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Summary. We consider an initial-boundary value problem for a fourth order degenerate
parabolic equation. Under some assumptions on the initial value, we establish the existence
of weak solutions by the discrete-time method. The asymptotic behavior and the finite
speed of propagation of perturbations of solutions are also discussed.

1. Introduction. This paper is concerned with a fourth order degen-
erate parabolic equation of the form

(1.1) % + AJAUP2A0) + MulP2u=0, z€Q,t>0,p>2

where A > 0 and 2 C R is a bounded domain with smooth boundary.
On the basis of physical considerations, as usual the equation (1.1) is
supplemented with the natural boundary conditions

(1.2) u=Au=0, xe€df,t>0,
and the initial condition
(1.3) u(z,0) = up(z), x €2

The equation (1.1) is a typical higher order equation, which has a rich
theoretical connotation. In the past years, there have been many contribu-
tions devoted to the p-biharmonic equation. Jifi Benedikt [1] studied the
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p-biharmonic equation
(’u//‘p—Qu//)II _ /\‘u’q—Qu’
where A € R and p,q > 1. He proved existence and uniqueness of a so-
lution of the initial value problem. He also considered the equation with
general Robin-type boundary conditions [2], and showed that every positive
eigenvalue A is simple.
Pavel Drabek and Mitsuharu Otani [6] considered the equation

(1.4) A(|AufP~2 Au) = Nul|P%u

and proved that (1.4), (1.2) has a principal positive eigenvalue \; which is
simple and isolated.

Our equation resembles the p-Laplacian equation, but many methods
used for the latter, like those based on the maximum principle, are no longer
valid for this equation. Because of the degeneracy, the problem (1.1)-(1.3)
does not admit classical solutions in general. So, we introduce weak solutions
in the sense of the following

DEFINITION. A function v is said to be a weak solution of the problem
(1.1)—(1.3) if the following conditions are satisfied:

1) we L0, T; WP (2))NC(0, T; L2(R2)), du/dt € L=(0, T; W—27(02)),
where p’ is the conjugate exponent of p.
2) For any ¢ € C§°(Qr), where Q7 = 2 x (0,T), the following integral
equality holds:
0
- SS u a—f dx dt + SS | AulP~2 Audp da dt + X SS |u[P~2uep dz dt = 0.

Qr Qr Qr

3) u(x,0) = up(z) in L3(£2).

This paper is organized as follows. We first discuss the existence of weak
solutions in Section 2. Our method is based on the discrete-time method to
construct approximate solutions. By means of uniform estimates on solutions
of the time-difference equations, we prove the existence of weak solutions
of the problem (1.1)—(1.3). Using energy techniques, the Poincaré inequality
and Hardy inequality, we also prove the asymptotic behavior and finite speed
of propagation of perturbations.

2. Existence of weak solutions. In this section, we prove

THEOREM 2.1. Let ug € Woz’p(Q), p > 2. Then the problem (1.1)—(1.3)
admits at least one weak solution.

We first consider the following discrete-time problem:

1 _ _
(2.1) (w1 — ug) + A(Aupgr [P Augeyr) + Mg [P 2ugg1 = 0,
h
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(22) uk+1|89 :Auk+l|89 =0, k=0,1,...,N—1,
where h = T'/N, ug is the initial value.

LEMMA 2.1. For any fized k, if uy € L*(§2), then the problem (2.1)—(2.2)
admits a weak solution ugy1 € Wg’p((}) such that for any ¢ € C3°(42),

1
(2.3) 7 S(“k—H — ug)pdxr + S | Agy 1 [P2 Ay A de
2 9]

M g1 P 2w 1o da = 0,
2

Proof. Consider the following functionals on the space I/VO2 P(92):

Flu) = = | | Auf? d,

Glu] = u|? da,

Elu] =

02
S
02
| [ul? da,
02

Elr—* wl»—* 'B

1
Hlu] = Flu] + 7 Glu] + AEu] — S fudzx,
Q
where f € L?(2) is a known function. By the Young inequality, we see that
for C1 > 0,
1

| AulP dx + 5%

@I»—ﬂ

S |u|2d:17—|—é S |ulP dz — S fudz
%) L 2

I —

=)

