span{V; \ W} # R}
and Dy = [[,cy Do, and recall K f = 573" .y D2f from (10).
THEOREM 3.2. Assume that Vi and Vo are admissible and
w=1own =0
Then for all f € WZ(R?) and h — 0,

QY y

21) >

— Kf
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weakly in L*(RY). Moreover for h — 0,
H Q" f ik

2
— [IEf]? +

> 1l ame

Vl\W Oz;ﬁO UEW

The proof will be given in [12] (see also [1], 12]).
We will denote by Qp(y, z) the kernel of the operator QELVDVQ)? ie.

(23) YV f () = | Quly.2)f(y) dy,
Rd
(24) n(y, hd > B(y/h—a—cy |Va)B(z/h—a|W).
aezd

The properties (21) and (22) help us understand the following lemma.
LEMMA 3.2. Let 1 <p<oo. If
oy 21, oy 20.
then there is a constant C), such that for all f € Wg(Rd),

d
12 = fllp < Col? Y 1D f(@)pe
|8=2

Moreover assuming that f € W2 NW2 and h — 0 we have

(VIV2) £(2) — f(x
§ Qnton, ) ST ZID gy ey

Rd

uniformly for u € R,

The first part of the lemma follows from Proposition 3.4 of [5]. The
“moreover” part will be proved in a forthcoming paper.

4. Proofs. To prove Theorems 2.1 and 2.2 we need three lemmas. We
use almost the same notation as in [14]. The proof of Theorem 2.1 is a
consequence of these lemmas. We follow the proof of Hall’s theorem. To
simplify notation let

Qn(y,x) =h™" > Ba(y/h—a)Bi(x/h — a),

where
Bl(IL’):B(.T ’ Vl), BQ(IL’):B(.T—CY ’ Vg)
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1,2 Vi,V
Moreover, set Q" = Q,;""*, { = {4, fn = fnn, and
1 n
In71 = — Z Zn717j7
n -
Jj=1
(25) valv.j = Yn717j - EanLj’

Yo, = SQh(Xjax)[Efn<x) — f(z)]dx

= JQn(X},2)[Q f(2) - f(x)] dx.
We have the analogue of Lemma 1 of [14].

LEMMA 4.1. Under the assumptions of Theorem 2.1,

EZ,1;=0,
(26) B2y~ [§ (K@) @) de — (VK ) ) de) ],
(27) EZy, i~ O(h®).

Proof. Note that

k
EYF =\ N BT on(Xs u)) Q) f(ul) — fu))] du' ... du*
5

k
SSS HQh(z,ui)[Q}ll’Qf(ui) — fud)] x f(z)dzdut ... du®.
i=1

e
By Lemma 3.2 and since K f is bounded,
k
BYY) ;= § [T Qu(zu)Qy*f () = f(u))] du' f(2) dz
i=1
~ PV (K f(2) f(2) da.
Thus
(28) EY,1; ~ PP {(Kf(2))(2) dz,
(29) EY7 1~ V(K f(2))°f(2) dz.

Now (28) and (29) imply (26). To prove (27) note that
EZﬁ,Lj = EYr?,l,j - 4EY7?,17jEYn,1,j + 6EYn2,l,j<EYTL71,j)2 — 3(EYn1,)"

This finishes the proof. m



Boz spline density estimators 447

COROLLARY 4.1. Under the assumptions of Theorem 2.1,
El,; =0,

2
o
Var I, 1 ~ h4;1,

In,l - EIn,l
h20'1/\/ﬁ

The following lemma is a generalization of the Fejér-Mazur—Orlicz The-
orem.

— N(0,1) in distribution as h — 0.

LEMMA 4.2. Let g be a bounded Z%-periodic function, i.e. g(x + o) =
g(x) for all o € Z. Let f be integrable. Then

i {g(a/h)f(x)de = [ f(z)do | g(u)du.
[0,1]4

The proof is given in [2] and [3] or in [17]. Let us introduce
Zn2; =\ 1Qn(Xj,2) — EQu(X;,2)) dx

(
={[Qn(X;.2) — Q;° f(2)]? da,

(30)

n

1
Ino = — g Zn2,j-
5 n2 n,z,7
Jj=1

We have the analogue of Lemma 2 of [14].
LEMMA 4.3. Under the assumptions of Theorem 2.1,

(31)  EZngij~h | > ) Blag—a1|h)