2

S | Aul?P dz — Cy S |f]? d.
Q

We need to check that H[u] satisfies the coercivity condition. For this
purpose, we notice that since u|gp, = 0 and using the LP theory for elliptic
equations (see [5]),

[ullwar < Cl|Aul|ze.
Therefore H|[u] — +o0 if ||u|[y20 — +00. On the other hand, H[u] is clearly
weakly lower semicontinuous on Wg P(£2). So, it follows from the theory in
[4] that there exists u. € Wi P(£2) such that

Hlu,] = inf H[u],
and u, is a weak solution of the Euler equation corresponding to H[u],

namely 1
5 U + A(|AufP~2Au) + Mu|P~%u = f.
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Choosing f = (1/h)ug, we get the conclusion of the lemma. The proof is
complete.

Now, we construct an approximate solution u" of the problem (1.1)—(1.3)
by defining
ul(z,t) = up(z), kh<t<(k+1h k=0,1,...,N—1,
u(z,0) = up(z).

The desired solution of the problem (1.1)-(1.3) will be obtained as the limit

of some subsequence of {uh} For this purpose, we need some uniform esti-

mates on u.

LEMMA 2.2. For the weak solution uy of the problem (2.1)—(2.2), the
following estimates hold:

N
(2.4) Ry -\ |AulPde < C,
k=10
(2.5) sup (g P da + | | Al (2, )P d:c) e
o<t<T ) 0

where C' is a constant independent of h, k.

Proof. (i) We take ¢ = ug41 in the integral equality (2.3) (we can easily
prove that for ¢ € WO2 P(£2), (2.3) also holds) and obtain

1 1
E S |Uk+1|2 dr + S ’AUk+1’p dxr + A S |Uk+1|p dr = E S Uk Uk+1 dz.
[0} 0 o} 0
Then by the Young inequality, we have
1
. | ursr?do + | [Aug i P da + A | P doe
0 [0} 0
< o (a4 o | g2 do
=95 k oh k+1 ;
i.e.,
1 9 p p 1 2
(26) 3 Vs da + b\ | Augea [P o+ B fupa [P do < 3 | fuel® dz
02 N 02 02
Summing up these inequalities for k from 0 to N — 1, we have
N
h S | Aug|P dx < S lug|? dz.
k=10 0

So, (2.4) holds.
(ii) We choose ¢ = uj4+1 —uy, in the integral equality (2.3) and integrating
by parts, we have
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S \uk_H — uk\Q dx + S |Auk+1|p*2Auk+1A(uk+1 — uk) dz
02 2

S

= -\ S |uk+1\p*2uk+1(uk+1 — uk) dzx.
2

Since the first term on the left hand side of the above equality is nonnegative,
it follows that

M g P da + | | Augeyr [P da
o Q

A

| Augr [P~ Auger Auy, dz + A S |1 [P gy g, do
0

S—

Auk 1pdl’+
5 ) [Auknl

| Aug|P dx

=
ey

">

_Q
p—ls
0

—1
Al Vsl do + 2 | P dov,
L Q

which implies that

A S |ugs1|P dx + S | Aug 1P da < S | Aug|P dz + A S |ug|P d.
2 9] 2 9]

For any m with 1 < m < N — 1, summing up the above inequality for k
from 0 to m — 1, we have

)\S |t |P dz +- S | Aty |P dx < S | Aug|P dx + )\S |ug|? dex.
9] 2 9] 2

Hence (2.5) holds.

LEMMA 2.3. Let ugiq be the weak solution of the problem (2.1)—(2.2).
Then the following estimate holds:

(2.7) —Ch < \ Juppa|? do — | Jug|* do < 0,
2 (9}

where C' is a constant independent of h.

Proof. To prove the first inequality, we choose ¢ = wuy in (2.3), and
integrating by parts and using the boundary condition, we obtain

1 1 _

7 S ]uklzdx =3 S Ug1U) Az + S | Aug1|P 2 Aujy1 Auy, dx

9] 9} 9]

+ A S \ukﬂ\p_QukHuk dz.
(0]
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Applying the Hélder inequality and the estimate (2.5), we have

% S lug|? do < % S Upr1ug do + pTl S | Augy1]P + % S | Aug|P dx
2 2 I7; I7;
p—1 A
A A | Jup[P do + = | Jug P d
Pg P g
<2 2 g 4 — 2dr +C
—2h§2’uk+1’ $+2h§2’uk| xr+C,

that is,
—Ch < S ]uk+1]2dx — S \uk\Qdm.
9] 2
By (2.6) again, we have
S [ups1|? do — S lug|? dz < 0.
2 (9}
The proof is complete.

Proof of Theorem 2.1. First, we define the operator A* by A*(Au”) =
| Aug|P~2 Auy,, AMul = upyq — ug, where kh < t < (k4 1)h, k= 0,1,...,
N — 1. From the discrete equation (2.1) and (2.4) in Lemma 2.2, we see that

1
(2.8) - APyl is bounded in L°(0, T; (W2P(£2))).

By (2.3), (2.5), (2.8) and using compactness results (see [8]), we see that
there exists a subsequence of {u"} (which we denote as the original sequence)

such that
u Zu in L0, T; W2P(0)),
u" —u  in C(0,T; L*(2)),
1
Flmer —w) S 0L in 120, T (W (@),
AY(AuM) 2w in L°(0,T; L (12)),

where p’ is the conjugate exponent of p. Then from (2.3), we see that, for

any ¢ € C5°(Qr),

1
SS <E Ahylo + AN (AU Ap + )\|uh|p_2uhg0> dx dt = 0.
Qr
Letting h — 0 yields
(2.9) % + Aw + Nu[P2u = 0
in the sense of distributions.
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It remains to prove that w = |Au|P~2Au a.e. in Q7. Set

1t = S (§ b P e — § P )+ 2§ g
2 9} (9]

2h
where kh <t < (k+1)h, k=0,1,...,N — 1. By (2.7), we have

1
| lurl?dz — Ch < fiu(t) < 5 | Jup | da,
(0] 02

1
2

and
~C < fi(t) <.

According to the Ascoli-Arzela theorem, there exists a function f(t) €
C([0,T]) such that

%ir% fu(t) = f(t) uniformly for ¢ € [0, T].

Using (2.7), we have

1
(2.10) }llir% 5 S [u"|? dx = f(t) uniformly for t € [0, T].
o

It follows from (2.6) that

% S lun|? dx + SS |Auh|pdmdt+)\n [u|P dz dt < S luo|? d.
2 Qr Qr 2

N =

Letting h — 0 in the above inequality and using (2.10), we have

lim SST | Au|P d: di
< f(0) = f(T) =ggng);§€(f(t)—f(t+e))dt
1 T—e¢
= lim lim (g) §2(|uh(x,t)\2—|uh(ac,t+e)|2)da:dt.

Consider the functional Glu] = £ {, |u|?dz. Clearly G[u] is convex and
0G[u]/éu = u. Thus, we have

1 1
3 S lu" (x, )| da — 3 S [ (x,t 4 ¢)|? dz
2 2
< S (u"(z,t) — u(z,t 4 €))u"(x, t) da.
9]
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(|u”(z,t)|? = [u"(z,t + €)|?) dx dt

LT
< - S S u(z,t) —u(z,t +¢))udr dt,
< 0

hence
T/ ou
lim SS | AulP dx dt < S < >dt,
h— ot’
QT 0
where (-, -) denotes the inner product. From (2.9), we have
T T
(2.11) hm SS | AulP da dt < S S wAudz dt + X S S |ulP dz dt.
o 00 00

Again since 6F[u]/éu = A(|Au[P~2Au)) and by the convexity of F[u], for
any g € L>(0,T; Wg’p(ﬁ)) we have

" SS |Ag|P dx dt — ’ H | Au|P da dt > “ (|Au" P2 AuP) A(g — u™) da dt.

Qr Qr Qr

By (2.11) and the fact that F(u) is weakly lower semicontinuous, letting
h—0 in the above equality, we have

SS | Ag|P dx dt — 5 SS |AulP dx dt > — H wA(u — g) dx dt.