[O,I]d a1 €Z% apeZd
X Blu—oa1 —cy | Va)B(u — aa — ¢y | Va) du,
(32) EZ},; ~O(1/h*).
Proof. Note that
EZy2; =\ ElQn(X;, )] — [EQu(X;, )] dx

= [ E[Qu(X;,0))? - [Qy2/ ()] da.
If h — 0% then
f@n?—§r

in L2 norm (see Lemma 3.2). Consequently, to prove (31) it is sufficient to
show that

(33) [EQuX; o) de~ ™t |30 3 Blas—ar | )
[0,1]¢ a1 €24 o €78
X B(u — Q1] — Cy ‘ VQ)B(U — Qg — Cy ’ Vg) du.
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Now

VE[Qn(Xj, ) do = [{h™" > Ba(u/h—a1)Bi(a/h— )

aleZd

x h™® " By(u/h — ag)Bi(z/h — ag) f(u) du dz.
an€Z4
By (14) and (15) we have

(34) SBl(m—al)Blsc—ozg S x| VI)B(z+a1 —ag | V1) dx

S (x | V1)B(ag — a1 —x | =Vp) dx
(Oég — (] | Ul).
Thus

SE[Qh(Xj,x dex =h SZ Z (g — a1 | Uh)

a1 €24 axeZd

X Ba(u/h — a1)Ba(u/h — ag) f (u) du dzx.

The function

= Z Z B(ag — ay | Uy)Ba(u — a1)Ba(u — a2)

a1€Z% o €74
is bounded and Z%-periodic. Lemma 4.2 gives (31). To prove (32) note that,
EZ} 5, = \|E{lQn(X),2) — BQu(X;, 2))?
X [Qn(Xj,y) = EQu(X;,y))} du dy
< 4\ \ B{[Qn(X;, 2))*[Qn(X;, v)]} da dy
+ 4§ ) E{[Qn(X;, )} EQ(X;, )] d dy
+4\{[BQw(X;, 2)? B{[Qn(X;,y)]*} da dy

+4( 1 [BQu (X, 2)2(EQu(X;, ) d dy.

From (33) we have the estimate of the second and third integrals. The last
is constant as h — 07. Thus it is sufficient to show that

V) E{1Qn (X, 2)P[Qn(X;, )1} d dy ~ O(1/h*).
Analogously to the proof of (33),

11 ECQn(X5. 2)21Qn (X, 9))) da dy

S S (B ) Bifafh o)
i €74,i=1,2,3,4
4

X XBl(.T}/h —a3)Bi(x/h — ay) d:UH Bo(u/h — o) f(u) du.
j=1
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By (34),
1§ E{Qn(XS, 2)2Qu(X;, 9))%} da dy
=n Y Blaz—an | D)

a;€74,i=1,2,3,4

><B044—043\U1 Bo(u/h — o) f(u) du.

||:j¢.

By Lemma 4.2 we get
IS E(Qn(X5,0)P(Qn(X, ) dudy ~ O(1/h7). =
COROLLARY 4.2. Under the assumptions of Theorem 2.1,

[E2(@) — (Bla(@)?}do = E§{fu(e) = Bfa(e) do
= 5 S 1Qu(X.2) — BQu (X, 0)]

j=1
= FEl, 2,
Var I, 5 = O{(n®h?%)~1}.
We call f a Lipschitz function if there is K such that
[f(@) = f)| S K|z —y| forall z,y € RY
LEMMA 4.4. Let the density f be a bounded Lipschitz function. Then for

all z1, 29 € [—r, r]d,

lim h? > f(ha+ ha) f(ha + hzg) = | f2(x) da

h—0+
a€Zd

Proof. Since f is a bounded Lipschitz function, f and f? are Riemann
integrable. On the other hand

g ] 3tk et 1) = (G |

< 2Krh lim, R f(ha+ hzr) — 0.

a€Zd
This finishes the proof. =

Let
(35)  Hu(X1,X2)
= | [Qn(X1, 1) — EQp(X1, w)][Qn(X2, u) — EQp (X2, u)] du

and
Gn(X1,X2) = E{H, (X0, X1)Hpn(Xo, X2)}.
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LEMMA 4.5. Under the assumptions of Theorem 2.1,

(36)  EH2(X1,X2)~h™® Y B(6i|U1)B(82 | Un)
§;€2%i=1,2,3

x B(83 | Uz)B(83 — 61 + 05 | U) | f*(2) da,
(37)  BHA(Xy, Xs) ~ O(1/h*),
(38)  EG?(X1,Xs) ~O(1/h%).
Proof. Note that for k € N,

EHJ(X1,X2) = .. S( {HQh (X1, ) EQh(Xl,uj)]})Qdul...duk.

k
Since (Lemma 3.2)

EQu(X1,u) = Q" f(u!) — f ()
in L? norm (p > 2) as h — 0T it follows that to calculate the asymptotic
estimate of EHF(X1, X5) it is sufficient to consider

= ( {ﬁ@h X1, u!) })Qdul...duk
j=1
:h—%’fg...g Y] SﬁBg(w/h—aj)f(w)dw

'“"'alezd arp€ezd j=1

xHBluj/h—a] > ZSHng/h 3;)

B1€Z4 Brezd j=1

w)deBl(uj/h—ﬁj)dul...duk

Jj=1

k
=N > Y ] Be(w/h — ay) f(w) dw

a1 €74 ap€Z4 317 Brezd j=1

k k
< \TI Ba(w/h — 8)) f(w) dw [ [\ B1(w)) By (v + 8; — a;) du .
j=1

j=1
Let §; = oj — fj for j = 1,..., k. Then by (34),

k
IERGYIAOI S B || BRI D

61€74 Spezd j=1 B1ezd BrEeZd

k
I Bo(w' =38, —5)) H (w? = B;) f (hw") f (hw?) duw" duw?.

7j=1 J=1

Ed
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Let w! — 81 — 81 = v! and w? — 51 = v2. Then

k
I= MmN O TIB6 1Ty Y. )

51€74 Spezd j=1 B1 €724 BreZd

k
WB2(v")Bo(v?) [[ Ba(v' + 61 — 65 + 81 — 8))

j=2
k
X H Bo(v? + B1 — B) f(R(v' + 61 + 1)) f(h(v* + B1)) do* do.
j=2
Next let v = (1 — B2. This yields

k
I=mpr " Y TIBG 1T > > 0>

51€74 Spezd j=1 ~v1€Z4 BoeZd BrLEZ4

W Ba(v")Bo(v?) Ba(v! + 71 + 61 — 62) Ba(v* + )

k k
x I Ba(v' + 61 = 65+ + B2 — 8) [ B2(v® + 71 + B2 — )
j=3 Jj=3

X f(h(' 461 + 71 + B2)) f(h(0? + 71 + B2)) do' do?.
If £ =2 then

SS (E{ ﬁ[Qh(le U])]}>2 du' du?

Jj=1

SIS

81€24 6574 j=1

X Z SSBQ(Ul)BQ(v2)BQ(1}1 +71 + 01 — (52)32(?}2 + ’)/1)
v1E€Z4

X Y f(A' 461 471 4 52)) f(A(07 + 71 + B2)) dv' dv.
Boe74
By Lemma 4.4 (all parameters v!,v% 81, v; are uniformly bounded),
R F(A@! 461 471+ 52)) f(R(0% + 71 + B2)) dv* dv? — | f*(x) du.
B2€74

Replacing v = 03 and applying (34) for the function By we get (36).
To prove (37) for k = 4 we continue setting v = B2 — B3, v3 = 3 — (4.
We get
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< {ﬁQh X1, ) }>2dul...du4
=y Y f[B(54|U1) Y 3 Y {8

§1€74 d4€74 j=1 V1EZE 42 €72 y3€7Z4

X Ba(v' + 41 + 61 — 62) Ba(v' + 1 + 2 + 61 — J3)

i

x Bo(v' + 91 4 Y2 + 73 + 61 — 64) B2 (v?) Ba(v? + 71)
X Ba(v® + 71 4 72) B2(v* + 71 + 72 + 73)
X ) (A0 4 01+ 1+ 2+ 73 + Ba)
B4€Z
x f(h(v2+ 71 + 72 + 73 + B4)) dv' dv?.
By Lemma 4.4,

RS F(R(0 461+ 71+ 92 + 73+ Ba) f (0 + 91 + 32 + 73+ Ba)) dv' dv®
Ba€Z

— SfQ (z)dz
This finishes the proof of (37).
As in the proof of Lemma 3 of [14] (see (5.4)) we have