Qr Qr Qr
Replacing g by €9 + u, we see that
1
~ (Flu+eg] - Flu]) > | wAgdadt.
Qr

Letting € — 0 implies that

05 27 g s = §§ | Aulr Budg et > §§ wAgda
Qr Qr

Due to the arbitrariness of g, we also get the opposite inequality to the
above inequality. Therefore

w = | AulP~? Au.

The strong convergence of u” in C(0, T'; L?(£2)) and the fact that u”(z, 0)
= ug(x) imply that u satisfies the initial condition. The proof is complete.

3. Asymptotic behavior. We first show

THEOREM 3.1. The weak solution u obtained in Theorem 2.1 satisfies,
for any 0 < p € C?(12),
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(31) L o@ule ) dr— 1§ ofe)fuo(e) 2 de
? N
= _SS | Au|P~2 AuA(o(x)u(x, 7)) dedr — )\“ o(z)|u(z, 7)|P dzdr,
Q1 Q:

where Q¢ = 2 x (0,1).
Proof. In the proof of Theorem 2.1, we have

F(t) = % [ Ju(z, B2 dz € C([0,T)).
2

Similarly, we can also easily prove that for any 0 < o € C?(12),

ult) = 5 § el@u(z, O dz € C(0, 7))
2
Consider the functional
Bole] = 5 | o(a) o) da.
9]

It is easy to see that it is a convex functional on L?(§2).
For any 7 € (0,T) and h > 0, we have

Polu(t + h)] — Polu(T)] > (u(T + h) — u(7), o(x)u(x, 7)).

Since 69, [v]/dv = p(x)v, for any fixed t1,ty € [0,T], t1 < t2, integrating the
above inequality with respect to 7 over (¢1,t2), we have

ta+h ti+h to
| @olu(r)dr— | &,fu(r)]dr > {(u(r + h) — u(r), o(x)u) dr.

Multiplying both sides of the above inequality by 1/h, and letting h — 0,
we obtain

ofu(t2)] - 2futer)] = § (5 olahu ) ar
Similarly, we have
B fu(r)] — Byfu(r — ) < {(u(r) — u(r — ), o)),
Thus

and hence
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Taking t; = 0, to = ¢, from the definition of solutions we get

o [u(t)] = Bolu(0)] = | (A Auf 2 Au) = Nul"~?u, o(z)u(r)) dr

=V (1 AulP=? Au, Alo()u()]) dr — § (AulP~?u, o(2)u(r)) dr.
0 0

THEOREM 3.2. Let u be the weak solution of the problem (1.1)—(1.3),
p> 2. Then
C3 2

i .:1727 ) = .
(Crt+ Co)’ C; >0 (1 3),

2
<
| Ju(z,t)? do < 3

9]
Proof. Taking o(z) = 1 in the equality (3. 1) we have

(3.2) %§Z|u(aj,t)|2d:p—%§z|uo )2 dz = — §§2|Au1pdfndt—>\¥]u|pdfndt.

Let f(t) = 3§, |u(z,t)|? dz. By (3.2), we have

f'(#) == |AuP dz — X |ul? dz < 0.
2 (9]

Since u € VVO2 P(£2) and using the Poincaré inequality, we see that

[ lu(z,0)P de < € | |Aul? da < c(g | AulP da:)Q/p,
2

2 %)
that is, f(t) < C|f'(t)|*/?.
Again since f’(t) <0, we have f'(t) < —Cf(t)?/2, and hence
1

2
u(z, t)?de < —————, a=——,C;>0,i=1,2.
(Sz‘( ) (Cit + Co)« p—2

The proof is complete.

4. Finite speed of propagation of solutions

THEOREM 4.1. Assume p > 2, |0,(0)| < b, and u is the weak solution of
the problem (1.1)—(1.3). Then for any fized t > 0, we have

t
B
on(t) — 0a(0) < C (g [ 1Aup do dt) ,
0
where C' is constant depending on p,n,b; o,(t) = sup{z : © € supp u(-,t)},
z=2ap; a>0,3>0,b>0 are constants independent of t.