EGL (X1, Xy) = |\ Fa (v, w®) P (0!, 0%)
X Fp(ut, o)) F, (u?,v?) dut du® dv' dv?,
where
Fo(u',u?) = E{[Qn(X1,u') — EQn(X1,u")][Qn(X1,u?) — EQn(X1,u?)]}.
Since
EQn(X1,u!) = @ f(u?) — f(u/)

in L2 norm as h — 07 (Lemma 3.2) it follows that to calculate the asymp-
totic estimate of EG2 (X1, X2) it is sufficient to consider

J = ||\ E{Qn(X1,u")Qn (X1, u?)}
X E{Qn(X1,v")Qn(X1,0*)}E{Qn (X1, u")Qn(X1,0")}
X B{Qn(X1,u*)Qn(X1,v*)} dut du? dv' dv?
= 8@ 3" N {Ba(w/h — a1)Ba(w/h — 81) f (w)dw

a1 €24 B1 €LY

x Bi(u'/h — a1)Bi(u?/h — B1)
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x > >\ Ba(w/h — az)By(w/h — Ba) f(w)dw

a2 €74 BreZ4

x Bi(v'/h — ag)B1(v*/h— P2) > > \Ba(w/h - as)

a3€Z4 B3ez7d

x By(w/h — B3) f (w) dwBi(u' /h — a3) Bi(v' /h — f3)
x > > \By(w/h — as)By(w/h — ) f(w) dw

s €79 B4€Z4

x Bi(u?/h — ag) By (v /h — By) du' du® dvt dv?,

By (34),
J= > B(on —ag [ Ur)B(ag — f1 | U1)
@i Bi€7d,i=1,...4
X B(B3 —ag |Uy)B(f2 — B4 | Ur)
X 832(3)32(2 + a1 = B1)f(hz + ha) dz
XS 2)Ba(z + ag — fB2) f(hz + hag) dz
xx 2)Ba(z + az — (3) f(hz + has) dz
XS 2)Ba(z + as — Ba) f(hz + hay) dz.
Let
a1 =01 +a3, og=0dy+ [,
f3 =03+ g, [2 =04+ 4.
Then
J = > B(61 | U1)B(62 | U1)B(d3 | Ur)B(d4 | Un)

5;€74,i=1,2,3.4

<22 2 2 W

B1EZ4 €24 a3 €29 By

B2<21)BQ(21 + 01 + ag — 51)B2(z2)32(22 — 04+ g — By)
X Ba(2%)Ba(2® — 03 + az — ag) Ba(2") Ba(2* + 62 + 51 — )
x f(hzt + hé1 + has) f(hz® 4 has)
x f(hz® + has) f(hz* + héy + hfy) dzt d2? dz3 d2*.

Now we set 81 = ag — 1, next as = as — 2, and finally 84 = ag — 3 to
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obtain

J = > B(61 | U)B(6y | U1)B(d3 | U1)B(S4 | Uh)
0;€74,i=1,2,3,4

<2 2 2 WBENBE o)

T EZ? y2€Z% y3€Z°
X By(2%)By(2* — 64 — 72 + 73) Ba(2?)
X By(2® — 03 4 72) Ba(2") Ba(2* + 62 — 11 +13)
x > f(ha' + by + has) f(ha® + has — hys) f(h2® + has)

az€zZd
x f(hzt + hdy + has — hyy) dz' d2? d2® d2*.

We have 2/ and 0, v; uniformly bounded. By an analogous argument to
Lemma 4.4,

he > " f(hz' + hoy + has) f(ha® + has — hye) f(hz® + has)

azezd
x f(hz* + héy + has — hyr) — | f4(2) da.
This finishes the proof of (38). =
Proof of Theorem 2.1. Set

(39)  Ingn = {fun(x) = f(2)}do

= {{fin(@) = Efun(@)} do+ {E fon(z) — f(2)}? da

+ 2§ {fnn(@) = Efnn(@) HE fun(z) = f(2)} dr.

We have
(40)  Elnp = E\(fan(z) = Efnn(@))* do + | (Efan(e) — f(2))* da.
Thus (39) and (40) give
(41) Iy, — Elyp,

= | {fin(@) = Efpn(@)} do — E{{fan(z) = Efan(2)} da

+2{ {fnn(@) = Efnn (@) HE fin(@) — f(2)} da.

To prove the asymptotic error of Iy, , — Ely , it is enough to consider
the asymptotic error of I, 1 (recall (25)) and I, 2 (recall (30)) and

(42) Ing=2(1/n)* > )" Hu(Xi, X;)

1<i<j<n

where H,, (X1, X2) is defined in (35).
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Note that

J {fnn(@) = Efin(@)}? de = E{{fun(2) = Bfan(@)}* de = Iz + L.

Thus
Iﬁm _WE]ﬁm/::QIml’FIﬁQ’%]ﬁS-
The asymptotic errors for I, 1 and I,, 2 are given in Corollaries 4.1 and 4.2.
It follows from Theorem 1 of [14] (central limit theorem for degenerate U-
statistics) and Lemma 4.5 that I, 3 is asymptotically normal with zero mean
and variance equal to
> B(61 | U1)B(62 | Ur)B(83 | Ua)B(62 — 61 + 83 | Ua) | £2(2) do.

8;€24,i=1,2,3

Now the same considerations as in [14] give the assertion. m

Theorem 2.2 is just a consequence of Corollary 4.2, Theorems 3.1 and
3.2 and Lemma 4.2. Moreover

S Z Z Blag —ay |U)B(u—ajg —cy | Va)B(u— ag —cy | Vo) du
[0,1]9 a1 €24 anezd

=) Bla|U)B(a | Uy).

aEZd

References

[1] M. Beska and K. Dziedziul, The saturation theorem for box spline orthogonal pro-
jection, in: Advances in Multivariate Approzimation, W. HauBimann et al. (eds.),
Wiley-VCH, 1999, 73-83.

[2] —, —, Saturation theorems for interpolation and the Bernstein—Schnabl operator,
Math. Comp. 70 (2001), 705-717.

8] —, —, Asymptotic formula for the error in cardinal interpolation, Numer. Math.
89 (2001), 445-456.

[4] —, —, Asymptotic formula for the error in orthogonal projection, Math. Nachr., to
appear.

[6] C. de Boor, K. Hollig and S. Riemenschneider, Box Splines, Springer, 1993.
[6] Z. Ciesielski, Asymptotic nonparametric spline density estimation in several vari-
ables, in: Internat. Ser. Numer. Math. 94, Birkh&auser, Basel, 1990, 25-53.
[7] M. Csorgo and L. Horvéath, Central limit theorem for Lp-norms of density estima-
tors, Probab. Theory Related Fields 80 (1988), 269-291.
[8] I. Daubechies and M. Unser, On the approximation power of convolution-based least
squares versus interpolation, IEEE Trans. Signal. Process. 45 (1997), 1697-1711.
[9] P. Doukhan and J. R. Leén, Quadratic deviation of projection density estimates,
Rev. Brasil. Probab. Statist. 7 (1993), 37-63.
[10] —, —, Déviation quadratique d’estimateurs de densité par projections orthogonales,
C. R. Acad. Sci. Paris Sér. I Math. 310 (1990), 425-430.
[11] K. Dziedziul, The saturation theorem for quasi-projections, Studia Sci. Math. Hun-
gar. 35 (1999), 99-111.



456

[12]
[13]
[14]
[15]
[16]
[17]

18]

K. Dziedziul

K. Dziedziul, Asymptotic formulas in cardinal interpolation and orthogonal pro-
jection, in: Recent Progress in Multivariate Approximation, W. Haussmann et al.
(eds.), Internat. Ser. Numer. Math. 137, Birkh&user, Basel, 2001, 139-157.

S. Efromovich, Nonparametric Curve Estimation, Springer, New York, 1999.

P. Hall, Central limit theorem for integrated square error of multivariate nonpara-
metric density estimators. J. Multivariate Anal. 14 (1984), 1-16.

G. Krzykowski, Equivalent conditions for the consistency of nonparametric spline
density estimators, Probab. Math. Statist. 13 (1992), 269-276.

H. Liero, H. Lauter and V. Konakov, Nonparametric versus parametric goodness of
fit, Statistics 31 (1998), 115-149.

S. Mazur et W. Orlicz, Sur quelques propriétés de fonctions périodiques, Studia
Math. 9 (1940), 1-16.

D. W. Scott, Multivariate Density Estimation: Theory, Practice, and Visualization,
Wiley, New York, 1991.

Faculty of Applied Mathematics
Technical University of Gdansk
G. Narutowicza 11/12

80-952 Gdansk, Poland

E-mail: kdz@mifgate.pg.gda.pl

Received on 31.10.2000;
revised version on 16.10.2001 (1557)