To prove Theorem 4.1, we need the following lemma.
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LEMMA 4.1 ([3]). Let fo(2) = {7 (x—2)%g(2x) dx, 0 < g € L'(Ry), k > 0,
a>0,0>0,s>1,and0<h<s<w=060h/(0—1). Assume fs_p(0) is
finite and

fs(z) < ka(fs—h(z))ea Vz > 0.
Then the support of fo is a bounded interval [0,1] and
1< ('LU — s+ l)ka/(e—l)(w—s)fo(o)l/(w—s)'

Proof of Theorem 4.1 Without loss of generality, we assume oy, (t) > 0.
By (3.1), taking o(z) = (z — 20)3., 20 > b, s > 2p, we have

2§ e )i ule ) da

2
Q
t
—\ VAuP=2 auA[(z — 20)} u] ddr — X[ (2 = 20)% |u(7) [P dz dr.
Qt
Denote the left side of the above equality by I. Then we have
I= | AuP~2 AuA[(z — 20)% u] dx dT — )\SS (z = 20)% |u(T)|P da dr
Qt

QD —

(2 — 20)% | AulP dx dT — 2

O ey

SV z — 20)5 ) VulAu[P~? Audz dr
9]

s(s — 1)(z — 20)% 2u| Au|P 2 Audx dr — )\SS (z = 20)% |u(T)|P dx dr.
Q¢

Il

|
ov_/wu- O e OL”M*
QD — QD —

By the Holder inequality,

t
1< — S S (2 — 20)% |AulP do dT +

Y.
O e

S (2 — 20)% | AulP dx dT
2

t
1
(z = 20)5 P|VulP de dr + 1 S S |AulP(2 — 20)% dx dr
09
z — 20)% |u(7)|P de dr

2
S (z — zo)i_2p|u|p dr dr — \
2

z—20)% P|VulP dz dr

O+ Ot

a
a

IN
l\’)lr—A
O e
bL’ﬁ

N

|

N

(=)

v

l>

£

i

IS8

8

U

)

+

Q
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Applying the Hardy inequality [7], we obtain

p
S (z — zo)i_Qp]uP’ dx < <L> S (z — 20)% "|DzulP da.

p s—2p+1 5
Hence
1 1¢
(41 | (2= 2004 uf? do + 5 | (z = 20)% | AulP da dr
2 00
t t
< CgSS z—20)% p]Vu]pd:UdT—i—CQ;SS z—20)% P|DzulP da dr
00 00
t
CS S (z — 2z0)% P|VulP da dr.
00
Thus
(4.2) sup S (z — 20)% |u|? dx < CSS (z = 20)5 P|VulP de dr
0<T§t9 O
and
(4.3) | (z = 20)3 | AupP dodr < C\| (2 — 20) 7P| VulP da dr.
Q¢ Q¢
From (4.2) again using the Hardy inequality, we have
(4.4) sup S (z— 20)% |u|? dx < C“ (z = 20)% | AulP dx dr.
0<T§t9 Q
Set

t
Es(z9) = SS (z = 20)% |AulP dx dr,  Ep(20) S S | AulP dx dT.
Q¢
From (4.3) and the weighted Nirenberg inequality, we have
Eopii(20) < 01“ (z — zo)ﬁ+1|Vu|p dx dr
Qt

< Cm 2 — 20)7 | Aulf? d:n) (S (2 — 207 uf? dx)(lf@p/z o
0

(7
where
1 1 1 2 1
(- )+-a)s
p p+2 p p+2 2
therefore
11 _ 1
_Pr p+2 2
a =7 2 T <1
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Using (4.4) we obtain

(1-a)p/2
Eopt1(20) < C(SS (z = 207 | AufP da dT)

Q¢

t
< | 1 ((z = 20)57 | AufP d)* dr

08

< C[Ep+1(20)](1_a)p/2 (SS (z _ ZO){L—H’A’LLVO d dT)atl_a
< CEerl(zO)(l_a)P/Q-‘ratl—a.

From the above inequality we obtain Au = 0 a.e. for zg > band 0 < 7
< t. By (4.4), we know that u = 0 a.e. on the same set. By Lemma 4.1, we
obtain Theorem 4.1. The proof is complete.
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